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Abstract

We discuss theoretical predictions for the production of five hard jets at next-to-leading order accuracy QCD at the
Large Hadron Collider. Results are shown for both the total cross section as well as for differential distributions of
the jet transverse momenta and rapidities. As a general pattern, we find moderate corrections of the order of 10%
with respect to the LO result and a significant reduction of the scale dependence. Furthermore, ratios of different
jet-multiplicity are studied. Our results are compared with data from the ATLAS collaboration.
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1. Introduction

The experiments at the Large Hadron Collider (LHC)
represent an excellent opportunity to test perturbative
quantum chromo-dynamics (QCD) with jets as its main
observables. A phenomenologically and theoretically
important jet production mode stems from pure QCD
reactions with every observed jet originating from the
same hard scattering matrix element involving exclu-
sively QCD interactions. Such processes are of great
interest to constrain the parton distribution functions
(PDF) and the value of the strong coupling constant αs

itself. Furthermore, they may contribute as important
backgrounds for new physics searches. Since the oc-
curring processes at the LHC may involve many parti-
cles in the final state a precise understanding of multi-jet
production is necessary. Multi-jet computations at lead-
ing order (LO) are by now well established. However,
they suffer in general from large theoretical uncertain-
ties like the residual dependence of the unphysical fac-
torisation and renormalisation scales. Such uncertain-
ties are in general reduced when including higher order
corrections.

1Speaker

For di-jet production this has been achieved at next-
to-leading order (NLO) more than 20 years ago [1] and
the full next-to-next-to-leading order (NNLO) predic-
tion is almost completed [2]. Three-jet production at
NLO was completed in 2002 [3], and implemented in
the public code NLOJET++, though pure gluonic con-
tributions were known previously [4]. A notable break-
through has been the computation of four-jet production
at NLO [5, 6], with results generally in good agreement
with the experimental data [7].

NLO computations have meanwhile achieved a very
high level of automation in sophisticated public com-
puter programs such as [8, 9, 10, 11, 12]. Important
contributions from on-shell unitarity methods [13, 14]
and integrand reduction [15] as well as alternative new
algorithms [16, 17, 18] have lead to a variety of high-
multiplicity phenomenological applications in perturba-
tive QCD (recent examples can be found in [19, 20, 21,
22, 23, 24, 22, 25], see also [26] for a more complete
overview). In these proceedings, we discuss the pro-
duction of five hard jets at NLO accuracy in QCD.

The paper is organised as follows: we first outline the
methods and tools used for the computation in section 2
and describe the detailed numerical setup in section 3.
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In section 4, we present results for the total cross sec-
tion and differential distributions for the jet transverse
momenta and rapidity, as well as jet ratios of different
multiplicity jet production. Where possible, the results
are compared with data from the ATLAS measurements.
We finally present our conclusions. More results can
further be found in [20].

2. Outline of the computation

The computation is done in the five-flavour scheme in
massless QCD. In fixed-order perturbation theory, the n-
jet differential cross section is expanded in the coupling
αs. At NLO, this reads dσn = dσLO

