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1 Introduction

Supersymmetric partition functions are useful to explore strongly-coupled theories with
various amounts of supersymmetry — see e.g. [1-6]. This is particularly true in three
dimensions, where there are fewer non-perturbative tools available than in even dimensions.
For instance, in three-dimensional conformal field theories (CFT), the quantity

FS3 :—10g|253|, (11)

where Zgs is the partition function on the round three-sphere,! is a fundamental quantity
analogous to the central charge a in even dimensions [7-9]. In three-dimensional theo-
ries with N/ = 2 supersymmetry, we can often compute (1.1) exactly by supersymmetric
localization in a gauge-theory UV completion of the CFT [2-4].

In this work, we consider N' = 2 gauge theories with an R-symmetry U(1)r. We study
them on a three-manifold Mg, a U(1) principal bundle over a Riemann surface:

St — Mgy - 5. (1.2)

This family of geometries is indexed by two integers, g € Z>q, the genus of the Riemann
surface ¥4, and p € Z, the first Chern number of the principal bundle. It includes the
round three-sphere and the product spaces ¥4 x S L.

Mo = S?, Mgo =%, xSt (1.3)

We derive general formulas for the supersymmetric partition functions Zaq, , and for ex-
pectation values of supersymmetric Wilson loops (and other loop operators) wrapped on
an S! fiber. We heavily exploit the fact that the supersymmetric background on My, is
a pull-back of the two-dimensional topological A-twist on ¥, [10, 11]. Note that a very
similar computation was performed in [12] for theories with A/ > 3 supersymmetry.?

An interesting upshot of our analysis is that the S3 partition function can be viewed as
the expectation value of a particular loop operator F wrapped on S' in the topologically-
twisted theory on S? x S' — that is:

Zgs = (F)gay o1 (1.4)

The log of the partition function is UV divergent; F is defined as its finite piece upon taking the UV
cut-off to infinity.
*We differ from [12] in our treatment of fermionic zero-modes and obtain different results for g > 0.




We call F the fibering operator. Its insertion along an S! fiber in M, , corresponds to
shifting the Chern number of the total space, replacing p by p + 1. The relation (1.4) is
a generalization to N/ = 2 theories of a similar relation in Chern-Simons theory [13]. We
will compute the fibering operator explicitly for N' = 2 supersymmetric Yang-Mills-Chern-
Simons-matter theories. Note that the relation (1.4) only holds for theories with integer-
quantized R-charges, because the R-charges are integer-quantized on S? x S'. However,
the S? result can be analytically continued to real R-charges in a canonical fashion [4, 14].

In the rest of this introduction, we summarize our main results and discuss relations

to previous works.

Seifert manifolds, three-dimensional A-twist and the Coulomb branch. For 3d
N = 2 theories with an R-symmetry, the three-dimensional backgrounds that allow for
some supersymmetry were classified in [11]. In order to preserve two supercharges of
opposite R-charges, the three-manifold M3 must admit a nowhere-vanishing Killing vector
K*#. There are two distinct possibilities:

e K" isreal. Then M3 must be an (orientable) Seifert manifold — an S* bundle over
a two-dimensional orbifold i]g.

e K" is complex and generates two isometries. The only known example is the “un-
twisted” S$2xS! background of [15]. The corresponding partition function computes
the so-called superconformal index [15, 16].

In this work, we focus on the simplest supersymmetric Seifert-manifold backgrounds satis-
fying two additional conditions: 1) the orbits of K* are the Seifert fibers; 2) the base space
is a smooth closed Riemann surface ¥, (without orbifold points).

Condition 1) could be waived in the case of a base f)g with genus g = 0 or 1. For
g = 0, this corresponds to turning on a ‘squashing’ parameter — this is often denoted by
b # 1 on lens space backgrounds — see e.g. [17-19]. It will be essential to our story that
we do not allow any such squashing deformation. Condition 2) is not essential to our story
but it is assumed for simplicity. We hope to report on the case of general Seifert manifolds
in future work.

These two conditions imply that the supersymmetric background on M, , is a pull-back
of the ordinary A-twist for two-dimensional N = (2,2) theories on the Riemann surface
29.3 In this language, localization on Mg, becomes a simple generalization of a recent
localization computation on ¥, x S [20-22].

As we will show, the supersymmetric partition functions on the A-twisted M, , can
be constructed in terms of the low-energy theory on the Coulomb branch of the flat-space
theory on R? x S'. We may view the three-dimensional theory on a circle of radius
as a two-dimensional N' = (2,2) supersymmetric theory with an infinite number of fields.
This theory has a classical Coulomb branch spanned by the coordinates u = i3(o + iag),
where o is the real scalar in the 3d N = 2 vector multiplet and ag is the holonomy of the
gauge field on S! (along the Cartan of the gauge group). The low-energy dynamics on the

3Strictly speaking, this is for a particular choice of the “shift by x” in [11]. See appendix B.



Coulomb branch is governed by the effective twisted superpotential W (u). We will discuss
this function in depth, paying particular attention to the effect of the Chern-Simons terms.
Schematically, it is given by:

k 1
W(u) = Ju(u+1)+ o7 g+ e ZLl (e2mQi(w)y (1.5)

2

The first term is the gauge CS term, the second term is a gravitational CS term, and the
last term is the contribution of chiral fields ®; with gauge charges ;. Note that we assign
a physical significance to the constant piece of W, which is identified with the gravitational
CS level kg in three dimensions.

The coupling of this effective theory to curved space is governed by the so-called
effective dilaton, which takes the schematic form:

O = kpu+ %kRR - zim Z(” — 1) log(1 — 2mi@i(u ~ 5 Zlog emiew)y - (1.6)
(2
Here kr and krpr are mixed U(1)g-gauge and U(1)r CS levels, respectively. The other
terms are the contribution of the chiral multiplets (with R-charges r;) and of the W-bosons.
These two functions were derived in [23, 24]; in addition, we included the contribution of
the U(1)g and gravitational supersymmetric CS terms of [25].
From (1.5) and (1.6), we construct two well-defined Coulomb-branch operators. The

handle-gluing operator is given by [24]:
. 0*°W(u)
'H(u) = exp (27TZ Q(U)) d t <8uaaub> (17)

It corresponds to adding a handle to the base X, shifting g to g+ 1. The fibering operator
introduced above is a simple function of the twisted superpotential:

F(u) = exp (m (W(u) — g 8&2“) )) . (1.8)

This is our main result. The formula (1.8) will be made more precise in the main text.

Consider a theory such that the “Bethe vacua” (the abelian Coulomb branch vacua,
which are the gauge-inequivalent solutions to the Bethe equations [26] of the theory) are
distinct. This always happens, for instance, in theories with enough flavor symmetries and
with generic fugacities. In that case, the find the simple result:

Iy, = Y, Fl@)PH@)9™, (1.9)

ﬁESBE

with Spg the set of Bethe vacua. For p = 0, this is the so-called twisted index on M, o =
¥, x St [21, 22, 24]. In particular, the partition function on Mj g = T3 computes the 3d
Witten index studied in [27]. For p =1, g = 0, on the other hand, we have the familiar S3
partition function, and the relation (1.4) directly follows. More generally, we have:

<W>Mw = <WP’>EQX51 = (WFPHI) (1.10)

S2x St



for the expectation value of a supersymmetric Wilson loop W wrapped on the S! fiber.
We do not specify the insertion points on X, since the 2d theory is topological. We may
view H and F as particular defect loop operators in the 3d N = 2 gauge theory, given
by (1.7) and (1.8) on the Coulomb branch.

Localization formula. Another formula for the partition function Zxq,, can be ob-
tained by supersymmetric localization in the UV. We follow the abelianization method of
Blau and Thompson [13, 28] adapted to the supersymmetric context. From that point of
view, the partition function for p # 0 can be written as:

ZMg,p - Z fé’n drk(G ul, 7Pm( ) (1'11)

rk(G)

The sum is over flat torsion bundles for the Cartan subgroup of the gauge group G. The
meromorphic integrand Z, , m(u) contains classical contributions (the Chern-Simons terms
and FI parameters) and one-loop contributions from all the matter fields. The contour
integral is taken along a particular “Jeffrey-Kirwan (JK) contour” on a multiple cover of the
Coulomb branch (with u € C*™*(®)). Using gauge invariance, one may also write (1.11) as:

ZMg,p - Z f drk(G (O 7pm( ) (1'12)
mezrk(G)

where the sum is over all GNO-quantized fluxes of G, while the u variables are gauge-fixed
to 0 < Re(u) < 1. The expression (1.12) is also valid at p = 0 [21, 22], in agreement
with the relations (1.10). By resuming the fluxes in (1.12), one can obtain the Bethe-
vacua formula (1.9). Here we should note that we only rigorously derived the JK contour
n (1.11) or (1.12) in the rank-one case. The higher-rank formula should be considered
as a well-motivated conjecture. (It also follows in good part from earlier results relating
supersymmetric localization [20, 29-31] to JK residues [32, 33].)

43

For p # 0, the JK contour in (1.11) can be deformed to a simple “o-contour” which

lies along the imaginary u axis — that is, we have an integral over real o:

Znm,, =D d*Co T, n(o), (1.13)
6Zrk((})

in some appropriate region of parameter space. This is the familiar integral over real o on
S3 [2]. For generic fugacities, the contour along o generally has to be deformed, so that
it always “separates” the singularities of the integrand in the same way. For pure N' = 2
supersymmetric Chern-Simons theory, we may also rotate the contour to lie along the real
axis in the u plane; such a theory is equivalent to ordinary Chern-Simons theory (up to a
shift of the CS level), and (1.13) indeed reproduces the known integral formula over the
holonomies ag in that case [13].

Parity anomalies, contact terms and Chern-Simons levels. As is well known, a
three-dimensional Dirac fermion coupled to gauge fields suffers from the so-called parity
anomaly; one cannot quantize the fermion while preserving both gauge invariance and
three-dimensional parity [34-36]. Throughout this work, we choose a gauge-invariant regu-
larization of the 3d A = 2 chiral multiplet. After integrating out the matter fields, the lack



of parity invariance of the vector multiplet effective action (both for dynamical gauge fields
and background gauge fields for global symmetries) is encoded in certain parity-odd contact
terms in two-points functions of the corresponding conserved currents. We denote these
contact terms by x. Unlike ordinary contact terms, which are generated by local terms in
the effective action and are therefore ambiguous, the contact terms x correspond to Chern-
Simons terms in the action, whose couplings k£ — the CS levels — are integer-quantized for
compact gauge groups. The contact terms , therefore, are physically meaningful modulo
integer shifts, kK — x + k [25]. In this work, we are careful in distinguishing between x and
k. Unless otherwise specified, the CS levels k are always integer-quantized, while chiral
multiplets contributes certain half-integers to . For instance, a single chiral multiplet
coupled to a U(1) (background) gauge field with charge 1 will be quantized with a contact
term x = —3 for that U(1). This is sometimes referred to as a “U(l)_% quantization”.

This distinction is not only pedantic. It is crucial in order to compute partition func-
tions, including all dynamical and background Chern-Simons terms, in a consistent manner.
This resolves some confusions about “sign ambiguities” that appeared in [20-22] — there
are no sign ambiguities except for the ones encoded in CS terms for global symmetries.
Relatedly, we will correct some signs that arise from classical CS actions for abelian gauge
groups. (See in particular appendix C.)

Dualities and on-shell superpotential. Many 3d A/ = 2 supersymmetric gauge theo-
ries are related by infrared dualities. On general grounds, the partition function (and other
N = 2 supersymmetric observables) of two dual theories 7 and Tp should agree on any
supersymmetric background:

ZM,,[T) = Zm,,[To].- (1.14)

The Bethe-vacua formula (1.9) for Zy, , is particularly convenient to check these duality
relations. The duality relations (1.14), and similar relations for loop operator insertions,
can be rephrased as a statement about matching Bethe vacua in a one-to-one fashion. The
duality statement is that the handle-gluing and fibering operators of the dual theories agree
“on-shell”, that is, when evaluated on a dual pair of Bethe vacua, u = @ and up = up.
Equivalently, one can state the duality relations in terms of the effective twisted su-
perpotential: the twisted superpotentials of the dual theories must agree on-shell:

W7 (a) = WP (ip) , (1.15)

on any pair of dual vacua* (and similarly for the so-called on-shell effective dilaton, that we
will define later). Interestingly, the relations (1.15) for gauge-theory dualities often follow
from known dilogarithm identities [37]. We should emphasize that, even in the case of the
S3 partition functions, this provides a simpler derivation of the duality relation (1.14) than
previous investigations of complicated integral identities — see in particular [38-40].°

4The twisted superpotential suffers from branch-cut ambiguities, and this relation holds for a particular
choice of branches.

50On the other hand, those integral identities are valid on S§ with non-zero squashing, b # 1, while we
only consider b = 1.



We will also discuss how we can use the on-shell twisted superpotential to gauge a flavor
symmetry, independently of whether the original theory has a Lagrangian description.

Relation to previous works and outlook. The three-dimensional A-twist vantage
point relates the S* partition function [2-4] with the ¥, x S* twisted indices [20-22]. As
already noted, this generalizes known results for pure CS theories [13] to NV = 2 super-
symmetric gauge theories with matter. This framework also explains the results of [41] on
the Wilson loop quantum algebra on S3, which is encoded in the Bethe equations [22]. A
similar relation between the twisted index and the S® partition function was also observed
in large N quiver gauge theories [42, 43].

For generic values of g, p, the supersymmetric background M, only allows for quan-
tized R-charges. When g —1 = 0 mod p, including the case Mg = 53, on the other
hand, the R-charges can be varied continuously. We will explain how our formulas for
Zm,, can account for any R-charge, in those cases. On 53, this allows us to probe prop-
erties of the infrared CFT, where the R-charges are generally irrational. Whenever the
UV R-symmetry can mix with abelian flavor symmetries along the RG flow (and in the
absence of accidental symmetries), the superconformal R-charge in the infrared can be de-
termined by F-maximization [4, 44]. That is, we need to maximize (1.1) over the possible
trial R-charges. Our Bethe-vacua formula for Zgs is well-suited for this computation, and
the results compare well with previously-obtained results using the integral formula (1.11).

Another important localization result available in the literature is the lens space L(p, 1)
partition function [45, 46]. We should note that the supersymmetric background for
the manifold:

Moy = L(p,p—1). (1.16)

that we consider here, is distinct from the L(p, 1) background considered in [45-47], if p > 2.
The main difference between the two supersymmetric backgrounds is that the R-symmetry
line bundle present on (1.16) is topologically non-trivial, unlike the background of [45, 46].

In the A-twist language, the L(p, 1) background corresponds to a genus-zero Riemann
surface 3y & 2 /Z,, with two orbifold points. We hope to address this case in future work,
along with generic Seifert manifolds. Pure Chern-Simons theory on a restricted class of
Seifert manifolds was considered in [48, 49].

The formula (1.9) for the supersymmetric partition functions is reminiscent of the
surgery prescription for pure CS theory [50]. Here we have a potentially richer quasi-
topological structure that depends holomorphically on various parameters. It would be
very interesting to explore that point of view further.

Another construction of supersymmetric partition functions is in terms of holomorphic
blocks [51]. They are partition functions on D? x S!, with D? a disk, which are in one-to-
one correspondence with the Bethe vacua. Despite the similarities, that approach seems
somewhat orthogonal to the one of the present paper, especially since the squashing param-
eter (or Q-deformation on D?) plays such an important role in [51], while we set it to zero
throughout. Nonetheless, it would be very interesting to understand better the relation be-
tween the two approaches. Relatedly, our results should be of interest in the context of the
3d/3d correspondence [52-54]. In particular, one might ask what kind of topological field



theory can be obtained by compactifying M5-branes on the supersymmetric background
Mg p; progress on understanding such systems has been made recently in [55, 56].

Finally, let us mention that results completely analogous to the ones of this paper can
be obtained for four-dimensional A =1 theories on Mg, x St [57].

This paper is organized as follows. In section 2, we explore the two-dimensional A-
model point of view and we derive the Bethe-vacua formula (1.9). In section 3, we summa-
rize important aspects of curved-space supersymmetry on M, ,. In section 4, we discuss
supersymmetric localization and we obtain the localization formula (1.11). In section 5,
we compute the S3 partition function with the Bethe-vacua formula, and we present some
non-trivial examples of F-maximization. In section 6, we study the matching of supersym-
metric partition function across gauge-theory dualities. Additional material is contained
in various appendices.

2 The partition function as a sum over Bethe vacua

In this section, we start by reviewing some relevant results about two-dimensional N =
(2,2) gauge theories. We then consider three-dimensional N' = 2 gauge theories on a circle
as a two-dimensional N = (2,2) theory and discuss in detail the low-energy theory on the
Coulomb branch. We argue that the partition function on Mg, can be obtained as a sum
over “Coulomb branch vacua” (Bethe vacua) by a simple modification of the formula for
the X, x S twisted indices discussed in [21, 22, 24]. We will give a microscopic derivation
of this result in section 4.

2.1 The Bethe-vacua formula in two dimensions

As a preliminary, consider a two-dimensional N' = (2,2) gauge theory with gauge group
G and chiral multiplets ®; in representations R; of g = Lie(G). From the vector multiplet
V, one can build a g-valued twisted chiral multiplet ¥ = —iD_ D,V with components:

Y= (0’, Aq, —K{, —4fﬁ) . (2.1)

Here we follow the A-twist conventions of [31]. In particular, the gauginos Ay, Ki are (1,0)-
and (0, 1)-forms after the twist, respectively.® See also appendix B.

Let us denote by G the flavor symmetry group (the non-R global symmetry group) of
the theory. It is natural to couple the flavor currents to a background vector multiplet Vg.
The so-called twisted masses corresponds to constant expectations values op = mp for its
complex scalar component. A particular chiral multiplet ®; has twisted mass m; = w;(mp),
where w; is a weight of the flavor representation.

At a generic point on the classical Coulomb branch, the gauge group is broken to the
Cartan subgroup H C G, and the massive chiral multiplets and W-bosons can be integrated

5To avoid any possible confusion, let us recall that there are two distinct but standard usages of the term
“twist” in two dimensions. The terms “twisted chiral multiplet” and “twisted mass” refer to representations
of N' = (2,2) supersymmetry, while the “A-twist” is a topological twist of the theory.



out. The low-energy dynamics on the Coulomb branch is governed by the effective twisted
superpotential [23, 26, 58]:

1

W=r1(o) - — Z Z (pi(o) +m;) (log(pi(o) +m;) — 1) — 5 Z ao). (2.2)

i piER; acgy

The first term in (2.2) is the contribution from the two-dimensional complexified Fayet-
Iliopoulos (FI) parameters, with 7 a projection on the free abelian subgroup [[; U(1); C G.
The second term in (2.2) is the contribution from the chiral multiplets ®;, with p; the
weights of the representation 9;. The last term in (2.2) is the contribution from the
W-bosons and their superpartners, with a sum over the positive roots of g.

In the following, it will be useful to pick a basis e® of the Cartan H of G, and a basis
e% of the Cartan of G, such that:

o =046, mp = Mma€%p . (2.3)

We choose a basis {e®} that generates the coweight lattice Acy, so that p(e®) = p® € Z for
all weights p € Ay, and similarly for the flavor group.

We view the low energy theory on the Coulomb branch as an A-twisted Landau-
Ginzburg (LG) model [59] with twisted superpotential W for the twisted chiral multiplets
Y.. However, we see from (2.1) that the highest component of ¥, is an abelian field
strength. We may treat f;7 as the fundamental variable if we also impose flux quantization
by hand [26]:

% /d2\/§ (=2if11)a € Mg € Z, (2.4)

on any compact space. Relatedly, the twisted superpotential (2.2) suffers from branch cut
ambiguities due to the logarithms:

W(oa,ma) — W(0a,mqa) +n%0q +n“myg, n*n* €. (2.5)

The quantization condition (2.4) ensures that (2.5) only shifts the effective action by an
integer multiple of 27, so that the path integral remains well-defined. When looking for
the vacua of the theory, we have to take the ambiguity (2.5) into account. This leads to
the so-called Bethe equations [26]:

( OW
exp | 2

30,1):1’ a=1,---,1k(G). (2.6)

Note the left-hand side is independent of the branch-cut ambiguity — in fact, it is a rational
function of o, and m;.

If G is abelian, the solutions to (2.6) correspond directly to the vacua of the theory. In a
non-abelian theory, we must divide by the action of the Weyl group of G, Wq. In addition,
solutions which are not acted on freely by the Weyl symmetry correspond to putative vacua
with unbroken non-abelian gauge symmetry, wherein the derivation of (2.2) is unreliable.
Following [60], we will exclude these solutions, which are believed not to correspond to



physical vacua. (See also [61] for a related recent discussion.) Thus the set of vacua of the
Coulomb branch theory is given by:”

SBE:{&a

exp <2m’8w(&)> =1, Va, w-6#a, VwEWG}/Wg. (2.7)

Jog,

We refer to the solutions & = (6,) (modulo the Weyl symmetry) as the “Bethe vacua”.

2.1.1 Coulomb branch correlation functions

The Coulomb branch operators are the twisted chiral ring operators given by gauge-
invariant polynomials P(c) in the scalar field o C V. On the classical Coulomb branch,
they correspond to Weyl-invariant polynomials in the variables o,. The effective twisted
superpotential provides us with twisted chiral ring quantum relations.

Let us consider the N = (2,2) theory on a closed orientable Riemann surface X, with
the topological A-twist. The low energy topological field theory for the twisted chiral
multiplets ¥, has an effective action:

W(o) ~ 82W(0‘) )
_ 2 . _ apb v 2
STrT = /Eg d x\/§< 2f11a780_a +A1A17@Ja30b + 5 /Eg d x\/EQ(U)R, (2.8)

up to Q-exact terms. The first term in (2.8) depends on the effective twisted superpotential
W, and it is explicitly topological (since f;7 and AjA; are naturally 2-forms). The second
term involves R the Ricci scalar, and it is topological for the constant modes of o, due to
the Gauss-Bonnet theorem. It corresponds to the “improvement” Lagrangian of [62]. The
holomorphic function Q(o) is the effective dilaton which governs the coupling of the theory
to the A-twist background. In our two-dimensional NV = (2,2) gauge theory, it is given
by [23, 24]:

5 Z Z — 1) log(pi(o) +m;) — QLm Zlog a(o), (2.9)

1 pER; aeg

up to an arbitrary constant. Here r; € Z denote the R-charges of the chiral multiplets ®;,
which should be integers so that the theory can be defined on any %,.

