PHYSICAL REVIEW D 95, 124043 (2017)

Higher order perturbations of anti-de Sitter space and time-periodic
solutions of vacuum Einstein equations

Andrzej Rostworowski’

M. Smoluchowski Institute of Physics, Jagiellonian University, 30-348 Krakow, Poland
and Theoretical Physics Department, CERN, CH-1211 Geneva 23, Switzerland
(Received 31 March 2017; published 26 June 2017)

Motivated by the problem of stability of anti-de Sitter (AdS) spacetime, we discuss nonlinear

gravitational perturbations of maximally symmetric solutions of vacuum Einstein equations in general

and the case of AdS in particular. We present the evidence that, similarly to the self-gravitating scalar field

at spherical symmetry, the negative cosmological constant allows for the existence of globally regular

asymptotically AdS, time-periodic solutions of vacuum Einstein equations whose frequencies bifurcate

from linear eigenfrequencies of AdS. Interestingly, our preliminary results indicate that the number of one-

parameter families of time-periodic solutions bifurcating from a given eigenfrequency equals the

multiplicity of this eigenfrequency.
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I. INTRODUCTION

The problem of late-time dynamics in asymptotically
anti—de Sitter (AdS) spacetimes received quite a lot of
attention in the past five years and revealed a few surprises.
First, paper [1] provided numerical and heuristic evidence
for two types of possible scenarios in the model Einstein-
AdS—massless scalar field system at spherical symmetry:
(1) turbulent dynamics leading to concentration of
(a fraction of) energy on small spatial scales leading to a
black hole formation on the time scale O(e~2), where ¢
measures the amplitude of initial data and (2) quasiperiodic
evolution. Second, stable time-periodic solutions for this
model were discovered [2], providing an explanation for
quasiperiodic evolution, as being anchored to stability
islands of these time-periodic solutions (see also [3] vs
[4]) and an important role of the nondispersive spectrum of
linear perturbations for instability was identified [5,6].
Finally, a new perturbation scheme was proposed [7]
and firmly developed [8,9] to capture the dynamics on
the O(e~2) time scale. It consists in setting a time-averaged
system of equations, for the slow time dependence of
Fourier-like coefficients (“slow” with respect to the “fast”
time scale of Fourier modes themselves). The main
advantage of this system (hereafter referred to as the
resonant system) is that it has a scaling symmetry: if its
solution with the initial amplitude 1 does something at time
t, then the corresponding solution with the initial amplitude
€ does the same thing at time t/e%. Thus, by solving the
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resonant system one can probe the regime of arbitrarily
small perturbations (whose outcome of evolution of full
Einstein equations is beyond the possibility of numerical
verification). Interestingly, the solutions of the resonant
system generically develop an oscillatory blow-up in finite
time giving an extra piece of evidence for instability of
AdS [10].

After gaining some insights on the AdS stability problem
from a toy model of a matter field coupled to Einstein
equations at spherical symmetry, it becomes crucial to
decide if it constitutes a good model for a general setting
and for Einstein equations in vacuum in particular.
Extrapolating from [1,2] beyond spherical symmetry, one
could make the following two conjectures (for effectively
reflecting boundary conditions at timelike boundary of
AdS): (1) the turbulent instability is present in AdS, i.e., the
transfer of energy to arbitrarily high frequencies does not
saturate and probably leads to a gravitational collapse,
(2) there exist globally regular, time-periodic (TP), asymp-
totically AdS (aAdS) solutions of Einstein equations (7P
solutions, also refereed to as geons in [11-13]), immune to
this instability; their frequencies are expected to bifurcate
from eigenfrequencies of the spectrum of linear perturba-
tions of AdS. One possible way to build evidence for these
conjectures is to set the resonant system for vacuum
Einstein equations (to study instability) and to construct
TP solutions perturbatively. To achieve these goals one has
to master gravitational perturbations of AdS (in principle,
up to arbitrarily high orders to construct TP solutions, but
only up to the third order to construct the resonant system).

There is a limited number of results on the AdS
instability outside spherical symmetry. Horowitz and
Santos showed numerically that in the vacuum case there
are linear modes that can be extended to form TP solutions
[11]. The results of perturbative calculations performed
around some single modes (or some linear combination of
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modes) up to the third order were given in [12] and its
sequel [13]. However a systematic approach to gravita-
tional perturbations of AdS has never been presented. The
main aim of this work is to fill in this gap and to treat higher
order perturbations of AdS in a systematic manner. We
hope that our results will provide a solid base for the future
construction of the resonant system for vacuum AdS and
for more systematic studies of regular, asymptotically AdS,
time-periodic solutions of Einstein vacuum equations. We
restrict ourselves to the case of axially symmetric pertur-
bations as a relatively simple and illustrative example. All
conceptual difficulties are encountered when stepping out
from spherical symmetry to axial symmetry. Once this
model case is well understood, adding azimuthal angle
dependence (in 3 + 1 dimensions) is a technical, not a
conceptual, issue.

The novel feature of vacuum perturbation with respect to
the spherically symmetric self-gravitating scalar field
model is the degeneracy in the spectrum of linear pertur-
bations. Namely, the spectrum of linear perturbation in
3 + 1 dimensions reads w, ; = g + ¢ + 2j, where ¢ is the
mode angular momentum index, j is the nodal number of
the corresponding radial wave function, and g reads 1 or 2
for polar and axial modes, respectively. It was noted with a
bit of surprise that only in special cases (listed in Sec. VI
in [13]) linear eigenmodes do admit a nonlinear extension
to a TP solution. However, it is well known since quantum
mechanics that the degeneracy case may require a special
treatment in the perturbation expansion, and a more
appropriate question to ask is which linear frequencies
(rather then which linear modes) are bifurcation points for
TP solutions. It seems that, similarly to the spherically
symmetric scalar field case, there are one-parameter
families of TP solutions, bifurcating from each linear
frequency and the number of these families of TP
solutions is equal to the multiplicity of the linear eigen-
frequency [14]. In fact, the key property allowing the
time-periodic solutions of the type studied in [2] (i.e.,
bifurcating from a single linear eigenfrequency) to exist, is
the absence of (++-+) resonances; see [8] for the
definition and a brute force proof for the Einstein-AdS—
massless scalar field system (for a deeper discussion and
the proof of this property for a test scalar field on AdS
background see [15] and references therein). It seems that
there are no (4+++) resonances also in the vacuum AdS
case and, in this sense, the self-gravitating scalar field
seems to be a good toy model to study the gravitational
stability of AdS.