n +dδσNLO
n +O(αn+2

s )
with dσLO

n ∼ αn
s and dδσNLO

n ∼ αn+1
s . The partonic pro-

cesses that occur at leading order may be derived from
the four basic channels

0→ ggggggg, 0→ qqggggg,

0→ qqq′q′ggg, 0→ qqq′q′q′′q′′g

via crossing symmetry where q, q′ and q′′ denote
generic quark flavours. The phase space integration for
the leading-order cross section is performed with the
Sherpa Monte-Carlo event generator [27], the necessary
tree-level amplitudes being evaluated with the built-in
matrix element generator Comix [28]. The NLO correc-
tions include both the one-loop virtual corrections with
born kinematics, as well as the real radiation with ex-
tended kinematics due to an additionally emitted parton
in the final state. The two contributions are separately
collinear and infrared divergent. The divergencies can-
cel only after integration over phase space and factori-
sation of the initial-state singularities into renormalized
parton distributions. Within the Catani-Seymour sub-
traction scheme [29]—a technical prescription how to
cancel the singularities analytically beforehand—both
virtual and real corrections may be integrated separately
with a Monte-Carlo program. We use again the Sherpa
Monte-Carlo event generator with its own implemen-
tation of the Catani-Seymour formalism for the phase
space integration. Comix [28] is employed as tree-level
matrix element generator for the real corrections. The
virtual corrections are computed with the publicly avail-
able program NJet2 [11] and linked via the Binoth-Les
Houches accord [30, 31] to Sherpa. Based on NGluon
[8], NJet is a one-loop matrix-element generator for
high multiplicity processes in massless QCD, in its ini-
tial version being able to evaluate all matrix elements for

2The NJet code is available at
https://bitbucket.org/njet/njet/.

two-, three-, four- and five-jet production. Meanwhile,
there is an extended version of NJet available allow-
ing the computation of processes with one vector boson
(W, Z, γ) and up to five jets, and for diphoton produc-
tion with up to four jets. NJet uses methods from gen-
eralised unitarity [32, 33, 34, 35], D-dimensional gener-
alised unitarity [36, 37] and the integrand-reduction pro-
cedure of OPP [15] to construct multi-parton one-loop
primitive amplitudes from tree-level amplitudes. The
tree-level input for the unitarity cuts is evaluated with
efficient Berends-Giele recursion [38]. The scalar loop
integrals are obtained from the QCDLoop/FF Package
[39, 40]. For a detailed study of the implemented algo-
rithms, we refer to Refs. [8, 11, 41]. We note that we use
the full colour and full helicity matrix elements for our
computation, although the new version of NJet allows a
separation of leading-colour and subleading-colour con-
tributions.

3. Numerical setup

For the recombination of the partons into jets, we em-
ploy the anti-kt jet algorithm [42]. In particular, we use
the implementation of FastJet [43] linked to the Sherpa
Monte-Carlo event generator. In order to compare our
predictions with data of multi-jet cross sections from the
ATLAS collaboration [7], we apply asymmetric cuts on
the jets ordered in transverse momenta

pj1
T > 80, GeV pj≥2

T > 60 GeV, R = 0.4

with R being the jet resolution parameter. NNPDF2.3
with αs(MZ = 0.118) is used as the standard PDF in the
NLO setup, and NNPDF2.1 with αs(MZ = 0.119) for
the LO analysis. The analysis is done for centre-of-mass
energies of 7 TeV and 8 TeV. Both for the renormalisa-
tion and factorisation scale, we use a single dynamical
scale μ = μr = μ f , based on the sum of the transverse
momenta of the final state partons

̂HT =

Nparton
∑

i=1

pparton
T,i .

We choose μ = ̂HT /2 to be the central scale.

4. Numerical results

With the setup described in the previous section, we
get the following results for the 5-jet cross section at 7
and 8 TeV:
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μ σ7TeV-LO
5 [nb] σ7TeV-NLO

5 [nb]
̂HT /2 0.699 ± 0.004 0.544 ± 0.016
̂HT 0.419 ± 0.002 0.479 ± 0.008
̂HT /4 1.228 ± 0.006 0.367 ± 0.032

μ σ8TeV-LO
5 [nb] σ8TeV-NLO

5 [nb]
̂HT /2 1.044(0.006) 0.790(0.021)
̂HT 0.631(0.004) 0.723(0.011)
̂HT /4 1.814(0.010) 0.477(0.042)

While the statistical error of the Monte-Carlo Integra-
tion (given in parenthesis) is at permille level for the
LO computation, it is at percent level at NLO show-
ing the complexity of the computation. Besides the
central scale μ = ̂HT /2, we quote also the cross sec-
tion at an upper scale μ = ̂HT and at a lower scale
μ = ̂HT /4. As expected, we observe a significant reduc-
tion of the residual scale dependence when going from
LO to NLO: For the given scale choices, the uncertainty
is reduced by about 70-80%. This is also illustrated in
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Figure 1: Residual scale dependence of the 5-jet cross section in lead-
ing and next-to-leading order.