The correlation functions of Coulomb branch operators can be computed as a sum over
the Bethe vacua, by a direct generalization of Vafa’s formula for ordinary topological LG
models (LG) [59]. One finds [24]:

= > H(E)ITP©6), (2.10)

GESBE
with (o)
’ oW
_ 2miQ(o)
H(o)=e (l%t ( 27i 90,00, ) (2.11)

"For simplicity in this paper, we consider compact connected gauge groups, such that the Weyl group
of G and the Weyl group of its Lie algebra g coincide. Then the condition w.6 # &, Vw € Wg is equivalent
to a(6) #0, Va € g.



the so-called handle-gluing operator. The first factor in (2.11) comes from the last term
in (2.8) evaluated on the Coulomb branch, and the Hessian determinant of the superpo-
tential arises because of the gaugino zero-modes on ¥,. One can also obtain (2.10) by
supersymmetric localization in the UV [21].

There is an important caveat to this discussion: we have assumed that the Bethe
vacua are isolated. This generally happens in theories with enough flavor symmetries and
with generic twisted masses. Many important two-dimensional theories do not satisfy this
condition, however — for instance, any GLSM that flows to a Calabi-Yau NLSM in the IR
has a degenerate W; on the other hand, such theories can still be studied by localization
methods, at least at genus g = 0 [31, 63]. Isomorphic comments apply in three dimensions.

2.1.2 Flux operators

In the presence of a flavor symmetry group Gp, it is natural to turn on supersymmetric
background fluzres for the gauge field in Vg,

1
2/ d2x\/§(—22f11)a =Ny € Z, (212)
7T g

in addition to the twisted masses o, = m,. This adds a term:

(o, m))

_ 2 _ _
Sﬂux = /;)gd $\/§< 2f11a om (213)

(07

to the topological effective action (2.8). We are free to choose the background gauge field
at will. In particular, we may consider the addition of a d-function flux at a point zo on 3,:

(—2ifi1)a = 2m0g 0% (x — () (2.14)
for each U(1)q C Gp. In this case, we have:

OV (o, m)) .

B_Sﬂux = H Ha(o-v m)ﬂa ’ Ha (Ua m) = €exp <27T’L (215)
a

Omgy

Therefore, the insertion of a unit of U(1), background flux on ¥, can be viewed as the
insertion of a local operator 11, at x = xg. We will call such operators the flux operators.
Incidentally, the handle-gluing operator (2.11) can itself be thought of as a flux operator
for the vector-like R-symmetry. On the A-twist background, the R-symmetry background
flux is:
1

o dAR) =g 1, (2.16)

in order to preserve supersymmetry. Therefore, adding a handle has the same effect as
adding one unit of U(1)g flux.

2.2 Three-dimensional N = 2 gauge theories on a circle

Let us now consider a three-dimensional A = 2 supersymmetric gauge theory compactified
on a circle Sé of radius 3. We view this theory as a two-dimensional N' = (2,2) theory
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with an infinite number of fields, corresponding to the Kaluza-Klein (KK) modes of each
three-dimensional field.

At finite 3, the complex scalar in any U(1) vector multiplet is cylinder-valued due to
large gauge transformations. We introduce the notation:

g = 18(0q + iagqa) , Vo = iff(mg + iad ) (2.17)

for the scalar fields in the Cartan of G x Gr. Here o and m are real scalars in 3d N = 2
vector multiplets, and ag denotes the holonomy along S'. We have the identifications
Ug ~ Uqg + 1 and vy, ~ vy + 1 under large gauge transformations. The dimensionless
quantity w in (2.17) is related to the two-dimensional complex scalar of section 2.1 by
u = fBo(2q). It is often convenient to work with the single-valued fugacities:

T, = *Ta Yo = TV (2.18)

The low energy theory on the Coulomb branch (with coordinates u,) is still governed by
the topological effective action (2.8), but the twisted superpotential WW(u) and the effective
dilaton Q(u) have new features intimately related to three-dimensional physics. In the
following, it will be convenient to rescale W according to Wsq = SWq, so that both W
and €) are dimensionless quantities.

2.2.1 The three-dimensional twisted superpotential

The classical part of the twisted superpotential is related to Chern-Simons interactions in
three dimensions. Consider any U(1), vector multiplet. A Chern-Simons interaction with
level ko € Z contributes to the twisted superpotential as:

1
Wes aa = kaa §ua(ua +1). (2.19)

This can be derived by direct evaluation of the Chern-Simons functional on ¥, x S, for
instance, as we will explain in section 4. The quadratic piece is essentially a mass term,
corresponding to the well-known fact that the CS interaction lifts the three-dimensional
Coulomb branch classically. The linear piece in (2.19) is related to the subtle signs alluded
to in the introduction (see also section 4 and appendix C). Although this is not single-
valued, it may only shift by terms of the form (2.5), which do not affect the path-integral.
For future reference, we may rewrite (2.19) as a function of z,:

kaa -
(2mi)? 2

—_

(logz(—xa) + 7r2) , (2.20)

WCS,aa =

with a branch cut along the positive real axis x, € [0,00). (Here the log is on its principal
branch, so that log(—x) = log z + 7i.)
Similarly, a mixed CS term between U(1), and U(1), contributes:

kab

(27i)?

Wes,ab = kap UgUp = log x4 log xp, . (2.21)
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In addition, we claim that the supersymmetric gravitational Chern-Simons term [25] con-

tributes a constant term: k

g
24’
with k, € Z. We will give several justifications for this claim below. In total, the contribu-

Wes,g = (2.22)

tion of all the gauge, flavor and gravitational CS terms to the twisted superpotential read:

Wes(u, v) = Z%ua (ug + 1) +Zk‘abuaub—|—z Vo(Va + 1)

a a>b

k
+ Z kapvavg + Z kaauavg + i ,

O(>,8 a,o

(2.23)

where all the levels are integer-quantized. For any simple group G, C G, we have
katy = harpy by with hgry the Killing form of G, (and o/, ¥’ running over its Cartan subgroup).

Consider next the one-loop contribution of the three-dimensional chiral multiplets. A
chiral multiplet ® with charge 1 under some U(1) symmetry contributes:

1
Woe=—-—> (u+n)(log(u+n)—1) =
2mi =

(2;@_)2@(@ , (2.24)
with u the effective twisted mass of ® and z = €?™%; the U(1) symmetry could be dynami-
cal, flavor or a combination of both. The first equality in (2.24) gives Wy as a formal sum
over KK modes. Upon regulating that expression, we obtain the dilogarithm of z. As we
will explain in section 4, we have implicitly chosen a regularization scheme that preserves
gauge invariance at the expense of “parity”. This is often stated as a “U(1)_ 1 quanti-
zation” of the chiral multiplet, wherein we turn on a “half-integer CS level to cancel the
parity anomaly”. In this work, we never consider “half-integer” CS levels since they are not
well-defined. The quantization of the chiral multiplet implicit in (2.24) is gauge-invariant
and includes a contact term kK = —3 for the U(1) current two-point function [25]. We also
have a gravitational contact term /@g = —1. The only scheme ambiguity is in shifting x by
an integer CS level k (and k4 by an integer ky), corresponding to

7.‘.2
— (2;@)2 <Liz(:c) + g (log?(—z) + 7%) — 6/<:9> , (2.25)

which would correspond to a “U(1)_1 4} quantization”. An important consistency check
2

of the twisted superpotential (2.24) is that it reproduces the correct decoupling limits at

large value of the three-dimensional real mass o. We have:

11
lim Wg =0, lim We = —— + — (log*(—z) + 7?), (2.26)

o——+00 o——00 12 87‘(’2
which corresponds to the expected shift of the contact terms:
1
ok = 3 sign(o), dkg = sign(o). (2.27)

For large positive o, we obtain an empty theory and the twisted superpotential vanishes,
while at large negative o we are left with the background U(1) and gravitational CS levels
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k = —1 and k; = —2, as we can see by comparing (2.26) to (2.20) and (2.22). This
gives a first consistency check of the detailed form of (2.23). We can easily generalize this
consistency check to chiral multiplets coupled to arbitrary background gauge fields. We
refer to section 4.3.2 for additional discussions of our treatment of the chiral multiplets.

As another consistency check, let us consider a pair of two chiral multiplets ®;, ®5
of U(1) charges +1. Since this allows for a superpotential mass term W = &Py, the low
energy theory should be empty. More precisely, it is empty if we consider two multiplets
with opposite contact terms, which amount to adding CS level & = 1 and k; = 2, with our
choice of quantization. We then have:

1 . . —1 1 2 2 1
Wao, 0, = ani)E <L12(3:) + Lig(z™) + 3 (log*(—z) + 7 )) + 7= 0. (2.28)
Here we have used the dilogarithm identity:
. .1 7 1 9
Lis(x) 4+ Lig(z™ ") + — + = log“(—z) = 0. (2.29)

6 2

In section 6, we will relate other dilograrithm identities to non-trivial dualities between
different gauge theories.

Finally, we should consider the effect of the W-bosons and their superpartners on
the Coulomb branch, which contribute like chiral multiplets W, of gauge charges o and
R-charge 2. For every pair of roots o, —«v, we choose the “symmetric” quantization, with op-
posite contact terms for W, and W_,. Therefore, due to the identity (2.29), the W-bosons
do not contribute at all to the effective twisted superpotential in three dimensions.

For general N' = 2 Chern-Simons-Yang-Mills matter theories with gauge group G and
chiral multiplets ®; in representations R; of G, we have the twisted superpotential:

W) = Wos(u.0) + o 0 3 Lin(as) (2.30)
t pi€ER;

where the classical contribution Wcg is given by (2.23). Here we introduced the short-hand
notation:
v, = w;i(v), yi = y¥i = e¥™Wi | (2.31)

where w; is the flavor charge of ®; (that is, a weight of the flavor group). Note that this
twisted superpotential is only defined modulo the branch-cut ambiguities:

W = W + n%ug + nve +n°, nn%n’e7Z. (2.32)
However, all the physical observables that we will define are free from such ambiguities.

2.2.2 Flux operators and Bethe equations

As in two dimensions, we may define the flux operators:

_ OW(u,v) _ OW(u,v)
T, (u,v) = exp <2maua ) , I, (u,v) = exp <2mal/a , (2.33)
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for the gauge and flavor symmetries, respectively. This is obviously invariant under (2.32).
One can check that these operators are rational functions of the fugacities x, and y,. The
three-dimensional flux operators are loop operators supported along the S! direction. They
can be identified with the vortex loops discussed in [64, 65]. The Bethe vacua are given by:

SBE = { Uq

I,(a,v) =1, Va, w-a#u, VweWG}/Wg. (2.34)
In particular, they are rational equations for the single-valued variables x,.

2.2.3 The effective dilaton and the handle-gluing operator

If we couple the 3d N = 2 theory to a ¥, x S1 background with the A-twist along 24, the
effective dilaton €2 can be computed like in two dimensions [24]. As we will further discuss
in section 4, the classical Chern-Simons terms for the U(1)r background gauge field [25]
contributes:

1
Qcs(u,v) = kantia + D karva + Skrr.- (2.35)

Here kqr, kor denote mixed R-gauge and R-flavor CS levels, and krp is the U(1)gp CS
level. All these levels are integer-quantized. A chiral multiplet ® of U(1) gauge charge 1

and R-charge r € Z contributes:
1
Qp =———(r—1)log(1 —z). (2.36)

211

This corresponds to the same “U(1)_1 quantization” discussed above, which includes the
2

contact terms £ = —%(r — 1) and krr = —%(r — 1)? for the gauge-R and R-R conserved-
current two-point functions, respectively. The limits
. . 1 1
UEIEOOQ(;,*O, Ugrzloofhpf—%(r—l)logx—i(r—l), (2.37)

reproduce the correct shifts of the U(1) g CS terms upon integrating out a chiral multiplet.®
The W-bosons contributes similarly like chiral multiplets of R-charge » = 2. Due to
our choice of “symmetric quantization” mentioned above, we also have a shift of kgrp
by Sdim(g/b).

In total, the effective dilaton of our 3d A/ = 2 supersymmetric gauge theory compact-
ified on S! reads:

Uu.v) = 3 kurta + 3 koo + & (ki + Scim(a/n))

. (2.38)

) 1
— 277” (7‘1’ — 1) Z lOg(l — .fL'plyi) — 277” Zlog(l — :L‘a) s
% piE€NR; acg

with r; € Z the R-charge of ®;. The three-dimensional handle-gluing operator is given by:

H(u,v) = exp (2m§z(u,y)) det (%) . (2.39)

8That is, taking into account that € is only defined modulo an integer. The second limit in (2.37)
corresponds to CS levels kr = —(r — 1) and krr = —(r — 1)°.
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This directly leads to an expression for the 3, x S1 twisted index as a sum over Bethe
vacua [20, 22, 24]. Note that we accounted for the effect of the CS level krp in (2.38). This
leads to a subtle sign (—1)*2% in (2.39), which was previously overlooked.

2.3 Induced charges of monopole operators

For future reference, let us consider the induced charges of the bare monopole operators
T.+. These operators are associated with the limit o, — Foo on the classical Coulomb
branch. We define their induced charges by:

Qur’=QTos] =+ lim 8,0, WV,

Ugq—>F100
QaF:ta = Qa [Tai] =+ 5 gg:lzoo 8ua8ubW, (240)
Tat+ = R[Tai] ==+ lim' aan,
Uq—+F100

for their gauge, flavor and R-charges, respectively. One can easily check that these for-
mula reproduce the standard one-loop formula for the induces charges; see e.g. [22]. By
construction, the charges (2.40) are always integers.

2.4 The fibering operator in three dimensions

In addition to the three-dimensional flavor symmetry group Gp, the effective two-
dimensional theory has a U(1)xx symmetry whose charge is the KK momentum. We
may turn on a supersymmetric background vector multiplet Vi for U(1)gg. It orig-
inates from the three-dimensional N' = 2 “new-minimal” supergravity multiplet — see
e.g. [25, 66] — which decomposes into a supergravity and a vector multiplet upon KK
reduction to two dimensions. The twisted mass associated to Vi is mrx = % Indeed,
the twisted masses for the KK tower of any 3d chiral multiplet takes the form ooq + %,
with n € Z the KK momenta.

In any three-dimensional N' = 2 theory, there must exist a distinguished flux operator
for U(1) ki, which we denote by F. The insertion of F at a point on X, has the effect
of introducing one unit of flux for U(1) g, which is nothing but a shift of the first Chern
class of the U(1) principal bundle over ¥,. In particular, the partition function of My,
can be written in terms of p insertions of F on ¥, x § L,

Mgy, = (}"IJ}Zngl . (2.41)

Since F introduces a non-trivial fibration of the circle over ¥X,, we call it the fibering
operator. Reinstating dimensions, we have:

(mKwa,u))), po TH Mg )
MKK MKK

F(u,v) = exp <27ri &maKK

with the dimensionless W(u,v) given by (2.30). This gives us the explicit form of the
fibering operator for any 3d A/ = 2 gauge theory:

OW(u,v)  IW(u, V>)> | (2.43)

F(u,v) = exp <2m (W(u, V) — ug ou, Va v
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We immediately see that (2.43) is insensitive to the branch-cut ambiguities (2.32) of the
twisted superpotential. On the other hand, it transforms non-trivially under large gauge
transformations u ~ u + 1 or v ~ v + 1 (for either the gauge or flavor group). We find:

F(ug — Mg, Vo — o) = F(u,v) HHa(u, v)me HHa(u, v)' e, Vmg,n, €Z, (2.44)

where II,, IT, are the flux operators defined in (2.33).

2.4.1 The Chern-Simons and chiral multiplet fibering operator

For future reference, we note that the effect of the classical CS terms (2.23) on the fibering
operator is:

!

Fos =exp | —mi Z KapUgup — 271 Z kaaUqVe — T Z ko gvavg + 12l<:g . (2.45)
ab a,o ,p
Similarly, a chiral multiplet of charge 1 under some U(1) contributes:
1 4 ,
Fo(u) = exp (2,L12 (e™) + ulog (1 — 627”“)> : (2.46)
i

This defines a meromorphic function of u on the complex plane, as the branch cuts of the
dilogarithm and logarithm cancel each other. The function (2.46) has poles of order n
at u = —n, n € Z=o and zeros of order n at u = n, n € Zsg. (This is proven e.g. by
proposition 5.1 of [67].) It is closely related to the chiral multiplet one-loop determinant
on S3, as we discuss further in section 5.1.

We note that the Chern-Simons and chiral fibering operators satisfy:

wu——u, v— v, K==k = FoF ! (2.47)

where “k” denotes all Chern-Simons levels and contact terms in the theory, including the
gravitational Chern-Simons level and the contact terms appearing in the quantization of the
chiral multiplet. This operation thus has the same effect as taking p — —p. As discussed
further in section 4.3.2, this reflects the fact that the M, , and M, _, backgrounds are
related by a parity transformation.

2.5 Partition function and loop-operator correlation functions

Combining all the ingredients introduced so far, we can write the supersymmetric partition
function on M, ), as:

Zpt,, ()= Y Flav)PH(a,v)?" []Ha(a,v)" (2.48)
UESBE e

Here we introduced generic background fluxes n,, for the flavor symmetry. As we discussed,
we can also view these background fluxes as inserting flux operators I, at points on X,.
(A constant background flux is then viewed as a “smeared” flux operator.) Note that,
in the presence of any abelian flavor symmetry U(1)r, we may shift the R-symmetry by
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R — R+tF, where t is quantized to preserve the Dirac quantization of the R-charge. The
net effect on the partition function is to shift the background flux np — np+ (g —1)¢. This
amounts to a shift: W
Q= Q4+ t% (2.49)
in the topological effective action (2.8). The partition function (2.48) is unaffected if we
shift the R-symmetry current by any abelian gauge current.
We are also interested in supersymmetric Wilson loop operators along the S* fiber. Any

such Wilson loop correspond to a Weyl-invariant Laurent polynomial in the fugacities z,,

W(z) € Clag, 2, |Ve . (2.50)
For a Wilson loop in a representation R of G, we have:
Wi = Try Pexp <—1/ (aydxt — z’ﬁadz/))) =Trp () = »_a”, (2.51)
Sl
pPER

where v the fiber coordinate. We then have the expectation value:

W@y, = >, W@ F(a,v) H(a,v)9 " [[Talt,v)™ . (2.52)
1ESBE e

From this formula, we can read off the quantum algebra of Wilson loops, which is an S*

uplift of the 2d N = (2,2) twisted chiral ring [22, 41]. The quantum relations are the

relations satisfied by solutions to the Bethe equations (2.34).

Let us briefly comment on the defect operators II,. They enter in (2.52) in the same
way as the Wilson loops, in agreement with their interpretation as operators supported
along S! at a particular point on the base ¥4. These line operators can be identified with
the vortex loop operators discussed in [64, 65]. In principle, one can insert fractional flux
at points on X, as long as the total flux is integer. The effect of such operators is to impose
that matter fields charged under the flavor symmetry induce a non-trivial holonomy as
they wind around the vortex loop. The Bethe equations imply relations satisfied by flux

operators, just like for Wilson loops.

2.6 Gauging flavor symmetries and the on-shell twisted superpotential

Given a flavor symmetry, it is natural to gauge it, by promoting background vector multi-
plets to dynamical ones. This is an important operation for producing new theories from old
ones, and we would like to perform it at the level of the partition function (2.48). This can
be done most conveniently by working with the “on-shell” effective twisted superpotentials
and effective dilatons,

(2.53)

u=dal(v)

ow
l — /\l
Q'(v) = Q' (v),v) + log (C}he;“ auaaub)

which are evaluated at solutions @' to the Bethe equations. The functions (2.53) are par-
ticularly useful because we can use them to construct all of the ingredients in the partition
function (2.48), even if one does not have access to a Lagrangian description of the theory.

17 -



As described above, the supersymmetric vacua of the theory are determined by so-
lutions to the Bethe equation (2.34). For generic-enough mass parameters v,, this has a
finite number of solutions,
a(vy, 1=1,...,|SgE| (2.54)

l

o(v) generically have branch points, where

It is important to stress that the functions
two or more solutions become equal, and branch cuts, where the solutions are permuted.
Thus it is more natural to think of @ (v) as functions on an |Sgg|-fold branched cover of
the space of the v, ’s.

To any Bethe vacua, we may associate the “on-shell” effective twisted superpotential
and effective dilaton (2.53), which we consider as a function on the |Sgg|-fold branched
cover of the parameter space. Nonetheless, the twisted superpotential W' is not yet well-
defined due to branch cut ambiguities of W itself. To partially fix this ambiguity, we impose

a “physical branch” condition:”

ow
Oug,

(ul(v),v) =0, a=1,...,1k(G). (2.55)

This function will still have branch cut ambiguities associated to the background gauge
multiplets, i.e., it is defined only up to shifts W — W! 4+ m®uv, + mg, m®, mg € Z, but it
will not have any branch cuts associated to shifts by the dynamical gauge field. This must
be the case, as the dynamical gauge field should play no role in the low energy effective
theory. Up to these shifts, the on-shell effective twisted superpotential is a physically-
meaningful observable of the low-energy theory. In particular, it should match across
dualities. Similar statements hold for the on-shell effective dilaton.

If one has access to the on-shell effective twisted superpotentials of a theory, one
may construct the on-shell flux and fibering operators, even if the theory lacks a known
Lagrangian description. They are given by:

I (v) = exp <2mfw> . FYv) =exp <2m‘ (Wl(u) - uamglzy)» . (2.56)

We can easily see that this agrees with the gauge-theory definitions (2.33) and (2.43) upon
using (2.55). Similarly, the on-shell handle-gluing operator is simply defined by:

H!(v) = exp <2m; Ql(u)> : (2.57)

which obviously agrees with (2.39).

Using the on-shell twisted superpotential, it is straightforward to gauge a flavor sym-
metry. For instance, suppose we want to gauge a subgroup of the flavor group Gpg, with
parameters {v,} C {vo}. We simply write the Bethe equation for v, in terms of W!, namely:

Vg

exp (27@82;[(”)) =1. (2.58)

9Namely, the Bethe equation, (2.34), only imposes that the r.h.s. is an integer, however, by “changing the
branch” by adding appropriate integer multiples of u, to YW, we may arrange that the r.h.s. is precisely zero.
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These equations should be solved for each [, and may have zero, one, or several solutions
for each [. The vacua of the new gauge theory is the union of these solutions for all [, and
the resulting on-shell twisted superpotential can be used to construct the M, , partition
function of the new theory. This procedure is described in more detail in appendix E. We
will see an example of this procedure in section 6.

3 A-twisted supersymmetric theories on M, ,

In this section, we study curved-space rigid supersymmetry on M, ,. We introduce a par-
ticular three-dimensional supergravity background which realizes the “three-dimensional
A-twist” in a precise sense. We also discuss curved-space supermultiplets and Lagrangians
on this background, following the general results of [11, 19].

