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ABSTRACT: We study some analytic properties of the BFKL ladder at next-to-leading
logarithmic accuracy (NLLA). We use a procedure by Chirilli and Kovchegov to construct
the NLO eigenfunctions, and we show that the BFKL ladder can be evaluated order by
order in the coupling in terms of certain generalised single-valued multiple polylogarithms
recently introduced by Schnetz. We develop techniques to evaluate the BFKL ladder at
any loop order, and we present explicit results up to five loops. Using the freedom in
defining the matter content of the NLO BFKL eigenvalue, we obtain conditions for the
BFKL ladder in momentum space at NLLA to have maximal transcendental weight. We
observe that, unlike in moment space, the result in momentum space in N' = 4 SYM is
not identical to the maximal weight part of QCD, and moreover that there is no gauge
theory with this property. We classify the theories for which the BFKL ladder at NLLA
has maximal weight in terms of their field content, and we find that these theories are
highly constrained: there are precisely four classes of theories with this property involving
only fundamental and adjoint matter, all of which have a vanishing one-loop beta function
and a matter content that fits into supersymmetric multiplets. Our findings indicate that
theories which have maximal weight are highly constrained and point to the possibility
that there is a connection between maximal transcendental weight and superconformal

symmetry.
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1 Introduction

In the limit in which the squared center-of-mass energy is much greater than the mo-
mentum transfer, s > |t|, any QCD scattering process is dominated by gluon exchange
in the ¢ channel. In this limit the Balitsky-Fadin-Kuraev-Lipatov (BFKL) theory mod-
els strong-interaction processes by resumming the leading radiative corrections to parton-
parton scattering. This is achieved at leading logarithmic accuracy (LLA), in log(s/|t|),
through the BFKL equation [1-4], to which the corrections at next-to-leading-logarithmic
accuracy (NLLA) were computed in refs. [5, 6].

In this paper, we address three questions related to the next-to-leading-order (NLO)
corrections to the singlet eigenvalue of the BFKL equation. Firstly, the NLO corrections
to the BFKL eigenvalue were computed by Fadin and Lipatov [5] by acting with the
NLO BFKL kernel on the leading order eigenfunctions. This procedure is not consistent,
and it was already clear to Fadin and Lipatov that the terms which make the procedure
inconsistent are related to the running of the coupling. The consistent NLO eigenfunctions
were constructed by Chirilli and Kovchegov [7, 8], who found indeed that the additional
pieces which occur at NLO are proportional to the beta function. We show that the NLO
corrections to the eigenfunctions can be made to vanish by taking the scale of the coupling
to be the geometric mean of the transverse momenta at the ends of the BFKL ladder.

Secondly, in ref. [9] it was shown that the functions which describe the analytic struc-
ture of the BFKL ladder at LLA are single-valued iterated integrals on the moduli space
M 4 of Riemann spheres with four marked points, which are single-valued harmonic poly-
logarithms (SVHPLSs) [10]. We extend the results of ref. [9] and show that the functions
which describe the analytic structure of the BFKL ladder at NLLA are a generalisation of
SVHPLSs recently introduced by Schnetz [11]. We use this insight and develop techniques
to evaluate the BFKL ladder in momentum space perturbatively to any loop order, and
we provide explicit results through five loops.

Finally, it has been guessed [12, 13], and verified at NLO accuracy [14], that the
anomalous dimensions of the leading-twist operators which control the Bjorken scaling
violations in NV = 4 SYM have a uniform and maximal transcendental weight in moment
space, which matches the maximal weight part of the corresponding anomalous dimensions
in QCD. This has been used to derive the anomalous dimensions in A/ =4 SYM at NNLO
accuracy [15] from the known anomalous dimensions in QCD at NNLO [16]. We consider
the BFKL ladder in a generic gauge theory with arbitrary matter content and we use the
explicit results in momentum space through five loops to analyse the transcendental weight
properties of the BFKL ladder at NLLA. It is well known [12, 13] that in moment space
the singlet BFKL eigenvalue in N' = 4 SYM is given by the maximal weight part of the
corresponding QCD result. Our results show that the corresponding statement is not true
in momentum space: we find that in momentum space the BFKL ladder in N =4 SYM is
not identical the maximal weight part of QCD, and, moreover that there is no theory with
additional scalar or fermionic matter with that property. While so far all considerations
were independent of the colour representation of the matter fields, in the case of only
adjoint and fundamental matter we derive a set of necessary conditions for the BFKL



ladder to have maximal transcendental weight in momentum space to all loop orders. We
find that the theories that satisfy these constraints are extremely rare: there are only four
classes of theories that satisfy these constraints, and all of them have a vanishing one-loop
beta function and a matter content that fits into supersymmetric multiplets. Although our
analysis is restricted to the BFKL ladder at NLLA, our findings indicate that the property
of maximal transcendentality is a very special property shared by only very few and very
special theories.

This paper is organised as follows: in section 2 and 3 we review the BFKL ladder and
its analytic structure in perturbation theory at LLA. In section 4 we review the Chirilli-
Kovchegov procedure to define the NLO eigenfunctions of the BFKL kernel, and we show
that the NLO corrections to the eigenfunctions can be made to vanish by taking the scale of
the coupling to be the geometric mean of the transverse momenta at the ends of the BFKL
ladder. In section 5 we compute the BFKL ladder at NLLA in terms of the generalised
single-valued multiple polylogarithms introduced by Schnetz in ref. [11]. In section 6 we
analyse the transcendental weight properties of the BFKL ladder. The appendices collect
technical proofs omitted throughout the main text as well as explicit results for generalised
single-valued multiple polylogarithms and the BFKL ladder through five loops.

2 The BFKL equation

The main object of interest in this note is the BFKL ladder, which appears in the total
cross section for parton scattering in the high-energy limit,

2 2
o(s) = / m B.4(q1) 5(q2) a2, log(s/50)) (2.1)

where s is the center-of-mass energy and

S0 = \/q% q% (2.2)

is the geometric mean of the two transverse momenta. ®,,p denote the impact factors
and f is the BFKL ladder, which is written as,

F(a142,9) = /C 9w b a1 0). (2.3)

21

The integration contour C' is a straight vertical line such that all poles in w are to the right
of the contour and f,, is a solution to the BFKL equation,

o o) = 1001 — ) + (K x L) (a1, 2). (24)

where the convolution is defined by

(K% ) (@1, 02) = / Pk K (g1, k) fulk, g2) (2.5)

with K(q1,g2) the BFKL kernel. The kernel is real and symmetric, K(q1,q2) = K(q2,q1),
and so the integral operator K is hermitian and its eigenvalues are real.



The BFKL equation can be solved by finding a suitable set of eigenfunctions of the
BFKL integral operator,

(’C * (I)Vn)(Q) = Wyn (I)Vn(Q) . (26)

The eigenfunctions are labeled by (v,n), where v is a real number and n an integer, and
form a complete and orthonormal set of functions. Hence, they satisfy

27
/dzq D,,.(q / dq? / d0 ®,,(q) %, (q) = 5(v — V') Spr (2.7)

and

+00 oo
> /+ A Bun(0) 5(d) = 2000~ ) =3 (¢ —d*) 56 -0).  (28)

n=—oo
In a conformally-invariant theory, the eigenfunctions are fixed by conformal symmetry [17],

1
T (q) = punlq) = —

2\—1/24iv _ind 9
—— (g?) 7/ e, (2.9)

It is easy to check that the functions ¢,, form a complete and orthonormal set of eigen-
functions. In a non conformally-invariant theory, like QCD, the form of the eigenfunctions

may differ.
In terms of the eigenfunctions and eigenvalue, the solution to eq. (2.4) takes the form,
+o0o J,-oo
) = 3 [ o) Bl (210)
n=—oo
Indeed, we have
+o00 +oo
(Cxf)lana) = 30 [ v (o 00)(@) B (a2
w 9 w — wyn vn vn
n=—oo
X 2.11
- / (1) D (2) (2.11)
Vo= Wyn
n=—oo

_ _55(2)(q1 — (]2) +wa(q1aq2)’

where in the last step we used the completeness relation satisfied by the eigenfunctions.
Finally, inserting eq. (2.10) into eq. (2.3), we find

+o0 400
fla1, 42,y Z / dv ®,,(q1) D,,,(q2) €V . (2.12)

n=—oo

In the following we are interested in the perturbative expansion of the BFKL ladder.
The kernel of the integral equation admits the expansion,

oo
K(q1,q2) Z Y q2). (2.13)



where @, = N¢ ag(u?)/m is the renormalised strong coupling constant evaluated at an
arbitrary scale u?. K is the leading order (LO) BFKL kernel [1-4], which leads to the
resummation of the terms of O ((@,y)"), i.e., terms at LLA, and the NLO kernel K [5, 6]
resums the terms at NLLA, i.e. of O (@, (@,y)"), and so forth. The BFKL integral operators
K*) are defined in an obvious way. The BFKL eigenvalue and eigenfunctions also admit
an expansion in the strong coupling,

Wyn = Oy Za w(l) and ®,,(q Z <I>(l (2.14)

Note that in a conformally-invariant theory the quantum corrections to the eigenfunc-
tions must vanish, and so we expect the quantum corrections to the eigenfunctions to be
proportional to the beta function. The truncated eigenvalue and eigenfunctions,

k k
WNHLO _ Zaw(t) and ON'LO(g) = ZaL aW(q), (2.15)

vn

are eigenvalues and eigenfunctions of the truncated BFKL integral operator,

k
(KN 0w 0310 (g) = w20 @0 (g) + O(af ™), with KV =@, Y al
=0
(2.16)

In the remainder of this note we discuss the first two terms in the expansion of the BFKL
ladder,

f(ql:any) :fLL(Q1,QZ77Iu)"‘a,quLL(Qh(I%nu)‘f‘--- 3 nu:auy~ (217)

The LO term fXL(qy, g2,7,) is the BFKL ladder at LLA, and the NLO term fNL(qq, go,m,)
is the ladder at NLLA. We start by discussing the LO case in the next section, before
extending the discussion to NLO in subsequent sections.

3 The BFKL ladder at leading logarithmic accuracy

At LO the BFKL kernel is conformally-invariant (independently of the theory under con-
sideration), and thus the LO eigenfunctions are fixed to eq. (2.9). The LO eigenvalue is

1 1
(0) = Xvn = 2'7E_1/}<‘n‘2++i7/> _¢<|n’2+_iV> ) (31)

given by [3, 4],

where vg = —I"(1) is the Euler-Mascheroni constant and ¢(z) = % logI'(z) is the digamma
function. We thus have

(K" % 0un) (@) = Xun Pun(q) - (3.2)

The LO eigenvalue is symmetric under v — —v. Inserting the LO eigenvalue and eigen-
functions into eq. (2.12), we find the expression for the BFKL ladder at LLA,

+oo “+00
Pranmn) = 3 [ dren g e, (33)

n=—oo



The dependence of the strong coupling on the renormalisation scale y? in eq. (3.3) is

immaterial, since the effect of changing the scale is NLLA, i.e., beyond the LL accuracy at

which we are working. At LLA, we can expand f“* in powers of Ny

1 1 > nk
LL _ 252 o W eLL
, 42, == +—— E — z). 3.4

The coeflicients of the expansion depend on a single complex variable z defined by

z % , with g, = ¢f + iq . (3.5)
2

The coefficients can then be cast in the form of a Fourier-Mellin transform,

= n +oo .
S ()" T (5.5)

FEz) = F i)

The inverse transform is given by

2
FAfG) = [ LE ez g (37)
In ref. [18] it was shown that the natural space of functions to which Fourier-Mellin trans-
forms of this type evaluate are single-valued harmonic polylogarithms (SVHPLSs) [10], which
we review in the following.
Ordinary, i.e., not necessarily single-valued, harmonic polylogarithms (HPLs) [19] are
a special class of multiple polylogarithms (MPLs)! [20, 21]. The latter are defined as the
iterated integrals,

2 odt
Glar, . an:2) _/ Glas, ... anit), (3.9)
0 t— al
except if (ay,...,an) = (0,...,0), in which case we define
1
G(0,...,0;2) = — log" z. (3.9)
~—— n!

n times

The case of HPLs is recovered for a; € {—1,0,1}. The number n of integrations is called
the weight of the MPL. MPLs are endowed with a lot of algebraic structure. In particular,
they form a shuffle algebra, which allows one to write the product of two MPLs of weight
n1 and ng as a linear combination of MPLs of weight ny + no.

In general, MPLs define multi-valued functions, and the branch cut structure of a
scattering amplitude is connected to the concept of unitarity. It is however possible to
consider linear combinations of MPLs such that all discontinuities cancel and the resulting
function is single-valued. As a simple example, we can consider the linear combination,

G(a;z) = G(a;2) + G(a; z) = log (1 - E) + log <1 - Z) = log ‘1 - 2‘2 . (3.10)

a

I There is a conventional sign difference in the literature between HPLs and generic MPLs. Throughout
this paper, we strictly follow the sign convention of eq. (3.8).



The argument of the logarithm in eq. (3.10) is positive-definite, and thus the function
is single-valued. It is possible to generalise this construction to MPLs of higher weight.
In particular, in the case where the position of the singularities a; is independent of the
variable z (which covers the case of HPLs), one can show that there is a map s which
assigns to an MPL G(a; z) its single-valued version G(@;z) = s(G(a;z)). Single-valued
multiple polylogarithms (SVMPLs) inherit many of the properties of ordinary MPLs. In
particular, SVMPLs form a shuffle algebra and satisfy the same holomorphic differential
equations and boundary conditions as their multi-valued analogues. There are several ways
to explicitly construct the map s, based on the Knizhnik-Zamolodchikov equation [10, 22],
the coproduct and the action of the motivic Galois group on MPLs [23-25] and the existence
of single-valued primitives of MPLs [11].