Fig. 1 where the LO and NLO cross section is plotted as
a function of μ. The black dashed vertical line indicates
the cross section at the central scale μ = ̂HT /2, while the
blue and the red horizontal band shows the scale varia-
tion limited by the upper and lower scales. Furthermore,
the variation of the NLO cross section is rather flat with
a maximum at the central scale which is a hint for the
goodness of the dynamical scale. In Fig. 2, we show
again the dependence of the total cross section on the
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Figure 2: Same as Fig. 1 but using the NLO setup in LO.

scale μ but this time using the NLO PDFs also for the
LO cross section. While the qualitative behaviour with
respect to reduction of the residual scale dependence is
the same as in the LO setup, we observe in addition that
the NLO corrections at the central scale become very
small which is remarkable for an NLO-QCD computa-
tion. A similar pattern has been observed already study-
ing the production of four and three hard jets with a sim-
ilar setup [6] where it is shown that the main reduction
of the corrections’ size is due to the change of αs within
the two different PDF sets.

For the comparison with experimental data, we state
besides the five-jet cross sections also the NLO values
for two-, three- and four-jet production at 7 TeV that
have been computed with the same numerical setup:

σ7TeV-NLO
2 1175(3)1046(+)

1295(−) nb

σ7TeV-NLO
3 52.5(0.3)54.4(+)

33.2(−) nb

σ7TeV-NLO
4 5.65(0.07)5.36(+)

3.72(−) nb

σ7TeV-NLO
5 0.544(0.016)0.479(+)

0.367(−) nb

σ7TeV-LO
6 0.0496(0.0005)0.0263(+)

0.0992(−) nb

The values in superscript are the cross sections at the
upper scale and those in subscript the ones at the lower
scale. The fact that five-jet production at next-to-leading
order for the real radiation requires the computation of
matrix elements with six partons in the final state allows
in a rather easy way the evaluation of the six-jet rate,
however, consequently only at leading order.

In Fig. 3, we compare our theoretical NLO predic-
tions for multi-jet production with the actual measure-
ments of the total jet cross sections performed by the
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ATLAS collaboration [7] at 7 TeV. Apart from the two-
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Figure 3: Cross sections for 2-, 3-, 4-, 5- and 6-jet production in lead-
ing and next-to-leading order as calculated with NJet as well as results
from ATLAS measurements [7]. The LO quantities use NNPDF2.1
while the NLO quantities use NNPDF2.3. The 6-jet cross section is
only available in LO accuracy.

jet cross section, we see a remarkably good agreement
within the uncertainty of the ATLAS data. One rea-
son for the mismatch with the two-jet data could arise
from the soft gluon regime which is known to give
raise to large corrections that cannot be treated within
fixed order perturbation theory. Another reason are
the asymmetric cuts that we applied: At leading order,
the two jets are back-to-back, i.e., the asymmetric cut
p j1

T > 80 GeV and p j2
T > 60 GeV is in fact a symmet-

ric cut with both jets fulfilling pT > 80 GeV. At NLO
the real radiation can employ some of the asymmetric
phase space which explains qualitatively why the NLO
cross section is so much larger than the LO value, in
contrast to the three-, four- and five-jet case where the
corrections are negative.

It is instructive to study the ratios of different multi-
plicity cross sections since in such observables various
uncertainties (e.g. stemming from luminosity, scale de-
pendence, PDF dependence etc.) may cancel. To this
end we define a jet ratio Rn as

Rn =
σ(n+1)-jet

σn-jet
.