3.1 Supersymmetric background on Mg,

Consider the three-manifold Mg, a principal U(1) bundle of first Chern number p € Z
over a closed oriented Riemann surface ¥, of genus g:

St — Mgy — 5. (3.1)

This is a simple example of a Seifert fibration. The topology of M, is fully specified by
the two integer p € Z and g € Z>¢. In particular, if p # 0 we have the second cohomology:

H*(Myp,Z) =79 © 7, (3.2)

which includes the torsion subgroup Z,. A more detailed account of the topology and
geometry of M, is provided in appendix A. Let us consider the metric

ds? (M) = B2 (dp +C(2,2))° + 29.:(2, 2)d=dz (3.3)

with ¢ € [0,27) the fiber coordinate, and z a complex coordinate on the base ¥, (in a
given patch). The principal bundle connection C has field strength:

2w p
zbz — Uzbz = ZZ - 4
0.Cz — 0:C vol(Zg)g (3.4)
We normalize the volume of the base to vol(X,) = 7, so that C has flux
L (3.5)
2 g —P '

on ;. The metric (3.3) admits a Killing vector K whose orbits are the S! fibers. The dual
one-form 7 determines a transversely holomorphic foliation (THF) of M, ,. We define:

1
B
Note that K#n, = 1. We also define the tensor:

K =K"0, = -0y, n = Kudx" = B (dy + pA). (3.6)

O, = —€,""ny, (3.7)
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which acts as a three-dimensional ‘complex structure’. (We summarize important aspects
of this geometric structure in appendix A.) The complex coordinates 1, z, Z introduced
above are coordinates adapted to the THF.

In order to preserve half of the flat-space supersymmetry on M, ,, we turn on ad-
ditional background fields in the three-dimensional ‘new minimal’ N' = 2 supergravity
multiplet [11, 68, 69]. This includes a scalar H and a U(1)g gauge field .ALR):

1
H=ipf, A = gcp,/ay log g + Oys (3.8)

with g the metric determinant. The complete supergravity background is spelled out in
appendix B. The expression for ALR) in (3.8) is only valid in the adapted coordinates v, z, z.
Let us also define the adapted frame:

=8 (dyp + pA), el =1/2¢.:dz, el = \/2g.:dz . (3.9)

Any one-form « can be decomposed into ‘vertical’, ‘holomorphic’ and ‘anti-holomorphic’
components:
a = aon + adz + azdz, (3.10)

and similarly for any tensor. (In the following, we will mostly use the frame basis.) The
holomorphic component «, in (3.10) transforms as a section of a “canonical line bundle”
on M, ,,, denoted by K, which is the pull-back of the canonical line bundle on the Riemann
surface 3, through the projection 7 in (3.1). Its first Chern class is given by:

a(K)=29—-2€7Z,), (3.11)

where Z,, is the torsion subgroup in (3.2). It is very natural to introduce a modified Levi-
Civita connection @u that preserves the decomposition (3.10). Following [11], we define
the modified spin connection:

d),u,l/p = Wuvp — iH (TIV(I)up - qu);w + nuq)zxp) ) (3'12)

with w,,, the standard spin connection. In particular, we have:
Vigvp =0, Vi = 0. (3.13)
The price to pay is that the modified connection has torsion, with the torsion tensor
T",, = 2¢H n* ®,, proportional to H.
The supergravity background (3.3)—(3.8) preserves two (generalized) Killing spinors ¢
and ¢, of R-charge 1 and —1, respectively, which satisfy:

(V= iAf) ¢ =0, (Vu+iAf =0, (3.14)

with ALR) given above. The holonomy of the modified connection @u is contained in U(1),
therefore it can be “twisted” away by a compensating U(1)g transformation. The Killing
spinors are then essentially constant in the adapted frame:

is 0 "y 1
(=e <1> ; (=e <0> (3.15)
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This is the three-dimensional version of the A-twist. Geometrically, it corresponds to
choosing the U(1)x line bundle L) such that:

JASORRV/ (3.16)
This is a torsion line bundle with first Chern class:
a(@LPy=g-1¢12,, (3.17)

with the connection ALR) given by (3.8). It follows that the R-charges must be integers in
general. More precisely, we have the Dirac quantization condition:

r(g—1)€Z, (3.18)

with r the R-charge of any field. Note that the U(1)z bundle is topologically trivial if and
only if g —1 =0 mod p. For instance, this is the case for the three-sphere Mg ; = S3.

The function s in (3.8) and (3.15) corresponds to a U(1)r gauge transformation. The
Killing spinors (3.15) are globally well-defined if we choose s = 0. We may call this choice
the “A-twist gauge”. More generally, we can choose a gauge s = —nt), where n is any
integer; we will come back to this point below.

Note also that the Killing vector K and the covector n are built out of the Killing
spinors (3.15) according to:

T _ 7CT’Y;L< _ 87;15
K C’Y (7 Y |<|2 ’5‘2 ) (319)

with 7, = K, in our background. All the background fields are invariant under the isometry
generated by K. The compatibility condition (3.13) directly follows from (3.14) and (3.19).

3.1.1 Background vector multiplets

In addition to the background supergravity fields (3.3)—(3.8), we may also turn on back-
ground vector multiplets:

Y = (o) o) p)y, (3.20)

for any flavor symmetry of the theory. To preserve the same supersymmetry as the geo-
metric background, we take:

o) = mF) (3.21)
a constant, which is the real mass associated to the flavor symmetry, and:
N C R I (22

with fﬁf) the field strength of aELF) and H given in (3.8). This implies that aELF) is the

connection of a holomorphic vector bundle over My, [19]. In particular, let us choose a
holomorphic line bundle L&) associated to a U(1)p flavor symmetry. Its first Chern class
has to lie in the torsion subgroup of the second cohomology (3.2):

(L)) =np ez,, (3.23)
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assuming p # 0. (See [22] for the p = 0 case.) Let us also define:

) = ig(m®) m(@) 7 (3.24)
where a(()F) = n“a,(f) is taken to be constant. The quantity (3.24) has a nice geometric

interpretation as a complex modulus of the holomorphic line bundle L) [19]. Under a
large gauge transformation along the circle fiber, the parameters ) and n®) transform as:

(u(F), n<F)> ~ (u<F> 1, n® +p). (3.25)
This must be an invariance of any physical observable.

3.1.2 U(1)g vector multiplet

From the supergravity multiplet, one can also construct an abelian vector multiplet for the
R-symmetry [14]. In terms of the supersymmetric background (3.3)—(3.8), it is given by:

Vv = (o) B D) = <ALR) +iHn,, H, i(R— 6H2)> , (3.26)

where R is the Ricci scalar of g,,,. In particular, one can check that the supersymmetry
conditions (3.22) are satisfied:

R R . (R

=1 =o, DR = 2B 4 g2, (3.27)
It follows that L) is a holomorphic line bundle, which is determined by its torsion
flux (3.17) and by the modulus:

VB —ig(e™ 4+ ial?) = s =nez. (3.28)

Interestingly, »*) is fully determined by the supergravity background. A large U(1l)r
gauge transformation along the circle fiber corresponds to:

(V<R>, g— 1) ~ (u(R> 1,9 1+p). (3.29)

Note that we can set v = 0, but it is sometimes useful to keep track of v as a formal
parameter, together with the U(1)r gauge redundancy (3.29).

3.1.3 Parameter dependence and R-charge dependence

Supersymmetric observables on Mg, depend explicitly on the discrete parameters p and g
as well as on the torsion fluxes n'*) for flavor symmetries. They are also locally holomorphic
functions of the complex parameters v [14, 19]. Note that a line bundle L&) generally
has additional moduli, corresponding to flat connections along the one-cycles from 3.
In our two-supercharge background, however, these additional moduli couple to Q-exact
operators and supersymmetric observables are completely independent of them [19].

We can similarly understand the dependence of supersymmetric observables on the
choice of R-symmetry [14]. In a theory with abelian flavor symmetries, the R-symmetry
current can mix with flavor currents. Let us consider:

G s R g (3.30)
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for some parameter t, which shifts the R-charge by the U(1)r charge according to R —
R+t F. (The flavor charge F' is integer quantized by assumption.) This is equivalent to a
shift of the U(1)p vector multiplet by the U(1)g vector multiplet:

V) 5 pE) L ppB) (3.31)

On our geometric background, the shift (3.30) is only allowed if it preserves the Dirac
quantization condition (3.18). This implies that ¢ € Z in general. On the other hand, if L(?)
is topologically trivial (that is, if g—1 =0 mod p), there is no restriction on the R-charge
and we can take t € R. Geometrically, the shift (3.31) is a tensor product of line bundles:

®t
LF) 5 Mg (L(R>) , (3.32)
with ¢ integer or real, respectively. This corresponds to a shift of parameters:
V) ) gy (B ) ) p (g —1). (3.33)

The partition function (or any supersymmetric observable) shifts accordingly. Note that
the complex modulus v(¥) stays invariant in the “A-twist gauge” () = 0. This is the

(R)

gauge that we used implicitly in section 2. When LY is topologically trivial, another

particularly interesting gauge is:
1—
B =29 if g—1=0 modp (3.34)

In such a case, the dependence of supersymmetric observables on the R-charge is entirely
through the combination:

1 _
vF) 4t TQ , (3.35)

with ¢ € R. Let us note that, in the case My = 53, the supersmmetric background con-
sidered in [2-4] has vF) = io (setting B = 1 for simplicity) and therefore the dependence
on the R-charge is holomorphic in the parameter o — it [4, 14]. As we can see from (3.35),
that property generalizes to any M, , background admitting continuous R-charges.

3.1.4 Comparison with three-sphere and lens space backgrounds

It is interesting to compare our family of curved-space backgrounds to the ones previously
studied in the literature. The genus zero case, g = 0, corresponds to the lens space
Mo, = S3/ Z,,. For instance, we can consider the metric:

2 1
ds* = 2 (dz/; + g(l — cos 9)dqﬁ> + Z(dﬁz + sin? 0d¢p?) (3.36)
with the angular coordinates 6 € [0, 7] and

(0,9) ~ (¢, + 27) ~ (¢ + 2,7 + prr) . (3.37)
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This is the total space of a degree p U(1) bundle over the round S?, written down on the
“northern patch” 6 € [0,27).1% If we choose 3 = %, we obtain the round metric on the
S3 /7, quotient, and the remaining supergravity fields (see appendix B) are:

1
H=i, Ve=-2n,, Afdat = Ed@/}. (3.38)

For p = 1, we can set A,(LR) = 0 by a large gauge transformation. This background is
related to the three-sphere background of [2—4] by a so-called “k ambiguity” shift [11, 19]
which we briefly discuss in appendix B. While one can preserve four supercharges on S3,
our background only preserves two of them.

For p > 1, we have a non-trivial holonomy of the R-symmetry gauge field AELR) along
the Hopf fiber, corresponding to the fact that ¢; (L)) = —1 mod p. This is in contrast
with the supersymmetric backgrounds considered in [45-47], which studied the same ge-
ometry (3.36) with a topologically trivial L) The reason is that there exists two distinct
supersymmetric backgrounds on the same topological space, corresponding to topologically
distinct THFs. To explain this point, let us consider the lens space L(p,q) defined as the

quotient of the three-sphere

{21+ 21> =1} c C? (3.39)
by the freely-acting Z, action:
2miq _ 27
(21, z2) ~ (e Pz, e P 22>, (3.40)
with p and ¢ two non-zero integers. The Hopf fibration considered above is given by
the map:
z
T (21,22) = 2= =2 (3.41)
z1

to the two-sphere, where z is the complex coordinate on CP! on the northern patch (z # o0),
related to the angular coordinates above by z = tan %ei‘f’. The quotient (3.40) acts on the
base as: ,

_ 2mi(g+1)

z~e Pz, (3.42)
leaving it invariant if and only if ¢ = p — 1 (mod p). It follows that:
MO:p = L(p,p - 1) ) (343)

as Seifert manifolds equipped with a particular THF. In contrast, the previous literature
dealing with N/ = 2 theories on lens spaces [45-47] considered L(p, 1) instead. While L(p, 1)
and L(p,p — 1) are homeomorphic, the THF's induced on them by the quotient (3.40) are
distinct (if p > 2).!' We should note that the methods of this paper do not apply directly
to L(p, 1) or other lens spaces, because they would correspond to circle fibrations over the
sphere with orbifold points. (These are examples of general Seifert fibrations, as mentioned
in the introduction.) We also note that [12] studied gauge theories on the L(p,p — 1)
supersymmetric background.

10The usual Hopf coordinates are 6, ¢ and zZA) = %, with zZA) € [0, 47").

The THFs are inherited from the complex structure on C2. A closely related statement is that
there exists two distinct families of complex structures on the Hopf surface L(p,q) x S* if p > 2 [70],
as discussed in [71].
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3.2 Supersymmetric multiplets and Lagrangians

Given the supersymmetric background above, the N’ = 2 supersymmetric multiplets and
Lagrangians directly follow from the general results of [11]. In this subsection, we spell
out those multiplets and Lagrangian in “A-twisted variables” — see appendix B.1 and
e.g. [22, 31] — in order to emphasize the relation to the A-twist on X,.

In the following, we write all the fields in the canonical frame basis. In that case,
the holomorphic line bundle K on M, is really a U(1) bundle,'? and K = K~!. The
corresponding U(1) charge is the “two-dimensional spin” of a field — in other words, a
field of integer two-dimensional spin sg € Z is a section of (K)®0, and similarly for sy half-
integer for some choice of square root. The three-dimensional A-twist (3.16) corresponds
to a “twist” of the two-dimensional spin by the R-symmetry according to:

s =50+ g : (3.44)

with r the R-charge. By definition, the A-twisted variables have vanishing R-charge and
definite twisted spins. Note that 2s € Z, since K is a torsion bundle. The real connection
on K is given by:

AR = —%82 log g dz + 285 log g dz + 2ds = 24%) | (3.45)

with AU defined in (3.8). Let us also define the covariant derivative
D, =V, —isAM, (3.46)
acting on tensors valued in (), with s € %Z and @# the connection defined by (3.12).

3.2.1 Supersymmetry algebra

The two Killing spinors (3.15) correspond to two supersymmetry transformations:

§=¢Q, §=¢Q, (3.47)
which satisfy the supersymmetry algebra:
=0, =0, {6,0}=-2(Z+Lk). (3.48)

Here Z is the real central charge of the N/ = 2 superalgebra in flat space, and Ly is the
IC-covariant Lie derivative along the Killing vector K. For a vector multiplet V in Wess-
Zumino (WZ) gauge, the real scalar component o also enters (3.48) as Z = Zy — o, where
Zy is the actual central charge and o is valued in the appropriate gauge representation.
We should note that the Lie derivative and the covariant derivative @u coincide along K*,
which means that:

Lx=K"'D,. (3.49)

Note that we traded the R-symmetry gauge field for A,(fc) in (3.48) since we are considering

A-twisted fields, which are R-neutral by definition.

12YWe are being slightly cavalier in our notation since K may denote either a holomorphic line bundle or
the associated U(1) bundle: . is a section of the holomorphic line bundle K and a1 = efa. is a section of
the associated U(1) bundle.
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3.2.2 Vector multiplet

Let G and g = Lie(G) denote a compact Lie group and its Lie algebra, respectively. In
WZ gauge, a g-valued vector multiplet V has components:

Vz(a#,U,AH,K#,D). (3.50)
The A-twisted fermions A, decompose as:
Aydat = Noe® + Agel Kudm” = Age® + Agel, (3.51)

where the vertical components Ag 1~\0 are scalar fields and the horizontal components Ay,
A7 are sections of K and K, respectively. Let us define the field strength

fw/ = ,u,al/ - 8Vau - i[a/u au] ) (352)

and denote by D, the covariant and gauge-covariant derivative. The supersymmetry trans-
formations of (3.50) are

da, = ixu, ga# = —iA,

S0 = Ay, S0 = —Ay,
6Ao =i (D —oH — 2if1) +iDoo, 0Ag=0,
51}1 = 2fo1 + 2iD1o f‘ffl =0, (3.53)
6Ag =0, 6Ao =i (D — oH — 2ifi1) — iDoo
§A; =0, oA = —2fo1 — 2iDjo

8D = —DoAg — 2D1 Az 6D = —DyAg — 2D1 A,

— HAg + [0, Ao, + HAg + [0, Ag]

The dependence of (3.53) on the geometric background is mostly implicit, through the
covariant derivatives written in the frame basis. To check the supersymmetry algebra, it
is important to note that:

fo1r = Dpay — Diag, fOT = Doag — Dyjag, fi7 = Diaj — Dja1+ Hag, (354)
where H appears due to the non-zero torsion of the covariant derivative.

3.2.3 Chiral multiplet

Consider a chiral multiplet ® of (integer) R-charge r, transforming in a representation SR
of g. In A-twisted notation [31], we denote the components of ® by

®=(A,B,C,F). (3.55)

Similarly, the charge-conjugate antichiral multiplet ® of R-charge —r in the representation
R has components

5:(1,5,5, f), (3.56)
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The fields are valued in the canonical line bundle to the appropriate power. We have:

A Bel(Kz@Vy), C,FeclKioKkeVy), (3.57)
A, BeT(K:aVgy), C,FelK:eKaVy) ‘

where Vi, Vgg{ are the gauge vector bundles. In particular, A, B have two-dimensional spin

r—2

5, while C, F have two-dimensional spin “5=. The supersymmetry transformations of the

2
chiral multiplet read:

SA=B, dA=0,

B=0, 0B=-2i(—-0+DyA,

SC=F, 0C=2iD:A,

SF=0, 0F=-2i(—0+Do)C—2iDiB —2iA1A,

(3.58)

where D), is appropriately gauge-covariant and o and Ki act in the representation fR.
We have:

D, A= (aﬂ —iay, — %qu) A, D= (6# —iay —i" 5 2AL’”> c, (359

with A,(f) defined in (3.45). For the antichiral multiplet, we similarly have:

51:0, SJZ(:E7
8B = —2i(o + Do) A, SB=0,

~ ~ - (3.60)
oC = —2Z.D1A, oC = J’-'7

0F = —2i(0 + Do)C +2iD1B + 2iA A,  6F =0.
Using (3.53), one can check that (3.58) and (3.60) realize the supersymmetry algebra:
52 =0, 52 =0, (6,0} = —2i (—a n £§§)) : (3.61)

where L’%) is the gauge-covariant Lie derivative, and o acts in the appropriate representa-

tion of the gauge group.

3.2.4 Supersymmetric Lagrangians

To conclude this section, let us write down the most important supersymmetric Lagrangians
for our three-dimensional N' = 2 gauge theories [11].

Vector multiplet. The curved-space super-Yang-Mills (SYM) Lagrangian reads:

1/1 1 1
Lym = = <4 fun F + §D“O'DMO‘ — 5(D +0H)? +4iHo fi1 + 2H?0?
+iAgDoAg + 2iA; D1 Ag + 2iAgD7A; — iA; DAy (3.62)

— ilg[o, Ag] — iAo, A1]> .
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Here and below, the trace over gauge indices is left implicit. The Lagrangian (3.62) is
d-exact, like any well-defined D-term. One can check that:

1 ~(1~ 1~
e
Another important Lagrangian is the Chern-Simons (CS) term. For any gauge group G,
we have
k(. e 2i ~ -~
Log = 1\ a,0ya, — P 2Do + 2iNgAg + 2iA7A1 ), (3.64)

with k € Z the CS level.'® In the presence of an abelian sector, we can also have mixed
CS terms between U(1); and U(1);, with I # J:

Loy = % (ieﬂ”f’agnayag") — D) — pDgd) 4 XD 4 z’XU)AU)) . (3.65)
T

with ADAY) = /NX(()I)A(()J) + /N\%I)Ag‘]). For each U(1); factor, we may also turn on the
Fayet-Iliopoulos parameter:

L1 = —% tr](D - (O’ + 2ia0)H) , (366)

where we normalized & like in [22]. The FI term is a special case of a mixed CS term
between the U(1); vector multiplet V; and the background vector multiplet Vr, (with real
mass o, = £ and vanishing flux ny, = 0) for the associated topological symmetry U(1)r,,
with level k;ITI =1.

Chiral multiplet. The standard kinetic term for a chiral multiplet coupled to a vector
multiplet (in WZ gauge) reads:

Lz =A(=DoDy — 4D\ D; + 0* + D — oH — 2if;1) A~ FF
- %E(a + Do)B + 2iC(0 — Do)C + 2iBD1C — 2iCD;B (3.67)
— iBAoA + iANB — 2i AN C + 2iCA; A.

This Lagrangian is d-exact:

Loy =60 (;,I(a + Do) A — 5c> . (3.68)

Finally, we may write down superpotential interactions in terms of a superpotential
W = W(®) of R-charge 2. Those interaction terms are @Q-exact and do not play any
crucial role in the following. The only way the superpotential appears in the localization
computation is by the constraints it imposes on the flavor symmetry and R-charges.

3n general, we have a distinct CS level for each simple factor and for each U(1) factor in G.
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U(1)r and gravitational Chern-Simons terms. Three additional supersymmetric
Chern-Simons Lagrangians are available in curved space [11, 25]. Let us consider them on
our Mg, background.

The first Lagrangian is simply a mixed CS term between a U(1); vector multiplet and
the U(1)g vector multiplet (3.26). It reads:

Los.rr = % (ieW(Afﬁ) +iHn,)dyall) — HDW — i(R —6H?)o >> : (3.69)
T

in terms of the supergravity background fields defined above. The second Lagrangian is a
supersymmetric CS term for the U(1) vector multiplet:'4

keo . , 1
Loz = <ZEH”P(A;R> +iHn,) 0y (AVD +iHn,) — SHR+ 3H3> . (3.70)

The third CS Lagrangian is the N’ = 2 supersymmetric completion of the gravitational
CS terms:

Losg = & <z’e“”p Tr (w,ﬁuwp + gwuwywp>
T

(3.71)

+ 4iet (AP — iHn,)o, (AR —iH np)> :

We need k, € Z for the non-supersymmetric gravitational CS term to be well-defined by
itself. On the other hand, the coefficient of the R-symmetry CS term A dAF) is:

krr = k.. + ikg : (3.72)
12
This “RR CS level” must be integer, krr € Z, whenever the U(1)g line bundle is topo-
logically non-trivial. The level k. itself does not need to be quantized because it is a CS
level for the gauge field coupling to the central charge [25], which is never quantized in our
family of backgrounds.

The mixed CS term (3.69) can involve either a dynamical or background U(1); vector
multiplet. The two other terms (3.70) and (3.71) only depend on the geometric background.
The CS levels krr and k4 correspond to contact terms in two point functions of the R-
symmetry current and energy-momentum tensor, respectively [25].