We concentrate in this work on (nonlinear) perturbations
of AdS space; however, it is quite clear that a similar
approach can be taken for perturbations of any spherically
symmetric solution of vacuum Einstein equations. In fact
all formulas in the paper, that are not specific to a particular
asymptotic structure of the spacetime, are general enough
to work for any maximally symmetric solution of vacuum
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Einstein equations (anti—de Sitter, Minkowski and de Sitter)
in static coordinates, i.e., with the line element in the form
(10). The key observation is to split perturbative Einstein
equations into these satisfied identically by a suitable
choice of master scalar variables (see below) and those
that govern the dynamics of these master scalar variables.
To the best of our knowledge this splitting has never been
highlighted in the literature.

The paper is organized as follows. In Sec. II we discuss
the general setup for perturbation expansion around exact
solutions of vacuum Finstein equations and Regge-
Wheeler [16] decomposition of metric perturbations. In
Secs. III and IV we discuss polar- and axial-type perturba-
tions of maximally symmetric spacetimes. We apply the
formalism of these sections in Sec. V to construct and study
some properties of globally regular, aAdS, time-periodic
solutions of vacuum Einstein equations. Then we conclude
in Sec. VL

II. AdS,;,; PERTURBATION IN VACUUM:
GENERAL SETUP

We are interested in solutions of vacuum Einstein equa-
d(d-1),
2

tions with negative cosmological constant A = —

d
Rﬂy+ﬁgﬂ,,=0. (1)

Let the “bar” quantities stand for the AdS quantities (i.e.,
Gu» 7 T%, R, are AdS quantities). Now let g,, =
G + 69y, Or in matrix notation g = g + &g, where g, will
be expanded as

89 = z(i)hﬂyei (2)

1<i

later on. Then we have

¢’ =G -5 "6957" + 5 095 695" —...)*

= gaﬂ + 5gaﬂ, (3)
_ 1, e e .
T =T +5 (57 = 570957 + 5 'dg57 057" = ..)**
X (vﬂég/ly + v1/59/1# - v]»69/41/)
=T9, + Iy, (4)

R, =R, + VT8, — V6%, + 6T%,6T%, — 6T%,0T%
=R, +6R,,. (5)

Equation (3) is straightforwardly obtained by recursive
application of the formula ¢* = g% — g™5g,,¢ and
then Eqgs. (4) and (5) easily follow. Thus, the Einstein
equations read (bar quantities are solutions to Einstein
equations)
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09, = 0. (6)

Now, plugging the expansion (2) into (6) and collecting the terms at the same powers of €, we get the following hierarchy of

equations:

The Lorentzian Lichnerowicz operator A; reads

AL h/w =

N = N =

where h = g% h,5, h* = g™ g h,, and we have used

e _ _ - _ _ d
ga/l (va(vﬂh/lu + vvh/lﬂ - vﬁh/w) - vv(vah/lﬂ + vyh/la - vﬂhaﬂ)) + I_zh

~0. (7)

H

(_vavahuv - vuvuh - ZRﬂauﬂhaﬁ + v;4vahwz + vyvahua)’ (8)

(vavv - vyva)haﬂ = Raﬂmzhﬂﬂ - Rﬂ;mzzhaﬂ

r

The source terms in (7) read

d _
Ry — R h.

mS}w = [ei]{—(1/2)V(,[(—§‘1ég§‘1 + g_légg_légg_l - '){M(vﬂ5glu + vvagﬂﬂ - vlég;w)]
+(1/2)V,[(=g7"6957" + 5789576957 = - )" (Vb1 + VabGs = V189,a)]

— 812,614, + 614,0T% )

where [¢/]f denotes the coefficient at €' in the (formal)
power series expansion of f = >_.f;e’. The formulas (7)-
(9) are in fact completely general, i.e., they work for any
value of the cosmological constant and any zero order
solution, no matter if spherically symmetric or not. From
now on we limit to d = 3 spatial dimensions.

Before presenting all further technicalities let us start
with discussing general strategy. We will follow the
Regge-Wheeler (RW) seminal paper [16] and use spheri-
cal symmetry of the zero order solution (AdS in our case)
to expand the metric perturbations into scalar, vector, and
tensor spherical harmonics. The reader unfamiliar with the
RW decomposition can consult Sec. II of the excellent
review by Nollert [17]. After separating angular depend-
ence, the system of 10 perturbative Einstein equations (7)
splits into the system of seven equations for polar
(alternatively called scalar) type perturbations and the
system of three equations for axial (alternatively called
vector) type perturbations [16,17]. The polar and axial
parts decouple at linear order, but generally mix at higher
orders. The axial symmetry is exceptional in this respect,
as if we excite only polar perturbations at linear order
we stay in the polar sector at all higher orders as well,
while starting with only axial perturbations at linear order
results in axial perturbations at all odd orders and polar
perturbations at all even orders of perturbation expansion.

©)

|

The most general gauge vector (for given spherical
harmonics indexes ¢, m) splits accordingly into polar
and axial parts parametrized by three and one function,
respectively. It turns out that the Lichnerowicz operator
(8) depends only on four and two RW gauge invariant
variables in polar and axial sectors, respectively, while the
sources (9) contain also gauge degrees of freedom. After
introducing RW variables the system is still messy;
however, it is well known that at linear order both polar
and axial sector are governed by only one (for given £, m)
master scalar variable each. It is very convenient to
introduce corresponding scalar variables also at higher
orders—not only to ease the solution of the system of
Einstein equations but also to make the resonant structure
of these equations explicit. There are, however, a few
problems to be faced here:

1. to find the correct definition of master scalar
variables at higher orders,

2. to build the source term for the (inhomogeneous)
wave equation for this scalar variable from the
sources (9) in perturbative Einstein equations (7),

3. to be able to switch between the components of
metric perturbations and the master scalar variables
(to solve Finstein equations easily) and back (to
reconstruct the metric perturbations from scalar var-
iables and to be able to find the sources (9) necessary
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to step to the next order of the perturbation
expansion),

4. to set the metric perturbations to the aAdS form with
a suitable gauge transformation (it is necessary to
insure the correct asymptotics of the sources to step
to the next order),

5. to treat the special cases £ =0 (for polar-type
perturbations only) and £ = 1 (both for polar- and
axial-type perturbations); they correspond to gauge
degrees of freedom at linear order but have to be
correctly dealt with at higher orders.