In ref. [9] a (conjectural) generating functional of the BFKL ladder was given that
allows one to express each coefficient f,fL (z) as a linear combination of SVHPLs without

singularities at z = —1. Writing
FHe) = 5t File) (3.11)
27 |1 — 2|2
we can express the first few coefficients as [9],
Fi(z) =1,
Fy(2) =2G1(2) — Go(2)
F3(2) =6G11(2) —3G0,1(2) —3G10(2) + G0,00(2) s (3.12)
Fy(z) =24G11,1(2) +4Go0,1(2) +6Go1,0(2) —12G01,1(2) +4G100(2)
—12G10,1(2) = 12G1,1,0(2) — Go,0,0(2) + 83,
where we used the shorthand G, . 4,.(2) = G(ai,...,an;2). The conjecture of ref. [9]

implies that the functions Fj have a particularly simple form: at any loop order, the
functions Fj, are pure [26]. More precisely, the F are conjectured to be linear combinations
of SVHPLs of uniform weight (k — 1) with singularities at most at z = 0 or z = 1, and the
coefficients of the linear combination are rational numbers (note that we consider SVHPLs
to include single-valued multiple zeta values [23]). This claim is a consequence of the proof
given in appendix A.

The purpose of this note is to extend the results of ref. [9] and to explore the analytic
structure of the BFKL ladder at NLLA. We start by deriving the correct Fourier-Mellin
representation at NLLA in terms of the NLO BFKL eigenvalue in section 4, and we develop

fNLL

techniques to evaluate perturbatively in section 5.

4 The BFKL ladder at next-to-leading logarithmic accuracy

4.1 Beyond the leading order: the Chirilli-Kovchegov procedure

The NLO corrections to the BFKL kernel in QCD were obtained in ref. [5]. The corre-
sponding NLO corrections to the BFKL singlet eigenvalue were computed in ref. [5] for
n = 0 and in refs. [12, 13] for arbitrary n, albeit in the approximation that the NLO



eigenfunctions are identical to the LO eigenfunctions given in eq. (2.9). In other words, the
NLO corrections 4, to the BFKL eigenvalue of refs. [12, 13| are defined by the equation,

(KN % 9y (g) = Ts(d?) (xm ; as<q2>‘2") (@) +O@A). (A1)

The NLO corrections to the eigenvalue d,, in QCD are given in this approximation
by [5, 12, 13],

1 .
51/71 = 6C3 - 560 X?jn + 4’)/;(2') Xvn + %BO 8I/XVn + 81%)(1/71 (42)
i+t —iv 1 1.
—2®(n,y) —2®(n,1 —v) — ; Q)iy(2 ) [1& (2+zu) —1/1(2—w>]

Lo (o0 (58 @) e (0 52) =) )

with [y the one-loop beta function and 7}?) the two-loop cusp anomalous dimension for

QCD in the dimensional reduction (DRED) scheme,

11 2Ny (2)_1(64_10Nf>_C2

1 52 43
=338 % ~1\9  on 2 (4.3)

In eq. (4.2) we use the shorthand v = 1/2 + v, with ®(n,~y) defined as,

> (_1)k+1 { / / k+17 o7 /
O(n,y) =Y = (k+|n|+1) — ¢/ (k+1) + (~1 kH|n|+1) + B/ (k+1
(n,7) kZ:OkﬂHnW (ke nl+1) = ¢ (k+1) + (=1 B (k+ [l +1) + B (k+1)]
1
Wk |n|+ 1) =k + 1)}, 4.4
el a4 ) — v 1) (4.9
with ) )
/ Y. tz\ sz
o= v (557) v (3)]- (45)
Note that for N'=4 SYM the eigenvalue is
5t = 6Gs + 471 Num + O — 28(n7) = 28(n, 1 - 7). (4.6)
with x,, defined in eq. (3.1), and vg)Nﬂl the two-loop cusp anomalous dimension in
N =4 SYM,
N= 1
e =56 (47)

Equations (4.6) and (4.7) are valid in DRED which preserves supersymmetry. As N/ = 4
SYM is conformally invariant, the eigenfunctions are fixed to all orders by eq. (2.9),

0 (q) = pun(q) - (4.8)

Hence, 62=* is the correct NLO BFKL eigenvalue in A = 4 SYM.
While the NLO eigenvalue in eq. (4.2) was derived under the assumption that the
eigenfunctions are the same at LO and NLO, we have seen in section 2 that the LO



eigenfunctions (2.9) may themselves receive higher-order corrections in a non conformally-
invariant theory, cf. eq. (2.14). In fact, the true NLO eigenvalue must be real (as the
eigenvalue of a hermitian operator) and independent of ¢2. d,,, fails to meet either criterion:
the right-hand side of eq. (4.1) depends on ¢? through the strong coupling constant and
eq. (4.2) contains the term iS5y O, xun, which is imaginary. Note that both of these issues
are absent in a conformally-invariant theory, where the strong coupling does not depend
on the scale and the beta function vanishes. In particular, the term proportional to the
function is absent in N =4 SYM, cf. eq.(4.6), and in that case the LO eigenfunctions are
indeed eigenfunctions of the NLO kernel.

In ref. [5], Fadin and Lipatov already hinted that one could get rid of the undesired
properties of §,,, by modifying the LO eigenfunctions through the running-coupling terms.
This was made explicit by Chirilli and Kovchegov [7, 8]. In the remainder of this sec-
tion we shall review the Chirilli-Kovchegov procedure, and construct accordingly the NLO
eigenfunctions and the corresponding NLO eigenvalue for any value of n.

Our goal is to construct functions w,(,}l) and <I>,(,1,2(q) such that

KN s (o + 3, 903 | (@) = T (sm + T ) [00m(a) + 7 20| + O@D) . (4.9)

(1)

We parametrise the NLO eigenvalue w,,; in terms of §,,, and an unknown function c¢,, as

oy )
wgz) = Tn + Cun = Z% &/XVn + Apn + cun R (410)

where A, collects all the terms in eq. (4.2) that are symmetric under v — —v, and we

(1)

expect the function wy, to be symmetric. Inserting the parametrisation in eq. (4.10) into
eq. (4.9) and using eq. (4.1) and the one-loop running of the strong coupling,

— 2 aS(MQ) — |: _ BO q2 _9
as(q) = —a, |1-a,= log— +0@*)| , (4.11)
L+ Bas()log ;" BT '
we obtain
B ¢
(ICLO * (I)(Vln)) (Q) = (Cun + ZO Xvn lOg E qun(Q) + Xvn q>l(,172 (Q) . (412)

Following Chirilli and Kovchegov [7, 8], since eq. (4.12) must be satisfied for arbitrary values
of ¢, we must take q),(,ln) proportional to ¢,,. We therefore make the following ansatz,

2 2
q aq
#200) = (a0 + a1,m 108 % + a2 108?  ) unla), (4.13
where a; ., for j = 0,1, 2 are arbitrary complex coefficients. Inserting eq. (4.13) into (4.12),
one finds
a =1 Fo_xom
2,vn R 81/Xyn ) (4 14)
. . Bo Xvn aEXVn ‘
Cun = —1Q1wn aVXVn -

8 8I/XI/n



We emphasise that the previous equations are only valid for v # 0, because the denominator
has a simple pole for v = 0, 9, Xvn|,—o = 0. We ‘regulate’ this singularity by interpreting
the eigenfunctions as distributions, with a principal value prescription for the pole at v = 0,

as =1 @ Xvn
S (4.15)
. /80 Xvn qu/n
Cyn = —1Q1,un 8I/XI/n P

8 aI/XVTL

where the principal value is defined by

[T (P so=mm ([ Lo [T Y0) .

Note that if g, is regular at v = 0, we must have

1
P(g,/v) = g0 P— and Pg, =g, . (4.17)

Hence, it is natural to define the principal value for a function X, with a simple pole at
v =0 to be ;
PX,=vX, P—. (4.18)
v

Then the eigenfunctions can be written as,

/80 Xvn 2 q2 —2
Pun(q) = pun(q) [1 +tay (aO vn T A1un 108; M2 8 PayXyn log E + O(O‘u) , (4.19)
with the coefficients ag,, and a1, still to be determined. The free coefficients can be
further constrained by requiring the eigenfunctions in eq. (4.19) to form a complete and or-
thonormal set. In particular, through NLO the completeness relation for the eigenfunctions
implies that
Bo Xvn
Relai pn] = — 0, P ;

arn] =5 00 Oy Xun (4.20)

2Relagvn) = Oy Imlay 1y .

Thus, after imposing the completeness relation (2.8), the NLO eigenfunction can be writ-
ten as,

D, (CI) = Qoun<Q)

1 . . 2
1+, (2 OyImla1 vy + iImlag vn] + ¢ Imfaq y] log %

/60 q Xvn Bo Xvn
— a P — 1 P . 4.21
* 8 N O Xun i 8 Og p2 " OuXun ( )

The orthogonality condition in eq. (2.7) is now automatically fulfilled through NLO and
does not add any new constraint. Hence, the NLO eigenfunctions are determined up to
two unknown real parameters, Im|ag ] and Imay ,,], which can be absorbed through the

~10 -



freedom of defining the phase of the eigenfunctions and the translation invariance of the v
integral. Thus, one finds the following result for the NLO eigenfunctions,

(@) = oon(@) |13, 2 105 (8,P 2 4 1105 T p Xm ) L o)) | (422)
"8 8 /.L2 aUXVﬂ #2 al/Xl/n ’

in agreement with ref. [8]. Furthermore, with this choice of eigenfunctions, the NLO

eigenvalue becomes

w,(}n) =A,, = &an — i% O Xuvn (4.23)
where 6,,, is given in eq. (4.2). Equations (4.22) and (4.23) are the correct BFKL eigenvalue
and eigenfunction through NLO. Let us make some comments about the result. First, we
see that the eigenvalue in eq. (4.23) is the real part of d,,. Hence, the eigenvalue A,,
is real and independent of ¢?, as expected. Note that the eigenvalue is left unchanged
for N'=4 SYM, or more generally any conformally-invariant theory. Furthermore, we see
that the quantum corrections to the eigenfunction in eq. (4.22) are proportional to the beta

function, and so they vanish in a conformally-invariant theory, in agreement with eq. (2.9).

4.2 The BFKL ladder through NLLA

We now discuss the BFKL ladder through NLLA of eq. (2.12) when we use the true NLO
eigenvalue and eigenfunctions of eq. (4.22) and (4.23). We start by expanding the product
of two eigenfunctions through NLO. We have

(I)lm((h) (I)zn(Q2)
* BO Q1Q% ( Xvn . Xvn > _9 :|
= Oy . 1—1—04—1 o, P + i log P + O(@
nl@) Pon(42) [ " u4 B Xon @ OuXun (@)
1 fo | 2/02) + O(a? 4.24
= Yun(q1) Pyn(q2) |1 +u— ] MQ Xun(qi/q3) +O(@,)| (4.24)

where we defined

Xvn . Xvn
X, =0,P 1 P
l/n(x) v aVXVn + ? Og € aVXVn Y

and the scale sg is the geometric mean defined in eq. (2.2). Inserting the previous expression
into eq. (2.12), we find

(4.25)

fla1,q2,9) Z / dv e 0y (q1) 95 (g2) (H%B log/ﬂ Vn(Qf/q§)+0(ai)>-

n=—oo
(4.26)
Upon integration by parts, we have
X
e’ un(q1) ©in(g2) aVPa -~
I/XI/TL
Q% Xvn
= =" oun(q1) Pin(g2) (y Oywyn + ilog 2) P
g5 OvXun
2 X (4.27)
— eywun Spun(ﬂh) ¢§n(q2) <—y0['u al/Xl/n — ZlOg % + O(ai)) P vn
q5 O Xun

2
. q X — o
= e¥%rm (pun((h) (pin(qQ) <_2 1Og %P v Y A Xon + O(ai)> ,
q5 ayXyn
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and so

¥ 0y (q1) @ (02) Xon (a3 /65) = €™ oun(q1) 5 (2) (—y Qp xom + O(@2)) . (4.28)

Finally, we find

ooy = S [ pon(a0) i) (1~ 022 108 2y + O

n—=——oo
(4.29)
The previous expression for the BFKL ladder is valid through NLLA, and it agrees with
the result of refs. [7, 8]. Through NLLA, the term proportional to the 8 function can be

interpreted as resetting the scale used in the strong coupling constant. Indeed, we have

eXpy [55(50) Xvn + 65(80)2 Ayn + O(a%)]

_ Bo _
— expy [% <1 108 1 ) Yo + 8 A + O(a) (4.30)
w o B
— eYwin (1 — aiZO log g Y Xon + O(ai)
Hence, through NLLA, we can cast eq. (4.29) in the equivalent form,
+oo —+00
fla1.q2,y) Z / v Qun(@1) P (g2) v @50 v tas(s0)Bum] 1 (4.31)

where the dots indicate terms that are beyond NLLA. In other words, if we choose the
scale of the strong coupling to be the geometric mean of the transverse momenta, u? =
so = \/q{q3, then we can use the LO eigenfunctions instead of the NLO ones.

5 Analytic results for the BFKL ladder at NLLA in QCD

5.1 Fourier-Mellin representation of the BFKL ladder at NLLA

In this section we obtain analytic results for the BFKL ladder at NLLA. The discussion from
the previous section implies that it is sufficient to study the case where the renormalisation
scale is set to the geometric mean of the two transverse momenta. We define

fNLL(Q17q27nSO) - Z 7780 ]i\_z_liL Z 5 (51)
Vg =
with ns, = yas(so). The perturbative coefficients are given by the Fourier-Mellin
transform,
X\ [Ty
flﬁVLL(Z) =F {Aun X’;nQ} = Z (g) / |Z|2W A Xun : (52)
n=—00 —o

Our goal is to develop a strategy to evaluate the Fourier-Mellin transform in eq. (5.2). It
will be useful to split the NLO eigenvalue A,,, into a sum of terms,

1
Ay _ Lo (2) (3) ()V_f 2 _
451/71 + 451/n + 461/71 +5 C +7K Xvn 8ﬂ0XV’n7 (5 3)
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where we singled out terms proportional to powers of the LO eigenvalue, because their
Fourier-Mellin transform at any order will evaluate to the coefficients appearing in the
expansion of the BFKL ladder at LLA, cf. eq. (3.6). In QCD, the remaining terms are
given by

05) = 92xum (5.4)
52 = —2®(n,~) — 28(n,1 — ), (5.5)
63) = — PG+ ngz (G-) {w <; + il/) — (; — 21/)] (5.6)
< Jow (34 45 gram) ~ o (35— 3mare) )
(1), .