4 Localization on the Coulomb branch

In this section, we sketch the Coulomb branch localization argument, which gives an inde-
pendent derivation of the results of section 2.

The full non-linear expression for .%cs,.. has not appeared explicitly in the literature, but it is easily
obtained by realizing that this supergravity Lagrangian only depends on the U(1) g vector multiplet, instead
of the full supergravity multiplet.
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4.1 Vector multiplet localization

Let us first consider the supersymmetry equations for the vector multiplet V. It follows
from (3.53) that the gaugino variations vanish if and only if:

Dyo =0, for +iDioc =0, for +iDjo =0, D=2ifi1+0H. (4.1)
In addition, we consider the partial gauge-fixing condition:
n"(Lray,) =0, (4.2)

which is simply Dgag = 0. To understand the supersymmetry equations, it is useful to
define the complexified gauge field:

with field strength F,,, in terms of which the equations (4.1) read:
Dyo =0, Fou=0, Fq=0, D+oH=2F;. (4.4)

These conditions imply that A, is the connection of a holomorphic vector bundle [19],
together with the gauge-fixing condition Dy Ag = 0. Let us define the quantities:

u=1i8(c + iagp), u=—ifB(oc —iag), (4.5)
for the constant modes of o and ag. We also define:
z=e A i , (4.6)

the holonomy of A, along the S! fiber.
We would like to localize the path integral onto the constant modes (4.5). The bosonic
part of the SYM action (3.62) can be written as:

1 1 1 1
gYM’ = —(2forfor + s DuoD o + = (2iF1)* — S(D +oH)? ) . (4.7)
bos e 2 2 2

Since the action (4.7) is the bosonic part of Q-exact action, we can localize the path integral
by taking the limit e — 0. We choose a standard reality condition for the dynamical fields
ay, and o, which are taken to be real, while we remain agnostic about the reality condition
for D.' Then the BPS configurations (4.1) simplify to:

DHU =0, for = fOI =0, D = Qifﬁ +oH. (4.8)

If, in addition, we take D to be purely imaginary, we have f;7 = 0 and we localize onto flat
connections. This is slightly too strong, however, and in the following we will also allow
for constant modes of f;7 that satisfy (4.8).

5Note that the Q-exact action (4.7) is not positive definite in general. This makes it harder to argue for
the validity of the localization argument. We leave a clearer understanding of this point for future work.
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We may use the residual two-dimensional gauge freedom to diagonalize ag:
ap = diag(apq), a=1,---,1k(GQ), (4.9)

breaking the gauge group G to the Cartan subgroup

rk(G)
H= ] u@).. (4.10)
a=1

From D,o = 0 and the reality condition, o is also localized onto the constant diagonal
modes o = diag(o,). The constant modes u, = i/3(0q + iapq) will be identified with the
Coulomb branch parameters of section 2. In the diagonal gauge, we should sum over H-
bundles over My, which are pull-backs of H-bundles on X, [13, 72]. All such bundles are
torsion bundles [13]. Here we assume that p # 0. (We briefly review the p = 0 case below.)
The torsion flux m takes value in the finite group:

T8, = {m: p(m) €Z VpeTq, me NG} = 7KG) (4.11)

which is a Z, reduction of the ordinary magnetic flux lattice [73, 74]. Here I'q C ih* is the
weight lattice of electric charges of G.

In a given topological sector m, the non-trivial connection can be chosen to be flat.
We take:
a, = agny + aLﬂat) ) ap € R. (4.12)

Note that ag is the coefficient of a well-defined one-form, therefore it cannot affect the
topological properties of the gauge field. Some basic properties of flat connections are
reviewed in appendix A. Importantly, we have the holonomy:

e i a2y , (4.13)
along the fiber. Note that we have:

w=1iB (o +ido) + % (4.14)

in a given topological sector. Under a U(1), large gauge transformations, the parameters
m, and wu, transform as:

(um ma) ~ (ua +1,mg +p) . (4'15)

In addition to these parameters, the U(1), line bundles are also characterized by flat
connections along X, corresponding to elements of the cohomology group H 1(/\/lg,p,R) o
R?9. We can parametrize these flat connections by:

g
Y (awldz+a@ldz), W' e H' (Mgp,R) (4.16)
I=1

The U(1), holonomies aj, ay live in a compact domain.
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Importantly, the kinetic terms for the gaugino appearing in the localizing action (3.62)
admit fermionic zero-modes, which satisfy:

and similarly for the charge-conjugate fermions Ko, Ki. These zero-modes are directly
related to the more familiar zero modes of the A-twisted Dirac operator on ¥,. We have
the constant mode of Ay, and ¢g one-form zero-modes for Ay:

g
Ao = constant, A= ZAIW{- (4.18)
I=1

The cohomology classes [wldz] € H (Mg, R) 2 R% are the pull-back of the holomorphic
one-forms on the Riemann surface 3,. Note that the torsion of the covariant derivative
D, = \Y% . Plays a crucial role here, since it is such that the equations (4.17) are independent
of p. Therefore, the localization of the path integral can be performed in a manner identical
to the p = 0 case studied in [22]. The vector multiplet localizes to an integral over the
zero-mode supermultiplets:

VOZ(O-aa()’AO?KOvD)v VI:(aIaalaA]7KI)v I:1>"'797 (419)
where the constant mode D is defined by
D =2ifi1+oH+iD. (4.20)

We have turned on a non-BPS constant mode D as a regulator. In order to have a positive
definite localizing action, the contour for D is chosen to be D = R — 2 f11, which allows
the constant modes for f;7 [20-22]. Then we deform the D-contour to be along the real
axis. When we deform the contour, we pick up the residues of the pole in the region
0<D< -2 f11, but the residues of these poles are exponentially suppressed as we take
the limit e — 0 [20]. Schematically, we obtain the partition function:

Z= Y / dVy / [[av:ee® 2P (v, Vi) (4.21)
I

mEng,

where the sum is over all topological sectors, Sy is the classical action evaluated on the
supersymmetric locus, including the fermionic zero-modes, and an{loolo is the one-loop
determinant in a given topological sector. The integrand of (4.21) enjoys a residual super-
symmetry, which follows from (3.53) restricted to the zero-modes. Following [22], we can
argue that (4.21) reduces to a certain multi-dimensional contour integral on wu,-space with
a meromorphic integrand.

While the integrand of that contour integral can be straightforwardly computed, the
precise form of the contour is more complicated to derive. We will give a complete derivation
of the contour in the rank-one case in appendix D, and we will present the higher-rank
generalization as a conjecture.
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4.2 Classical action contribution: CS terms

Let us first consider the classical action evaluated on the supersymmetric locus. For the
vector multiplet, this corresponds to the parameters u,u and m. The only non-vanishing
contributions come from the Chern-Simons terms (including the FI terms). On general
ground, the result should be holomorphic in u. We provide a summary of some subtle
properties of the CS functional in appendix C.

Ordinary CS term. For simplicity, let us first consider a U(1) vector multiplet as de-
scribed above, with parameters (u,m). The Chern-Simons term (3.64) can be decom-
posed as:
Scs = S50 + S5 (4.22)
with
S(cls) _ K /a(ﬂat) A da®at) |
4m
(4.23)
S — i /(do)Qn Nyt /d?’x\@ (—20%H — dio f7) .
4m 4r
The expression for S((jls) is formal since it involves a non-trivial gauge connection. We claim
that the exponentiated CS functional for the flat connection of a torsion U(1) bundle, of
first Chern class m € Z,, is given by:

-5 km ik
e Pcs = (=1)"e"p . (4.24)

See e.g. [46, 75] in the case g = 0. We conjecture that (4.24) also holds on M, with g > 0.
A proper computation should be done by using the four-dimensional definition of the CS
functional, as explained in appendix C. Note that (4.24) is invariant under the large gauge
transformations m ~ m + p for any m € 7Z,, if and only if k € Z, as it should be.

The integrand of S(CZS) in (4.23), on the other hand, is well-defined, and the action can
be evaluated straightforwardly. We find:

o~ SE — mikpB?(o-+iao)? ’ (4.25)

which is holomorphic in o +iag, as expected. The total contribution of the supersymmetric
CS action takes the simple form:

1 .
e = exp < — mwipku? + 2mik (u + 2>m> = e~k (—x)km (4.26)

when written in terms of u as defined in (4.14), with = defined in (4.6). For a more general
gauge group G, we similarly obtain:

rk(G)
e—Scs — H e Tipkud (—2q)Fma (4.27)
a=1

after diagonalization.

— 33 —



Mixed CS term. Consider two U(1) vector multiplets with parameters (u;, m;) and
(ug,my). We claim that the mixed Chern-Simons term (3.65) has a contribution from the
flat connections:

o) k . mym
e Sos1s = exp ( — ’L% /agﬂat)dagﬁat)> — ik = , (4.28)
similarly to (4.24). This is invariant under large gauge transformations for kr; € Z. The
remaining terms are well-defined and give:

_ o) X N N
e Ses,rs — exp (QWZpk[J 62(0'[ -+ Zajg)(O'J + lajo)) . (4.29)

The full supersymmetric action (3.65) can be written as:

e 508,11 — o= 2mipkrjuruy (:EJ)kIJmI (ac[)kUmJ 7 (4'30)

with 27 = e?™ and x; = €™/, Note that this includes the (generalized) FI parameter for
a U(1); gauge group, which is given by mixed CS term between U(1); and the topological
symmetry U(1)7,, at level krr, = 1, with fugacity:

o1, = g = €27 (4.31)
and background flux nr,.

U(1)r and gravitational CS terms. By direct computation, one can check that the
mixed U(1)z-U(1); CS term (3.69) evaluates to:

e—Scs,r1 _ 2mikpr(g—ur _ ($I)km(g—1)‘ (4.32)

This simply corresponds to (4.30) with the U(1)z vector multiplet parameters plugged in.
We wrote down (4.32) in the “A-twist gauge” v(#) = 0. (More generally, we have v € Z
and therefore zp = 2™ = 1.)

In the A-twist gauge, the U(1)r and gravitational CS terms (3.70) and (3.71) give a

subtle contribution: X
e—S0s,z2—SCs.g — (_1)’61%1%(9*1) ™IS (4.33)

The kgrp term can be inferred by replacing v and m by v =1 and mp =g —1 in (4.26).
The k, term is a further conjecture. We do not provide a complete proof of (4.33), but it
passes a number of consistency checks. For instance, these CS classical terms can be gener-
ated from the chiral multiplet effective action on Mg, in the appropriate decoupling limits.

In the language of section 2, all these supersymmetric Chern-Simons terms correspond
to the classical twisted superpotential (2.23) and effective dilaton (2.35), that is:

1 1 1
W = §ku(u+1)—|—k1JUIUJ+ ﬂkg’ Q= kIRuI+§kRR' (4.34)

Note again that this only makes sense for kry, krr integer-quantized. Whenever U(1)r
can be taken non-compact, the general result for a theory with continuous R-charges can
be obtained by starting with integer-quantized R-charges and deforming the fugacities in
the way explained in section 3.1.3.
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4.3 One-loop determinants

Next, we discuss the one-loop determinant contributions to the localized path integral.

4.3.1 Chiral multiplet contribution

Consider a chiral multiplet ® coupled to a U(1); vector multiplet V with charge @ = 1, and
coupled to our geometric background with R-charge » € Z. We contribution of ® in the
supersymmetric background (u, m) for V can be computed with the Q-exact action (3.67).
The Gaussian integral

7% = / [dPdD)e Sod (4.35)

only receives non-trivial contributions from the zero-modes of the operator D1, with D,
defined in (3.59). By a standard argument,'® we find:

> detcokerDi(_O— + DO)

. 4.36
detkerDi(_O- + DO) ( )

All other modes cancel out by supersymmetry. Note that the modified covariant derivative
D,, is the pull-back of the ordinary covariant derivative on ;. We can then expand any
3d field along the S! fiber:

e=> wnem, (4.37)
neZ

with the modes ¢, living on ¥,. In particular, the zero-modes A,, that contribute to the
denominator in (4.36), satisfy:

Do A, = i%fln, (D= —iCs)Ap = 0. (4.38)

In other words, the modes A,, correspond to holomorphic sections of the line bundle:
O(pn +m) ® K32 (4.39)

on X4, where O(n) denotes a line bundle of first Chern number n. These bundles pull-back
to torsion bundles on M, ,, [13]. Similar considerations hold for the fermionic zero-modes
C that satisfy D;C = 0, corresponding to the numerator of (4.36). In this way, we find
that (4.36) is given by the formal expression:

1
>
Zgpm(1) = H <n—i—u

nel

pntm+(g—1)(r—1)
) , (4.40)

with u defined in (4.14). This infinite product has to be regulated carefully, but it is clear
that it possesses the expected properties. Firstly, it is formally invariant under the large
gauge transformation (u, m) ~ (u 4 1, m + p). Secondly, it takes the form:

Z<I>

g7p’m

(u) - ‘F(b(u)p Zgo,m(u) ) (4'41)

16See e.g. the discussion in appendix C of [31] which easily generalizes to our case.
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where Z;]If 0.m(u) is the result of [20] for a chiral multiplet on X, x S1in the presence of m
units of flux on ¥,. The function:

Fo(u) =[] (nil)n (4.42)

nel

gives the contribution of a chiral multiplet to the fibering operator introduced in section 2.4.
A similar one-loop determinant was first obtained in [12].

4.3.2 Regulated chiral multiplet one-loop determinant

The formal product (4.40) is invariant under large gauge transformations. It is also invari-
ant under a “parity” transformation which acts on (4.40) as:

P: u— —u, p— —p, (4.43)

leaving all other parameters fixed. This reflects the fact that the kinetic Lagrangian (3.67)

t.17 The quantum theory, however, has a “parity

is both gauge invariant and parity invarian
anomaly” [34-36]. This is the statement that we cannot quantize a three-dimensional Dirac
fermion coupled to a background gauge field (and a background metric) while preserving
both gauge invariance (and diffeomorphism invariance) and parity. In the present case, the
parity anomaly shows up upon regulating the formal product (4.40). We naturally choose
to preserve gauge invariance.

The parity anomaly is sometimes loosely stated as the fact that one should “add a CS
term with level %” to compensate for the lack of gauge invariance of the fermion effective
action. This is misleading since there is no such thing as a Chern-Simons action with
half-integer level. Instead, the gauge-invariant effective action necessarily breaks parity.
(See [76] for a recent discussion of this point.) In particular, a Dirac fermion coupled to
U(1) gauge fields contributes half-integer contact terms x to two-point functions of U(1)
currents (and similarly for the coupling to the metric). These contact terms can be shifted
by integers (by adding CS terms at levels k for the gauge fields in the effective action) but
the non-integer parts of x are physical [25] and violate parity.

In order to identify the correct gauge-invariant regularization for the chiral multiplet
one-loop determinant, we recall that integrating out a chiral multiplet ® by scaling the real
mass 0 — +0o leads to a shift of the relevant contact terms by:

Ok = %QQ sign (Qo) , OKRr = %Q(r —1)sign (Qo),

2 (4.44)
dKRR = §(r —1)?sign (Qo), drkgy = sign (Qo) .

Here we reintroduced the U(1); gauge charge @), which we had set to 1 before. We would

like to identify a “U(1)_1 regularization”, corresponding to contact terms:

1
2
1 1

1
KIT = —iQQ, KRI = _iQ(T -1), KRR = —5(7“ —-1)%, kg =—1, (4.45)

70n a fixed background, the coupling to curved space breaks parity explicitly; in particular, the back-

ground supergravity field H is parity odd. Here we are considering a family of supersymmetric backgrounds
Mg p on which parity acts naturally as Mgy, — Mg _p.
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for a free chiral multiplet coupled to background fields. This is such that:
lim Z2 .(Qu)=1, (4.46)

QO’—>+OO g,p,m

since the IR theory with large positive real mass Qo is then an empty theory with vanishing
background Chern-Simons levels. Let us first consider the p = 0 contribution to (4.40)
(with Q = 1):

Do 1
Zg(]I?O,m(u) = Mg (w)™ - D) g (u) = H . (4.47)
nez

The infinite product can be regularized in various ways, but there is a unique gauge-
invariant answer that satisfy (4.46). It is given by:

Mg (u) = , (4.48)
with 2 = €>™_ Similarly, the “fibering operator” contribution (4.42) gives:

Folu) = exp <217”,Li2(x) +ulog(1 — 3:)) , (4.49)

in agreement with (2.46). As mentioned before, Fg(u) is a meromorphic function of u with
poles at u = —n, n € Z~g. It is also the contribution of a chiral multiplet of R-charge
r =1 to the S3 partition function [7, 44], as we will discuss in section 5. The full one-loop
determinant on M, is given by:

7% (u) = Fp(u)? Mg (u)™Ho=D0=1) (4.50)

g7p7m
Note that Fg(u) satisfies the difference equation:
Fo(u+1) = Fo(u) Hp(u) ", (4.51)

which implies that (4.50) is invariant under the large gauge transformations (4.15). We
may also view Fg as a function of z:

Fo(x) = exp <21m (Lig(x) + log xlog(1 — x))) , (4.52)

in which case (4.51) corresponds to a monodromy around x = 0.1 In the limit of large
negative real mass, one can show that:

oJim 70, on(Qu) = PN T (g @)@mome ), (4.53)

Comparing to the classical Chern-Simons contributions discussed in section 4.2, we see that
this limit reproduces the classical supersymmetric Chern-Simons action with integer levels:

ki = —Q%, krr=-Q(r—1), krr = —(r —1)%, kg = -2, (4.54)

provided that » € Z. This agrees with the expected shift (4.44) of the bare contact
terms (4.45).

!8Note that « = 0 is the only branch point in (4.52). The branch cut of Liz(x) at « € [1,00) is cancelled
by the second term in the exponent.
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4.3.3 Vector multiplet contribution

The W-boson and their superpartners also give a non-trivial contribution on the Coulomb
branch. They contribute like chiral multiplets of gauge charges «, with « the roots of g,
and R-charge 2 [20, 31]. The W-bosons come in pairs of charges o and —«. As was already
mentioned in section 2, we choose a symmetric quantization, such that there is no shift
of any contact term. This implies that the W-bosons do not contribute to the effective
twisted superpotential, while they do contribute to the effective dilaton. We have:

23 (u) = (—1)(e—1)3dim(a/h) H(l — 1) = H (1—a%)272%, (4.55)

acyg acg4

where g, denotes the positive roots. The one-loop determinant (4.55) is independent of
p and of the topological sector m. It naturally agrees with previous results for S3 [2] and
¥, x ST [20].

4.4 A comment on the M o = 3, X St case

The case p = 0 was studied in [20-22]. Let us emphasize the presence of some subtle signs
that were previously overlooked. When p = 0, the sum over topological sectors is over all

GNO-quantized fluxes on X :

1
— da =m. (4.56)
2 Eg

The Coulomb branch parameters u, are cylinder-valued, u, ~ u, + 1, corresponding to
complexified flat connections along S*.

The classical and one-loop contributions can be obtained by setting p = 0 in the results
above. In particular, a U(1) CS term at level k& contributes:

e 908 = (—g)km (4.57)

in the presence of a flux m € Z. We see that, even in the absence of flat connection along
S' (that is, if u = 0), we have a contribution (—1)¥™. This is because of the choice of
spin structure dictated by supersymmetry, with periodic boundary conditions for fermions
around S'. This explicit dependence on the spin structure for k an odd integer [77] was dis-
cussed recently in [78, 79], and we review some relevant material in appendix C. The U(1)g
CS term contributes a sign (—1)9~DkrR for the same reason. Note that mized CS terms
do not introduce any additional signs, because they are independent of the spin structure.

4.5 The contour-integral formula

Combining the classical and one-loop contribution, and integrating over the fermionic zero
modes, the path integral (4.21) can be written as a particular contour integral on {u,} = bc.
(This is proven in appendix D in the rank-one case, and it is a well-motivated conjecture
in general.) On M, , with background fluxes n, for the flavor symmetry, we have:

1
mefgz,
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with r = rk(G) and the integrand:

Typm(u) = (=1)" Zoigy ™ (u) Zy gy (u) (det 9y, 00, W (u)* (4.59)

m,g,p m.g,p
The term Zﬁ}fgﬁ?wl(u) is the classical contribution due to the Chern-Simons terms discussed
in section 4.2. The one-loop determinants contribute as:

zioom () = T[ (1 -2 T[ T] Falersn)? Ma(aryyi s (4 6o)
acgt i piER;

with Fo(x) and g (z) defined as in (4.52) and (4.48), respectively. The last term in (4.59)
originates from the integration over the gaugino zero-modes Aq, KT.

The integrand (4.59) may be conveniently written in terms of the effective twisted
superpotential and effective dilaton of section 2.2:

Typm( H I, (

(4.61)
T () = (=1)F F(u)P 2 la=1)w) <det Oy Ouy W(u > HH
with ©, F and I1,, II, the effective dilaton (2.38), the fibering operator (2.43), and the flux
operators (2.33), respectively. (We suppressed the dependence on the flavor parameters v,
to avoid clutter.)

Note that the integrand (4.59) is invariant under the large gauge transformations
(g, mg) ~ (ug+1,my+p). In particular, when p = 0, the integrand is periodic, ug ~ uq+1,
in each topological sector, and the integration contour lies on the classical Coulomb branch
m [22]. For p # 0, it is useful to decompose the (as yet unspecified) real codimension-r
integration contour C C C* as:

C = UpezeCp Cn C {u| ne <Re(uq) <ng+ 1}, (4.62)

where C,, is a contour that lies in the vertical strip n < Re(u) < n + 1, as indicated. We
then have the formal identities:

> Z/ d"u J (u HH =Y Z/ druj(u—l—n)l;IHa(u)m

meZy neZ” meEZY nEL” (4 63)
-3 Z/ (o T M) = Z/c g [
meZy, neZr mezr

where we used the property (2.44) in the second equality, and we relabelled the fluxes
m — pn as m in the last one. Therefore, the partition function (4.58) can be written as a
sum over the whole flux lattice of G, like in the p = 0 case:

Zm,, = Z J(w) [T Maw)™ duy A~ A dus . (4.64)
melgv a=1
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This formula realizes the relation (1.10) at a formal level, since (4.64) looks like an explicit
insertion of the operator F? in the Coulomb-branch localization formula on ¥, x .S L This is
only formal, however, because the localization argument must be adapted to accommodate
for the insertion of the fibering operator. This generally results in a different contour
prescription for p # 0, consistent with the fact that the integrand J(u) is no longer

invariant under v ~ u -+ 1 in this case.