In the two following sections we discuss solutions to all
problems listed above for axially symmetric perturbations
starting from polar- and axial-type perturbations at linear

|
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order. In what follows we use coordinates (z,r,6,¢) in
which the AdS line element reads

ds* = —Adt* + A~'dr? + r?dQ3, (10)

with A = A(r) = (1 + r?/1?). Then we use Mukohyama
[18], Appendix B’s definitions for scalar, vector, and
tensor spherical harmonics (up to normalization factors).
In 3 + 1 dimensions any tensor 7, can be split into seven
polar and three axial components. For any tensor 7, its
polar components expanded into (one scalar-, one vector-,
and two tensor-types) polar spherical harmonics at axial
symmetry read

Tap(t.7.0) = Ty o(t.7)Pp(cosO).  a,b=0.1, (11)
4
Tp(t.7.0) = Ty io(t.1)0pPs(cosh),  a=0.1, (12)
¢
1 Ty (t,r,0
3 (7ate.ro) + Tl 8 ;Tf+<r, PIP(cos ), (13)

1
5 <T22(t, r.0) —

where P, are Legendre polynomials. For any tensor 7,,,

type) axial spherical harmonics at axial symmetry read

Ta3(t7 T, 9)

T23tr9

ZTf 23 t r

Accordingly, in 3 + 1 dimensions any vector V', can be split
into three polar and one axial component. For any vector V
its polar components expanded into (one scalar- and one
vector-type) polar spherical harmonics at axial symmetry read
V.(t,1,0)

= Veu(t.r)Ps(cosO).  a=0.1. (17)
4

Va(t,r.0) = Vyo(t, r)9gPs(cos ). (18)

For any vector V, its axial component expanded into (one
vector-type) axial spherical harmonics at axial symmetry
reads

Vi(t.r.0) = V,5(t.r)sin09pPy(cosd). (19
4

T33tr9
T, _(t,
sin’6) ) Zf ")

= ZTf w3(t, 1) sin 09yP,(cos ),
7

—2¢0800yP s(cos 0)

(¢ + 1)Py(cos @) — 2 cot00yPs(cos b)), (14)

its axial components expanded into (one vector- and one tensor-

a=0,1, (15)

— (¢ + 1)sinOP,(cos0)). (16)

|

WE, . and
A;9Dhy, , appear in expansion of tensors Vh,,, VS,,, VE, .
and A, (")hm according to (11)—(16), respectively [cf. (2) and
(7)]. The symbols ()¢, , and y, , appear in expansion of
polar gauge vectors (¢, and axial gauge vectors (I,
according to (17)—(19), respectively (see below for the usage
of these gauge vectors).

In what follows, the symbols “h, ,,, VS, ,,,

III. POLAR PERTURBATIONS AT
AXTAL SYMMETRY

Although the polar-type perturbations are technically
much more involved than axial-type perturbations (in the
case of linear Schwarzschild perturbation it took 13 years
after solving axial linear perturbations [16] to solve the
polar ones [19]), we start the discussion of gravitational
perturbations with polar-type perturbations as they are

124043-4
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indispensable at nonlinear level: even if we start with axial-
type perturbations at linear order we end up with polar-type
perturbations at second order of perturbation expansion. In
axial symmetry for polar perturbations we have

Dhoy  Dhoy Dy 0

‘ Op O My 0
((l)haﬂ) — . 01 ‘ 11 ‘ 12 ’ (20)

(l)h02 (l)h12 (l)h22 0

0 0 0 ([>h33
with [cf. (11)=(14)]
Dhpoo=Dfr00 420,08, — AADE, (21)
. . . A

Ohyyy=Of 0, 420,9¢,, +X(Z)€If’ 1> (22)

(i) (i) (i) we, _ A
heor ="fror +0,8s 0+ 0, CKI_Z Croo (23)
Dhpop=D¢p0+ 0,985, (24)

. . 2. .

Dhyy=W0¢, - ;(l)é'f 2+ 0,98, ,, (25)
Ohyy =r20f, +2rA0C, = (6 + 1), (26)
Why ~ =0¢,,, (27)

where ¢, o, ¢, 1, D¢, , polar components define the ith

order polar gauge vector <i>¢’” [ef. (17) and (18)] and
|
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Ofcoo(t.r)s Ofeni(t,r), Ofpor(tr), Ofp (t,r) are
Regge-Wheeler variables [16,17], being gauge invariant with

respect to gauge transformations induced by ()¢ , with j > i,
i.e., gauge transformations of the form

Z(")h,we" - thwei + €jﬁ</>g§},w + O(e/th). (28)

1<i I<i

Of course, V) f 00, O f 4 11, D f 2 01, U f . s0 defined are not
gauge invariant in general; they change under gauge trans-
formations induced by (/)¢# with j < i [cf. Bruni et al. [20],
Garat and Price [21], Eq. (25)]. The RW gauge corresponds to
setting ¢, o = ¢, = ¢, , = 0in(21)—(27). Other way
round, it can be easily seen that starting with any metric
perturbation of the form (20), one can put (Vh,, —
() h35/sin?8) to zero with a suitable choice of ()¢, ,, then
put (D7, to zero with a suitable choice of ()¢, |, and finally
put () 1, to zero with a suitable choice of (¢, , rendering the
metric perturbation in RW gauge. At each nonlinear order
(i > 1) sources have the form

(i)SOO (i)Sm (i)SO2 0
, s (OXN (s 0
((l)Sa/}) — A 01 A 11 ‘ 12 ’ (29)
(I)SO2 s, 8, 0
0 0 0 (s,

with the components expanded according to (11)—(14). In the
following we will use extensively the fact that the sources
(S, , fulfill three types of identities:

2A + rA! £+ 1)

. 1/1 . . 1 . . . .

DN = 5 (Z 0,98, 0o + AD,S, 11) =+ pat(l)sf L — A9, 08,4, — DS, 01 + T(I)Sf 0w =0, (30)
. 1/1 . . 1 . 1 . 24 +rA’ . (+1),.

DNy = 3 (Zar(l)sf o0 + 49,008, 11) —par(’>5f+ _Zat(l)sf o +——— 08, _¥(Z)Sf 12 =0, (31)
. 1/1,. ) 1. ; 24 +rA’ . -1 +2),.

DN,y = 3 <A DS, 00 —ADS, 11> —Za,@sf o +A9,08, 1) +———08, |, - (1#(1)5;” -=0. (32

These are easily obtained by taking the background
divergence of (7): ON ¢y =0 (with v =0, 1, 2) follows
from (three) polar components of v”(i)E,w = 0. We point
out that the authors of [12,13] give different identities:
V”(")Sﬂb = 0 that are apparently not correct in the case of
polar-type perturbations, as the (three) polar components of
V#AL D hy, are not identically zero.