The coefficients in eq. (5.2) can then be written as

ML) = 100G + 1 OP6) + 1 O0 )+ 3 G ) + 42 SRR — 5 o R

(5.8)

where we set fFl(z) = F[1] = 7@ (1 — z). The only unknowns in eq. (5.8) are the
functions C’,gi), which are defined by

vn XVTL

C)=r [5@ H} : (5.9)

with & > 2. In the remainder of this section we discuss the computation of each of these
quantities in turn.

5.2 The contribution from 592

We start by discussing the computation of C’,(:’) = Cég’o)(z) + C’,(:”Q) (z), where C’,gg’i)(z) is

due to the terms proportional to dj,;. Since the dependence of 5,(,‘32 on n is only through

Kronecker deltas, the Fourier-Mellin transform reduces to an ordinary Mellin-type integral,

+o0 1 ; 1 :
3.y _ dv oy DG+ )5 —iv) 1 1
C7(z) = — /_Oo 5 |2|? 2 - 2 [1/1 <2 + w> — 1 (2 — zy)] 5.10)

< [0t aa) + (242 iy ]

with
24+ 3y(1—7)
(3 =27)(1+29)

The integral in eq. (5.10) can be evaluated by closing the contour in the upper half-plane

and As(v) = —4 1 =) (5.11)

Ao(v) =3+ A 2B3-27)(1+2v)

and summing up the residues at v =4 (% + m), m € N. The resulting sum of residues can
always be performed using the techniques of refs. [27-29], and the result can be expressed
in terms of MPLs of the type G(ai,...,an;|z|), with a; € {—4,0,7}. One can check that

~13 -



these functions are single-valued functions of the complex variable z, because the functions
have no branch cut on the positive real axis.

Complex conjugation acts in a simple and natural way on this class of functions: it
leaves |z| invariant and exchanges the purely imaginary arguments. It is then natural to
decompose the functions into real and imaginary parts. For example, we can write

. . %G(07_17‘2|2)7
G(0,14;|2]) £ G(0,—1; |z]) = (5.12)
2i Tia(|2]),
where Ti,(z) are the inverse tangent integrals,

Tin(z) = ImLi, (i 2) = —Im G(0p_1,1;i2) = Im G(0,_1,4; 2), (5.13)

with 0, = (0,...,0). We observe that we can always express the results for C’,E:S) in terms
e
n times

of HPLs of the form G(by,...,by;|2|?), with b; € {—1,0}, and generalised inverse tangent
integrals,

Timy,...m (|2]) =ImLip, (01, .., 06—1,50k|2]), o;j = sign(m;), (5.14)
where Liy,, ... m, denotes the sum representation of MPLs,

ni Nk
Li . 217 2
Img,..,my (Zla s ,Zk) - mi mg

n .. n
0<ni<ng<---<ng 1 k

1 1
:(—1)’“(;(0,...,0,,...,07...,0,;1>.
~—— %k N~—— %1%k

mg—1 mi1—1

(5.15)

The explicit results for the functions C,ig) in QCD are rather lengthy and are not
shown here, can be found through five loops in appendix C.3. We observe that neither of
the functions C,gg’l) is uniform in transcendental weight, but both C}gs,o) and C,E,g’z) involve

functions of weight 0 < w < k.

5.3 The contribution from 55}1)

The term 51(,}1) is given by the second derivative of the LO eigenvalue x,n, and so the
functions C’,gl) can be computed using the same techniques as for the BFKL ladder in LLA,
by closing the contour in the upper half of the complex v-plane and summing the residues
of the poles of the polygamma functions. The resulting double sums can be performed
in terms of S-sums [27, 28]. As a result, we find that C,gl) can be expressed in terms of
SVHPLs with singularities at most for z = 0 and z = 1, just like at LLA. In the following we

(1)

describe an alternative method for computing the functions C;’, which can be generalised

to more general functions, in particular C,?).

The Fourier-Mellin transform maps ordinary products into convolutions,
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where the convolution product is defined by

1 d?w

w) |wf?

(f % 9)(=) = fwg (=) (5.17)

w
We can use eq. (5.16) to obtain a recursion in the number of loops for the perturbative
coefficients [25],

1 1
Crihi(2) = (X «Cy )) (2), (5.18)
with k£ > 2, and where we defined

z|
X(z)=F Y2 P P 5.19
() = Flxwnl = ) = 5o (5.19)
The starting point of the recursion is the two-loop coefficient. In order to compute it, we
start by noting that

Fl0,Au] = =i F[Ay] log |2> = —i F[Aun] Go(2) . (5.20)
Hence, we find

2|

C50() = F [0xin] = ~X(@) log? |2 = =

Go,0(2). (5.21)

Next, we can increase the loop number by convoluting with X'(z), and the convolution
integral can always be reduced to a sum over residues. Indeed, consider a single-valued
function f(z) with isolated singularities at z = a; and z = oco. Close to any of these
singularities, f can be expanded into a series of the form,

f(z) = Z Cme,n log’g 175 (z—a)" (zZ—a)", z—a,
k,m,n v
o (5.22)
1 1 1
_ k
f(2) —k%:ncz?m,nlog Wz—mzq, Z— 00.

The holomorphic residue of f at the point z = a is then defined as the coefficient of the
simple holomorphic pole without logarithmic singularities,

Res.—af(2) = ¢ _10- (5.23)

Antiholomorphic residues Ress—z f(2) are defined in a similar manner.

In ref. [30] it was shown that the integral of f over the whole complex plane, if it
exists, can be computed in terms of holomorphic residues. More precisely, if F' is an
antiholomorphic primitive of f, 0.F = f, then

22
/ dT f(2) =Res,=o F(2) — Z Res,—q, F(2). (5.24)

This result is essentially an application of Stokes’ theorem to the punctured complex plane.
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Since & and Cél) only have isolated singularities at z = 0 and z = 1, we can perform all
convolution integrals in terms of holomorphic residues. We have computed the functions
C,gl) for k < 5. The results are presented in appendix C.1. We observe that, up to an
)

overall algebraic prefactor, the functions C,gl in eq. (C.2) are pure functions of weight k.
In appendix A we show that this feature is true at any loop order: C’lil) can be expressed
as a linear combination of uniform weight k£ of SVHPLs with singularities at most at z = 0

and z = 1.

5.4 The contribution from 51(31)

We now apply the convolution-based technique from the previous section to the computa-
tion of C,gQ). Unlike (5511), the contribution from 51(,%2 cannot be related to the LO eigenvalue.
The start of the loop recursion is the two-loop result, which we compute by closing the
contour in the complex v-plane and summing residues. We find

C8(:) = F )] = V) + ), (5.29
with
5 (z) = o !1’Z+(j!2_\1Z)— z|? [Grot2) = Goa () (5.26)
1.2 '
P2 = AU 16, 0(2) 4 Gon(2) — Goro (1) - o]

T 2m L+ 21— 22

We see that the contribution from 51(,%2 is not only very different from the contribution of
5,(,1n) in moment space, but also the analytic structure of the Fourier-Mellin transform is
, C’f) is not a pure function (up to an overall

)
rational prefactor), but it is the sum of two pure functions Cég’l) and 052’2) appearing with

(2)

different rational prefactors. Second, we see that 6’22

with singularities at z = —1. While C§2’1) is a linear combination of SVHPLs with sin-
gularities at most at z = 0 and z = 1, 052’2) is expressed in terms of both SVHPLs and

very different. First, we see that unlike C’él

has a different analytic structure,

ordinary HPLs evaluated at |z|>. We note that C’ém) is still single-valued as a function of
the complex variable z, because the argument of G_1 (\z|2) is positive-definite and the
function has no branch cut on the positive real axis. In the next section we review the
generalised SVMPLs introduced by Schnetz, which allow us to extend the technique used
for the computation of C,il)(z) to the functions C’,(f)(z).

5.4.1 Generalised SVMPLs

Since the two-loop result in eq. (5.26) is single-valued, all the convolutions resulting from the
loop recursion will also be single-valued at any loop order. Hence, we would like to perform
the convolution integrals in terms of residues using Stokes’ theorem. The single-valued
polylogarithms in eq. (5.26), however, do not all fall into the class of SVMPLs studied
in refs. [10, 22|, because the holomorphic derivative involves non-holomorphic rational

functions, e.g.,
1

z+1/z°

9.G_1 (|2]*) = (5.27)
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A detailed understanding of the functions and their properties is needed for the computation
of the holomorphic residues and the antiholomorphic primitives.

In ref. [11] Schnetz defined a more general class of single-valued multiple polylogarithms
in one complex variable with singularities at

z:?;zj:?, a,3,v,0 € C. (5.28)

These functions obviously reduce to the SVMPLs of refs. [10, 22] in the case where the
singularities are at constant locations. Since eq. (5.27) has a singularity at z = —1/z, we
expect that the coefficients C,E?’l) can be expressed in terms of Schnetz’ generalised SVMPLs
(gSVMPLs). In the following we show that that is indeed the case.

We start by reviewing the definition and the construction of gSVMPLs [11]. Consider

a set of functions ¥(aq, ..., a,;2) defined by the following conditions,
1. The functions ¥(ay, .. .,an; z) are single-valued.
2. They form a shuffle algebra.

3. They satisfy the holomorphic differential equation,

0.9 (a1,...,an;2) = G(az,...,an;2). (5.29)

zZ — a1
4. They vanish for z = 0, except if all a; are 0, in which case we have

1
4(0,...,0;2) = — log" |2|*. (5.30)
~—— n!

n times

5. The singularities in eq. (5.29) are antiholomorphic functions of z of the form,

a; = ?;:Zj:?, for some «, 8,7, € C. (5.31)
In ref. [11] it is shown that these conditions uniquely define the functions ¥ (ay, ..., an; z).

Every linear combination f of such functions with singularities at most for z = a;, with
a; defined in eq. (5.31), has both a single-valued holomorphic and antiholomorphic primi-
tive [11], i.e., there are single-valued functions F; and Fj such that

0. F = f=0,F,. (5.32)

If we denote a single-valued holomorphic (antiholomorphic) primitive of f by fsv dz f
([g dZ f), then it agrees with any ordinary (i.e., not necessarily single-valued) holomorphic
primitive up to an arbitrary antiholomorphic function, e.g.,

/Svdzf:(i(z)—l—/dzf. (5.33)

In particular, any two single-valued holomorphic primitives must agree up to an antiholo-
morphic rational function.
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70(9.F) 70(D. F)
‘| I
9. F O F

E\t B /_J“;V dz
9,0, F

Figure 1. Commutative diagrams of ref. [11] illustrating the computation of the single-valued
primitive.

A single-valued primitive F' can be computed in an algorithmic way using the commuta-
tive diagram of figure 1 [11], where 7 (or 7o) denotes the projection onto the corresponding
function with no holomorphic (or antiholomorphic) residues,

mo: fo fo 3 Renl

Z — 20
C
20€ R f (5.34)
€S=.
mo:f - Y Tl
zo€eC 0

where the sum runs over all the poles of f.

More concretely, assume that we want to compute the single-valued holomorphic prim-
itive F' of a single-valued function f = 0, F of weight n. The commutativity of the diagram
in figure 1 implies that any single-valued holomorphic primitive can be expressed as a
single-valued antiholomorphic primitive. Let us define,

E@@:/Mm@J@@)wd&@@z/ﬁ%@ﬁ@@y (5.35)

Note that the diagram in figure 1 implies that F; and Fy can be computed explicitly if we
assume recursively how to compute single-valued primitives of lower weight. It is clear that
these functions must equal the single-valued primitive up to an (anti)holomorphic function,

F(2,2) = F1(2,2) + 01(Z) = Fa(2,%) + 02(2) . (5.36)
From this, one can see that
Fl(z,E) - FQ(Z,Z) = (52(2’) — (51(?) , (537)

and so we can determine J; and J2 up to a constant from Fy and Fy. The single-valued
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primitive of f is then recovered by adding back the residues,

F:5(2)+/5def
dz

= 5(?) -l—/sv dZﬂ'()(f) + Z ReSz:Zof /SV 2~ 2 (5,38)

20€C

=6(z)+ /SV dzmo(f) + Z Resy=z, f 9 (20;2) ,

20€C

where 6(%) is any antiholomorphic rational function.

In our case we need to consider gSVMPLs with a; € {—1,0,1,—1/Z}. One can use
the existence of the single-valued primitive and the commutative diagram of figure 1 to
explicitly construct a basis for the gSVMPLs [11]. Assume that we have constructed all
gSVMPLs up to weight n. Equation (5.29) implies that gSVMPLs of weight n + 1 can be
obtained by computing single-valued holomorphic primitives. The primitive is only defined
up to an arbitrary constant, which can be fixed from eq. (5.30). Note that the algebra
generated by these gSVMPLs contains two natural subalgebras,

1. If a; # —1/Z, then the gSVMPL reduces to an ordinary SVMPL,

G(a,...,an;2) =G(a1,...,an;2), if a; € {—1,0,1}. (5.39)

2. If a; # +1, then the gSVMPL reduces to an ordinary HPL evaluated at |z|?,

G(ay,...,an;2) = G(Zai,...,Zan;|2|?), if a; € {0,—1/z}. (5.40)

These subalgebras cover the class of functions encountered in eq. (5.26). As we will see, at
higher loops we obtain functions that cannot be reduced to these two subalgebras.

Let us illustrate the construction of the gSVMPLs on the example of the function
F(z,Z) = 9_1/z1(2), where we introduce the same shorthand notation as for SVMPLs.
Equation (5.29) implies that F' satisfies the holomorphic differential equation,

L g =—1 ae) = f(2.7). (5.41)

0.F(2,2) = 0.9 _1/z1(2) = riE PRy

The initial condition is given by the requirement that F' vanishes at the origin. Our goal is
thus to compute the holomorphic single-valued primitive of f that vanishes at the origin.
Clearly, the denominator in eq. (5.41) never vanishes. Hence, f is free of poles, and so
mo(f) = f. We start by computing a non single-valued holomorphic primitive of f,

Fi() = [ 0 = GO Ga) + Goygaa o). (5.42)

Then there is a antiholomorphic function §; such that

F(z,2) = Fi(2,2) + 61(Z) . (5.43)
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This completes the evaluation of one branch of the commutative diagram in figure 1. The
value of 7 is at this point undetermined.
Next, let us compute the antiholomorphic derivative of f,
1 1
RO R sy P YR

(1+[2]%)
All the terms in O.f have either lower weight or poles of higher order. Using partial

0.f(2,%z) = (5.44)

fractioning, we can compute the holomorphic single-valued primitive of 9, f

Fo(z,%) = /SV dz0,f(z,2)

Tz +11/z “(z) = %54_1/5(2) * 5%1 G 1/z(2) + lerl [G_1/2(2) — 1(2)] .-

(5.45)

F’Q has antiholomorphic poles at Z = 0 and Z = £1. The residue at Z = 0 vanishes, while

Resz—11F5(2,%) = +1log 2. (5.46)
Hence we have
ToFp(57) = = B(2) — 2D (o) + —— [F1/2(2) — log?)
To(Fo(2,Z REFRYP 1(z = _1/z(2 Z-1 —1/z(% og 5.a7)
1 .
+ 71 [G_1/2(2) — %1 (z) +log2].