4.5.1 Singularities of the integrand

Before discussing the integration contour, let us summarize the structure of the integrand
singularities. We have four distinct types of singularities:

Matter field singularities. First of all, we have potential singularities along the hyper-
planes:
Hyn={u€bc|pi(u)+vi+n=0, n€Z}. (4.65)

They correspond to the poles at x”iy; = 1 in the one-loop determinant of the chiral multiplet
®;, corresponding to points in the moduli space where the chiral multiplet develops a
bosonic zero mode. There is a pole along the hyperplane H,, ,, if and only if:

Npin =pn+p(m) +n;+ (g — 1)(r; — 1) >0, (4.66)

as is evident e.g. from (4.40). Note that N, , is the order of the pole. For N, ,, <0, on
the other hand, we have a zero of order |N,, ,| along the hyperplane.

Large Im(u) region (monopole singularities). The second type of singularities orig-
inate from the large imaginary w region. We define the “hyperplanes”:

H,y ={u € bhc | Im(uy) = Foo}. (4.67)

That is x, = co and x, = 0, respectively, in the x, variables. The integrand has potential
singularities of the form:

() ~

4.
6¥27rip(%Q+aaug+Zb¢a Qa+bubua+za Qf+az/aua)xzﬁ(Qai (m)Jeri (n)+(g71)rai) ( 68)

)

in the limit o, — Foo, where Q.+, in and 7,4+ are the monopole charges (2.40). We

“pole at infinity”. More precisely, we

refer loosely to the singularity at Im(u) — Foo as a
have an actual pole at x = oo or x = 0, respectively, when p = 0. For p # 0, it is more
natural to use the variable u. The regions in the u-plane where (4.68) diverges generally

contribute non-trivially to the partition function.

Large Re(u) regions. When p # 0, the integrand may diverge at Re(u) — +o00. Using
the property F(u + N) = F(u)lI(u)~" with N a large integer, we can understand that
divergence as follows. Suppose we have a part of the integration contour that probes the
large Re(u) region. For p > 0, the integrand diverges as Re(u) — —oo along portions of
that contour such that [II(w)| > 1; similarly, it diverges as Re(u) — oo when |II(u)| < 1.
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W-boson singularities. In addition, at higher genus g > 1 and for a non-abelian gauge
group, we also have potential singularities at:

Hyp={uebc|au)=n, necZ}, (4.69)

for any simple root o € g. These hyperplanes correspond to the walls of the Weyl chambers,
where part of the non-abelian symmetry is restored. Following previous works, our prescrip-
tion will be to ezclude the contribution from any singularity that includes H, ,, [13, 21, 22].

Example: U(1)_;/2 with one chiral. To illustrate some of these general features, we
will consider a simple example, the U(1) theory with a charge one chiral and an effective
CS level k = —%. For simplicity let us consider the case g = 0,p =1, i.e., My, = 53, and
an R-charge such that 2 = 0. Then the partition function is given by:

Zgs(v,T) = — / du e 2™ Fg (u + v)
C

= _ / du e Fy (u + v) (4.70)
nez > =n ’
= — Z / du e Fg (u + v)(u)™,
mez V' Co
where:
627TiT
II(u) (4.71)

- 1 — e2mi(utv)

Here we have included a mass parameter v for the chiral multiplet, as well as an FI

parameter T.19
From (4.66), the integrand has a pole of order n at u = —v—mn, n =1,2,---. For large
|u| the integrand behaves as:
—2miTu :
ity e if Im(u) >0,
. i 4.72
¢ Folutv) \u\j)oo {em(“J“’)Q_Qmm_G if Im(u)<O0. (472)

The behavior of the integrand is shown in figure 1. There are poles due to the charged chiral
multiplet, as well as the charged monopole T, at Im(u) — —oo, however the monopole
T_ is uncharged. We will revisit this example below as we discuss more properties of the
M, partition function.

4.5.2 Jeffrey-Kirwan contour: the rank-one case

In the rank-one case (r = 1), we can derive a precise contour on the u-plane, as we explain
in appendix D. The supersymmetric partition is given by:

-1 o 2mi(g—1)Q(u
Zpm,, = Tal %Z: /C ) du F(w)? T ()™ Tl (u)"e 2™ DU F ()9 (4.73)

19WWe may eliminate v by a shift of «, but it will be instructive to include it.
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Figure 1. Poles of integrand for U(1)_;/, with one chiral, for g = 0, p = 1. Poles due to the
positively charged chiral multiplet are shown in blue, and the “poles at infinity” from the negatively
charged monopole, Ty, are denoted by the red line.

where H(u) = 02W(u), and I1(u), I, (u) are the gauge and flavor flux operators, respec-
tively. The contour C", with n a non-zero real number, is defined as follows. We excise an
e-neighborhood of all singularities in the integrand, as well as a box of size R, which we take
very large, leaving a compact region, 9 in which the integrand is regular. We then define:

C"={ue oM | sign (Im(O,W)) = — sign(n) } . (4.74)

For n > 0, this includes those portions of oM encircling the poles due to positively-charged
chiral multiplets, as well as the positively-charged monopole singularities at Im(u) — +o0.
Similarly, the contour for 1 < 0 picks the contributions from the negatively charged singu-
larities. The orientation of C" is positive or negative for n > 0 or n < 0, respectively. This
is such that the residues from the positively charged chiral multiplets are counted with a
plus sign (respectively, the residues from the negatively charged fields are counted with
a minus sign). A corresponding orientation is assigned to the boundary components, as
shown in figure 2. Since this contour integral is a slight modification of the Jeffrey-Kirwan
residue prescription at rank one, we will call C" the “JK contour”.
For some purposes, it will be useful to rewrite (4.73) as:

—1
Z/\/lg,z7 = |WG| Z

/ du F(u)P TL(w)™ TLy (u)" 27U~ F(4)9 (4.75)
mezZ Cg

by using the identities (4.63). Let 90y be the restriction of 90 to the vertical strip 0 <
Re(u) <1 on the u-plane. The contour C is defined as:
¢l ={ue oMy | sign (Im(9,W)) = — sign(n)}, (4.76)

with the orientation depending on sign(n) as before. Note that this contour generally in-
cludes vertical lines along Re(u) = 0 and Re(u) = 1, as we will see in explicit examples
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Figure 2. The p # 0 JK contour, for n > 0 and n < 0, respectively. For n > 0 the contour
surrounds the poles due to positively charged chirals in an anti-clockwise manner, and for n < 0
it surrounds the poles due to negatively charged chirals in a clockwise manner. Only the part of
the contour at infinity that satisfies the condition sign (Im(9,W)) = —sign(n) should be included
in the respective contours.

below. For p = 0, we have the same formula (4.75) with a periodic integrand, and the
contributions of those vertical lines cancel out. For p # 0, on the other hand, they are an
important part of the JK contour Cg in the quasi-periodic representation (4.75). More gen-
erally, we may define M, to be the restriction of M to the vertical stripn < Re(u) <n+1,
and define the contour C, analogously.

We emphasize that, for each m, the integral in (4.75) is independent of the choice of 7.2
Due to the non-periodicity of the integrand under u — w41 for p # 0, this property would
not hold if we did not inlcude the segments of the vertical lines along Re(u) = 0 and 1.

Example. In figure 3, we illustrate the JK contour for the U(1)_; /» theory with a charge
one chiral multiplet. Note that:

1 .
OuW =7 — 5 log(1 - e?milut)) (4.77)
Then one finds:
—00 Uu— —v—n
Im(0, W) = { o Im(u) = —oc0 (4.78)
Im(7) Im(u) — oo
in the respective limits. Thus the n > 0 contour surrounds the pole at u = —v — n, while

the n < 0 contour surrounds the “pole at infinity” due to the charged monopole 7. In
addition, along the vertical boundaries of My at Re(u) € Z, and along the horizontal
boundary at Im(u) — oo, a portion of the contour is selected depending on the sign of
Im(0,WV); the figure illustrates the behavior for Im(7) < 0.

200ne way to see this is to note that Cg>0 - Cg<0 encloses the region Mo, inside of which the integrand
has no poles, and so the integral over this difference of the contours vanishes.
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n>0
C

n<0
CU

Figure 3. JK contour C”, shown for n > 0 in blue, and Cj for n < 0 in red. Here we assume
Im(7) < 0, which implies that the contribution at Im(u) — oo is included in the 1 > 0 contour.

4.5.3 The higher-rank case

In the higher rank case, we conjecture the existence of a similar formula:

d"u F(u)? Ty (u)™ Ty (u)"e e 0D F(y)9 (4.79)

mle cn

with H(u) = detgp Oy, 0y, VV. Here 1 is a non-zero covector in h*, and C" is an appropriate

middle-dimensional “JK contour” in h© = C*. Equivalently, by the same argument as
n (4.75), we may rewrite this as:

-y / " F ()P Ty ()™ T (w)™ 270020 F()9 (4.80)

mezr

Moz !WG\

where Cg is contained in the region 0 < Re(ug) < 1. We will comment on the precise form
of these contours below.

4.6 Rank-one theories

Let us explore some of the properties of the partition function formula of the previous
section in the case of theories with a rank-one gauge group (that is, g = u(1) or su(2)). We
will comment on generalization to the higher-rank case in the next subsection.

4.6.1 The o-contour

For p # 0, it is possible to express the M, , partition function as a non-compact integral:

> / du, F ()P TI(w)™ o ()" e~V H(y)9 . (4.81)

|WG| ney
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Here, C, is a non-compact contour connecting Im(u) — —oo with Im(u) — oo. In other
words, it is roughly an integral over imaginary u, or equivalently, over real o. This directly
relates the contour prescription presented here to the one used in earlier work on the round
S3 [2-4], where such an integral over real o was obtained instead. Here we derive the
precise form of the non-compact contour, C,, by relating it to the JK contour prescription.
Note that, unlike the more naive contour along the imaginary v axis, the contour C, always
leads to a converging integral.

A simplification in the sum over fluxes. To proceed, we will need a general fact
about the sum over fluxes, which holds for all p. As we can see from (4.65) and (4.66), a
chiral multiplet of gauge charge () and R-charge r contributes poles to the integrand if and
only if:

Q(p Re(u) —m) < =(pRe(v) —n) + (r—1)(g - 1). (4.82)

where v, n are the flavor parameters. We also have “monopole contributions” that arise in
the limit Im(u) — Foo, where the integrand takes the form:

exp i (—p kgu? + 2kzum — 2pru + 27 m + 2ung + 2kpru(g — 1)) (4.83)

Here k+ and kg are the effective CS levels in this limit, which depend on the charges
of the chiral multiplets, while 7 and n4 are the effective parameters for the topological
symmetry U(1)p, which depend on the flavor symmetry parameters. Recall from (2.40)
that we have the monopole charges Q+ = +k+ and r4+ = +kry. We then find that the
monopole singularity at Im(u) — Foo contribute a “pole at infinity” only when:

Qu(p Re(u) — m) < —(p Re(r5) F ng) +ra(g — 1). (4.84)

We see that the integrand only has singularities, associated to either the chiral multiplets
or the monopole operators, provided that:

Qa(p Re(u) —m) < dq (4.85)

where the index « runs over both the matter and monopole contributions, and J,, is some
constant that depends on the flavor symmetry parameters and R-charges. Note that if
Qo =0 for a monopole operator,?! this bound becomes independent of v and m, and
depends only on the flavor symmetry parameters through d,. We will return to this
point below.

In general, the allowed choices for the R-charge and the flavor symmetry parameters
may be restricted by superpotential terms and by the Weyl symmetry. Suppose for the
moment that we lift any such restriction, and allow independent mass parameters for all
chiral multiplets, and complexified FI parameters in the Cartan of the gauge group. Then it
is clear from (4.82) that we may choose d, arbitrarily for each chiral multiplet. Similarly,
by shifting the bare U(1)r parameters, we may take d1, the bounds for the monopole

21 A charge-zero chiral multiplet has a contribution which is independent of the gauge parameter, and so
does not enter this analysis.
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contributions, to be arbitrary. Although the answer we obtain in this way may only be
defined in a non-physical region of parameter space, it is typically possible to analytically
continue it back to the physical region at the end of the computation.

Returning to the expression (4.75) for the M, , partition function of a rank-one gauge
theory, we find it useful to decompose the contour C{ into two pieces:

Cg _ Cg, bulk + Cg,boundary ’ (486)

where Cg’bulk is the part of the contour surrounding the poles in the integrand due to

Cn, boundary
0

the charged chiral multiplets and monopole operators. The remainder, , can be

further decomposed as:
Cg,boundary _ Cg, Re(u)=0 +Cg, Re(u)=1 + 6Q+,O Cg, Im(u)=—R + 6Q_,0 Cg, Im(u)zR‘ (487)

Here the first two terms consist of the parts of the vertical lines Re(u) = 0,1 contained in
Cd, while the third and fourth terms are only included if the corresponding monopole charge

vanish, Q1+ = 0 and/or Q_ = 0 (otherwise these pieces are included as part of C’ bulky

It follows from (4.85) that, for sufficiently large negative m, there are no poles in the in-
tegrand which are due to the positively-charged singularities. Therefore, if we choose 1 > 0
to compute the integral at large negative m, the contour Cg> 0, bulk gives a vanishing contri-
bution, and the only contribution comes from the boundary contour. Similarly, for suffi-

ciently large positive m, we may take n < 0 and there will be no contribution from C{ <0, bulk

For p = 0, since the integrand is periodic under v — u+ 1, the boundary contributions
along Re(u) = 0 and Re(u) = 1 cancel each other. If, in addition, the monopole charges
(Q+ are non-zero, then the sum over m truncates to a finite sum. More generally, if one or
both of Q)+ vanishes, this truncation only occurs provided the flavor symmetry parameters
are picked so that the corresponding J,, satisfies (4.85). Otherwise, there will be in general
be a contribution from infinitely many flux sectors. A similar truncation property in the
sum over topological sectors was observed in [80] in the context of the S? x T2 partition
function (where there are no subtleties related to monopole contributions).

For p # 0, on the other hand, the pieces along the vertical boundaries at Re(u) = 0
and 1 no longer cancel. Their contributions actually add up and give rise to the o-contour.

Deriving the o-contour. To proceed, let us first assume, for simplicity, that we have
0o — Qap < 0 for all . In this case, there is no contribution from positively-charged
singularities for any m > 0, and no contributions from negatively-charged singularities for
any m < 0. Moreover, with this assumption, the bound (4.85) is also violated for any
zero-charge monopole operator, and so there is no contribution from the third and fourth
terms in (4.87). Then, if we choose n > 0 for m < 0 and n < 0 for m > 0, there are
no bulk contributions from C; for any m, and we only need to deal with the boundary
contributions.
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We set p > 0 for definiteness. Let us rewrite the expression (4.75) as:

1 » m
Iy, = Wal Z Zjigdu}"(u—n) II(u)™ J(u)

mEZyp nEL
) oo 0 N (4.88)
- + du F(u — n)P T(u)™ J(u),
el 2 (;7[@ Z_Ji) A

where we wrote the periodic and m-independent part of the integrand as J (u) to avoid
clutter. Then, as argued above, the bulk contour, along with the third and fourth terms
in (4.87), give a vanishing contribution, and we are left with:

1 > -
- _ p m
|WG| Z ( Z ( /C\(7)7<0, Re(u)=0 + /Cg<0, Re(u)=1 ) d'LL I(U n) H(U) j(u)

e (4.89)
Y m 7
+ n:zoo (/ng’Re(u)o + /cg>°v R )du F(u —n)PI(u) J(u)) .

Consider the sum over n < 0. Since the contours along Re(u) = 0 and Re(u) = 1 have
opposite orientations, we see that it is a telescoping sum, with contributions canceling
between adjacent terms. That is, if we place an lower cutoff at — N, we find:

0

Z (/ +/ )du}"(u—n)pﬂ(u)mj(u)
cg>0, Re(u)=0 Cg>0,Re(u):l

n=—N

(4.90)
= / du F(w)P T (u)™ T (u) + / du F(u+ N)PTI(w)™ T (u).
C61>07 Re(u)=0 Cg>0,Re(u):l

Using F(u + N)? = F(u)? II(u) PV and the fact that |II(u)| = e~ 2™™@W) > 1 for 5 > 0,
by definition of the C contour, we see that the second term in (4.90) vanishes as N — oo,
and so the sum converges to the first term. Similarly, the sum over positive n converges to:

/ " du F(u—1)PI(u)™ T (u) = / w du F(u)? T (w)™ T (u). (4.91)
Cg<0,Rc u)=1 Cg<O’RC w)=0

We then find:

1 ~
- D m
ZnMan = ] > /MRG(“)_O+/n<O’Re(u)_O du F(uw)P I(w)™ T (u) . (4.92)
G C C
meZy 0 0

These two pieces include the portion of Re(u) = 0 with Im(9,V) > 0 and Im(9, W) <
0, respectively, thus spanning the entire imaginary axis (up to a measure zero subset).

(u)=0 + C(7)7<07 Re(u)=0 .

The respective orientations are such that Cg >0, Re is the contour along

Re(u) = 0 from Im(u) = —oo to Im(u) = co. We finally obtain:

—1
Z/\/lg,z7 = |WG| Z

meZy

/ du F ()P TI(w)™ g ()" 9D F ()9 . (4.93)
Re(u)=0

This reproduces the formula (4.81) with C, equal to the imaginary axis.
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Figure 4. Taking n < 0 for n < 0 and n > 0 for n > 0, we see the contours do not enclose any
poles, and so the bulk contributions vanish, leaving only the boundary contributions. These sum
to form the contour C,. Here we have taken Im(7) < 0.

The above derivation relied on the assumption that é, — Q.p < 0, Va. In the more
general case, the argument above, and the resulting integration contour C,, needs to be
modified slightly. In general, we may find a finite set of fluxes, m, which have a non-zero

bulk 1y addition, there may be contributions from third and fourth

contribution from C’
terms in (4.87). Both contributions will add additional pieces to the o-contour.

Alternatively, a simple way to arrive at the correct contour is to start from a region
of parameter space where the assumption §, — Q.p < 0 holds, in which case the contour
is the imaginary axis, and then analytically continue to the region of interest. As we
continuously vary parameters to perform this analytic continuation, we must deform the
integration contour so that no poles cross it. In particular, noting that the initial contour
separates all poles due to positively charged chirals from those due to negatively charged
ones, this must also be true of the general contour C,.

Note this conditions does not uniquely fix the contour C,, however, all choices which
separate poles appropriately will give the same result by holomorphy. For p > 1, we may
in principle choose C, differently for the p different terms in the sum in (4.93). However,
it is always possible to find a single C, which separates the poles due to positively and
negatively charged fields for all m € Z,,, and we will always make this choice.

Example. Returning to our example of U(1)_;/, with a charge one chiral, note from
figure 3 that for n > 0, the contour C1”Y does not enclose any poles of the integrand. Simi-
larly, for n < 0, the contribution to C1<Y from the charged monopole, Ty, at Im(u) — —o0,
vanishes. Thus if we choose 1 > 0 for n > 0 and n < 0 for n < 0, there are no contributions
from the “bulk” part of the contour, shown in figure 4 as the dotted lines. All that remains
are the boundary contributions, which partially cancel between adjacent values of n, and
leave the non-compact contour C,.

In more detail, the contour C, pictured in figure 4 includes both the imaginary v axis,
as well as a horizontal piece at Im(u) — oo, which is the contribution from the uncharged
monopole, T_. This piece extends towards positive Re(u), which is a consequence of
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Figure 5. Here we take Im(7) > 0, and note the corresponding contours, C?>° and C?<°. Summing
these as above to obtain the o-contour, we see it now runs off to Re(u) < 0 as Im(u) — cc.

Cn>0 - [u » [
n
Co
*——X—— X% —> XX X—X%—%
C2<0
RSO | DUU | PR —

Figure 6. For more general choices of parameters, there may be contributions from the bulk parts of
CJl, indicated by solid lines. Here the contour we find after summing all these pieces is homologous to
the one shown at right, which separates the poles due to the positively and negatively charged fields.

choosing Im(7) < 0. If we take Re(7) < 0, which is equivalent to imposing §_ < 0, then
the contribution from this horizontal piece vanishes, and C, is simply the imaginary u axis.

More generally, we must include this piece of the contour to obtain a convergent
integral. Note that if we instead took Im(7) > 0, we would obtain a different JK contour,
as shown in figure 5. This leads to a contour C, which extends towards negative Re(u).
To understand this behavior, note from (4.72) that in order for the integral to converge as
Im(u) — oo we must have Im(7u) < 0. One can check that this holds provided we take
(for some § > 0 depending on arg 7):

(0,6) Im(r) <0
arg u € { (r—o.7) Tm(r) >0 as Im(u) — oo (4.94)

These conditions are satisfied by the contours shown above.
Finally, we note that if we vary the parameters v and 7, it may no longer be the
case that all the bulk pieces of the contour vanish. This is illustrated in figure 6. In
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this case, we see that the contour we found above is supplemented by a finite number of
additional pieces. The resulting contour is homologous to one which separates the poles
due to positively and negatively charged fields.

4.6.2 Relation to the Bethe-vacua formula

In this section, we have computed the partition function by supersymmetric localization,
starting from the UV action. In section 2, we computed it instead using the low energy ef-
fective action, and found it was expressed as a sum over Bethe vacua. In this subsection we
relate these two prescriptions, and we argue that they give the same result. For complete-
ness, we will present two arguments, relating the Bethe vacua formula to the JK contour
n (4.73), and then relating it directly to the o-contour derived in the previous subsection.

Relation to JK-contour. Let us first assume that the gauge group is U(1). We start
again from the JK contour expression (4.75):

Zpm,, = ZZ?{ du T (u) T(u)™. (4.95)

where we defined J(u) as in (4.61). Note that, on the contour Cg, we have:
II(u)| <1 if n<0, II(u)| >1 if n>0. (4.96)

As before, we may choose to take n < 0 for m > 0 and n > 0 for m < 0:

Zm,, = Z iwduj +27{Mduj TI(u)™. (4.97)

m=-—00

Then, both sums give converging geometric series due to (4.96), and we can permute the
sum and the integral. We then obtain:

(. W W
LMy, = < 7{33>0 +]£g<o> d 1 —TII(u) - iBE d 1 —1I(u) ’ (4.98)

where we defined the contour:
Cpp =CI~0—¢l”°. (4.99)

This contour precisely bounds the region Mm remaining after all poles in the original inte-
grand have been excised. Therefore, by definition of M, the contour integral (4.98) does
not pick any contributions from any of the poles of J(u). On the other hand Cpg is ho-
mologous to a contour that surrounds all the poles at the solutions to the Bethe equation
II(u) = 1 in an anti-clockwise manner. This directly leads to the Bethe-vacua formula:

: J (u)
ZMg,p == ) Z 271 Resu:ﬁm
ari(@)=1 (4.100)
ZM (@~'= Y F@PH(@ " Ha(@) .
alTI(a)= alTl(a)=1

where we used the identity 0,II(u) = 2miH (u)II(u) in the second line.
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Figure 7. Taking n < 0 for n < 0 and n > 0 for n > 0, the geometric series converges and we find
the integral of ﬁ}'@(u + v)e~2™7% on the region shown on the r.h.s.. This encloses a single
pole at II = 1, corresponding to the Bethe vacuum.