The polar components of the system of perturbative
Einstein equations (7) are also expanded according to
(11)—(14). It is important to note that the gauge degrees of

[
freedom enter (VE, ,, only through the source terms (S, ,,,
[(9S, ,, depend on gauge functions ¢, o, ¢, 1, )¢, with
J < i, thatis, on the gauge choices made in previous steps].
On the other hand A; (D, v components are given in terms
of Regge-Wheeler gauge invariant variables ) £, o0, ' f 11,
D fo1» O f, . only [22]. Thus, we solve (7) at order i for
Regge-Wheeler variables ) f, o0, O f 11, Ofp o1, Of -
and then recover aAdS gauge with a suitable gauge
transformation (see below). It is also known since the
Regge and Wheeler seminal paper [16] that it is convenient
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to search for the solutions of the system (7) in terms of one
scalar master variable. To achieve it we note that

_1(1
\a

sets purely algebraic relation between
and the combination

WE, _ Sfeoo—

ffn) -5, - (33)

(i)ff 0o and (i)ff 11>

1/1, .
o:__<_<t>Emo—A<l)Em>+ 0VE, 0, —AD,VE, |,

N (¢— 1)§f+2)(l.)Ef_

1/1,. Ny 1
EE(Z<’)SfOO—A(’)S;)11>—ZaUSfOZ‘f'Aa Sf12

2A+rA
+

4 £-1)(¢+2),,
(Z)Sflz_%(l)sf— (34)

reduces to the identity (32) fulfilled by the sources. Thus,
after eliminating () f , o, from (33) we are left with three RW
gauge invariant potentials ) f, ,, ) f, o1, (0 f, | to satisfy
five linearly independent equations: WE, o = WE, o =
WE, ., =WE,, = WE, , = 0. All formulas presented so
far hold for any spherically symmetric solution of vacuum
Einstein equations [i.e., Schwarzschild and Schwarzschild-
(anti-)de Sitter] in Schwarzschild-like coordinates (10) with
A =1+ (r?/1?) — 2M /r. Being interested in perturbations
of AdS space, from now on we restrict to maximally
symmetric solutions (M = 0), as in this case apart form
the general identity 7*A” = 2A — 2 we have also an identity
rA’ =2A —2 (valid only in M = 0 case) and it slightly
simplifies discussion that follows. We introduce the master
|
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scalar variable for polar perturbations at linear order in such
a way, to make the equations VE, ;, = VE, ;, = 0 iden-
tically satisfied. Namely, writing down the potentials
Dt Wfp o1, Uf, . at linear order in terms of linear
combination of the derivatives (up to second order) of one
master scalar variable for polar perturbations (”d)?, and then
plugging this combination into WE,,, = VE, , =0
yields a unique such combination (up to a multiplicative
factor):

r
(l)ff 00 = 5 (att<l>q)7; + Azarr(l)q)?) + Azar“)q)P
Ofen, (35)

Wfror =ro, Vo] + A710,V®F, (36)

1) f,H:—%(A‘la,,(”d)?—Aarr“)(l)zj)+(2A—1)8r(1)<b7’

(37)

This is an easy way to recover old results of Mukohyama
[18], Eq. (44) and Kodama and Ishibashi [23], Eq. (3.14). At
linear order, the three remaining equations (VE,,, =
WE, o =WE, . =0 are satisfied if and only if @7
solves the homogeneous radial wave equation [24]:

- 1
[, P =0, D

+f(f7;|—l)(l>

I%

- A9,,V®? — A9,
o7 =0, (38)

namely, under the substitution (35)—(37)

(1) A2 (1 6\ = P
Ef 00 = 4 8" + r@,, + 8 + Df CI)I/o, (39)
WE, o = < O, 4+ 1+ >6 O,Me?, (40)

To proceed to higher orders it is convenient to invert (35) —(37) for the master scalar variable (

1)>if<1>q>7,?. (41)

D@7, We take the following

linear combination of RW gauge invariant potentials )£, ,;, O f, o, O f, . and their first derivatives:
. 2r . ADf, =70, f
(0(1)7327 (i) 24 11 r ¢+ ) 42
‘ f(f+1)< Jest (¢ =1)(¢+2) (“42)

Indeed at linear order, under substitution (35)—(37) with (38) fulfilled (42) becomes an identity. If translated to the
asymptotically flat Schwarzschild case, this definition would corresponds to Brizuela et al. [25], Eq. (11), which dates back
to the choice made by Moncrief [26]. We take (42) as a definition of the master scalar variable also at higher (nonlinear)
orders. This definition determines the source for the inhomogeneous wave equation for master scalar variable at higher
orders, namely, substituting (42) on the rhs of (38) we find that

124043-6
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452

0007 = =1+ 1) (¢ +2)

) 1 . £—-1)(+2)—2(3A-2 . .
X <(A/”) (AAL(’)hf 11 _ZAL(l)hf 00) + ( X r3) ( )AL<l)hf+ —2A0,(ALVhy o /1)

MAAL“W L EDEEE D), ) (43)

3

Thus, at higher orders (i > 2) the definition (42) leads to

OB} =007 - V57 =0, (44)
with
(,-)3,7): 47‘2
CTe-D)e(e+1)(2+2)
1. £-1)(+2)-23A-2

((A/)< Sfll_Z(l)SK’OO)'f'( i rz ( )<)St’+—2A8( DS, /7%

20(¢+1) -0+ 1)(0+2),

_%A(t)sf 12+( ) ( r3 )( )(z)Sf_) (45)

for £ > 2 (here the £ = 0 and ¢ = 1 cases have to be treated separately). The linear rules (35)—(37) are generalized to

. 1 . . . . .
o0 =22 (5 (504007 + 0,007 ) + 0,007 + Vay(1.1)) 4405, (46)
A r(1 , ‘ . ,
O =5 (20u07 40,1007 ) + 0,087 + e (1.1), (47
Ofeor = ro, @7 + A70,00F + Op,(1.r), (48)
. r(l . . 4 .
O = =5 (50,097 = 40,007 ) + (24~ 10,007 + Or,(1.1), (49)

with the set of three functions Vay,, )8,, and )y, for each #, which still have to be specified. These functions are set in
such a way that the equations VE, , = WE, |, = 0 are identically satisfied, while the equations VE, o, = WE, =
OE, . = 0 are satisfied if and only if mdﬂj solves the inhomogeneous wave equation (44), i.e.,

A? 0\
WE 0="7 <A2 Oy + 10, + 0, + ;) WB7, (50)
. 1\, .
OE, o = ( 0,4+ 1+ 2A)at(l)sz’ (51)
0 P L TA > 1 > () g7
Ef+: —Mﬁn—l—Tarr—i—r 2A—§ 8r+l" EA—I Bf’ (52)

cf. the linear case (39)—(41). It is worth noting that due to the identities (30)—(32) the solutions for U af, ﬂf and ( yf can be
found in a purely algebraic way, without the need to solve any (partial) differential equations. The results read