An ordinary antiholomorphic primitive of this expression is easily obtained,

Fy(z,7) = /0 dtTo(F(2,1)) (5.48)

=G1(2) G_12(2) + G_1/z1(2) = G_11(2) +10g2G_1(Z) — log 2G1(Z) .
Then there is a holomorphic function d2 such that
F(2,2) = Fa(2,%) + 62(2) . (5.49)

This completes the evaluation of second branch of the commutative diagram in figure 1.
The value of §, is at this point undetermined.
The values of §; and d2 can be determined by comparing eq. (5.43) and (5.49). We find,
61(2) — 02(2) = Fa(2,2) — F1(2,2) = —=G_1,1(2) + 10g2G_1(z) —log2G1(z),  (5.50)
and so
0n(z) =—-G-11(Z) +1log2G_1(z) —1log2G1(Z) + a,
(5.51)
d2(2) = a,

for some constant a € C. The value of a is fixed by requiring F' to vanish at the origin,

and we find a = 0. Hence,
F(2,2) =9_1z1(2) = G1(2) G_1/2(2) + G_1/z1(2) = G_11(Z) +10g 2 G_1(Z) —1log 2 G1(Z) .
(5.52)

We have applied the previous algorithm to the construction of all gSVMPLs with a; €
{=1,0,1,—1/Z} up to weight five. The results are shown in appendix B up to weight three.

—90 —



5.4.2 The contribution from C’,?)

Let us now return to the computation of the coefficients Clgz). We start by writing the
two-loop coefficient of eq. (5.26) in terms of gSVMPLs,

CP(z) = PV (z) + PV (z), (5.53)
with
0(2,1) (Z) — ‘Z‘ (Z — z) [gl O(Z) - go 1(2)]
2 21 |1+ 221 — 22 7 ’ ’
11— ) >34
(272) . z — |Z _ 3 B
Gy 7 (2) = 2|1+ 221 — ]2 [%0,1(2) + %10(2) —29_1z0(2) — G2 -
Higher loop results can then be obtained from the recursion in the number of loops,
2 2
c? (z) = (X x O >) (2) . (5.55)

Since 1+ |z|? is never zero, all singularities of the integrand in the convolution integral are
isolated, and so we can use Stokes theorem to reduce the convolution integral to a sum over
residues of the single-valued antiholomorphic primitive. The single-valued antiholomorphic
primitive can be computed using the algorithm outlined in the previous section. We thus
obtain an effective way to obtain higher loop results in terms of gSVMPLs. Results through
weight five are collected in appendix C.2. We observe that we can write the results in
the form,

|2l (2 — 2)

2,1 2] (1 — |2]?) 2,2
:2wu+zPH—zP¢ )+ c>? (5.56)

(2)
G (2) 2m |1+ 221 — 22 7% 7

where the functions C,EQ’i) have uniform weight k. It follows from the argument in ap-
pendix A that this structure holds at any loop order. Finally, we note that at two and
three loops, the results can be expressed in terms of SVHPLs and ordinary HPLs evalu-
ated at |z|?. Starting from four loops, we obtain genuine gSVMPLs that can no longer be
expressed in terms of HPLs.

6 Transcendental weight properties of the BFKL ladder at NLLA

6.1 Transcendental weight of the BFKL ladder in QCD

In the previous section we have determined the BFKL ladder at NLLA in QCD through five
loops in momentum space. We have observed that the full result involves polylogarithms
of different weight. More precisely, the BFKL ladder at NLLA in QCD at k loops in
momentum space involves functions of weights up to k, and so the QCD result is not a
maximal weight function, as expected. This matches the corresponding analysis in moment
space [12-14], where it was observed that the anomalous dimensions of the leading-twist
operators which control the Bjorken scaling violations in N’ =4 SYM have a uniform and
maximal transcendental weight in moment space which matches the maximal weight part
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of the corresponding anomalous dimensions in QCD. The goal of this section is to extend
the analysis of the transcendental weight from moment to momentum space. We start by
analysing the BFKL ladder at NLLA in QCD and we identify the terms which contribute
to the maximal weight part, before extending the analysis to more general SU(N,) gauge
theories in subsequent sections.

In order to understand the transcendental weight properties of the QCD result, we
start from eq. (5.8) and we classify the contributions which give rise to functions of weight
k in momentum space. Using the results of appendix A, we can show that the functions

kLL and Clii) for i € {1,2} have uniform weight k—1 and k respectively. Hence, we see that
terms of weight strictly less than k arise in eq. (5.8) only in a limited number of places:

1. The term S kaL(z) involving the beta function has weight & — 1, and so it is always
of lower weight.

2. The contribution from the cusp anomalous dimension in eq. (5.8), 'yg) LL (2), in-

volves a mixture of weights kK —2 < w < k. Lower weight terms arise entirely because
the cusp anomalous dimension in QCD is not of maximal weight.

3. Using the explicit results through five loops of section 5.2, we see that in QCD the
(3)

functions €} involve terms of weight 0 < w < k.

Let us compare our analysis in momentum space to the corresponding analysis in
moment space of refs. [12-14], and let us compare the QCD result to the corresponding
result in A/ = 4 SYM. The analysis of the terms involving the beta function and the cusp
anomalous dimension is identical in moment and momentum space. The contribution from
0(3), however, is substantially different in QCD and N = 4 SYM, because it vanishes
in the maximally supersymmetric Yang-Mills theory [12] (cf. eq. (4.2) and (4.6)). Since
C’,g?’) contains terms of weight k, we conclude that, unlike for the analysis of anomalous
dimensions in moment space, the BFKL ladder in momentum space at NLLA in N = 4
SYM is not equal to the maximal weight terms in QCD. This prompts the question if there
is any other theory which agrees with the maximal weight part of the BFKL ladder in
QCD order by order in the perturbative expansion. This question will be analysed in the
next section.

6.2 The BFKL ladder in generic gauge theories

We study the transcendental weight properties of the BFKL ladder at NLLA in a generic
SU(N,) gauge theory with scalar or fermionic matter in arbitrary representations. Our
starting point is the BFKL eigenvalue at NLO in a generic theory [12]. Inspired by eq. (5.8),
we write the BFKL eigenvalue in a generic theory as

Bun = 300+ 208+ 288 (g, M)+ 365+ 10 1g, ) xom — 5B0(,7) o+ (6.1)

The quantities 5&2 and 51(,2,2 are independent of the theory under consideration, and so
they are the same as in QCD [12], i.e., they are given by eq. (5.4) and eq. (5.5). The
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one-loop beta function and the two-loop cusp anomalous dimension depend on the details
of the theory only through one-loop corrections to the gluon propagator, and so they are
independent of the details of the theory (e.g., Yukawa couplings or the scalar potential).
In DRED, they are given by

50(”]%”3) 3_37]\7(:_‘5]\%’ (62
@)/~ = 1 /64 100,y 4ng (o 2)
VO igiie) = 2 (o — ok - ) - 2,
4\9 9N, 9N, 2
where we defined
ip=> nfTg and fi, =Y nliTg, (6.3)
R R

where the sum runs over all irreducible representations R of SU(N,), and n? and nf de-
note the number of Weyl fermions and real scalars transforming in the representation R.
The index Tg of the representation is defined through Tr(T}%T]b{) = TR 6%, with Tg the
infinitesimal generators of the representation R. We fix the normalisation of the structure
constants of SU(N,) such that for the fundamental representation Tp = 1/2. The contri-
bution from 65 comes from (scalar) QED-type diagrams [12], and it is determined entirely
by the matter content of the theory. We find

8GNy, Ny) = 63D (Ny, Ny) + 6552 (Ny, N) (6.4)
with 1
- n B
Nx—QER:nm Tr (2Cr — N,), r=1s, (6.5)

and Cp is the quadratic Casimir of the representation R. The functions (51(3;” are given by

550Ny N = L) [5, (a8, + 12, — 30N2) + 50 (N2 — 28, + N,)]

i oy J() [(Bn)2 = 20n0) (27 — 1) . - (6.6)
55’12)(1\[%]\75)— 3 [ 2(27 —3)(27 + 1) (Ng—QNf—l—NS)] ,
with v = % + ¢v and

1) = =gyt = I =) = (). (67)

We have checked by explicit computations through five loops that the Fourier-Mellin trans-
forms of the type F [5,(,?{1) Xffn] give rise to functions of uniform weight k& + 2, while the

)

remaining contributions from 5,(,?;{2 only produce lower weight terms. While we currently
have no proof that this statement holds at arbitrary loop orders, we believe that our explicit
results through five loops provide compelling evidence that this is indeed the case.

In a theory where the gauge group is minimally coupled to matter, the BFKL eigenvalue
at NLLA is determined entirely by the gauge group and matter content of the theory [12],

but it is independent of the details of the other interactions in the theory (e.g., the Yukawa
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couplings between the fermions and the scalar). As a consequence, we can repeat the
analysis of the transcendental weight properties for generic gauge theories as a function
of the fermionic and scalar matter content of the theory. Following our analysis in QCD
in the previous section, a set of necessary and sufficient conditions for a theory to have a
BFKL ladder at NLLA of uniform transcendental weight in momentum space are:

1. The one-loop beta function vanishes, i.e., we have

=0. (6.8)

2. The two-loop cusp anomalous dimension is proportional to (. In DRED, this implies
the following constraint on the matter content,

=0. (6.9)

3. The contribution from 5,()?{2) vanishes, which implies

2N; = N2+ Nj. (6.10)

We interpret eq. (6.8), (6.9) and (6.10) as a set of conditions on the matter content of
a theory for the BFKL ladder at NLLA to have maximal weight. Before we solve the
constraints in the next section in the case of adjoint and fundamental matter, we make the
following observation which is independent of the representations of the matter fields. If

eq. (6.10) is satisfied, then the term proportional to djp2 is absent from 51(3{1),

0D (Ny, 2Ny = N2) = 2(7) dno Ny —2N2) . (6.11)

As the missing terms evaluate to terms of maximal weight, we are led to conclude that
there is no theory such that the BFKL ladder at NLLA has uniform and maximal weight
and agrees with the maximal weight terms in QCD.

6.3 Theories with adjoint and fundamental matter

In this section we study the conditions in eq. (6.8), (6.9) and (6.10) in the case of theories
with matter only in the fundamental and adjoint representations. The indices and Casimir
operators of the adjoint and fundamental representations are

N2 -1

TA = CA = NC and CF = TF CJV . (612)

We can then write

-1 1
Ay = Tan + Tpnf and N, = 574 (2Ca — Ne)n + 5 Tr (2CF — NonE' | z=s,f.
(6.13)
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In the following we only look for solutions to the constraints in eq. (6.8), (6.9) and (6.10)
that are valid for an arbitrary number N, of colours.? Inserting eq. (6.13) into eq. (6.10),
we find

1 1
Tr (2Cp — Ne)nf + NZnf = N2 + N2ni' + - Tp (2CF — Ne)nf (6.14)

2 2 s
Since we are looking for solutions that are valid for an arbitrary number of colours, we
find a relation between the number of fermions and scalars in the adjoint and fundamental
representations,

Zn? =nl" and Zn?:2+nf. (6.15)

Inserting this solution into the constraints (6.8) and (6.9), we see that the number of
fermions in the adjoint and fundamental representations must be related by

F

n
4—n‘;—TFﬁf =0. (6.16)

The relations (6.15) and (6.16) are necessary conditions for a gauge theory to have a BFKL
ladder at NLLA of uniform and maximal transcendental weight.

At this point we observe that eq. (6.15) describes the spectrum of a gauge theory with
N supersymmetries and np = n? chiral multiplets® in the fundamental representation
and ng = n? — N chiral multiplets in the adjoint representation. Indeed, in terms of the
parameters A, np and ny, eq. (6.15) can be cast in the form,

nf =N +na,
nf =Nng,

6.17
ni =2N —1)+2ny, (6.17)
nSF:2nF

We stress that our analysis can only constrain the scalar and fermionic matter of the theory,
and it is insensitive to other aspects like supersymmetry. As a consequence, classifying the
matter content in terms of supersymmetric multiplets is at this point merely a matter of
convenience, and any theory with the same fermionic and scalar matter content would
equally well solve the constraints, independently of supersymmetry.

We can insert eq. (6.17) into eq. (6.16), and obtain the equation,

np
=4. 1
nA+2NC+N (6.18)

This equation has only four positive integer solutions which are shown in table 1. For these
theories, the BFKL eigenvalue at NLO takes the form,

lcn Lo 3 G 2 A
Ay = 15;(/71) + 15,(/71) + 5(3 + 5 Xn + F() (NG +1) (nf —4)6bno- (6.19)
2We have also searched for other solutions by varying the parameters N., nfj . nf, nf and n? inde-
pendently between 0 and 35, and we have not found any other solutions than those described here. We
therefore conjecture that these are the only solutions.
3We consider chiral multiplets in N = 1 supersymmetry, consisting of a Weyl fermion and two real scalar

on-shell degrees of freedom.
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N |14 2 1 1
nga |0 0 0 2
nrp |0 4N. 6N, 2N,

Table 1. The four solutions to the constraints in eq. (6.17) into eq. (6.8) and (6.9).