Finally, if the gauge group is non-abelian (i.e., for G = SU(2) or SO(3)), we should
exclude @ = 0 from the potential Bethe solutions. (At g = 0, we have a vanishing residue
due to the vector multiplet contribution, while we should exclude the @ = 0 contribution
by hand in general.??) The non-zero solutions come in Weyl-equivalent pairs, {4}, which
give the same contribution, and so we may count each pair once, cancelling the Weyl
symmetry factor [Wg| = 2. We are then counting precisely the Bethe solutions (2.34), and
we reproduce in this way the Bethe-vacua expression (2.48) for the M, , partition function.

Example. Let us see how this argument works in the example we have been considering
above. If we start from the same contour as in the L.h.s. of figure 4, note that the geometric
series in the sum over m > 0, in the right half plane, converges on C,7,71>0, since |II] < 1

0
cls

there, while the sum over m < 0 converges along since |TI|~! < 1 there. Summing the

geometric series, we find:

1 .
7 _ _ - —2miTu 4.101
Mgp /Cg<0—(,’g>o dul — TI(u) Fo(u+rve (4.101)

This is shown in figure 7. This encloses the region My, and counts the residues from any
poles in this region. This includes only the single pole at II = 1, leading to the Bethe-vacua
formula as above.

Relation to o-contour. Next, let us start from the o-contour formula:

Z/ du F(u)? T(u)™ T (u) . (4.102)

= el 3

As noted above, C, is a contour which separates the poles due to the positively charged
fields (including monopole singularities at infinity) from those due to the negatively charged
ones. For p > 0, the positively-charged singularities are to the left of C,. By performing

220ne can also argue for it by introducing a non-gauge-invariant real-mass regulator for the W-bosons [21].
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the finite sum over m and using the difference equation for F(u), we find:

— F(u—1)P
tar = |WG/ R T

~ Wal (/g /5—1) 1—;{()) N |V;G| C/dum’

where C’ is a contour which encloses all the poles of the integrand between C, and C, — 1.

(4.103)

(Roughly speaking, it encloses the strip —1 < Re(u) < 0 in anti-clockwise manner.) There
are two types of poles that may occur in that region: those from the original integrand,
F(u)?J (u), and those at solutions to IT(u) = 1.

Let us first consider the poles from the original integrand. The poles due to negatively-
charged fields must lie to the right of C,, and so they cannot be enclosed by C’. On
the other hand, poles from positively-charged fields may lie inside C’, and suppose one
lies at some u,. Then by assumption, there is no pole at u, 4+ 1 for any m € Z,, and
50 F(ty + 1)PIL(us)™ T (s 4+ 1) = F(us)PT (we)IL(wy) ™ P is finite. In particular, taking
F(ux)P T (ux)

1—II(ux)
we recall II(u) — oo for poles due to positively charged fields).

m=p— 1, we see F(u,)PT (u:)(u,) L is finite, and so is finite as well (here

Then the only poles in (4.103) lie at solutions to II(u) = 1. The partition function is
then given by:

ZM,, Z 211 Resy—q (—)Hj(i))
u|H

Z F (@) Mo (@) H (@)~

(4.104)

For a non-abelian rank-one gauge group, the same comments as written after (4.100) apply.
The final formula precisely agrees with (2.48).
4.7 Higher-rank theories

In this section, we briefly discuss how some of the above considerations generalize in the
case of higher-rank gauge theories.

Higher rank “JK contour”: a conjecture. Here we present a natural conjecture for
the contour C" appearing in (4.79), i.e

Z /C ) d*u IT, (w)™ T, (u)e 29D f(y)9 . (4.105)

meZ‘”

o = \WG|

Although we do not derive it directly from a localization argument, it passes several con-
sistency checks, as we outline below and in appendix D.2. We leave its careful derivation
to future work.

First we recall the usual JK residue prescription [29, 32]. Generically, the integrand
n (4.105) may have non-trivial residues at the intersection of r complex-codimension-
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one singular hyperplanes associated to chiral multiplets.?> The JK prescription, which
depends on a choice of covector, n € h*, determines which of these residues one should

count. Namely, if the corresponding chiral multiplets have charges Q%, o = 1,...,r, we
count this residue (with an appropriate sign) if and only if:
n € Coney (Qq) (4.106)

where the r.h.s. is the positive cone of the @), in ih*, spanned by positive real multiples of
the charge vectors ). The final answer, obtained by summing over all such residues, is
independent of the choice of 7.

In our case, in order to properly deal with the “singularities at infinity” due to
monopoles, it will be convenient to define an explicit contour, C", also labeled by a covector
n € h*, which will turn out to be closely related to this prescription. Let us define:?*

C"={u e bc |Im(Oy, W) =—0" a=1,...,r} (4.107)

To relate this to the usual JK residue prescription, recall that a chiral multiplet of charge
Q) may develop a pole when Q% (pu, —m,) = B for some set of parameters . In addition,
there may be “poles at infinity” due to monopoles at large values of Im(u,). Then, in the
vicinity of such a singularity, one can check that:

Im(9,, W) ~ Q% log e, (4.108)
where we have defined the small parameters:

|Q% (pug — m) — B near a chiral singularity

£2mia| (4.109)

€q —

le near a monopole singularity

Now, let us rescale n — tn for large positive ¢, and consider some component of the contour
C!. Since Im(9,, W) is parametrically large, this component must lie near some number,
k > 0, of singular hyperplanes. Then, in the vicinity of these k& hyperplanes, we have:

k
Im(9u, W) ~ > Q%logeq (4.110)
a=1

Since the log e, are negative near the intersection, the r.h.s. is necessarily in the negative
a

cone spanned by the Qn. Then the only way it is possible to satisfy Im(9,, W) = —tn
is if & = r (generically) and 7 is in the positive cone of the Q%. Explicitly, writing

Z3For special choices of parameters, there may be “non-regular” singularities where more than r hyper-
planes intersect, and the JK prescription in these cases is more complicated. However, moving slightly away
from such a point in parameter space we may typically resolve this into regular singularities, where we may
apply the procedure above, and then analytically continue back to the point of interest. (This is true, in
particular, in all the examples we will consider below.)

%"Here we choose the overall orientation on C7 so that the top form A%L_;dRe(d., W) is positive. For
example, in the rank one case, near a singularity due to a charge @ chiral this form goes as 27Qdf, where
u = uy + €€’ correctly reproducing the orientation discussed above. For higher rank, one can check that
this agrees with the sign convention of the usual JK residue prescription.
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n* = 3,c"Q%, for ¢* > 0, and taking €, = et we find a component of C" which
wraps this intersectlon point. Thus this residue is indeed counted by the integral over
C", and so it counts the same residues as the usual JK prescription. In particular it is
independent of the choice of 1. This can also be seen directly by noting that changing 7
continuously deforms the contour while not crossing any poles of the integrand, since these
only occur when some Im(9,,V) diverges.

We may also define the contour CJ in (4.80). This is contained inside the region
Mo = {u € h© | 0 < Re(uy) < 1}. First, we define the portion of the contour in the interior
of gﬁol

crik —cnrnon . (4.111)

In addition to this bulk piece, the contour CJ includes segments along the boundary of 9,
at Re(ug) = 0 or 1 for some a, similar to the rank one case. We define:

Cg,boundary = U, Usefo.1} (_l)w{u e My ’ Re(ua) =w
Im (9, W)
T

(4.112)
and —

—t,b=1,....r, L€ [0,1]},
where ¢ runs over the interval [0, 1]. Note that this generically defines a dimension r contour
inside the boundary of 9Mty. The prefactor sets the relative orientation of these components,
which is picked so that they match consistently with the interior components where they

meet. Then we set:
Cn _ Cg,bulk U Cg, boundary ) (4113)

With this definition, one can check that the integral is invariant under continuously rescal-
ing n — tn, and more generally under any continuous change of 7, as with the usual
JK contour.

As evidence that this is the correct contour for defining the M, , partition function,
in appendix D.2 we present an argument relating the integral over this contour to the
Bethe-vacua formula for the partition function in (2.48), generalizing the rank-one case.

The o-contour. We further conjecture that there exists an equivalent o-contour, anal-
ogous to the one described in section 4.6.1, of the form:

Z / d*u F(u)P g ()™ Ty (u)"e e~ DU F ()9, (4.114)

mezy,

oo = g

where C, is a certain middle-dimensional non-compact contour connecting Im(u,) — —oo
with Im(ug) — o0.

To define C,, we first note that it is straightforward to generalize the bound (4.85) to
higher rank. One finds that the chiral multiplets and monopole operators may only have
poles provided that:

Qa(p Re(ug) —my) < g - (4.115)

Let us assume for simplicity that we may pick flavor symmetry parameters and R-charges
so that 0, — Qup < 0 for all a. We then conjecture that we may take C, to be the product
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of the imaginary u,-axes for a = 1,...,r. This reproduces the prescription in [2—4], which
was obtained with a slightly different choice of localizing supercharge. For more general
parameters, one may derive the appropriate contour by analytic continuation.

Relation of the o-contour to the Bethe-vacua sum. Here we show the equivalence
of the conjectured o-contour integral to the Bethe-vacua sum, (2.48). As above, we assume
that we may pick flavor symmetry parameters such that 6, — Q.p < 0 for all . With
such a simplification, the argument for the higher-rank case is a straightforward extension
of that of the rank-one case. We write:

1 - r .
ZMg,p = W Z [ . du j(U)EHa(u) , (4.116)

meZ;

where u = {u,} and m = {m,}, where a runs over a set of generators of the Cartan of the
Lie algebra, h. As before, we first perform the sum over torsion fluxes:
1 — 1 — I, (u)P
I, = —— d'u J(u —
oo =gl Je T I
(4.117)

e L Lo )™ ity

Here the contour is a product of the contour iR — (iR — 1) over each direction in the Cartan.
This encloses all the poles of the integrand in the region —1 < Re(uq) < 0, a =1,...,r,

and by our assumption above, these poles only arise at solutions to I, (u) =1,a =1,...,r.
Thus we can write:
1 _ J(u)P
Im,, = — (2mi)" Resymg=————
= TWal, 2| L0 - (W)
1 ¢ (4.118)
= = F(a)P H(a)? " Ha(a)™ .
a2 T G
| g (@)=0
where we have used:
Ou, IIp(u) = 2midy, Oy, W = 2miHgy (4.119)

which contributes through a Jacobian factor of (det(d,,ITy(u)))~t = (2mi) "H(u)~! to
the residue.

Finally, in the case of non-abelian gauge groups, we should exclude those poles which
are not acted freely by the Weyl group, while we count the remaining solutions up to the
Weyl group action, canceling the symmetry factor. In this way, we arrive at the Bethe-
vacua formula (2.48). This completes the proof of the equivalence of the two prescriptions.

5 The S? partition function and F-maximization

Consider the S partition function for an N/ = 2 supersymmetric gauge theory with in-
teger R-charges 1o, and with generic flavor fugacities v turned on. The Bethe-vacua for-
mula (2.48) reads:

Zgs(v) = Y F(a,v)H(a,v)" (5.1)
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in this case. As explained in section 3.1.3, this result can be analytically continued to any
allowed R-charge:
R = Ry + Q% ta € R, (5.2)

simply by replacing v, by vo + to in (5.1). (Here t, # 0 only for a corresponding to the
free abelian subgroup of the flavor group.)

For any gauge theory that flows to an AN/ = 2 superconformal theory, we define a trial
F-function as:

Fga(t) = —log [ Y Fla,tyH(a,t)™" |, (5.3)

UWESBE

where we have set v =t in (5.1). The superconformal R-charge
R = Ry + Q“t, (5.4)
magzimizes the real part of Fgs(t) as a function of ¢ [4, 44]. We then have:
Fgs = Re[Fgs ()] . (5.5)

In general, the right-hand-side of (5.5) is only a local maximum, and we have to use our
physical intuition to identify the correct superconformal R-charge. In practice, we choose
ro = 1 as the integer R-charge for every elementary chiral multiplet, and we probe the ¢,
parameter space such that all the elementary R-charges lie between r = 0 and 1. Given
any R-charge that maximizes Fgs, we should check that no gauge-invariant chiral operator
violates the unitarity bound. A violation of the unitarity bound might signal the presence
of free fields and accidental symmetries in the infrared — see e.g. [81-83] for a discussion
of such cases.

The formula (5.3) is an alternative to the matrix-model integral formula of [2-4].
In the following, we demonstrate its utility by performing F-maximization in some simple
theories. This provides highly non-trivial consistency checks of (5.1). This F-maximization
method compares favorably to the usual method using the integral formula. The trial F
in (5.3) is given in terms of an explicit (albeit highly involved) function. In numerical
studies, the usual integral method becomes more time-consuming as the rank of the gauge
group increases, while in the present case the evaluation time depends principally on the
number of Bethe vacua. We also avoid cumbersome issues of numerical integration, and
the potential lack of convergence of the integral formula with a real ¢ contour.

Note that ﬁszs is generally a complex function, whose imaginary part encodes parity-
violating contact terms [25]. It is interesting to expand (5.3) around ¢ = t*. For instance,
for a single U(1)p flavor symmetry mixing in (5.2), we have:

Fos(t* +imp) = Fgs + mi (/@RR — 112,%9)
(5.6)

2
— 2TKRFr MFp + B (T;TFF — 27riI€FF> m% +--,

with mp the real mass for U(1)p, and the ellipsis denotes higher-order terms in mp. The
terms KRR, kg, KFR, KFF are the contact terms discussed in section 4.3.2, and 7rF is the
two-point function coefficient of the U(1)r conserved current [25].
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5.1 The free chiral multiplet

Consider a chiral multiplet of R-charge r € R coupled to a U(1); vector multiplet with
charge @ € Z and real mass 0. The S? partition function reads:

Zg)g(a, r)=Fo(r—1+iQo), (5.7)

with the function Fg defined in (4.49), and setting u = io in order to compare with [7, 44].
We can easily check that:

ﬁg}, (o,7) = —log Fo(r — 1 +iQo) (5.8)

has a local maximum r = %, the superconformal R-charge of a free chiral multiplet, after

we set 0 = 0. Expanding around ¢ =0 at r = %, we obtain:
- log 2 : 2 /2
F&(o,r) = O§ —;Z—§WJ+Q2<7;+7Ti>02+---. (5.9)
Comparing to (5.6), we read off:
1, 1 1 1
= = - S —— 1
KII 2@ ; KRI 4Q, KRR — 15" 51 (5.10)

This corresponds exactly to the xk parameters (4.45) upon plugging in r = %, providing
another confirmation that our regularization of the chiral multiplet one-loop determinant
indeed corresponds to those contact terms. We also see from (5.9) that Figs = %log 2 and
Trr = Q2 for a free chiral, as should be the case in any regularization scheme.

We should also note that the chiral multiplet partition function (5.7) is related to the
result 25’3 of [3, 4] by:

Z8(0,7) = €31+ H F2 (5 1y, (5.11)

The discrepancy is simply because of our choice of a gauge-invariant but parity-violating
regularization, leading to contact terms x # 0 in (4.45), while the regularization scheme
of [3, 4] implicitly sets K = 0, which preserves parity but is inconsistent with gauge
invariance.

5.2 U(N¢)k theory with Ny flavors

Consider a U(N.) theory at CS level k& > 0 with Ny flavors (that is, Ny pairs of fun-
damental and antifundamental chiral multiplets, with symmetric quantization). We will
discuss this theory in more detail in section 6. The abelian subgroup of the flavor group is
U(1)4 x U(1)7, where U(1)7 is the topological symmetry. We may assign a trial R-charge:

r=1+ty (5.12)

to the chiral multiplets, where the only allowed mixing is with U(1)4. (A Z2 symmetry
prevents any mixing with U(1)p.) The Bethe vacua correspond to all the choices of N,
roots of the degree-(Ny + k) polynomial:

P(z) = (zys — 1)Nf — q(—a:)k(x — yA)Nf , (5.13)
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where y4 = €24 and q = €?™7 are the fugacities for U(1)4 and U(1)7, respectively. The
twisted superpotential of this theory reads:

Ny
k+ N N.N
Wiu,va) = =53 Tua(ua +1) + =5 va(va+ 1)
a=1 (5.14)

i 5 () )

where we only turned on v 4, setting 7 and all other mass parameters to zero. Let
Ug = log(zq)/(271) (5.15)

denote a Bethe vacua, where %, is a choice of N, roots of P(z). The formula (5.3) gives us:

Fsa(r) = —log | D> FlavaH(ava) || (5.16)
GESEE va=r—1l
with:
F(u,va) = exp (27rz' W(u,v4) — a0y, W(u,v4) — 40, W (u, VA))) :
H(u,vq) = (—1)2Ve@em1) ﬁ (1 _ em(ua—ub)) %el} (8%8%)/\,(% VA)> _ (5.17)
a,b=1 )
a#b

It is easy to maximize (5.16) using Mathematica, at least for Ny + k small enough. We
present some examples in the table 1. They are in perfect agreement with results previously
reported in the literature [39, 40, 83]. There are a few cases, denoted by ~, where our
numerical evaluation of (5.16) was inaccurate near the F-maximizing value of r. In all
other cases, we can easily reach a high precision for r and Fgs, although it becomes time-
consuming as the number of Bethe vacua,

N¢+k
\SBE!=< ];Vc ) ; (5.18)

increases. When k = 0, there are cases where naive F-maximization leads to unphysical
results, given in parenthesis in table 1; the physical values were computed in [83].

Note also that, in the special case N. = k + Ny with k > 0, we obtain r = 1/4 and
Fgs = N]% log v/2. Indeed, the infrared theory consists of NJ% free mesons [39]. This is the
limiting case of the Giveon-Kutasov duality [84]. For N, = Ny > 1 with k£ = 0, we should
have r = 1/4 and Fgs = (N]% + 2)log v/2, which can be obtained using the Aharony dual
theory [83, 85].
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k=0 | Ny=1 N;=2 N;=3 N;=4 N;=5 N;=6 Ny=7 N;=38
1/3 4085 4370 4519 4611 4674  ~ 4T 4753

Ne=11 721 1934 2838 3679 4486 5272 ~60  6.805
No—o| 1/4 3417 3852 4101 4263 4375 4458
‘ 2079 4722 6875 8817  10.64 1238  14.07
N3zl _ ~(2181) 3058 3517 3802  .3996 4136
¢ (4.162) 8188  11.81 1503  18.02  20.85
Noo4| - B ©(:3333) 2809 3276 .3574 3783

(6.334) 12.19 17.51 22.15 26.42

k=1 |Nyj=1 N;=2 N;f=3 N;y=4 N;y=5 N;=6 N;y=7 N;=38
3845 04198 4407 4535 4619 4678  ~ AT  ~ AT

Ne=1 1.023 1.976  2.855  3.688 4492 5276 ~6.0 ~6.8
N, —2 1/4 3106 .3591  .3914 4129 4277 4383  ~ .446
3466  2.635  4.888  6.944  8.852  10.66  12.40  14.08
N, —3 - 1/4 2878  .3278 3600  .3839 4015 4147
1.386  4.939 8592  11.98 1511  18.07  20.88
1/4 2770 3089  .3382  .3621  .3808

N.=4 - -

3.119 7.928 13.03 17.83 22.31 26.51

Table 1. Values of the superconformal R-charges r and of Fgs, respectively, for U(N,.) SQCD with
Ny flavors, some low values of V. and Ny and with CS level £ = 0 and k£ = 1, determined by
F-maximization.

6 Matching Za,, , across supersymmetric dualities

The Bethe-vacua formula (2.52) provides a simple way to study supersymmetric dualities.
If two distinct three-dimensional A/ = 2 gauge theories 7 and 7Tp are infrared dual, their
supersymmetric partition functions and correlation functions must agree on any M, .
This implies:

W), (v0) = (WD) T2 (), (6.1)
where:
W, = Y. W(&) F(i,v)P H(i,v)? o (i, v)"
ueS
€OBE . X . (6.2)
(Wp)Js = >~ Wp(a?) Fp(a”, vy Hp(a”,v)*~ Tap(@?, v)™,
uDGSI?E

in the dual theories. Here v,, n, are the flavor fugacities and fluxes, respectively (the
product over the index « is implied), W is a loop operator in theory 7, and Wp is the loop
operator it maps to under the duality. For (6.1) to hold for arbitrary g, p, n,, and operator
W (x), it is necessary and sufficient that there exists a one-to-one “duality map” between
the supersymmetric vacua:

D: Spg— Sky: G D) =1a", (6.3)
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such that
F(u,v)=Fp(aP,v), H(t,v)=Hp@P,v), Hult,v)=TI.p(a’,v). (6.4)

Note that, due to the difference equation (2.44), the matching of the fibering operators,
F = Fp, implies the matching of the flavor flux operators, I, = Il,p. Finally, the map
between Wilson loops follows from the duality map (6.3). By definition, W and Wp are
dual if and only if:

W) =w(@P), (6.5)

on every pair of dual vacua # and #”. Duality relations between Wilson loops in many
infrared dualities were studied explicitly in [22, 41].

As argued in section 2.6, the fibering, flux, and handle-gluing operators evaluated at
a Bethe vacuum can be obtained from the “on-shell” twisted superpotential and effective
dilaton potential (2.53). To prove the equivalence of the partition functions, it thus suffices
to demonstrate that:

W) = Wh(v), Q) =% ), I=1,---,|Sgg|, (6.6)

modulo the integer-quantized branch cut ambiguities, (2.32). In this section we will prove
the equality (6.1) for a number of non-trivial dualities by checking (6.6), which then im-
plies (6.4). In most of the examples below, the matching of the handle-gluing operators
(and flux operators) was already checked in [21, 22], by considering theories on ¥, x S,
so we will mostly focus on matching the fibering operators.?’

Note on conventions. In the remainder of this section, we will use a rescaled twisted
superpotential:

W = (21i)*W . (6.7)

Let us recall that a (regularized) chiral multiplet ® and the U(1) and gravitational Chern-

Simons terms contribute:

— — k 2
Wa(z) = Lis(z) Wes () = 5 log a(log z + 2ri) — %kg (6.8)

to VNV, respectively. In the following, it will be important to keep track of our branch-cut
conventions. We define the logarithm log z such that —7 < Im(logz) < 7 (i.e. with a
branch cut along the negative real axis), and we define the dilogarithm Lig(z) such that:
log(1 —
O.Lig(z) = — 280 =2) (6.9)

z

with a single branch cut along the real axis with Re(z) > 1.