1 r? 1 4P .
" 2r? ( @S, 00 —ADS, 11) —Z('f )(f—|—2)< @S 00 +A<>Sf11> +40,(rS, ) + 75’1(')55’ 01
de=- -0l +1)(¢+2)
2
-Zs,_, 53
215 (53)
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i+ )08, 00— rP(AA =1 - £(€ +1)/2) D8, 6 — P40, S,

PHYSICAL REVIEW D 95, 124043 (2017)

(i>ﬁf =

(-0 +1)(¢+2)/4

P08, 00+ rAC(C + 1)DS, 1, + RA=1=¢(¢ +1)/2)0S, . +rAd,Ds, |

, (54)

i)y, — —

We stress that the Regge-Wheeler gauge [i.e., setting
e, 0=0¢,,=0¢,,=0 in (21)=(27)] is not aAdS
(nor asymptotically flat in the corresponding A = 0O case).
The asymptotic form of vacuum metric perturbations
corresponding to an aAdS space was found in [27]. Here
we follow the discussion in Sec. II.C of [28]. We ensure
that O(2, 3) is an asymptotic symmetry of g,, = g, + 69,
by requiring the Killing equation to be satisfied in an
asymptotic sense

‘szg;u/ = O(ég;w) (56)

for all Killing vectors of AdS space. Thus, we are looking
for an asymptotic form of metric perturbations &g, ~
1/r"w, such that this asymptotic form is preserved by
coordinate transformations generated by any AdS Killing
vector £. This holds for

7, =5, for v #r (57)

Yu=4%4 and vy, =1

(in 3 + 1 dimensions) [27,28]. The asymptotic behavior of

solutions of homogeneous wave equation [1,®, = 0 (38)
reads

b 1
¢f~@4"f+o<ﬁ>, (58)

thus, already at linear order RW variables reconstructed
from (35)—(37) do not have AdS asymptotics and the RW
gauge is not aAdS. This is not a problem as long as a
suitable gauge transformation [i.e., suitable functions
W¢p0, D¢y, D¢, 5] to render metric perturbation Vh,
in aAdS form can be found. The necessary condition for
such a gauge transformation to exist for polar-type pertur-
bations is b, =0 in (58); that is, the correct boundary
condition at infinity for master scalar variable for polar
perturbations ()@’ reads

. 4 1
<o¢§__maf+«9<7> (59)
r

(this correct form of asymptotics was stressed for the first
time in [12]). After separating time dependence in (44)
in the form WL (t,r)=>,0®7 (r)cos (wit + ¢y)
(with some suitable set of frequencies w;) we end up with
ordinary second order differential equations for V@7 (r)
coefficients. Thus, to obtain a unique solution we need two
boundary conditions; these are smoothness in the center

(-0 +1)(¢+2)/4

420, _. (55)

|
and (59). To get the asymptotics of the sources (">S7; in (44)

compatible with the asymptotics of the ﬁf operator (58) (to
allow for an easy control over aAdS asymptotics step after
step in perturbation expansion) it is necessary to keep
metric perturbations in aAdS form at each order. Once the
boundary condition (59) is satisfied the aAdS gauge can be
recovered with the polar gauge vector induced by [cf. (17)
and (18)]

g, == (PA719,0®7 — 4r9,V®T — 120,,0®7),

Bl —

(60)

. . r . .
ro =101+ 3,000,007 +007).  (61)

D¢,y :g(l)Cfl- (62)

In fact at first and second order we found also somewhat
simpler rules:

1

(I)Cf 1= (IzA_lanU)qﬂ; - rar(l)qﬂ;)a (63)

Ny

r
(I)CK 0= —ra,(l)i_jf 1 + S—Aa,(lzan(l)@? + (1)®7;)’ (64)

;
(I)Cm :g(l)é’m, (65)
and

<2)C50 = 0’ (66)

1 1
(2>€f 1= 5 <(2>CD7; - zarr(r2 (2)(1)7{?)) ’ (67)

-
<2)Ct’ 2 = g (Z)Z:zf’ 1- (68)

To summarize: to satisfy the set of perturbative Einstein
equations (7) for polar-type perturbations at axial sym-
metry, at any nonlinear order, for angular momenta £ > 2
[cf. (11)—(14)], it is enough to solve just one inhomo-
geneous wave equation for a scalar master variable for
polar perturbations (44) with the source term given in (45),
and then reconstruct the Regge-Wheeler gauge invariant
potentials ) £, o0, O f 11, O f, 01 and O f, | according to
(46)—(49) together with (53)—(55). Then with the gauge
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transformation (60)—(62) the resulting perturbations () /1, w A. The Z=0 case for polar perturbations

[cf. (21)—(27)] can be put in asymptotically AdS form. In the £ = 0 case, the only nontrivial equations are 0 =
As was stressed above the special cases £ = 0and £ = 1 (i)EO L= (i)E001 — (i)EO |40 = (A( )EO - (1/,4) Eo 00)-

need a special treatment. In fact

2A-1
A

()E()lo——(9 E0++ 8 Eo1+0——a VEg o1 + WEy119=0, (69)

2
o (U)Eo + +%(i)Eo 1+o) —2r2A = 1)DEy o = A0, WEq gy =0 (70)
[due to identities (30) and (31)], and )£ o1, )£ , become gauge degrees of freedom [i.e., they can be put to zero with a
suitable choice of (¢, and ()¢ ,]. Thus, we are left with two equations 0 = E,,, = WE;,, for two unknown

functions () £, oo and )£ 1, where () £ o; and () f, . can be freely specified and we put them to zero. This system can be
easily integrated to yield

. . t
Dfoq = OfFrs 4 ”A_l/ DSy grdt’ (71)

. . r . 1 ,.
@ foo0 =A% fo 1, —A/ r/<(l)50 1 +P<’)So oo>d”/, (72)

with the residual degree of freedom () £’ ¢ = () £ (1) that is not set by the equations 0 = E(()i)01 = E(()i)l 4o- Itis, however,
uniquely determined as the solution of the first order ordinary differential equation set by (the time independent part of) the
equation E, . = 0. The solution reads

4 1 [r[r /1, - - -
Wfg ™ = m/o {7 (Z D85 00 + AV, 11) + 05, +] dar, (73)

where (S, ,, are time independent parts of ()S, ,, and () f7 ™
¢ = 0 part of the perturbation reduces to a pure gauge, as expected [as mS,w = 0]. Moreover, for i > 1, ) fy o0 and O £, |
satisfy aAdS conditions (56) and (57), thus no further gauge transformation is needed.