It is easy to see that theories with (N, n4,np) = (4,0, 0) have the same field content as N =
4 SYM, and so N' = 4 SYM satisfies all the constraints, as expected. Similarly, theories
with (M, n4,np) = (2,0,4N,) have the same field content as N' = 2 superconformal QCD
with Ny = 2N, hypermultiplets [31]. The remaining theories have the field content of
an N = 1 theory. We observe that (N,n4,np) = (1,0,6N,) corresponds to the matter
content of N' = 1 super-QCD. Moreover, the matter content is such that the theory is at the
upper end of the conformal window [32]. Note that the lower end of the conformal window,
corresponding to (N, n4,ng) = (1,0,3N,), does not solve our constraints for uniform and
maximal transcendental weight. We currently do not have any interpretation of the second
N =1 solution as a superconformal theory.

6.4 Discussion

In the previous sections we have derived a set of conditions on the matter content of a
gauge theory so that the BFKL ladder at NLLA is a function of uniform transcendental
weight in momentum space. In this section we discuss some implications of our analysis.

Our analysis is valid only for a specific gauge-theory correlator, namely the BFKL
ladder at NLLA, and so we can strictly speaking not make any statement about generic
scattering amplitudes or correlations functions. In other words, we cannot exclude that
there are theories that do not fulfil the criteria of the previous sections, but where all the
scattering amplitudes or other correlators are functions of uniform and maximal weight.
However, we deem it unnatural that the same mechanism which would make scattering
amplitudes and correlation functions have uniform weight would fail for the BFKL ladder.
We therefore expect that the conditions derived in the previous section are more generally
necessary conditions for a theory to have the property of maximal transcendental weight
similar to the A/ =4 SYM theory.

The analysis of the previous section shows that the theories with the maximal weight
property have a highly constrained matter content. We find it intriguing that in all cases
the field content can be arranged into supersymmetric multiplets, although supersymmetry
was not an input to our analysis. The different choices for the matter content that solve all
the constraints, arranged into supersymmetric multiplets, is shown in table 1. Note that
we cannot distinguish, e.g., an A/ = 2 theory from an A/ = 1 theory with additional chiral
multiplets in the adjoint representation. Moreover, we find that the vanishing of the beta
function is not independent from the other constraints, but eq. (6.9) and (6.10) alone are
sufficient to find all the solutions in table 1, and all of these solutions have a vanishing
one-loop beta function. The N = 4 and N = 2 solutions are known to be superconformal,
while one of the N/ = 1 solutions in table 1 has a matter content that puts it right at
the edge of the conformal window of N' = 1 super-QCD. We currently ignore if there is a
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superconformal theory that matches the second N' = 1 solution, but if there is, this may
point to the intriguing possibility of a connection between the maximal weight property
and superconformal symmetry.

We stress that our results are a necessary condition for a theory to have the property
of maximal weight. Indeed, even if the BFKL ladder is of uniform and maximal weight,
this may not be the case for other quantities in the same theory. It is therefore interesting
to analyse the theories that we have identified further. We have checked that all theories
with a matter content as in table 1 give rise to one-loop amplitudes with maximal tran-
scendental weight [33-36]. The same conclusion holds for the single-emission soft gluon
current through two loops [37-39] in all of these theories. The cusp anomalous dimension
and the beta function are known to three [16, 40-42] and five loops [43-49] respectively.
These quantities, however, depend on the details of the theory under consideration (e.g.,
Yukawa and scalar couplings), and so it is hard to make generic statements only based on
the matter content of the theory. It would be interesting to confront the theories described
in table 1 to explicit computations, in order to further constrain the space of possible max-
imal weight theories. For example, it is known that the four-point two-loop amplitude in
N = 2 superconformal QCD (SCQCD) does not have maximal weight [50-52], which rules
out N/ =2 SCQCD as a candidate for a maximal weight theory like N'=4 SYM.

We conclude this section by commenting on possible shortcomings of our analysis.
First, our results only hold for SU(N,) gauge theories in four dimensions with additional
scalar or fermionic matter in the adjoint or fundamental representations. It would be
interesting to repeat the analysis of sections 6.2 and 6.3 for matter transforming in other
irreducible representations of SU(N,.). Second, since our analysis relies on the BFKL ladder,
the conclusions are only valid for theories where the gauge bosons are minimally coupled to
the matter. Indeed, if additional (higher-dimensional) operators are present in the theory,
they may alter the high-energy behaviour of the theory, and therefore the BFKL ladder,

which would invalidate our analysis.

7 Concluding remarks

In this paper, we have addressed three questions related to the NLO corrections to the
eigenvalue of the BFKL equation. Firstly, we have noted that the NLO corrections to the
eigenfunctions computed by Chirilli and Kovchegov can be made to vanish by taking the
scale of the coupling to be the geometric mean of the transverse momenta at the ends
of the BFKL ladder. Secondly, we have found the functions which describe the analytic
structure of the BFKL ladder at NLLA. These are the gSVMPLs recently introduced by
Schnetz [11], and we have developed techniques to evaluate the BFKL ladder at NLLA
to high loop order. Finally, using the freedom in defining the matter content of the NLO
BFKL eigenvalue, we have proven that there is no gauge theory of uniform and maximal
transcendental weight such that in momentum space it matches the maximal weight part
of QCD. However, we have identified a set of conditions which allow us to constrain the
field content of theories for which the BFKL ladder has maximal weight.
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Let us comment on potential ramifications of our work. First, we have only been
concerned with the study of formal analytic properties of the BFKL ladder at NLLA. It
would be interesting to investigate potential phenomenological applications of our results.
Second, it is natural to ask if or how some of the properties of the BFKL ladder that
we have studied manifest themselves also beyond NLLA. A study of the BFKL ladder
beyond NLLA, however, is yet to be undertaken. The keystone of the BFKL theory is
the gluon Reggeisation at leading logarithmic [53, 54] and NLL [55-59] accuracy. This
entails the multi-Regge pole structure of (the real part of) the QCD amplitudes in multi-
Regge kinematics and the Regge factorisation of those amplitudes. We already know that
the Regge factorisation is broken at NNLO accuracy [60]. The violation can be explained
through the infrared structure of massless gauge theories by showing that the real part of the
amplitudes becomes non-diagonal in the ¢-channel-exchange basis [61, 62]. Accordingly, it
can be predicted how the violation propagates to higher loops, and the three-loop prediction
for the violation [63, 64] has been confirmed by the explicit computation of the three-loop
four-point function of N' =4 SYM [65]. In the Regge theory, that violation is due to the
contribution of the three-Reggeised-gluon exchange [66, 67]. Thus, it is conceivable that the
violations of the BFKL-ladder structure can be computed and kept under control, allowing a
study of the BFKL ladder beyond NLLA, which would likely provide more analytic tools to
examine the behaviour of QCD and of massless gauge theories, and thereby help to unravel
even more the fascinating mathematical structure underlying gauge theory amplitudes.
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A  Pure functions from convolutions

In this appendix we present the proof that the functions f,fL, C,E,l) and C,(f) have uniform
weight at any loop order. We first prove the following result: assume that we have a
function a,, in moment space whose Fourier-Mellin transform evaluates to an expression
of the form,

|2|A(2)

]:[al/n] = (Z — b)(f— C) )

(A1)

where A(z) is a single-valued pure function of weight k, and b and ¢ are complex numbers.
We wish to show that Fla,,Xxun| consists of a single-valued pure function of weight k + 1
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multiplied by the same rational prefactor. Using the convolution product, we find

]:[aunXVn] = f[aun] * ]:[Xzzn]
[ 21Aw)
(w—b)@—c)(w—2)@—72) (A.2)

b ) (e

We can solve this integral in terms of residues as described in section 5.3. We start by

computing the single-valued primitive,

L¢m< Lo >mmzﬁwy (A.3)

w—7z w—2cC

Since A(w) is assumed to be a pure function of weight k, A(w) is a pure function of weight
k + 1. The holomorphic residues are

FlavnXom] = (|Z|) (Reswa(w) ~ Res,_. A(w))

Z_b|)(’Z—C ~—b iu—z (A4)
= (Z—b)zﬁ (Regw:bA(w) - Regw:zA(w)) )

where Reg,,_, A(w) denotes the shuffle-regulated value of A(w) at the point w = a, defined
as follows: since A has weight k + 1, close to every point w = a it admits an expansion of

the type,
k+1

Z@):}jby:u-%fﬁw@o, (A.5)
=0

where the functions A® are analytic at w = a, i.e., they admit a Taylor expansion in a
neighbourhood of w = a. The shuffie-regulated value of A at w = a is then defined as

Reg,_,A(w) = AO(q). (A.6)

Since g(w) is a pure function of weight k + 1, its shuffle-regulated values remain pure and
have the same weight. We have thus shown that

2|

(z = b)(z = ¢)

where the right-hand side is a pure function of weight k + 1, which completes the proof.

Flavnxun](2) = AOp) — A0 ()] (A7)

We can use the previous result to prove that the functions kaL , Clgl) and C’IEQ) have
uniform weight at any loop order. We know by explicit computation that this statement is
true for small numbers of loops. Using partial fractioning, the loop recursion in eq. (5.18)
and (5.55) can be written in a form that matches eq. (A.1). Hence, the loop recursion will
increase the weight of the functions by precisely one unit.
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B Generalised single-valued multiple polylogarithms

In this section we present the generalised single-valued polylogarithms that cannot be
expressed in terms of ordinary SVMPLs,

:Gfl,fl/z( ) + Gy ,1( ) + 1Og2071(§) — IOgQGl(E)

(2)
(2)
(2)
G,_12(2) =G _11(Z) + G1_1/2(2) —log2G_1(Z) +10g2G1(Z)

G 1z-1(2) = = G1,21(Z) + Goryz,-1(2) + Go12(2)G-1(7) — log2G_1(Z) + log 2G4 (Z)
(2) =G_1/z,0(2) + Go(2)G_1/2(2)

G 1z0(2) = —G11(Z) +G_1/z1(2) + G1(Z)G_1/z(2) +10g2G_1(Z) —10g2G1(Z)
(2) :G—l/z,—l/z(z)

G 1—1,-1/2(2) =G _1(2)G1,1(Z) + G_1—1,—1/2(2) + Go,1,-1(2) + G1,-1,-1(Z) — G1,1,-1()
+10g2G_1,1(Z) +10g2 Gy _1(Z) —log2Go1(Z) — 2log2G1,-1(Z)

1
+1og2G11(3) + 5061(3) - log? 2G _1(Z) + log? 2G1 (%)
+10g2G_1(2)G-1(z) —log2G_1(2)G1(Z
1
g—l,o,—l/z(z) = G_1707_1/g(z) + GO,I,fl(E) + 10g2G0’,1( ) 10g2G0 1( ) + 5(26',1(5)
g_1,17_1/g(z) = G_l(Z)G_Ll(Z) + G—l,l,—l/z( ) + Go 1, 1( ) IOgQG_Ll(f) + 10g2 Goﬁ_l(f)
—10g2Go1(Z) +10g2G1,-1(Z) + CQ (z)+210g22G_1(E)
— 210g2 2G4 (E) —log 2 G_l( )G_l( ) +log2 G_l(z)Gl (2)
G 1—1/z,-1(2) =G_1(2)G_1,1/2(2) = G_1(2)G1,-1(Z) + G_11,-1(2) + G4 _1/z,-1(2)
72G01 ( )+2G11,1( ) 10g2G 11( )7210g2G0 ( )
—|—210g2G01( )—|—310g2G1_1( )—210g2G11( ) CQGl( )
+ 210g QG_l(i) — 210g 2G1( ) — 10g2G_1( )G_l(g)
+1log2G_1(2)G1(Z)
1 1
G 1,-1/z02) =Go(Z2)G_1 —1/2(2) + G_1 —1/z,0(2) + G1,0,-1(Z) — §C2G,1(5) - §C2G1(3)

Y1 1y21(2) = =G 1(2)G-11(Z) + G1(2)G_1,_1/2(2) + G_1,_1/z1(2) — Go,-1.1(Z)
—Go1,-1(Z)+G1,-1,1(Z) + 2G11,-1(Z) + 1og2G 1 1(Z) + log2G1,—1(7)
~210g2G1 1 (3) — %@G_l(z) - %@Gl@ 4 10g2G_1(2)G_1(2)
—log2G_1(2)G1(2)

G 1 1yz-12(2) =G4 _1/z,-1/2(2) + G11,-1(Z) +10g2 Gy, —1(Z) — log2G11(7)
- %CgGl(E) + %log2 2G_1(zZ) — %log2 2G1(z)
90,-1,-1/2(2) =Go(2)G1,-1(%) + Go,—1,-1/z(2) + G1,-1,0(Z) +10g2G_19(z) — 1log 2G1,0(%)
+ %CQGl(E) +1og2G_1(Z)Go(z) —log2G1(Z)Go(2)

%,0,71/5(2’) = G0,0,71/z(2)

)
)
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gO,l,fl/E(z)

%,—1/2,—1(2)

«%,71/3,0(2)
%,—1/2,1(2)

%,71/2,71/2(2)

= G()(Z)G,Ll(z) =+ G,Ll’o(z) + Goyl’,l/g(z) — log 2 G,Lo(f) + 10g2 Gl’o(f)

+ %CQGA(?) —log2G_1(z)Go(2) + log 2 G1(z)Go(2)

=Go(2)(—=G1,-1(2)) + G_1(2)Go,—1/2(2) — Go,1,-1(2) + Go,—1/z,-1(2)

— G17_1,0( ) — 1Og2G_1,0(2’) — 1Og2G07_1(§) + 10g2G0,1(§) + 1Og2G170(5)

— %CQG_l(E) — %CgGl(z) — 10g2G_1(§)G0(2’) + logQGl(é)G’o(z)

=Go(2)Go,—1/2(2) + Go,—1/z,0(2)
=Go(2)(—G-1,1(2)) + G1(2)Go,—1/z(2) — G-1,1,0(2) — Go,-1,1(2) + Go,~1/z.1(2)

+10g2G_10( )+10g2G0_1( ) 10g2G01( ) IOgQGLo(?)
— %(QG,l(Z) — 5{2(?1(2) +10g2G_1(2)Go(z) —log2 G1(Z)Go(z)

:Go,fl/z,q/z(z)

G, _1,-1/2(2) =G1(2)G1,-1(2) + Go,-1,1(Z) + G1,_1,—1/2(2) +10g2G 1 1(Z) — log2 Go,-1(Z)

gl,o,—l/?(z)