This is a phenomenologically interesting quantity since
it is proportional to αs at leading order. The ratios
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Figure 4: Theoretical predictions for the jet ratios Rn compared with
ATLAS measurements [7]. Theoretical predictions are made with the
central values of the 4 listed PDF sets with NLO αs running. αs(mZ ) =
0.118 for NNPDF2.3, CT10 and ABM11 and αs(mZ ) = 0.120 for
MSTW2008

R2, R3 and R4 are shown in Fig. 4 where the AT-
LAS data are compared with the NLO computation us-
ing, besides our standard PDF set NNPDF2.3 [44], also
MSTW2008 [45], ABM11 [46] and CT10 [47]. While
the predictions based on NNPDF2.3, MSTW2008 and
CT10 give compatible results, the values from ABM11
are slightly smaller. The explicit values are shown in
Tab. 1 for the NNPDF2.3 PDF set. We observe for R3

Rn ATLAS[7] LO NLO

2 0.070+0.007
−0.005 0.0925(0.0002) 0.0447(0.0003)

3 0.098+0.006
−0.007 0.102(0.000) 0.108(0.002)

4 0.101+0.012
−0.011 0.097(0.001) 0.096(0.003)

5 0.123+0.028
−0.027 0.102(0.001) −−

Table 1: Results for the jet ratios Rn for the central scale of ̂HT /2 and
NNPDF2.3 PDF set.

and R4 remarkably stable results with deviation from
the LO result by less than 10%. Also the agreement
with the experimental data is good within the estimated
uncertainty. As expected, R2 does not agree well with
the data. The NLO corrections amount to -50%. The
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reason can again be found in the estimation of the to-
tal two-jet cross section with asymmetric cuts and the
missing soft gluon contributions.

In Fig. 5, we show Rn as a function of the transverse
momentum pT of the leading jet. The dashed lines rep-
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Figure 5: The Rn ratio as a function of the pT of the leading jet.

resent the LO ratio while the solid lines denote the cor-
responding NLO result. For the 3/2 ratio, we see also at
the differential level large negative corrections at NLO
for all values of pT , as expected from the discussion
above. The corrections for the 4/3 and the 5/4 ratios,
however, are moderate in size for all values of pT . This
stable result makes R3 and R4 good candidates for fu-
ture αs measurements.

The transverse momentum distribution for the lead-
ing jet without any ratio is shown for the 7 TeV case
in Fig. 6. Note that we have used the NLO pdf set
NNPDF2.3 both for the LO and NLO distribution. The
NLO corrections in this setup are rather small, for most
of the spectrum, the LO values are modified by less than
10%. The horizontal bands denote again the scale vari-
ation in the same way as described for the total cross
section in Figs. 1 and 2. Over the whole pT -range we
observe a significant reduction of the residual scale de-
pendence. A remarkable feature is the nearly constant
K-factor over almost the whole shown distribution. The
reason for this is most likely the dynamical scale choice
which may re-sum possibly large logarithms in the high
pT range und thus helps to improve the convergence of
the perturbative expansion. Note, however, that a dy-
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Figure 6: The pT distribution of the leading jet. Both LO and NLO
use the NNPDF2.3 pdf set with αs(MZ ) = 0.118

namical scale goes, strictly speaking, beyond fixed or-
der perturbation theory. Similar results hold also for the
subleading jets and for the rapidity distributions as de-
scribed in [20].

5. Conclusion

In these proceedings, the production of five hard jets
at next-to-leading order in massless QCD is being dis-
cussed. The process has been computed with the pub-
licly available one-loop matrix element generator NJet
linked to the Sherpa Monte-Carlo event generator. As
a general pattern we find that the inclusion of the NLO
QCD correction reduces the residual scale dependence.
The corrections are in general small, of the order of 10%
when using NLO PDF sets both for the LO and NLO
cross section. Using a dynamical scale based on the
sum of the transverse momenta of the final state par-
tons, we find a remarkably constant K-factor in trans-
verse momentum and rapidity distributions. Comparing
our results with ATLAS data, we find good agreement
between theory and data for observables with more than
two hard jets. In particular the 4/3 and the 5/4 jet ratios
seem to be good candidates for future αs measurements.
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