is thus by definition time independent. At linear order the

B. The £ =1 case for polar perturbations

In the # = 1 case we proceed similarly to the # = 0 case. There are six nontrivial Einstein equations: 0 = (VE, L=
WE gy = VE g = VE| 1 = VE| 119 = (AVE| ; + (1/A)VE| o). In fact

1

2<)E11 0+ 8 VE| o — A9,V E, 12——(2A—1)(-)E1 =0, (74)
R r2 R
az<(')El + +3(’)E1 1+0> —2r2A = D)VE, o = r?PAD,VE, o + 2VE| p =0, (75)
1 2A -1 ro_ . 2. .
ra <)151++ O, VE 1,0+ —— 1 OE, 1+0—Zar(l)E1 01 —;(l)E1 n+9YE 1 4=0 (76)

due to identities (30)—(32), and ) f, , becomes gauge degree of freedom [i.e., it can be put to zero with a suitable choice of
(¢, | in function of V¢, ,]. We set ()f, . to zero and integrate in sequence the equations 0 = rVE, o; +200E, o, =
DE 4+ (r?/2)YE; 1.9 = VE| 1 to get
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. 1 ror . .

Dfior= W/o m(’"/(’)sl o1 + 208 gp)dr, (77)
) 1 rr P21 .

Ofin = m[) A2 [7 <Z(Z)Sl o0 +AS; 11) +0s, J dr, (78)
A rAV2 1., 24 -1,
Df1 00 = rAl/z/ — (2(1)51 12 +Zat(’)f1 - @ 11>dr’, (79)

respectively. Then equations 0 = WE, ;, = VE, o are also satisfied due to identities (30)—(32). Alternatively, one
can integrate the E, o =0 equation [instead of the E, , + (r?/2)DE, ., =0 equation] up to a residual

(1)f7]D res — (l)flp res(r):

i i i res 1 d
(l)fg)ll = 0f7P "‘Z/ (

r

. 1.
r(’>S1 01 ——(')fl 01>de7 (80)

and then set () fT ™ by (the time independent part of) the equation (")E(li)Jr + (r?/2)DE| 149 =0:

Gpprs = L [7 7 r”
1 r2A3/2 o A2 |2

Then the equations 0 = WE, , = OWE, |, are also satisfied
due to identities (30)—(32). This is a bit more convenient
in some practical applications, as for the sources generated
by time-periodic solutions, taking integrals in time is
straightforward. At linear order the £ =1 part of the
perturbation reduces to a pure gauge, as expected [as
S, =0]. Moreover for i>1, Wf o, Of ¢, and
() f, 1, satisfy aAdS condition (56) and (57); thus, no
further gauge transformation is needed.

IV. AXTAL PERTURBATIONS AT
AXTAL SYMMETRY

The axial-type perturbations can be treated along the
same lines as polar-type perturbations discussed in the
previous section, but are in fact much easier to deal with at a
technical level. We describe axial-type perturbations in this
section for the sake of completeness. In axial symmetry for
axial-type perturbations we have

0 0 0 Dhy,
‘ 0 0 0 (p
Dhy,) = Bl (82
O =1 0 o o | ®
(i)ho3 (i)h13 (i)h23 0
with [cf. (15) and (16)]
Dhpoz =Dfp03+0,0n,, (83)

Ohy s =0f,13+0,0n, —20n,/r, (84)

Dy 55 = (., (85)

L0, g+ 405, 11) + 03, J i (81)

|

where an axial component ()5,(t, r) defines the ith order
axial gauge vector (U, [cf. (19)] and O f,5(t.7),
() f, 15(t,r) are Regge-Wheeler variables [16,17] being
gauge invariant with respect to gauge transformations
induced by (j),h with j > i; cf. (28). The sources and
Einstein equations (7) read accordingly:

0 0 0 (08,
. 0 0 o s
(0)S,,) = B (86
( /3) 0 0 0 (i)S23 ( )
(i)SO3 (t')S13 (i)523 0

with the components expanded according to (15) and
(16). In the axial case, the sources fulfill the following
identity:

) 1., . 2 .
N3 = _Zat(l)sf 03 +A49,8 13 +- (2A = 1)98, 13

_(Z=-D(£+2) 0)

72

Sr23=0. (87)

This is again obtained by taking the background diver-
gence of (7): WA, 5 =0 follows from the (one) axial
component of v"“)EW = 0 [the (one) axial component of
v”AL(i)hMD vanishes identically thus the (one) axial
component of WU)SW vanishes as well and (only) in
that sense the formula Wf)s,w =0 in [12] is correct for
axial perturbations]. Similarly to the polar case, the gauge
degrees of freedom enter (VE, v only through the source
terms IS, ,, [and ()S,,, depend on gauge functions
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Iy, with j < i]. Thus, we solve (7) at order i for Regge-
Wheeler variables () f, s, ()f, 3 and then recover the
aAdS gauge with a suitable gauge transformation (see
below). In the axial case, the perturbative Einstein
equations can be easily integrated and the definition of
the master scalar variable is straightforward. We set

Ofpr3= 1 )‘I’A (88)

For ¢ >2 the three perturbative Einstein equations
DE, o3, VE, 15, and WE, ,; can be combined as follows:
[the #=1 case has to be treated separately, as
(E, »; = 0]. First,

0= 8 VE; 03+ A0, VE, 13 += <2A_1)(')Ef13

_ (f - 1)2”” 2 g, (89)

I

reduces to the identity (87). Second,

0B,y =01, 0@A 05

2 Ren=LeT Ry =0
(90)

where the lif operator was defined in (38) and the axial
source ()S7 reads

ped 24 4,
O3} == 9, Sf23)+

Sp13— DS, 0. (91)

Finally,
2A0E, 3 = =0, f 03 + A, (AW f 4 13) =240, 53 = 0
(92)

can be easily integrated in time for () f, ;5. Similarly to
the polar case RW gauge [i.e., ([)r]f =0 in (83)-(85)] is
not aAdS and the necessary condition, for a gauge
transformation to aAdS gauge to exist, is a, =0 in
(58), that is, the correct boundary condition at infinity for
a master scalar variable for axial perturbations ()@
reads

. p 1
() pA —Tf+o<—3>. (93)

r

Once the boundary condition (93) is satisfied the aAdS
gauge can be recovered with the axial gauge vector
induced by [cf. (19)]

PHYSICAL REVIEW D 95, 124043 (2017)
IZ

3 DA, (94)

Oy, =

To summarize, to satisfy the set of perturbative
Einstein equations (7) for axial-type perturbations at
axial symmetry, at any nonlinear order, for angular
momenta £ > 2 [cf. (15) and (16)], it is enough to solve
just one inhomogeneous wave equation for the scalar
master variable for axial perturbations (90) with the
source term given in (91), and then obtain the Regge-
Wheeler gauge invariant potentials () f, o5, () f, 5 from
(88) and (92). Then with the gauge transformation (94)
the resulting perturbations (i)hf w [cf. (83)—(85)] can be
put in asymptotically AdS form.