1
+ logQGo,l(E) — 10g2G1)_1(§) + §C2G1(§) — 210g2 2G_1(2)
+ 2log? 2G1(Z) + log 2 G1(2)G_1(Z) — log2 G1(2)G1(Z)

1
=Go,-11(2) + Gro,-1/2(2) —log2Go,—1(2) +10g2Go(2) + 56G1(2)

GD1,-1/2(2) =G1(2)G-11(Z) = G-1,-11(2) + G-111(2) + Go,~11(Z) + G11,-1/2(2)

gl,—1/z,—1(2’)

G _1z,0(2) =

gl,—l/z,l(z) =

%,—1/2,—1/?(2)

G _1)z-1,-1(2)

+log2 G_l)_l(i) —2log2 G_171(E) —log2 G07_1(§) +log2 G071(E)

1
+10g2G11(2) + 506G (2) +1log? 2G_1 (%) — log? 2G4 (%)

—1og2G1(2)G-1(Z) +1log2 G1(2)G1(Z)

:Gl( )(*Gl _1(2)) + G_ (§)G17_1/g(z) + 2G_1,_171(§) + G—l,l,—l(f)

— Go11(2) = Gox1(Z) + Gr_1/z1(2) — 210g2G 11 ()
+1og2G11(2) +log2Gh_1(3) — %CQG_l(z) - %@Gl(z)
—1og2G_1(2)G1(2) + log2 G1(2)G1(2)

Go(D)G11/2() + G-104(2) + G _1/20(2) — 5GG1(3) — 5GCr(2)

—G1(2)G_11(Z) + G1(Z)G1,—1/2(2) +2G 1, -11(Z) — 2Go,—1,1(Z) + G1,-1,1(Z)
+G1—1/z1(2) —210g2G_y _1(Z) +3log2G 1 1(Z) +2log2 Go,—1(2)
—210g2Go1(Z) —log2G1 1(Z) — (G _1(Z) — 2log® 2G4 (%)

+ 2log? 2G1(Z) + log 2 G1(2)G_1(Z) — log2 G1(2)G1(Z)

= G,L,l,l(z) + Gl,_l/gy_l/g(z) — 10g2 G,L,l(f) + 10g2 G,Ll(f)

- %CQG,l(Z) - %log2 2G_1(Z) + %105;2 2G1(Z)

=G ()G 1)z,-1(2) + G_12(2)G1,-1(Z) = G_11,-1(Z) + Go1,-1(Z)

—G1,21,-1(2) = G11,-1(Z) + G_yjz,-1,-1(2) —log2G 1 _1(2)
+1log2G_1,:1(Z )+10g2G0—1( ) —log2Go,1(2) —log2G1,-1(7)

+1log2Gi,1(2) + §CzG1(z) —log?2G 1 (2) + log” 2G4 (%)
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G 1/z,-10(2) =G_1/2(2)Go,-1(Z) + Go(2)G _1/z,-1(2) — Go,1,-1(Z) — G1,0,-1(2)
1
+G_1/z,-1,0(2) —log2Go,—1(Z) +1og2Go,1(Z) + §C2G1(5)
)

G _1yz-11(2) =G_1/2(2)G1,1(Z) + G1(2)G_1/z,-1(2) + Go,—11(Z) — G1,-1,1(2) —2G11,-1(Z)
+G_1/z,-1.1(2) — IOgQGO,—l(E) +10g2Go,1(Z) —21log2G1 -1(%)

+ g 1(Z) — 2log? 2G_1 (%) + 2log? 2G4 (%)

)G 2(3) — 21082 C1G ()

G _1yz-1,-1/2(2) =G_1/2(2)G1,-1(Z) —2G11,1(Z) + G_1/z,—1,-1/2(2) — 2log2G1,1(2)

+210g2G1,1(2) + (2G1(2) — log” 2G_1(2) + log? 2G4 ()
+10g2G_1/2(2)G_1(Z) —log2 G1(Z)G_1/2(2)

G 17z0,-1(2) =G_1/2(2)G-1,0(Z) + Go1(2)G_1/z,0(2) + Go,1,-1(2) + G-1/z0,-1(2)
+10g2Go _1(Z) —log2Go1(Z) + %@G_l(z)

(
)
G _1/z.0,0(2) =G_1/2(2)G0,0(Z) + Go(Z)G_1/z,0(2) + G_1/z,0,0(2)
)
)

+210g2G1 1(

)
+2log2G_q/z(
)+

(

(z

G 1/z001(2) = G—l/z( 2)G10(Z) + G1(Z)G_1/z0(2) + Go,—11(Z) + G_1/z,0,1(2)
1

—log2Go,~1(%) +1log2Go,1(Z) + §C2G1(f)

g&/z,o,q/z(z) ZG—l/z,o,fl/z(z)
G 1yz1,-1(2) =G 1(2)G_1/z1(2) + G_1/2(2)G_11(Z) —2G_1,_11(Z) = G_1,1,-1(%)
+Go1,-1(Z) + G_1/z1,-1(2) +2log2G 1 1 (Z )—210g2G 1,1(2)

+1log2Go,—1(Z) —log2Go,1 (%) + 5426*,1(5)+210g2 2G_1(%)
—2log” 2G4 (%) — 210g2 G_1 /z(2)G—_1(Z) + 210g 2 G1(2)G_1 /=(2)

G _1/z1,0(2) =G_1/2(2)G0,1(Z) + Go(Z)G_1/z,1(2) — G-1,0,1(2) — Go,~1,1(Z) + G_1/z,1,0(2)
+1og2Go,—1(z) — log2Go1(z) + %CQG_l(E)

G 1z00(2) =G_1/2(2)G11(Z) + G1(Z)G_1/z1(2) — G-1,-11(Z) — G-111(Z) + Go,-1,1(%)
—G1,-11(2) + Go1yz1,1(2) +1og2Goq 1 (Z) —log2G_1,1(7)
—logQGO,_l( )+1og2G01( )+10g2G1 _1( ) 10g2G1 1( )

1
+ §C2G_1(E) +log® 2G_1 (%) — log? 2G4 (%)

G 1yz1,-1/2(2) =G_1/2(2)G_11(2) = 2G 1, 11(Z) + G_1/z1,—1/2(2) +210g2G 1 _1(2)
—210g2G_11(2) + (G _1(2) + log® 2G_1 () — log® 2G4 (2)
—log2G_1/2(2)G-1(Z) +10g2 G1(Z)G -1 /2(2)

G 1z-1/7-1(2) =G 1(Z)G_1/z,-1/2(2) = G_1/z(2)G1,-1(Z) + G11,-1(Z) + G_1/z,-1/z,-1(2)
1 1
+ 10g2G1,_1(5) — 10g2G1,1(E) — 5426’1(5) + 5 10g2 QG_l(Z)
1
-3 log® 2G1(z) —log2 G _ 1 /z(2)G_1(2) + log 2 G1(2)G -1 /z(2)
G 1)z-1/z,0(2) =Go(2)G_1/z,-1/2(2) + G_1/z,—1/z,0(2)
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G 1yz-1/z1(2) = = G_12(2)G_11(Z) + G1(Z)G_1/z,-1/2(2) + G_1,-11(Z) + G_1/z,-1/2.1(2)

1 1
—log2G_1,-1(2) +10g2G_11(Z) — §C2G71(§) 3 log® 2G'_1(Z)
1
T3 log? 2G4 (2) +1og 2 G_1/2(2)G 1 (2) — log 2 G1(2)G _1/2(2)

G 1z-1/7,-1/2(2) =G 1z 17z, -1/2(2)

C Analytic results for the BFKL ladder through five loops

C.1 Analytic results for the functions C,El)
In this appendix we present the analytic results for the functions C,gl)through five loops.
Writing

c(z) = N Wz, (C.1)
we find for the first few orders

SV (2) = = Gool().

C$P(2) =2Go0,0(2) — 2G00,1(2) — 2G1,00(2) — 8¢,

Q(ll)(Z) —2G0,0,0,0(2) +4G0,0,0,1(2) + 2G0,0,1,0(2) + 4G0,0,1,1(2) + 2G0,1,0,0(2)
+4G1,0,0,0(2) —4G1,0,0,1(2) — G1,1,00(2) + 12¢3G0(2) — 16¢3G1(2) ,

Cg(,l)(Z) =2G0,0,0,0,0(2) — 6G0,0,0,0,1(2) — 6G0,0,0,1,0(2) + 12G0,0,0,1,1(2) — 4G0,0,1,0,0(2)
+6G0,0,1,0,1(2) +6G0,0,1,1,0(2) — 12G0,0,1,1,1(2) — 6G0,1,0,0,0(2) + 6Go,1,0,0,1(2)

+6G0,1,1,0,0(2) — 6G1,0,0,0,0(2) + 12G1,0,0,0,1(2) +6G1,0,0,1,0(2) — 12G1,0,0,1,1(2)

(

IRt ]

+6G1,0,1,0,0(2) + 12G1.1,0,0,0(2) —12G1,1,0,0,1(2) —12G1 1.1,0,0(2)
— 16¢3G0,0(2) + 24¢3G0,1(2) + 36(3G1,0(2) — 48(3G1,1(2) — 36(5 . (C.2)

C.2 Analytic results for the functions C,gQ)

In this section we present the results through weight five for the functions C,(f’i) defined in
eq. (5.56).

C§2’1) = gl’o(z) - go,l(z) ’
e = 29 1 0(2) + %01 (2) + %10(2) — 2,

CPY = G00.1(2) — 29011 (2) — G00(2) + 241 10(2) (©5)
Ci"*) = 2y 10(2) +29_1,00(2) — 491 1 (2) — G001 (2) — 2%0,1.0(2)
+2%,1,1(2) = %100(2) +2%1,10(2) + ©%(2) — 209 _1(2) - 2G,
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CiQ,l)

C£2’2)

Cé2,1)

= — 2%,1,71,7%,0(2) + g,l’o,,%ﬁo(z) + 5407,1’,%’0(2) — %0,1)7%70(2) — g1’077%,0(z)

+29 4 -1 (2)+29_1 _101(2) +9-1,01,0(2) —29-101,1(2) —%,-1,01(2)

,0
= %0,0,0,1(2) = %0,0,1,0(2) +4%0,0,1,1(2) + %0,1,0,0(2) + 3%0,1,0,1(2) — 690,1,1,1(2)
)

Lyt

(2
(2) =391 01,0(2) —4%11,0,0(2) +6%1,1,1,0(2) — Y-1,-1(2) — 5@%_1,0(2)

+ %1 0,00

+ %Cz%,—l(z) - 5@%,1(2) + %Cg%yo(z) +0%a(2) + %ng_l(z) _ %543%(2) ’

=291 1 _10(2) =9 10-200) =% 1,-10(2) =290, -1,0(2) = Fp1,-10(2)

— 4%y _100(2) +8% _1,_10(2) =G0, -10(2) + 291 1,1 0(2) = 29_1000(2)
+89_ 10 10() +891 _100(2) =169y 1 1 0(2) = 201104 (2)

9 101.002) +29-1011(2) +%,-1,01(2) + %0.0,01(2) +3%.01.0(2)

— 4% 0.1.1(2) +3%.1.00(2) — 3% 1.01(2) —6%.1.1.0(2) +6%.1.1.1(2)

syt

+91,0,0,0(2) = 391,0,1,0(2) — 4%1,1,0,0(2) +6%1,1,1,0(2) +8GY_1(2)
(

sdydy

+40%, _1(2) + 2091 0(2) = 8GF 1 _1(2) + (F1,-1(2)

+ %Q%_Lo(z) - %@%,—1(2) — 2% 0(2) — %(2%71(2) + %@%,0(2)

FG(2) — 26D + 2o(z) — () -

=129_1 _1_1,01(2) — 12%,1’,17,1’7%’0(2) —69_1,_1,001(2) +129 4 _, . L o(2)

+69 1 1 100(2) =129, 4 1 1 0(2) =69 10-1,01(2) + 691 11 0(2)

= 39-1,0,0,1,0(2) + 69-1,0,0,1,1(2) —49_1 9,0,-1,0(2) = 29-1,0,1,0,0(2) + 6F_1,0,1,0,1(2)

+69-10,1,1,0(2) = 129-1,0,1,1,1(2) =39 10 _1,0,0(2) +69_1 91 _10(2)

—6%0,-1,-1,01(2) + 6% 11 _10(2) + 3%, -1,001(2) — 6% _1 0, o o(2)

= 3%,-1-200(2) + 6%’*1’*%’*%70(2) +2%,0,-1,01(2) = 2% 01,1 0(2)

+%.0.0.01(2) +2%.001.0(2) —6%.001.1(2) —9%.01.01(2) — 5%.01.1.0(2)

+ 18%0,0,1,1,1(2) + 29 0,1,— 1 0(2) = 2%0,1,0,0,0(2) — 4%0,1,0,0,1(2) + 12%0,1,0,1,1(2)
0(2) +5%,1,1,00(2) +1290,1,1,0,1(2) = 24%,1,1,1,1(2) — 6% 11,1 0(2)

+ 3% 1,-10, o(z) =691, 1,_10(2) = %1,0,0,00(2) +4%1,0,0,1,0(2) + 4% 00,-1 0(2)

+991,0,1,0,0(2) = 12%1,0,1,1,0(2) =69 0.1, 1 0(2) +3%1 0, _100(2) =6F g1 _1,(2)

+6%1,1,0,00(2) = 12%1,1,0,1,0(2) = 1291 10,1 0(2) = 18%1,1,1,0,0(2) + 24%1,1,1,1,0(2)

+12¢) 11, -10(2) =691 _100(2) + 12911 1 1 o(2) —69-1,-1,-1(2)C2

— 654_17_1,_%( 2)Ce+3910,-1(2)C2 +9100(2)C2 + 3919 _1(2)C +3%,-1,-1(2)C2

+3%,_1,-1(2)C — %,0,-1(2)C2 + %0,0,1(2)C2 — 3%0,1,1(2)C2 — 3%1,-1(2)C

z

— %1.0,0(2)C2 — 3%.0,1(2)C2 — 3%, o1 (2)Co + 6%11,1(2)C + 6%, 1 _1(2)Co
3 3 23 21
—391,-1(2)Gs — 59-1,0(2)Gs + 5%, -1(2)Gs + T %01(2)Cs + 5 Gh0(2)C