#1n [21, 22], the duality relations H = Hp were checked up to a sign. We insist that there is no sign
ambiguity once we treat the parity anomaly consistently (and include the correct signs in the classical CS
terms, as reviewed in appendix C). We will see some examples of this below.
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6.1 Two-term dilogarithm identities and abelian mirror symmetry

There are two elementary identities involving two dilogarithms:

. . 2 1
Lis(271) + Lia(2) = ~% 3 log?(—2), (6.10)
6.10

Lis(1 — z) + Liy(z) = % — log(2) log(1 — 2).

These identities correspond, at the level of the twisted superpotential, to the following
properties of 3d N = 2 theories.

Massive chiral multiplets. We already pointed out in section 2.2.1 that the first iden-
tity in (6.10) corresponds to the fact that two chiral multiplets with a superpotential
W = &1y is “dual” to an empty theory. More precisely, consider two chirals with U(1)
charges +1 in the U(1)_ 1 quantization, of R-charges r1 = r, 7o = 2 — r, respectively.
The low-energy theory corresponds to an empty theory with U(1) CS level £k = —1 and

gravitational CS level k; = —2. This corresponds to:
. . —1 1 . 2
W, e, = Lig(x) + Lig(z™") = —3 log z(log x + 27i) + 3 (6.11)
where we wrote the first line of (6.10) on the principal branch of the log. This implies the
identity
Fo(u)Fo(—u) = T (6.12)

for the fibering operators, which is independent of the branch cuts as a function of u —
both sides of (6.12) are meromorphic functions on the u plane. The low energy-theory also
has the gauge-R and RR CS levels kg = —r + 1 and krg = —(r — 1)?, respectively. The
effective dilaton reads:

r—1 1—r

5 log(1—z) — 57 log(1—a2 1) = —(r — Du+ %(r -1), (6.13)

Qo 0, =
which reproduces those CS levels, since:
Hop o, = 200192 = (—1)krRgER (6.14)

The elementary mirror symmetry duality. Let us consider a U(1)1 gauge theory
2

with a single chiral multiplet of charge 1 and R-charge r. The effective twisted superpo-

tential and effective dilaton read:

1 2
W(x,q) = Lig(x) + B log z(log = + 27i) + log g log z — % ,

r—1
21

(6.15)

Qa.q) = — = log(1 - ).

2miT

where ¢ = e is the fugacity for the U(1)7 topological symmetry. This corresponds to

the non-zero bare contact terms xk = 3 (for the gauge symmetry), kg = —1(r — 1) and
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KRR = —%(r —1)2, in addition to the FI term. The Bethe equation for this theory has a

single solution:

1
P 1 = =
r—1 1—gq

(6.16)

Substituting back into (6.15), we find the on-shell twisted superpotential and dilaton
potential:

1 1
W (g) = Liy () + = log(1 — ¢) (log(1 — q) — 2mi) — log g log(1 — q),
. l—q) 2 . (6.17)

(1)
2 (q) 5

.
log(1 — q) — ——1
o el =) = 5 S loga +

where Q) is defined as in (2.53). To obtain the fibering operator from (6.17), we must
choose the “physical” branch of the twisted superpotential as discussed in section 2.6. This
is the condition:

ow
Olog

(#) =0, (6.18)

which indeed holds for all q.

This theory is dual to a free chiral multiplet of charge 1 under the U(1)r global
symmetry, and R-charge —r + 1. This chiral multiplet can be identified with the gauge-
invariant monopole operator 7 in the original theory, whose induced charges can be com-
puted from (2.40). This chiral multiplet is quantized with xkpp = —%, kTR = —4 and

KRR = —%(r —1)2 47 (mod 2), so that the dual twisted superpotential is simply given by:

Wp(q) = Liz(q) , (6.19)

while the dual effective dilaton is exactly the same as QM) (g) in (6.17). The non-trivial
identity of the on-shell twisted superpotentials:

Wp(q) =W (q), (6.20)

directly follows from (6.10). This duality relation implies:
. A . g 1
Fo(@)e 20—t — Fu(r),  with a= —5log(1—q), (6.21)
i

which is the identity F((7) = F l()l )(T) between the on-shell fibering operators, seen as
meromorphic functions of 7. As a consistency check, one can easily check (6.21) numerically.

6.1.1 Gauging flavor symmetries and general abelian mirror symmetry

From this basic duality, it is possible to construct a mirror dual description of a more general
abelian gauge theory. The idea is to start from several decoupled copies of this duality and
gauge appropriate flavor symmetries on each side to obtain the desired theories [86]. Here
we illustrate this procedure in a simple case, constructing the mirror dual of U(1),__ N
with N charge-one chiral multiplets. We focus on the on-shell twisted superpotential for
simplicity; the matching of effective dilaton can be shown similarly, and then that of the
My, partition function follows from the general discussion in section 2.6.
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To construct the original theory, we start with N copies of the free chiral multiplet.
This theory has a U(/V) symmetry, which we decompose as U(1) x SU(V), with correspond-
ing parameters z for the overall U(1) and y; with [[;4; = 1, for the SU(N).?5 Then the
twisted superpotential of this theory, including a level —% contact term for each chiral, is:

N
W(z,y,q) = Z Lis(2y;) + log qlog = . (6.22)
i=1
For later convenience, we introduced a background vector multiplet with a BF coupling
to the U(1) flavor symmetry, with a corresponding parameter q. We then gauge the U(1)
symmetry corresponding to z by solving the Bethe equation:

v N
exp < oW ) = zH(l —zy) =1 (6.23)

dlog z Pl

This has NV solutions, which may be inserted into (6.22) to find the on-shell twisted super-
potential for the IV vacua.

To construct the mirror dual theory, we note that the IV free chiral multiplets we
started with are dual to N copies of the U(1) 1 theory with one charged chiral multiplet.
This has twisted superpotential:

N
Wo(z,2,y,q) = Z (Lig(xi) + %log x;(log z; + 2mi) + log(zy;) log $Z>
i=1 (6.24)
N2
+log glog z — %

Here x; are the parameters for the U(1)" gauge symmetry. If we solve the Bethe equations
for the x; and substitute the solutions, we obtain (6.22), and subsequently solving the
Bethe equation for z will give the same N solutions as above. It is more illuminating,

however, to first solve the Bethe equation for z. This gives:
dWp
dlog z

n
=logg+» logy; =0. (6.25)
=1

To solve this, introduce the new variables Z;~;+n by:
1 ~ ~
log z; = -~ log q + log ; — log T; 11 (6.26)
Then the twisted superpotential becomes:

N
~ i " "
Wp(Z,q,y) = Z <L12 (q inxi—i-ll) + log yi(log 7; — log Z;11)

i=1 (6.27)
N2

1 1l 1l .
+ 3 log (q inxiﬂ) <log (q Nmia:iﬂ) + 27rz) — 5

Z6More precisely, U(N) = (U(1) x SU(N))/Zy, and as a result, the flavor symmetry is SU(N)/Zx.
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Ul) [UM)a UM)r UD)r
Q| 1 1 0 r
Q| -1 1 0 r
M 2 0 2r
T+ ~1 1 —r+1
-1 o ~1 -1 —r+1

Table 2. Gauge and flavor charges for Ny =1 SQED, and for its dual.

This gives the twisted superpotential of a circular quiver with gauge group U(1)" /U(1)giag,
which is the mirror description of the original theory. The U(1)r topological symmetry of
the original theory maps to the U(1)giag flavor symmetry of the dual. The U(1)V~! maximal
torus of the SU(N) flavor symmetry of the original theory corresponds to the topological
symmetries U(1)7, of the quiver, while the full SU(N) is expected to be realized in the
infrared. From (6.27), one can solve the Bethe equations for the N — 1 gauge variables ;
to construct the on-shell twisted superpotential. This operation must give the same result
as if we perform the gauging in the opposite order. This demonstrates the matching of the
on-shell twisted superpotential across this particular mirror symmetry.

6.2 Ny =1SQED/XY Z model duality

Consider a U(1) theory with two chiral multiplets @, @ of gauge charges &+, respectively,
and R-charge r. The theory has a U(1) 4 x U(1) flavor symmetry, with charges summarized
in table 2. We turn on the corresponding fugacities y4 = €4 and ¢ = e?™". The effective
twisted superpotential is given by:

Wsqep (%, Y4, ¢) = Lis(zy4) + Lia(z ™ y4) + log ¢ log z
2 (6.28)

1 1
+ 3 log x(log x 4 27i) + 3 logya(logya + 27i) — % )

The CS terms in the second line appear because we choose the symmetric quantization
for the flavor @Q,(Q, such that the bare contact terms vanish. Similarly, the effective
dilaton reads:

1 r
log(1 — xya) — 5

1 r—1
log(1 — 2 tya) + —logya. (6.29)
2

.
Qsqep(T,94,9) = —

211 !

The Bethe equation has a single solution:

qya — 1

T = .
q—YA

(6.30)

This theory is dual to the XY Z model, which consists of three chiral multiplets
(X,Y,Z) = (M,Ty,T_) with charges given in table 2, and a cubic superpotential

— 64 —



W = MT,T_. The twisted superpotential of that theory is:

Wiy z(ya,q) = Lia(y3) + Lia(qy ™) + Lia(¢ "y5")
+ 3 log q(log ¢ + 2mi) + 5 logya(logya + 2mi) — CR
The CS levels are again chosen so that the bare contact terms vanish. Similarly, the effective

dilaton is such that:

- (L—qy" ) (1 —q tyy )"
Hxyz(ya,q) = XY 70AD — (? —y4)2r-1 Ayt (6.32)

It is straightforward to check that the Ny = 1 SQED handle-gluing operator exactly re-
produces (6.32) on the Bethe vacuum:

HsqeD(Z,y4,9) = Hxvz(ya, q). (6.33)

On the other hand, we can check that the twisted superpotentials also match on-shell:

Wsqep (&, ya, ¢) = Wxyz(ya, q) (6.34)

for a particular choice of branches. This relation follows from a well-known five-term
relation for the dilogarithm, which can be written as:

Lip(w) + Lis(2) — Lia(w) + Lip (O_Z)w> kb <(l_w)z>

w—1 z—1
1 1—w
= —=log?
2 %8 <1z>’

for a certain choice of branch. By plugging w = qygl, z = qilyg1 into (6.35) and

(6.35)

by using (6.10) several times, one can derive (6.34). The fibering operators of the dual
theories read:

Fosqep(t,va,7) = Folu + va) Fo(—u+ va)e ™ HADTT (6.36)
Fxyvzwa,7) = Fo(2va)Fo(—va + 7)Fo(—va — T)efm(TerZ”i)Jr%i . ‘
The relation (6.34) implies a functional relation:
Fsqep(w(va, 7),va,7) = Fxyz(va,T) . (6.37)

One can also easily check this relation numerically.

6.3 Seiberg-like dualities

Consider three-dimensional SQCDIk, N, N¢, N,|, which consists of a U(N.);, gauge theory
at CS level k,%” coupled to N ¢ fundamental and N, antifundamental chiral multiplets,
denoted by @Q; and @j , respectively. Without loss of generality, we consider k£ > 0 and
Ny > N.. This theory has a flavor group:

SU(Nyf) x SU(N,) x U(1)4 x U(1)r, (6.38)

with charges summarized in table 3.

2In this language, the CS level k& may be half-integer, while k + %(Nf + N,) must be integer.
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UN,) | SU(N;) SUL) U4 U)r U()g
Qi Nc N_f 1 1 0 r
@]~

2]
ury

g
[a—
=

Table 3. Charges of the chiral multiplets of 3d N' = 2 SQCD.

Three-dimensional SQCD has an infrared-dual description whose precise form depends
on the parameters k and Ny — N, [40, 84, 85]. The dual theory has a gauge group
U(ng — N.), with

N¢+N, .
k+ =L f k>
ny z{ 2 ' (6.39)

Ny itk

=z =
|
=

D= N
~—~
5
N

The U(ny — N.) vector multiplet is coupled to N, fundamental and N; antifundamental
chiral multiplets, denoted by ¢* and qj, respectively. It also contains NyN, gauge singlets
M7;, and dc < 2 additional singlets in special cases.?® The gauge-singlets are coupled to
the gauge sector through the usual Seiberg-dual superpotential.

All these dualities can be derived by massive deformations of the so-called Aharony
duality [85], which is the case k = 0, Ny = N,. In the following, we discuss the equality of
supersymmetric partition functions for Aharony-dual theories. (We refer to [22] for a more
detailed review of Seiberg-like dualities.)

6.3.1 Aharony duality

Electric theory. Consider a U(N,) vector multiplet coupled to Ny pairs of fundamen-
tal and antifundamental chiral multiplets Q;, @’ of R-charge r. Let us introduce the
parameters:

_ 627Til/i _ eZm'Uj 2mwiv A

Yi = > gj = y Ya=e¢€ y 4= 62m7 ) (640)

for the flavor group (6.38), such that:

Ny Ny
==Y =-Npa. (6.41)
i=1 j=1

The effective twisted superpotential of this theory reads:

c Nf
Ne, N N , . -
WéQCDf] = E <logqlog Tq + 7f log z4(log x4 + 27i) + E Lia(20y; 1)
a=1 i=1

(6.42)

Ny )
. 1~ 1 ~ ~ . T
+ E 1 (le(xa lyj) + 5 log y;(log y; + 2mi) — 3> ) .
=

*We have dc = 0,1,2 if k > 2(Ny — Na), k= 1(N; — No) > 0 or k = 3(Ny — Na) = 0, respectively.

1
2
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The integer CS terms in (6.42) are chosen such that most of the bare contact terms vanish.
More precisely, we have:

1
K = 0, RAA = KAT = RTT = Kg = 0, /iSU(Nf) = _’%SU(Nf)/ = _§NC7 (643)

where  is the gauge contact term, and ksy(w,), ksu(v,) are the SU(Ny) x SU(Ny) contact
terms. Similarly, the effective dilaton is given by:

[Ne,Ny] L T—le r—le
Qgo0p = Z( - log(1 = way; ') = 5 — > log(1 - 2,'%;)
1 j=1

21y 4
a=1 1=
Ne (6.44)
ol LS log(1 — zazp )
- — ZTeXy ).
omi BYA T on LT Taty
a,b=1
a#b
The Bethe equations of this theory,
P(za) =0, Va, To £ ap if a#b, (6.45)

are given in terms of a single polynomial of degree Ny:

Ny Ny
Pa) =[] —w) —avy []= ) (6.46)
i=1 j=1

The Weyl group is the symmetric group Sy, that permutes the z,’s. Therefore, a Bethe

Ne

.=, consist of a choice of N, distinct roots of P(z), and there are

|SeE| = (Nf> (6.47)

vacuum z() = {i?gl)}

N.
distinct Bethe vacua.

Magnetic theory. The Aharony dual theory is a U(N; — N.) theory with Ny pairs of
fundamental and antifundamentals g;, ¢' of R-charge 1 —r, together with N? gauge singlets
MJ; of R-charge 2r, and two additional singlets 7% of R-charge:

r+ = —=Ny(r—1) = N.+1, (6.48)

and a superpotential
W=Mqq+Tt_+T t,. (6.49)

The gauge singlets are identified with the “mesons” M7; = ij Q@; and with the monopole
operators Ty in the U(N.) theory. All the charges are given in table 4.
The twisted superpotential reads:

WD = WD,gauge + WD,singlet ) (650)
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U(Ny = No) | SU(N;) SU(Ny) U(1)a U(1)r U()r
q; Ny — N 1 Ny -1 0 1—7r
¢ | Ny— N Ny 1 -1 0 1—r
MJ; 1 Ny Ny 2 0 2r
Ty 1 1 1 —Ny 1 —Ngr—1)—N.+1
T 1 1 1 —Ny -1  —Ng(r—1)—N.+1

Table 4. Chiral multiplet charges in the Aharony dual theory.

with:
Nj—N, Ny
¥ N . e
WD gauge = Z ( —log qlogzs + Tf log za(log xg + 2mi) + Z Lis(z4y; b
- ot
(6.51)

Ny )
. 1 . T
+ E <L12(1‘a 1%) =+ ilogyi(log Yi + 2mi) — 3>> ;
i=1

a=1

Ny Ny

1 2
WD ,singlet — Z Z <L12 2 lOg Yj (10g Yj + 27”) - 6>
=1 j=1
_ _ 1 )
+ Lis <quNf> + Ligy (qilyANf> + 3 log q(log g + 27i)
2

N T
+ NJ% logya(logya + 2mi) — 3

n (6.50), we identified the dual FI parameter 7p with minus the U(N.) FI parameter,
Tp = —7, and the bare contact terms are the same as in (6.43). Similarly, the dual

(6.52)

effective dilaton reads:
Qp = QD gauge + 2D singlet (6.53)
with:
Nj—N, Ny

Ny
r — r _
Qp gauge = E (27”- E log(1 — Lay; 1) + i E log(1 — z; 1%‘)
j=1 i=1

a=1

Nj—N. (6.54)
) - Z log(1 )

Ny Ny

QD ,;singlet = Z Z <

i=1 j=1

ry — 1 -N r_
2 log (1—qu f) B
L NNy = 1) + No)

21

2r — 1
L 7 ]
og(l —y; 'g;) + 5 108 ?/A)

(6.55)

1(1— f)
2z og (1-¢7'y,

logya + = (Nf - N,.),
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with r4 given by (6.48). The dual Bethe equations read:
P(zz) =0, Va, xg #Faxp if a#b, (6.56)

in terms of the same polynomial (6.46) as the original theory. Let {ia};\zl denote the
roots of P(z). The duality map (6.3) is simply:

i) = {4} = &) = {#a} = {&a}°, {tatals =2V UEY . (6.57)

That is, given Z choice of N, roots of P(x), the dual vacuum Zp in the Aharony-dual theory
is given by the Ny — N. complement set of roots. Note that the duality of section 6.2 is
also the special case Ny = N, = 1 of Aharony duality.

Matching the fibering operators. To match the fibering operators across the duality,
we need to prove that:

N, N
Weeen (&) = Wp(@p) (6.58)

for a particular choice of branch, where the dependence on the many flavor parameters is
left implicit. Using the first relation in (6.10), one can show that (6.58) is equivalent to:

Ny,N
WéQfCDf}( ) WD ,singlet » (6.59)

where Z in (6.59) is given by the Ny roots P(z) in {Z,} of (6.46). Note that (6.59) is
independent of N.. This relation corresponds to a known multi-variable generalization
of the five-term dilogarithm identity, which was studied thoroughly in the mathematical
literature [37, 87]. This implies the duality relations:

F(2) =Fp(ip), (6.60)

which are independent of branch cut ambiguities. In particular, the relation (6.59) implies:

Ny Ny _
H H]:‘I) H {}1}( i +;j)e—mﬁg—mﬁf+% o~ 2miTia
a=1 [i=1 7j=1
Ny Ny o (6.61)
=111 []:¢(—Vz' +75) e T
i=1j=1

% ./_"(p(’]’ _ NfVA) .F:p(—T _ NfVA) —TiT —27erf1/A—‘,-ﬂ7
where &, = €™ are the roots of P(z). One can also check (6.61) numerically.

Matching the handle-gluing operators. To complete the proof of the equality (6.1)
for Aharony duality, we must also prove that:

(i) = Hp(ip), (6.62)

for any pair of dual vacua. The handle-gluing operators are rational functions of the x, and
xg variables, and the relation (6.62) can be proven using rather straightforward algebraic
manipulations, as explained in [22].
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6.3.2 Decoupling limits and Seiberg-like dualities

All other dualities for SQCDIk, N, N¢, N4| can be derived from Aharony duality by real
mass deformation. We refer to appendix C of [22] for a detailed review.

To obtain SQCD[k, N., Ny, N,], we consider a particular massive deformation of
SQCDI0, N, ng,ny|, with ny defined in (6.39). We can take the decoupling limit at the level
of the effective twisted superpotential and effective dilaton. The number of Bethe vacua,

|SBE| = (X{) : (6.63)

stays constant upon deformation. We can then study the identities (6.6) as we take a
decoupling limit. Typically, both sides of a duality relation diverge as the mass goes to
infinity, but with an identical coefficient on both sides. Therefore, we can cancel the
divergences and deduce the identity for the IR theory from its UV parent [40]. In the
following, we demonstrate this behavior at the level of the Bethe equations.

Let us define k., = %(Nf — N,). Consider first the case k > k.. This can be obtained
from SQCD[0, N, n¢, n¢] by integrating out k — k. fundamental chiral multiplets Q. with
positive real mass and k + k. antifundamental chiral multiplets @B with positive real mass,
while the remaining Ny fundamental chiral multiplets @); and N, antifundamental chiral
multiplets ); remain light. Let us denote by mg — oo the real mass parameter that we
send to infinity, and by yg — 0 the corresponding fugacity. The gauge and flavor fugacities
must be rescaled according to:

ety = a by, mgjj_l —>x§j_1,
e e = ozt y )t xﬂgl —yzry,, (6.64)
= Y54,
which also implies:
T =y et vy = by (6.65)

The case k. > k can be obtained similarly. We start from SQCD[0, N., N¢, N¢] and we
integrate out k. + k antifundamental multiplets Q° with positive real mass and k. — k
antifundamental multiplets )7 with negative real mass. The relevant scaling is:

e by =Ty, xgj‘l—mﬂjl,
xﬂﬁ_l—m/oxyzl, xﬂ;léyalxyzl, (6.66)
g Y5°d,
and
Ny R i = vkl (6.67)

It is easy to apply this scaling to any of the various operators that enter the supersymmetric
partition function. By considering the limit yg — 0 at the level of the Bethe equations, we
obtain new Bethe equations P(z,) = 0 in terms of the polynomial:

Ny A Na
P@) = [J@ —w) — (~1)* Feaqyi o [ [« — 5. (6.68)
i=1 j=1
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where we defined:

-N it k> k.,
—k — 3(Np+ Ng) it k<ke.

We may similarly study this decoupling limit at the level of the twisted superpotential. It
is obvious from the general properties of W, and in particular from the limits (2.26), that
we reproduce in this way the correct low energy theories, including all the correct gauge
and flavor Chern-Simons levels.