As was stressed above the special case £ = 1 needs a
special treatment.

A. the ¥ =1 case for axial perturbations

In the £ =1 case the nontrivial equations are 0 =
DE, ;3 = WE, o3 and either ) f, o3 or ) f, |3 becomes a
gauge degree of freedom [i.e., it can be put to zero with a
suitable choice of (g ].

If we decide to put () | o3 to zero, then from VE| |3 = 0
we get

N o I .
O f) 5 =D e 4 ZA/ DS 3dt’ (95)

where () fAres = () pAres (1) s set from (VE; o3 = 0:

Nodres 2 [rr?
O ftres = 2 A — 08 g, (96)
where (1§, (5 is the time independent part of (S, o3 and we
used (87). _ _

If we decide to put () f, |5 to zero then from VE| |3 = 0
we get

. . rA .
(l)f] 03 = (l)f'i‘l res 27'2/ ﬁ </ (I)S] ]3d[/> di",, (97)

where () ftres = () A1 (1) can be easily obtained from
(i)El 03 = 0:
1 (i) £A res 2 (i) ¢
9, Par(r ) =T A S1 03 (98)

where (), (5 is the time independent part of (S| o3 and we
used (87).

At linear order the # = 1 part of the perturbation reduces
to a pure gauge, as expected [as (”SW =0].
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V. APPLICATION: PERTURBATIVE
CONSTRUCTION OF TIME-PERIODIC
SOLUTIONS, PRELIMINARIES

After discussing our approach to (nonlinear) perturba-
tions of AdS in previous sections, we apply it on some
examples. In this section, we present some preliminary
results on the perturbative construction of globally regular,
time-periodic, aAdS solutions of Einstein equations.
Although for more systematic studies of TP solutions it
is necessary to go beyond the third order in perturbation
expansion (that we postpone for future studies) already the
results from the third order can provide some intuitions
about TP solutions.

We start with gathering some spectral properties of
gravitational perturbations of AdS. Separating the time
dependence in the homogeneous wave equation (38)

|

PHYSICAL REVIEW D 95, 124043 (2017)

,®=0 in the

get
d( d e+ 1,
A[_E<AE€> +Te] =w'e. (99

The frequencies @ are quantized by two boundary
conditions: regularity at r = 0 and the required asymp-
totic behavior at infinity, (59) and (93) for polar and axial
modes, respectively, and the spectra of linear perturba-
tions of AdS (AdS eigenfrequencies) read

form @(t,r) = e(r)cos(wt) we

Wl =1+¢+2j and lof; =2+¢+2j,  (100)

where nonnegative integers j are nodal numbers of the
corresponding eigenfunctions (AdS eigenmodes)

(£t
el (r)=N7 iy g I 2/(2 +r2)), (101)
ef (r):j\/'A L Fi(=j.2+ ¢+ j:3/2:12/ (2 + ) (102)
£.j l.j (I2+r2)%22 1=/ J5 ; .

Thus, all AdS eigenfrequencies are real and AdS is linearly stable. The AdS eigenmodes with a given # form a complete

orthogonal set with respect to the scalar product

o u(r)olr) |

(u,v)E/0 e (103)
namely,
Crjil(¢ +j+3/2)
Pel) = P 2
(e ets) = 3y e a2 TG+ a0 w217 O e on (104)
4 oA zjIT(¢ + j+3/2) A \2x
(ezj e70) = 827+ 2T+ 3/ T2+ 7 +)) (N7) 6 (105)

To ease the comparison between our results and those of [13] we take N 72 i N ﬁ i

= 1 in the following. At any instant of

time the master scalar variables (")tbz,? and (i)le“;‘ can be expanded in the bases of polar and axial eigenmodes

Do) =3 Ve el ().

(106)

Similarly the inhomogeneous equations (44) and (90) can be projected on the eigenmodes leading to the forced harmonic

oscillator equations for Fourier-like coefficients (i>c§|]“.4:
JPlA P|A P|A P|A
Der @) O = (e A0S, (107)
Since the general solution to the forced harmonic oscillator equation
é(1) + wjc(t) = acos(wr) (108)
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reads

¢(0)

c(t) = —=sin (wpt) + ¢(0) cos (wyt) +

(20

if the projection (e?‘fl, A(i)S’?‘A) is resonant, i.e., it contains

harmonic time dependence cos(w?lflt) or sin(w?‘;‘t) then a
P|A

secular term of the form fsin(w,;t) or tcos(w?‘flt)

appears in (")cz,?l;‘l and the naive perturbation expansion

breaks down. Resumming of all such possible secular
terms gives rise to the resonant system (cf. [7,8] in the
case of a massless scalar field at spherical symmetry). It
may be also possible for some particular first order solution

(1>¢?‘A(I, r) to be dressed at higher orders by a suitable
choice of frequency corrections and free integration con-
stants [cf. (109)] in such a way, to remove all resonant terms

at higher orders and then such ('><I>Z,?‘A(t, r) (suitably
dressed at higher orders) give rise to TP solutions. For
the Einstein-AdS—self-gravitating massless scalar field
system, any linear eigenmode can be extended to form
the TP solution [2] due to the absence of the so-called
(+ + +) resonances (see [8] for a rigorous theorem). In a
recent work [13], Dias and Santos contrasted the gravita-
tional sector of perturbations with the scalar one by
noticing that only in special cases (listed in Sec. VI in
[13]) linear eigenmodes do admit a nonlinear extension to a
regular time-periodic solution. The reason is that at the
third order of the perturbation expansion, around most
eigenmodes there appear resonant terms that, in contrast to
spherically symmetric scalar perturbations studied in [1,2],
cannot be removed by a frequency correction. However,

|

— 6519803297% + 6733961854 — 358711575y + 22494375 = 492011527V w,

168471828917° — 383306311855 + 318259946251 — 10200766875 = 4182097920(1 — 1) X w.