— 39%171(2)4‘3 — Zg—l(z)<4 + Zgl(z)c4 ’
(C.4)
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CPY = —129.1 1 10a(2) + 129, 4 1 10(2) 691 _1001(2) =129, 1, 1(2)
=691 1, _100(2) H129 4 1 1 1 0(2) +691,0-1,01(2) =691 1 _10(2)
+39 100,1,0(2) —69_1,0,0,1,1(2) + 4{%_170707_%,0@) +29_10,1,00(2) —69-1,0,1,0,1(2)

— 69 1011,0(2) + 129 1011,1(2) + 354—1,07—%70,0(3) - 6%_1)07_%,_%)0@)

+6%,-1,-1,01(2) — 6%,71,71,7;0(2) —3%,-1,0,0,1(2) + 6%,71,0,7;0(2)

+ 3g0,—1,—§,0,0(z) - 65407,1’,%’,%70(2) = 2%,0,-1,0.1(2) + 2540,0,71,7%,0(2)

= %0,0,0,0,1(2) = 4%0,0,0,1,0(2) + 6%,0,0,1,1(2) + 2% 0,0,— 1 ,0(2) = 6%0,0,1,0,0(2)

+9%,0,1,01(2) +13%,0,1,1,0(2) — 18%0,0,1,1,1(2) + 2% 0.1, 1 0(2) + 6% 0,1 0,0(2)

=129 1 _10(2) = 4%,1,00,0(2) + 4%0,1,0,0,1(2) +12%,1,0,1,0(2) — 124,1,0,1,1(2)
+6%,1,0,—2,0(2) + 13%,1,1,0,0(2) = 12%0,1,1,01(2) — 24%0,1,1,1,0(2) + 24%0,1,1,1,1(2)

—06%,1,1,-1,0(2) +3%1,-1,00(2) =69 1,1 _10(2) + 6% _10,0,0(2)

— 2% 1 o_10(2) = 249 1 _100(2) +48% 1 _1 1 o(2) — Fro0.00(2)

+491,0,0,1,0(2) + 49 0,0,-1,0(2) + 9%1,0,1,00(2) = 12%1,01,1,0(2) = 6% 01,1 0(2)

+39 0, —Lo, o(2) — 6541,0,—;,—1 0(2) + 6941 1.000(2) =129 10,1,0(2) — 12%1,1,0,—%,0(3)

— 1891 1,1,0,0(2) +24%1 1,1,1,0(2) + 12%1,1,1,7%,0(2) - 6%,1,7;,0,0(2’) + 12%1,1,7;7%,0(2)

+29_100,00(2) =169 1 00 10(2) =249 1o 1 00(2) +48F_1 4 1 1 0(2)

=129 1 _1000(2) FA8Y 1 1 _10(2) +48Y 1 1 100(2) —96Y 1 1 1 1 4(2)

+69-1,-1,-1(2)C + 691 1 _1(2)¢ —39-1,0,-1(2)C2 — ¥-1,0,0(2)¢2 =391 o _1(2)C2

—3%,-1,-1(2)C2 — 3%, _1,- 1 (2)G2 + %0,0,-1(2)C2 + %0,0,0(2)C2 + %o,0,1(2)C2

- 6%,0,752)@ —3%,1,1(2)C2 — 3550,1,7; ()G — 6%,7%,0(2)42 + 24%,7%,7§ (2)¢2

—91,00(2)C2 —3%1,01(2)C2 — 3% o, _1(2)C2 + 691,1,1(2)C2 + 6% 1 _1(2)C2

- Qg—é,o,o(z)fz + 24%_%70,_%(2)@ + 12{4_%7_%70(2)@ — 48%_%7_%)_% (2)¢2

+ %10g3(2)C2 +39_1,-1(2)¢3 + ggfl,O(Z)CS - 2%,71(2)&3 — 2% 0(2)C3 + %%,1(2)@

— 244, _1(2)Cs + %%,0(2)43 —39911(2)(3 —129_1 o(2)Cs +489_ 1 _1(2)(3 — 6C2(3

1
z

+ %g—l(«Z)Ql + Z%(Z)QL + %%(Z)QL - %g_%(z)g —2(5 — ng log”2.
(C.5)

C.3 Analytic results for the functions C’,E,g)

The functions C,Eg’o)(z) and 023’2)(,2) can through five loops be written in the form

3,0 0 + 2] (0 — |22 1L+ ]2* 0
c®9(2) = RO o + 41T " b,g;ymM " by + A pE -
0(3’2)(2’)—R( ) (2)+A 1+ |z)? <E+2) b2 + A 1— |z (E_i_g) p(

k max & |Z’ z P k,sym ’Z‘ z > k,asym

+A

1+ |24 (3
ksym

o G dhna(Ee)el,

z
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where the functions RI(%X are the rational functions multiplying the highest weight terms

at each order,

4 2
RI(I?QJX:A|Z| ’22||22’ +1 _ 96
z
(C.6)
3z =227 +3 [/2\2  [2\2
(2) _— d d
Fina = 4 |2|? (2) +(z) ’

The transcendental coefficients appearing in the expansion of C}gs,o) are

1 . 1.
0y = 55 Go(l2*)Tir (|2]) — g5 Tia(lz))

©o _ 1
2,sym 16 ’
b(O) _ 1 G 2
2,asym @ 0(|Z| )7
cg,)s)ym :07
(0) 1 .. 2 1 2 . . .
af” = — 5 Tir(12)Goo(12/%) + 15 Go(l=*) ( = Tizia(l]) = Tiva(J2]) + Tia(|2))
+ AT (J2]) + Tio1a(l2]) + 2 Tia(2]) + ~Tiea(12]) + = GaTia (J2]) — = Tis(J2])
g —2,1 g —1,2 3 1,2 3 2,1 32 2111 g 3 y
1
0
bg,gym = - §7
1 1 1 1
b =—G N+ —Go(lz]?) — =G- - =
3,asym 32 0’0(|Z| )+ 16 0(‘2‘ ) 16 110(|Z| ) 32 C27
1 . 1.
Chaym = — gCGo(l2)Tia(|2]) + 7 Tia(lz])

1 .. 1 . . .
af? = + 5 Tir(1z)Gooo(12”) + 15 Goo(lzl) (2Ti-v11(|2]) + 2Tiva (|2]) — Tia(l2)))

1 . . . . .

+ 3300(|Z|2)( — 8Ti_12(|2]) — 8Tin2(]2[) + 8Ti-1,—1.1(|2]) + 8Ti-1,1,1(|2]) + 8Ti1,—1.1(|2)

. . . 1 . 1 . 1 .

+ 8Ti1,1,1(|2]) — CTir(|2]) + 4T13(|Z|)) - §C2T171,1(|Z\) - §§2T11,1(\z|) - §T1—3,1(|Z|)

+ STis1a(l2l) + 2 Tiva(2]) — s Tisa(2]) — 2Tiza,—11(2]) — 2 Ti_a,1(z])
5 —1,3 5 1,3 D) 3,1 D) —2,-1,1 5 —2,1,1

1. 1,.. 1,.. 1. 1.
= g Tio1—2a(f2)) = §Tio1—12(]2)) = STicraa(z]) = 5Timza(l2]) = 5T -2 (]2))

2 2 2 2
A () = A = ETian (1) = 2o ua(l2l) = 2Tiea(l2]) — 2¢sTir(12])
5 11,-1,2 5 11,1,2 5 11,21 5 12,-1,1 5 12,1,1(|2 g 3l
1 . Tia(]2])
+ oG Tia(le) - T2,
o _ 1 2y, G 1
b4,sym - 16G070(|Z‘ )+ 16 + 47
6 = — = Gooo(122) — 2Goo([2l?) + a5 Gol2) (G — 4) + G 10(l2) = G_1,_1.0(|2%)
4,asym 32 0,0,0 3 0,0 32 0 2 g&-10 G110 ,
1 2 1 2 G G 1 2
—~G_ —Go.— 2242 Z6Go
+3 1,00(]2]7) + 5 Go. 1o(|2]") + st s 8(2 1(|2]7)

0y =1 Tir (D) Go.012]%) + 5 Go(121%) (Ti-sa(l2]) + Tiv,a(J2]) + T (l2]) = Tiz(2)) = Ti-z1(le))

4,sym

— Ti—12([2]) = Tir2(|2]) — Tiza(|2]) - 342T11(|z|) — Tiz(|2]) + Tis(|2]),
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1 . 1 . . .
af’) = = 2= Goo00(12)Tis(|2) + 15 Go.00(|2I*) (Tia(l2l) = 8Ti-1(|2]) — 3Tiva(|2))
1 . . . . .
—|— §G0,0(|z|2)( — 4T13(‘Z|) — 12T1_2’1(|Z|) —|— 12T1_172(|Z‘) —|— 12T11’2(|Z|) — 12T12’1(|Z|)
— 24Ti_17_171(|z|) — 24Ti_171’1(|21|) — 24Ti17_171(|21|) — 24T117171(|Z|) —|— T11(|Z‘)<2)

1 . . . . .
+ EG0(|Z|2)<4T14(|Z|) +20Ti-3,1(|2]) + 12Ti—2,2(|2]) — 12Ti—-1,3(|2|) — 12Ti1,3(]2])

+ 12T1272(|Z‘) + 20T13’1(|Z|) + 24Ti,1,,1,2(|z|) + 24Ti,1,1,2(|z|) + 24Ti1,,1,2(|z|)
—+ 24Til7172(|2|) — 24Ti_17_17_1,1(\z|) — 24Ti_17_1,171(|z\) — 24Ti_1,17_171(|2|)
— 24Ti7171,171(‘2|) — 24Ti1,,1,,171(|z\) — 24Ti1,7171,1(|2|) — 24T1171,71,1(|Z|)

— 24Ti11,1,1(2]) = Tia(|20)Ga + 3Tio11(|2])Ca + 3Tiv,a (|2)C + 3T (121)Gs )

Tl5§|z|) - gTif4,1(|Z|) - gTifs,zﬂzD - gTLz,s(\ZD + gTi—lA(\ZD

+ 2 Tivael) = S Tiza(l2l) — STisa(l2l) — 5 Tiaa(lzl) + BTizs,11(12]) + 3T s.11(12])

+3Ti2,—2.1(|2]) + 3Ti-2,2.1(|2]) + 3Ti-1,—s.1(|2]) — 3Ti-1,-13(|2]) — 3Ti-1,1.5(|2])

+3Ti-1.3.1(]2]) + 3Ti1,—3,1(|2]) — 3Ti1,~1,5(|2]) — 3Tir,1,3(|2]) + 3Tirs.1(|2])

+ 3Ti2,—2,1(|2]) + 3Tiz,2,1(|]) + 3Tis,—1,1(|2]) + 3Tiz1,1(|2]) + 3Ti—2,—1,-1,1(|2])

+3Tio,—1,1,1(2]) +3Ti—2,1,-1,1(|z]) + 3Ti—2,1,1,1(|2]) + 3Ti-1,—2,-1,1(|2)

+3Ti—1,-2,1,1(]2]) + 3Ti-1,—1,—2,1(|2]) + 3Ti-1,—1,—1,2(]2]) + 3Ti-1,-1,1,2(]2])

+3Ti—1,-1,2,1(]2|) + 3Ti-1,1,—2,1(|2]) + 3Ti-1,1,—1,2(|2|) + 3Ti-1,1,1,2(z]) + 3Ti—1,1,2,1(|2])
) \
)

21 .
+ m@Tll(M) -

+3Ti—1,2,-1,1(]2]) + 3Ti-1,2,1,1(|2]) + 3Ti1,—2,—1,1(|2|) + 3Ti1,—2,1,1(]2]) + 3Ti1,—1,-2,1(]2])
+ 3Ti1,—1,-1,2(|2|) + 3Ti1,-1,1,2(]2]) + 3Ti1,-1,2,1(|2]) + 3Ti1,1,—2,1(|z]) + 3Ti1,1,-1,2(|2|)
+ 3Ti1,1,1,2(|2]) + 3Ti1,1,2,1(J2]) + 3Ti1,2,—1,1(|2]) + 3Ti1,2,1,1(|2]) + 3Ti2,—1,—1,1(|2])

. . . 1,.. 3.
+ 3Ti2,—1,1,1(|z]) + 3Ti2,1,—1,1(]2]) + 3Tiz2,1,1,1(]2]) + §T13(|Z|)C2 + §T1—2,1(|Z|)C2

3. 3. 3. 3. 3.
= gTi-12(2)¢ = gTira(l2)¢ + g Tia 1 (21)C2 + § Tio1—1.1(]2))¢ +  Ti-11.1(2)¢

3. 3. 3. 3. 3.
+ 7T (l2)6 + T (lz)e - §T12(|Z|)Cs + 7T (26 + T ([2])Gs,

1

(0) z
b 2

1 3 1 1 3 3
5,6ym :gGo,o,O(\ZF) + gGo,O(\ZF) - §C290(|Z|2) - ZGo,—1,0(|Z|2) —gB gl

1 3 1 1
b heym =+ 55G0.0.00(121%) + 15 Go.0.0(121) + 55.Go0(|2)(16 — G2) + 15 Go(|2I*) (=36 — 3¢ +4)

3 3 3 3
+ TGCQG’I’OOZ'Q) - 1C2G71,—1(|2|2) + ngGo,fl(\ZP) —G1o(l2”) + 5G71,71,0(|2|2)

3 3 3 3

- ZG—1,0,0(|2\2) - ZGo,—1,0(|Z|2) - §G—1,—1,—1,0(\Z|2) + ZG_1,_1,0,0(|2|2)
3 3 3 3

+ ZG—l,o,—1,0(|Z|2) - EG—1,0,0,0(|Z|2) + ZGo,—l,—1,0(|Z|2) - gGo,—l,o,O(\Zlg)
1 2y G 3G 21G 3 2y 3 2
4G0,0,—1,0(|Z| ) 2~ 4 128 T 4420—1(|Z| )+ 4C3G—1(|Z| ),