PHYSICAL REVIEW D 95, 124043 (2017)

a(cos(wt) — cos (wyt))

a)z _ 0)2 ’ C()() # w,
o (109)
Z—wotsin ((Uot>, Wy = @,

[

this is a purely technical obstruction in constructing TP
solutions, due to the degeneracy of the spectrum and, when
this degeneracy is properly taken into account, one can
construct perturbatively a TP solution bifurcating from
each linear eigenfrequency as was pointed out in [14]. Here
we complete [14] with some more examples of TP
solutions bifurcating from degenerated eigenfrequencies.
We aim at constructing a TP solution in the form

®(1,r,0) = (I)CD(t, r,0)e + (Z)CI)(t, r,0)e* + <3)d)(t, r,0)e’
+O(e!) (110)

taking for the seed (® a linear combination of all polar
(axial) modes corresponding to a given eigenfrequency.
a. Polar modes with lw” = 5 as the seed. If we start with

Do(1,r.0) = (nel (r)Px(cos ) + (1 = n)ey(r)

x P, (cos @) cos((5 + Pwe?)t/1) (111)
at linear order [14], then at the third order we get two
resonant terms (for the modes e§1 and ezo) that can be
removed by a suitable choice of the frequency correction
(@) and the mixing parameter # in (111). More precisely,
the resonant terms will be absent if @ w and 7 satisfy the
following system of equations:

(112)

(113)

This system has two real solutions: (1, @) ~ (0.1143, —1.900) and (1, ® ) ~ (1.007, —6.487); thus, we expect two one-
parameter (e) families of TP solutions to bifurcate from the double eigenfrequency lw” = 5. Note that setting 7 = 1 in
(112), we get P = —34397/5376, while setting 7 = 0 in (113), we get P = —52311625/21446656, in agreement with
the values given in the Table 1 in [13].

b. Polar modes with lw” = 6 as the seed. If we start with

Da(t,r,0) = (negj’l(r)P3(cos 0)+(1- r])e?o(r)PS(cos 0)) cos ((6 + Pwe?)t/)) (114)

at linear order, then at the third order the two potential resonances (for the modes e?l and e?o) are removed iff the following
system holds:

405(112747064677° — 91774432055 + 4622768829y — 285923771) 315

_ 315 o
48432676864 1287 (115)
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405(11927235420° — 226710731 1> + 16067117647 — 494724335) 693 (1
30820794368 v

=30 (116)

This system has two real solutions: (17, ¥ @) ~ (0.1077, =3.770) and (3, P w) ~ (1.022, —22.92), thus we expect two one-
parameter families of TP solutions to bifurcate from the double eigenfrequency o’ = 6.

c. Axial modes with \o* = 6 as the seed. If we start with
Dad(t,r,0) = (neél (r)Py(cos @) + (1 — n)eﬁo(r)P4(cos 0)) cos ((6 + Pwe?)t/X) (117)

at linear order, then at the third order the two potential resonances (for the modes efl and eﬁo) are removed iff the following

system holds:

2392256931 — 3980502757% + 21712603517 — 14644125 35

P, (118)

9446621184
—48298690937° + 1313623634417* — 123980078257 + 4082879250 63

~ a4’

= - (=),

267654266880

11
512 (119)

This system has two real solutions: (1, @) ~ (0.1794, —0.08338) and (1, ®w) ~ (1.008, —0.05162); thus, we expect two
one-parameter families of TP solutions to bifurcate from the double eigenfrequency [w* = 6. Note that setting 7 = 1 in
(118) we get @@ = -19081 /376320, in agreement with the value given in the second line in Table 2 in [13].

d. Axial modes with o™ = 7 as the seed. If we start with

Da(t,r,0) = (1’]6?1 (r)P3(cos @) + (1 — n)eg‘fo(r)Ps(cos 0))cos ((7+ Pwe?)t)))

(120)

at linear order, then at the third order the two potential resonances (for the modes eél and 6340) are removed iff the following

system holds:

1978248043512 — 29975463805775> + 1613025400770n — 106858809617 21

=——y® 121
5696827992064 256" (121
3608791248537 — 91134900995677% + 8191761299127 — 2669524922785 231 (1= (122)
= - w.
144981016707072 2048 7
[
This system has two real solutions: (n,?@)~  families of time-periodic solutions is equal to the multi-

(0.1670,—0.1130) and (7. ®Pw) ~ (1.018, —0.1085); thus,
we expect two one-parameter families of TP solutions to
bifurcate from the double eigenfrequency Lo = 7.

e. Some general remarks. In general, for the eigenfre-
quency with geometric multiplicity k we need to take a
linear combination of k corresponding eigenmodes as the
seed, and to remove the resonances at the third order we
have to fulfill the system of k equations that are cubic in the
mixing parameters 7;, ..,1;_; and linear in @y, terms
(with 1 <i <k —1). Each real root of this system gives
rise to a TP solution bifurcating from the given eigenfre-
quency [the number of all (complex) roots is expected to
grow exponentially with k, as after eliminating (%), we are
left with the system of k — 1 equations that are quartic in
N1, .-, Mi—1 1. Interestingly, in all cases that we have studied
so far lo” = 3,4,5,6,7,8 and [w* = 4, 5, 6,7, 8 at axial
symmetry), the number of bifurcating one-parameter

plicity of the eigenfrequency. This intriguing coincidence
deserves further studies. Finally, we remark that in a
parallel work Maliborski constructed axially symmetric
time-periodic solutions for the cubic wave equation on the
fixed AdS background [29], and in that model there is no
such coincidence.

VI. CONCLUSIONS

We have presented the formalism for nonlinear gravita-
tional perturbations of AdS spacetime and applied it to
provide the evidence for the existence and properties of
globally regular, asymptotically AdS, time-periodic solu-
tions of vacuum FEinstein equations. These time-periodic
solutions bifurcate from the linear eigenfrequencies of
AdS, and the number of (one-parameter families of) such
solutions bifurcating from a given eigenfrequency equals
the multiplicity of this eigenfrequency. This intriguing
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coincidence deserves further study. Already the results
obtained at third order should provide the initial guess for
the numerical method of [13], which is good enough for
this method to converge and to provide an independent
cross-check of our results. The presented formalism should
form the solid base for the future construction of the
resonant system for vacuum Einstein-AdS equations, and
the more systematic study of time-periodic solutions.
Although we were mainly motivated by the gravitational
perturbations of AdS, all the formulas in the paper that are
not related to the asymptotic structure of spacetime are
general enough to encompass gravitational perturbations of
the other two maximally symmetric vacuum solutions of
Einstein equations, i.e., Minkowski and de Sitter space-
times, and with some modifications also spherically sym-
metric vacuum solutions and as such will hopefully find
application in the broad subject of perturbations of such
spacetimes. It would be also very interesting to introduce
matter in this context into the presented formalism.
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Note added.—A few days after the first arXiv version of
this paper was released, there appeared a very interesting
parallel work [30] on an AdS gravitational geons. In
particular, in [30] the families of excited geons, bifurcating
from degenerated linear frequencies of AdS, were numeri-
cally constructed.
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