&y = = 2 Tin([2)Goo0(12) — 3Go0(12) (2Ti-1,1(12]) + 2Tiv 1 (J2]) + 2Tis (1) — Tia(12]))
+ %Go(|z|2)( — 24Ti_1.1(|2]) + 24Ti_1.2(|2]) — 24Ti11(|2]) + 24Ti1.2(|2]) — 24Ti_1,1.1(]2])
— 24Ti_111(|2]) — 24Ti1, 11 (|2]) — 24Ti1.1.1(|2]) + 3¢ Tix (|2]) — 16Ty (|2]) + 24Tia(|2])
~ 12Tig([2])) + SGTi1a(l2l) + 5 GTiva () + 6Tisa(l2]) + 6T 2,1(J2]) + 6Ti_1,2(/2])

— 6Ti—13(|z]) + 6Ti1 2(]2[) — 6Tir,3(|2]) + 6Tiz1(|2]) + 6Tis 1 ([2]) + 6Ti—2,-1,1(|2])
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+6Ti—2,1,1(]z]) + 6Ti—1,-2,1(|2]) + 6Ti-1,-1,2(]2]) + 6Ti-1,1,2(|2]) + 6Ti-1,2,1(|z])
+ 6Ti1,-2,1(|2]) + 6Ti1,—1,2(|2]) + 6Ti1,1,2(|z]) + 6Ti1,2,1(|2]) + 6Tiz,—1,1(|2|) + 6Tiz2,1,1(|2])

+ S@Ti () + 5T (J2]) — 5 Tial2]) + 4Tia(l=]) — 6Tia(|=]) + 3Tia(|2)),

The transcendental coefficients appearing in the expansion of 0123’2) are

1 . ]. .
0 = Goll2*)Tir(2]) — 55 Tia(l2)),

@ _3
2,sym 7327
6y = — e Gol[2I?)
2,asym — 64 o(|? )
2 0 =0,
(2) 1. 2 1 2 . . . 1.
af?) = — = Tir (|2 Goo(l=I) + g5 Go(l2”)( = Ti-11(12]) = Tiva(|2) + Tia(l2])) + 15 Ti-2.(12])
1, . 1, 1. 1. Tiz(|2|)
+ 15 Ti-12(l2]) + ggTiv2(l2]) + g Tiaa(l2]) + g7 ¢Tir(l2]) 6
) 1
b3,sym - Ev
@ _3 2y, 1 2, 3 2y 3¢
b3,asym _64G010(|Z| )+ 32G0(‘Z‘ ) 32G*1a0(|2| ) 64 ’

2 2 1 . 1.
tym =05 = — 5 Gol(|2*) T (|2]) + 7 Tia 2,

1
2
a‘(‘ ) 764

1 . . . . .
+ 671CT'<J(|Z|2) ( — 8Ti—12(|2]) — 8Tir2(l2]) + 8Ti-1,—1.1(|2]) + 8Ti-1,1.1(|2]) + 8Tix,~1.1(|2])

Tia (20)Go.00(121) + 55 Goo([#1) (2Ti-1,1(12]) + 2Tiva(|21) — Tia(l2)))

. . . 1 . 1 . 1_..
+ 8Ti1,1,1(]2]) — ¢2Tir(|2]) +4Tl3(\z|)) - EC2T1—1,1(|Z|) - TGCQTM’I("ZD - iTl—s,l(\Z\)

1 .. 1 _.. 1_.. 1 . 1 ..
+ 1T1—1,3(|Z|) + ZTII’SOZD - ZT13,1(|Z|) - ZTI_Q’_I’IOZ') - ZTI—2,1,1(|Z|)
— i el = ST (e — S Tiowaa(le]) — STioran(l2]) — Tin 2 (l2])
1 1-1,-2,1(|2 1 1-1,—-1,2(]2 1 1-1,1,2(|2 1 1-1,2,1(|2 1 11,-2,1(|2
— I ) = STinaa(lel) — 2 Tiea(l2]) — 2Tie,_11(l#]) — ~ iz (]2])
712 7 e 72 12 72
1 . 1 . Tia(|2])
S GTin((2]) + 55 GaTia(lel) - TP,
@ _ 1 2y, G 1
b4,sym - 96G0:0(|Z| )+ 96 + 247
(2) 3 2 7 2 1 2 7 2 3 2
=2 -t —(9¢; — 4 Lol _ %G,
b4 hsym g1 Co00(12%) = 2 Goo(l21) + 155 (9¢2 — )Go(l217) + 57 G-10(|2") = gG-1.-10(2]")
3 2y, 3 2y 7C2 3G 3 2
+ 160—1,0,0(\2\ )+ 1600,71,0(|Z\ )+ 5 T 6 1642G71(\Z| ),
1 . 1 . . . .
2y =+ 1 Ti1(12)Gouo(121%) + g Gol2l*) (3Ti 11 (12]) + 3Tix 1 (12]) + 2Tha (1)) - 3Tiz(l=)))
. . . . 1 R 2Ti .
Tz~ Ticsalel) — T a(l2l) — Tiza (12 — 36Tz — 22 iy 1z,

1
4

= Ti2.1(|2]) = Ti-1,2(|2]) — Tir2(|2]) — Tiza(|2]) — iCzTil(|Z|) — Tia(|2]) + Tis(|z]),

02 =+ 1 Ti(|2l)Go.o(l2I%) + 5Gol21%)(Ti1,1(]2)) + Tis a(J2l) + Tis(=]) — Tia(2]))

— 38 —



1 . 1 . : :
i = — 51 Go00.0(2")Tin (120) + 55Go.0.0(12I) (Tia([2]) = 8Tizs,1(|2]) = 3Tin (I21))
1 . . . . :
+ aGo,o(|z|2)( — 4Tis(|z|) — 12Ti—2,1(|2|) + 12Ti—1,2(|2|) + 12Ti1,2(|2]) — 12Ti2,1(|2])
— 24Ti_17_1,1(|z|) — 24Ti_171,1(|z|) — 24T117_1’1(|Z|) — 24Ti171’1(|2|) —|— T11(|Z|)<2)

1 . . . . .
+ §G0(|z|2) (4T14(|z|) +20Ti-3,1(|z]) + 12Ti—2,2(|2]) — 12Ti-1,3(]2]) — 12Ti1,3(]2|)
+ 12T12’2(|Z|) + 20T13,1(‘Z‘) + 24Ti,1,,1,2(\z\) + 24Ti,1,1,2(\z|) + 24Ti1,,1,2(\z|)
—+ 24Ti1’1’2(|2|) — 24Ti_17_1,_171(‘2‘) — 24Ti_1’_17171(|2|) — 24Ti_1,17_1’1(|2|)
— 24Ti71’1,171(‘2‘) — 24Ti1,71771,1(|2|) — 24T11771’1,1(|Z|) — 24Ti1’1,7171(‘z|)

— 24T 1,1,1(2]) = Tia(|21)Ga + 3Ti—11(2])Ca + 3Tiva (|2)C + 3T (121)Gs )

Tis(|2)) 3. 5. 3 3.
~ 2T ~ 27y — 2Ty 27y

4 7 Timaa(lz]) = 7 Tizsa(l2]) = 7 Ticas(l2)) + 7 Tizra(l2l)

(

3. 3. 5. 3. 3. 3.
+ g Tiva(lz]) = 7 Tizs(l2l) = § Tis2(|2]) — 7 Tiaa(lz]) + 5Tizs,—11(]2]) + 5 Tizs1a(]2])

21 .
+ %@TUOZD -

3. 3. 3. 3. 3.
+ 5Tz 2a(l2)) + G Tie22a(l2]) + 5 Tic1—sa(2]) = 5Tim1—1s(2]) = 5Ti-115(l2])

2
3. 3. 3. 3. 3.

+ 5T (le]) + 5 Ti-sa(l2]) = 5 Th-13(12]) = 5Ths(e]) + 5 Tivsa(l2)
3. 3. 3. 3. 3.

+ §T12,—2,1(\Z|) + §Tl2,2,1(|z\) + QTls,—1,1(|z|) + §T13,1,1(|Z|) + §Tl—2,—1,—1,1(|2\)

3. 3. 3. 3.
+ §T172,71,1,1(|Z|) + §T172,1,71,1(|Z|) + 5T172,1,1,1(|Z|) + §T171,72,71,1(\Z|)

3. 3. 3. 3.
+ §T171,72,1,1(|Z|) + §T171,71,72,1(\Z|) + §T171,71,71,2(|Z|) + §T171,71,1,2(\Z|)

3. 3. 3. 3.

+ 5T 12a(2) + 5 Ticna—2a(2]) + 5Ticna,—12(l2]) + 5 Ti11.2(12)
3. 3. 3. 3.

+ 5 Ticnnza(el) + 5 Ticaz -1 (lz)) + G Ticzaa(z]) + 5 Ti—2.-11(]2))

3. 3. 3. 3.
+ =Ti1,—2,1,1(|2]) + §T11,—1,—2,1(|Z|) + §T11,—1,—1,2(|Z|) + 5T11,—1,1,2(\Z|)

2
3. 3. 3. 3. 3.
+ §T11,71,2,1(|Z|) + §T11,1,72,1(|Z|) + §T11,1,71,2(|Z|) + §T11,1,1,2(\Z|) + §T11,1,2,1(|Z|)
3. 3. 3. 3 3.
+ §T11,2,71,1(|Z|) + §T11,2,1,1(|Z|) + §T12,71,71,1(|Z|) + §T12,71,1,1(\Z|) + §T12,1,71,1(|Z|)
2T 1a(]) + < Tis(120)Ca + = Ticaa(2])Cs — ~=Tizta(2)C2 — =T 2(|2])¢
5 Ti2,1,1,1 T 2+ 1gTi-21 2~ 15 Ti-12 2~ 7 T2 2
3 .. 3. 3. 3.
+ g Ti2a(12D)6 + gTior—1a(l2l)C + gTir 11 (l2))C2 + g Tin—1.1([2])C2
3. 3 ... 3. 3.
+ ST (206 = g Tiz(l21)6 + g Tira(l2])6 + T (l2])Gs,

1 5 1 1
b =15 C0.00(12") = 137 Goo(l21°) = 2GGoll21") = 5Go10(l=) + 775 = 15 ~ 3

bfisym =+ %G0,0,0,0(|Z|2) + %GO’O’OOZ'Q) + 5)7;66;0’0(‘2|2)(272 - 27C2)
L %GO(W)( — 750 — 81¢s +4) + %CQG—I,O(‘le) - %CzG—L—l(V'Q)
+ %C200,71(|Z|2) - %G71,0(|z|2) + £G71,71,0(|Z|2) - gG*LO’O(‘ZP) a gGO’71’0(|Z‘2)
_ %G%,L,LO(W) + %G,l,fl,o,o(IZIQ) + %Gfl,oﬁlvoﬁzf) - %G’l‘°’°’°(|z‘2)
+ %Go,f1,71,o(|2|2) - %Gofl,o,o(\z\g) - %G(”O’*I'OOZ'Q) B % B % - 6235%

+ 2GG-1(12) + GG (=),
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3. 1 . . . .
¢ = — =Tir (|2)Go00(|2]*) + ZG0,0(|Z|2)( —6Ti_11(|z]) — 6Tir1(]2]) — 4Tia([2]) + 3Tl2(|z|))

5,5ym 3
+ %Go(m?)( 44Ty 1(|2]) + 216Ti_ 1 a(|2]) — 144Ti1.1(|2]) + 216Ti1o(|2])
— 216Ti_1.—1.1(|2]) — 216Ti_1.1.1(|2]) — 216Ti1,—1.1(]2|) — 216Ti1.1.1(|2]) + 27¢2Ti1 (|=])
~ 64Tix (|e]) + 144Tiz(|=]) — 108Tis(J2])) + ggm_qu\) + g@Til,lqu +6Tis4(]2])

+ 4Ti,2,1(|z|) + 4Ti,1,2(|2|) - 6Ti,173(|z|) + 4T11,2(|Z‘) - 6Ti1,3(\z|) + 4Ti2,1(|z|)
+ 6T13’1(|Z|) + 6Ti_2’_1,1(|z|) + 6Ti_2’1,1(‘2|) + 6Ti_1,_271(|ZD + 6Ti_1,_172(|2|)
+6Ti_1,1,2(|z]) + 6Tiz1,2,1(|2]) + 6Ti1,—2,1(|z]) + 6Ti1,—1,2(|2]) + 6Ti1,1,2(]2])

+ 6Ti1,2,1(‘2|) + 6T12,7171(‘2

)+ 6Ti2,1,1(|2]) + ¢2Tii(]2]) + g(STil(M) - %@Ti?(w)
+ 5 Tia(|2l) — 4Ti(12]) + 3Tia J=]),

o) =— %Til(|z|)Go,o,0(\Z|2) - %G0,0(|Z|2)(2Ti—1,1(|2|) + 2Ti1 1 ([2]) + 2T (J2]) — Ti2(|z|))
+ éGo(|z|2)( — ATt (|2]) + 24T 12(2]) — 24Ti1.1 (|2]) + 24Ti1.0(|2]) — 24Ti_1,_11(

z[)
— 24Ti_1’1,1(|z|) — 24Til’_1,1(|z|) — 24T11’171(|Z|) —|— 3<2T11(‘ZD — 16T11(|Z|) —|— 24T12(|Z|)

. 3 . 3 . . . .
- 12T13(\ZD) +5GTi-ni(l2]) + 5T (|z]) + 6Ti-s.1(|2]) + 6Ti-2.1(]2]) + 6Ti-1.2(]2])

— 6Ti_13(|2]) + 6Ti1,2(]2[) — 6Ti1,3(|2]) + 6Tiz,1(|2]) + 6Tiz1(|2]) + 6Ti-2,-1,1(2])
+6Ti—2,1,1(|2]) + 6Ti-1,—2,1(|2]) + 6Ti—1,—1,2(|2]) + 6Ti-1,1,2(|2|) + 6Ti-1,2,1(|2|)
+ 6Ti1,—2,1(|z]) + 6Ti1,—1,2(|2]) + 6Ti1,1,2(]2]) + 6Ti1,2,1(|2|) + 6Tiz2,—1,1(]2|) + 6Tiz,1,1(|2])

+ SGTin(J2]) + S G Tir(2]) — $¢Tiall=]) + 4Tia(|2]) — 6T ([2]) + 3Tia([2]).
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