6.4 The “duality appetizer”

As our last example, we consider the “duality appetizer” of [88]. It relates the following
theories: Theory A is an SU(2) gauge theory with CS level k& = 1, coupled to a single
adjoint chiral multiplet ®. Theory B is a free chiral multiplet, Z, together with a decoupled
U(1)g=2 topological sector. The operator Tr®? in theory A is mapped to Z in theory B.
Correspondingly, there is a single U(1)r flavor symmetry which acts on ® with charge 1,
and on Z with charge 2.%9

The handle-gluing operators across the duality were matched in [20]. Let us show that
the fibering operators match as well. The effective twisted superpotential of theory A is

given by:
_ 1 .
Wal(z,y) = Lig(2%y) + Lia(y) + Liz(z2%y) + 5 log y(logy + 2mi) + log* x . (6.70)

The corresponding Bethe equation can be written as:

(22 -1 ((z+27 )= 1+y H)?) =0. (6.71)

The solutions # = +1 correspond to fixed points of the Weyl group action, z — z~!, and
are thus discarded. The remaining four solutions come in two Weyl pairs, with:

g+t =+1+yh (6.72)

which correspond to the two physical vacua of this theory. Let us define & = « to be one of
the first solution in (6.72), so that & = —a gives the other solution. Then y~! = a+a~!1—1.
Plugging this relation into the effective twisted superpotential (6.70), we find that the on-
shell twisted superpotential for the two vacua are:

2 -2
(), o . a
i (o) = L, <o<+a1 —1> L2 <a+a1 — 1)
1
g | ——m—— ; 6.73
+ Lip <a = 1> + log(+a)(log(£a) + 27i) (6.73)

1
+5 log(a 4+ o' — 1)(log(a + o~ — 1) — 27i) .

29The U(1)2 sector in Theory B also has a topological symmetry U(1)r, which we ignore. In the partition
function, we just set the U(1)2 FI parameter to zero.
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Note that, up to a change of branch:
W =W — 72, (6.74)
In other words, the only difference between the on-shell twisted superpotentials in the two
vacua can be attributed to a relative gravitational CS term.
Turning to theory B, the contribution from the scalar Z is:

=Lis(y?) +log’y =Lis [ —————— | +log? [ ———— :
Wz i2(y”) +log™y 12<(a+a1—1)2>+0g <a+a1—1>’ (6.75)

where we set the U(1)p CS term such that the kpp bare contact term vanishes. For the
U(1)2 sector at zero FI parameter, the two vacua contribute only gravitational CS terms
kg = 0 and k, = 6.%° This is precisely the difference (6.74) between the two vacua in Theory
A. Thus it remains only to check the matching of the twisted superpotential of one of the

vacua. The precise statement, including a relative gravitational CS term Ak, = —2, is:
—~(— —~ —~ 1
W (@) = Wa(a) = Wy(a) + 5 (6.76)

This follows from the identity:

. o? . a? . 1
= <a+a1 —1> i <a+a1 —1) + Lo <a+a1 —1)

1
—5 log(a +a~ ' —1)(log(a + o' — 1) + 27i) + log a(log o — 273) (6.77)

1 1
=Liy (| ———— | + =7,
2 <(oz—|—a_1 - 1)2> + 3"
As with all identities involving dilogarithms evaluated at rational functions of a single

variable, this can be derived by repeated applications of the five-term identity. The rela-
tion (6.76) implies the matching of the dual fibering operators.
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A  The M, geometry

In this appendix, we briefly summarize our geometric conventions and we provide some
additional details about the geometry and topology of M, ,,. We also briefly discuss torsion
line bundles over Mg, with p # 0.

A.1 The M, , geometry

We follow the geometry conventions of [22], which closely follows [11, 19]. Let us con-
sider the three-manifold M,,, a U(1) principal bundle over the Riemann surface, 3,
with metric:

ds*(Myg,) = B (dy + C(z, Z))2 +29.2(z2, 2)dzdz = ()% + e'e’ . (A1)

The coordinates are (z#) = (¢, 2, Z), with 9 € [0,27) an angular coordinate along the S*
fiber, and the z, z local coordinates on the base ¥,. The two-dimensional metric 2g.; is
a complete Hermitian metric on 3, written in a local patch. The quantity C is a U(1)
connection over X, with first Chern number p:

1

The complex frame (e?) = (€2, e!, e!) is defined in (3.9). The frame indices a =0, 1,1 are
lowered using 64, with dgg = 1 and ;7 = % The orientation is such that e’ = —2i and
the y-matrices are:

{06} = {20219} = {(é _01> , (8 _02> : <_02 8)} . (A.3)

The metric (A.1) has an Killing vector K = 9. Let us also define the one-form:

Nudat = B(dy +C), (A.4)
which satisfies K,n* = 1, and the tensor:3!
Q" = —€," nu. (A.5)
We have:
', =1, ¢,/ = =", +n'n,. (A.6)

The objects n and ® define a metric-compatible transversely holomorphic foliation (THF)
on M, ,,. This means that there exists adapted coordinates v, z, z such that the transition
functions between patches are of the form

wl =1 — A(Za 2) ) 7= f(Z> ) (A7)

31This notation is slightly redundant, since nu = K, with our particular choice of metric, but we find it

convenient to use n for the one-form defining the THF [11, 19].
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with A real and f(z) a holomorphic function of z [11]. We are considering a particular
THF on M, such that the foliation 7 is also an S* fibration, and the leaves of the THF
are the S! fibers. Note that, under a change of coordinates (A.7), we also have the gauge
transformation:

C'=C+d, (A.8)

so that 7 is a well-defined one-form.

A THF is a natural three-dimensional analog of a complex structure. In the present
case, the THF is simply the uplift of the complex structure on ;. Let us define the
projection operators:

PO#V = 7]”"71/ )

1 .

Iy = 5 (8% — i@, —1'ny), (A.9)
1

HMV = 5 (5“,, + i®F, — 77“7711) ,

which satisfy Py + II + II=1. They allow us to decompose any one-form « into vertical,
holomorphic and (horizontal) anti-holomorphic components, respectively:

o= aon + a.dz + azdz. (A.10)
In particular, a holomorphic one-form, w € AY9M, . is such that:
wIl?, = w, . (A.11)

Its single component w, transforms as w’, = (9.f(z)) 'w. under a change of adapted
coordinates. By definition, w, is a section of an holomorphic line bundle over Mg, [19].%?
We call that particular holomorphic line bundle the canonical bundle, denoted by K:

w, € TIK]. (A.12)

K is the pull-back of the canonical line bundle on ¥4, and its first Chern class is given
by (3.11). Similarly, a holomorphic vector X € TH0M,,, satisfies II*, X” = X*, and is
given by

X = X?#(0, — C.0y) (A.13)

in local coordinates. In the main text, we mainly use the frame basis, so that w = wye!

and X = X190y, with 9; = €{/0,,.

Note that the Levi-Civita connection V does not commute with 7,, and therefore
does not preserve the decomposition (A.10). We define a metric- and THF-compatible
connection @, such that

Vigop =0, ¥V, =0. (A.14)

It is given by:

Dh =T+ Ky Kypp = iH (@ — 1y@p + 1,80) (A.15)

32This is known as an h-foliated bundle in the mathematical literature [89)].
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with I'V ,, the Christoffel symbols. Here K* ,,, is the contorsion tensor. The adapted spin
connection is:

C:-),u,l/p = Wuvp — Kz/pp . (Alﬁ)

We will denote the adapted covariant derivative, acting on any field, simply by DM.?’3 It
commutes with the projectors (A.9) and it is therefore compatible with the decomposition
into vertical, holomorphic and anti-holomorphic component, which we used extensively in
section 3. Note that we have:

1

Dy = (au 4@&,,6@1’%6) ¥ (A.17)

on a Dirac fermion 1, and similarly on fields of any definite three-dimensional spin. The
adapted connection has torsion:

TV'LLp = KV/»LP - KVPV == QZHT]V(I)HP . (A,18)

In particular, we have:

(D, D))o = —2iH®,,m"D,yp. (A.19)

when acting on a scalar field ¢.
We can also check that the Lie derivative and the adapted covariant derivative are
equal along the Killing vector K*:

Lx = K'D,, (A.20)

for fields of any spin. This is useful in order to check that the supersymmetry transforma-
tions of section 3 realize the supersymmetry algebra (3.48). The following identities are
also useful:

dn = 2pf dvol(%y) , nAdn = 2pB dvol(Mgy) , (A.21)

where dvol(X,) and dvol(M, ) are the volume forms on ¥, and My, respectively. We
normalized the volumes to vol(X,) = 7 and vol(M, ) = 2723. Note that the volume form
dvol(X,) is exact unless p = 0.

A.2 Cohomology and homology of M, ,

Some useful homological properties of My, are described in [13], to which we refer for
further details. Let us assume that p # 0. By the Gysin sequence, we have the cohomology
groups:

HY(My,,Z) = HY(S,,7) = 7%,

5 ) 5 (A.22)
where the torsion subgroup Z, is given by:
coker (1 : H)(Sy,Z) — H*(%4,Z)) 2 Z,, (A.23)

SBDH will also denote the R- and gauge-covariant derivative acting on charged fields.
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with ¢; the first Chern class of the U(1) principal bundle over ¥,. The homology of M,
follows from (A.22) by Poincaré duality:

Hi(My,,Z) =2 7% & Z,), Hy(My,,Z) = 779 (A.24)

One can also define a Dolbeault-like cohomology [19, 89] of the transversely holomor-
phic foliation, which carries interesting information. For instance, infinitesimal deforma-
tions of a holomorphic line bundle L are valued in:

7' (M,,,C) D C. (A.25)

We did not compute H 0’1(./\/15,4,, C) from first principles.?* For our purposes, it is sufficient
to note that the one-form 7 is a (0, 1)-form such that

=0, A, (A.26)

in the notation of [19] — see equation (5.15) in that reference. Therefore, n generates the
one-dimensional subgroup of H%!(M, ) indicated on the right-hand side of (A.25).

Deformations of holomorphic line bundles sit in H 0’1(/\/19,1,), therefore any holomorphic
line bundle L has at least a one-parameter family of deformations. The corresponding line
bundle modulus is denoted by u or v in the main text. In general, we can have other
deformations of the bundle, corresponding (roughly speaking) to flat connections along the
Y, base. However, those additional deformations are @Q-exact in the supersymmetric field
theory [19].

A.3 Flat connection of a torsion line bundle

Let us review some elementary facts about flat connections for torsion bundles over M,
(p # 0). We focus on the case g = 0 case — the Lens space L(p,p — 1) — where we can
write explicit formulas. The S? base can be covered by two coordinate patches. The z
coordinate

z = tan gei‘z’ (A.27)

covers the northern patch of the sphere, and the 2’ = % coordinate covers the southern

patch. With the standard round metric (3.36), we have the change of coordinates

) z 1

W =y - Tlog (2) =v+po, d=-, (A.28)
2 z z

between the north and southern patches (each patch has topology D? x S!, with D? the

open disk). Consider a flat connection a for a non-trivial bundle L. On the northern patch,

we take:
a = aydy, (A.29)

with a, some constant to be determined. For the holonomy exp (—z’ f7 a) of the fiber to
be well-defined, we must also have
a = aydy’ (A.30)

341n [19], it was shown explicitly that H%* (Mo, 1,C) = C for the three-sphere.
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on the southern patch. The two descriptions are related by a’ = a + d\ for some gauge
parameter \, and comparing to (A.28) we see that:

d\ = aypde. (A.31)
We must have ayp € Z for this transition function to be well-defined on the overlap,
leading to:
a=—-2. mez. (A.32)
p
This corresponds to a first Chern class:
ci(L) =meZ, (A.33)

for the corresponding line bundle.?® The relation (A.32) is also valid for g > 0.

B Supersymmetry on M, ,

In this appendix, we provide additional details about the supersymmetric background
of section 3. Curved-space supersymmetry for A/ = 2 supersymmetric theories with an
R-multiplet is governed by the generalized Killing spinor equations [11, 69]:

, 1 i 1 .
(Vp— A = ——Hryl + S Vil = V"¢

N f R i (B.1)
(Vo +iAD) = — 5 HYuC = Vil + Semp V"¢

A supersymmetric background on a compact three-manifold M3 with Riemannian metric
guv consist of background values for the A" = 2 “new-minimal” supergravity fields:

Guv » H, Vies A,(LR) ) (B.2)

that preserve certain Killing spinors (, Z 36
Consider M3 = M, , with the metric (A.1). Given the THF (A.4)-(A.5) and the
Killing vector K* = n*, the general solution to (B.1) preserving one ¢ and one ( reads [11]:
H= %ewnuaynp +ir,
V= *Euupaynp — KMy, (B?’)

1
A;(LR) = Al(LR) + §€Hz/pau77p + 6#87

with A given by:

1

R

AL ) = ?IJM”&, log /g (B.4)
35To check the sign, note that the relation a® = a”¥ — md¢ is precisely the relation between the southern

and northern patch connections of a flux m Dirac monopole on S2.
36Note that AELR) = A, — 2V, in the notation of [11].
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in the adapted coordinates v, z,z. The function s in (B.3) satisfies K#0,x = 0 and is
otherwise arbitrary. It couples to the real central charge Z of the three-dimensional N = 2
theory [19]. In this work, we choose:

k=0. (B.5)

This leads to a simple relation between our M, , background and the A-twist background
on Y,. While small deformations by x do not affect supersymmetric observables, one could
consider a “large” deformation such that s introduces a flux for the central charge Z [19].
This would lead to a Dirac quantization condition for real mass and FI parameters. We
do not consider such backgrounds.

Note that S? background of [2-4] corresponds to k # 0 such that V,, = 0. This does
not affect the S3 partition function, however, because there is no possible central charge
flux on S3. Therefore, our results for Mg = S3 must be in agreement with [2-4], as we
indeed find to be the case.

Setting £ = 0 in (B.3) gives us the background fields

H=ipB, Vi=-2pBn., AR = AP 1 ppy, + d,s, (B.6)
Since V), = 2iHn),, we find it convenient to use the background field H and ALR) only,
as in (3.8). The Killing spinor equations (B.1) can be simplified by using the adapted
connection V, as discussed in section 3. We obtain (3.14), which is simply:

D=0, D=0, (B.7)
in terms of the covariant derivative D,, define above, including the U(1)x gauge field A&R).

B.1 A-twisted field variables

Using the Killing spinors ¢, Z , we may build the one-forms:

Pu = (vl P = (B.8)

of R-charge 2 and —2, respectively. We have:

pudzt = prel = —e?el pudzt = pre! = e #%el . (B.9)
In particular, p; is a nowhere-vanishing section of K ® (L(R))*2, where L) is the
R-symmetry line bundle. This implies that K & (L(R))2 up to a topologically trivial
line bundle.

After decomposing any field into vertical and horizontal components, like in (A.10),
we may assign two-dimensional spins in the frame basis, as explained above (3.44). For
instance, p; has 2d spin sp = 1 and R-charge —2, and it has vanishing A-twisted spin (3.44).
We find it convenient to use field variables adapted to the A-twist, exactly like in [22, 31].
Let us briefly review the definitions:
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A-twisted chiral multiplet. The twisted fields in the chiral and antichiral multiplets
are related to the flat-space fields of [11] by:

=(p1)2 ¢, A= (p1)2¢,
B = \/E(pl) C@ZM g: —\/E(PI)%&Za
1 " ~ 1 o ~ (BlO)
C=——=P)2piC, C=—=(p1)?p (Y,

Here p; and p; are the sections of K ® L? and K ® L? as defined in (B.9). By constructions,
all the A-twisted fields have R-charge zero and two-dimensional spin (3.44). In particular,

A, B have twisted spin 5 and C, F have twisted spin %

A-twisted vector multiplet. The gauginos A and X in the vector multiplet of [11] are
related to the A-twisted fields (3.51) by:

Ay = Cyp, Ay = —CvuA. (B.11)
The gaugino supersymmetry variation can be written as:

1
0N, =in,(D—oH)+1i(8,” +1i®,") ((%J + 2ey)‘pf,\p> , 0N, =0, (B.12)
and similarly for /N\u.

C Spin-structure dependence of the U(1) Chern-Simons action

Consider a U(1) connection a = a,dz" on an (oriented) three-manifold M3. Whenever a,
is a connection on a topologically non-trivial bundle, the CS action is defined by:

ik 1k
ScszL a/\fzz

fAf mod2mi, (C.1)
47'(' Ms 4 /j\f4

with f = da and k € Z the CS level. Here Ny is a four-manifold with boundary ON; = M3,
and the three-dimensional connection is extended to the connection of a line bundle over
Ni. An important subtlety is that the CS action depends on the spin structure of Mj if k
is odd. In that case, N; must also be a spin manifold, whose spin structure restricts to the
spin structure specified on the boundary. This can introduce an explicit dependence of the
CS action (C.1) on the choice of spin structure [77]. This point was emphasized recently
e.g. in [79].%7

First of all, note that the definition (C.1) is independent of the choice of Ny. If we
consider two different choices of four-manifolds (with spin structures) Ny and Nj, we have:

ik

Scs[Na] — ScsVy) = =y

fAf=mikq(f), (C.2)

37See also [78]. We thank Victor Mikhaylov for very illuminating discussions on the matter.
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where the compact four-manifold My is the union of Ny and NV (with reversed orientation)
glued along M3. Here ¢(f) is a topological invariant of the U(1) line bundle on My, which
is always integer. If we specify a spin structure on M3, then My is also a spin manifold and
q(f) is an even integer [77]; therefore the definition (C.1) makes sense for any integer k.

Now, consider two distinct spin structures on the same three-manifold Ms, which
we denote by M?jf, and consider some choice of bounding spin four-manifolds N f. The
difference between the CS actions on M3 and My is again given by (C.2), but the compact
four-manifold My is not spin in general, since the spin structures on N, f and N, are not
compatible on the M3 boundary. Therefore, the CS actions on M:jf might differ by some
integer multiple of 74; in other words, the exponentiated action e~ might include a sign
that depends on the choice of spin structure on Ms.

We are particularly interested in the three manifolds ./\/13jE =X, x SL, where the spin
structures correspond to either the periodic (4) or anti-periodic (—) boundary condition
for fermions along the S' (and with some given spin structure on ¥,). In order to preserve
supersymmetry, we choose the periodic spin structure, My o = X, X S}F. Consider a U(1)
line bundle with first Chern number m € Z and a flat connection ay, along the S L. We can
easily see that:

6—505(_) — 6_2“]“%“" (C.3)

for the anti-periodic spin structure, because we can extend My = ¥, xSt to N, = ¥,x D?,
with D? a disk with S! as its boundary.>® On the other hand, one can show that [78]:3

SCS(+) — Scs(,) = m’km, (04)

and therefore:
G*SCSH—) — (_1)km672m'kawm ) (05)

This is the correct result on the supersymmetry-preserving >, x S1 background; the sign
was previously missed by [20-22]. The case T? x S is discussed explicitly in [79].

Note that a closely related sign (—1)*™

appears in (4.24) from the CS action on any
My p with p # 0, with m € Z,,. In that case, the sign is necessary for the CS action to be
invariant under large gauge transformations, m ~ m + p.

Incidentally, similar signs seem to be important for other supersymmetric backgrounds,
in particular for the 3d superconformal index [15, 16, 90] (the “untwisted” S? x S1) and
the Lens space partition function [45, 46]. In those cases, ad hoc signs were introduced e.g.
in [47, 53, 91] in the sum over topological sectors. It would be interesting to review those

results accordingly.

38To see this, we can first set ay = 0, in which case Scs(—) = 0 because a extends to a flat gauge field
along D?. The deformation by a flat connection corresponds to a shift by a well-defined one-form da, and
the shift in the CS action is given by the three-dimensional formula [ da A da.

39In the general case, we have:

ik
Scs(4+) — Scs(—) = 5/ fuz,
Ms

with z € H*(Ms3,Z2) encodes the change of spin structure between Mg and M3 [78].
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D Localization and JK contours

In this appendix, we sketch the derivation of the final formula (4.73) for p # 0, using
supersymmetric localization. The derivation is very similar to the p = 0 discussed in
appendix B of [22], apart from subtleties regarding the contribution from infinity on the
u-plane. We focus on the case where the gauge group has rank one.

The generalization to any higher-rank gauge groups should follow from the previous
works — see [29, 30] and [20-22, 31], except for complications due to the contributions from
the “boundaries” at infinity, which we did not study rigorously. We presented a conjecture
in the main text, and we provide some additional evidence for it below (see section D.2).

D.1 Localization for G = U(1)

In section 4.1, we saw that the SYM action (3.62) admits the following scalar and one-form
zero modes in the vector multiplet:

VO:(u7ﬁ7A07K07ZA))? VI:(vaalvAIaKI)a I:L>g (Dl)

For p # 0, the variable u = (o + iap) is valued in C. In this “Coulomb branch” back-
ground, the partition function can be written as::

op = lim Z / Hdvf / dD / dudu / dAodAg Za(Vo, V1), (D.2)

eQHO

where 9 denotes the complex u-plane and Z, is the contribution from the one-loop de-
terminant and the classical action contribution at flux sector m. We also have defined the
measure

dv; = dardardArdA; . (D.3)

1
Bvol(3g)
The normalization of the path integral is chosen for convenience. In the end, we fix the
overall normalization by comparing our result against known results [22]. For future con-
venience, we perform the change of variable u — u’ and Ao — 1~\6 according to

U=k, Ao = Ny/K?, (D.4)

with k some small real parameter (not to be confused with a CS level).

Note that the contribution from the one-loop determinant and classical action Z; has
singularities at {ulu = u.} in M where the chiral multiplets become massless. There also
exists a potential singularity associated to the boundary at infinity. For singularities in the
bulk, we first define the e-neighborhood A, of these singularities as (u — ) (@' — @) < €.
Then, if we take the limit ¢ — 0 and e — 0 in a way that € is sufficiently smaller than e, we
can show that the integral gets contribution only from the region 9\ A.. We will discuss
the contribution from infinity below.

The integration over the scalar gaugino zero-modes Ag, Kf) can be performed by using
the following relation from the residual supersymmetry of zero-modes:

62 = ( 2i3N)0y — DOy, + ih 0, ) W=0, (D.5)

~ 81 —



which implies

Ono05; Zm

11) (2080w + ik105,05, ) Zn (D.6)

Ao= A6_0 A0=7\6=O

Since there are no singularities in a compact domain of oy as long as € > 0, the second term
which involves the total derivative J5, does not contribute to the path integral. We have

dD _
Zyp = lim Z / HdVI / /m dudii’ O Zunly, 5 g - (D.7)

Here A. also implicitly includes an excised region “at infinity”. The w-plane integral

n (D.7) then reduces to a sum of contour integrals over all the components of the
boundary 0A..

To evaluate Z, for non-zero 15, we first expand the fields into the Fourier modes along
the S! fiber:

o= Z On(z, E)emw . (D.8)

ne”Z
Let us define the two-dimensional variables (until (D.24) we consider the generalization to
higher rank, as it is essentially the same argument):

Q0w = - (QUua+n), QF, — —Z.lﬁ@aa;/k? tn). (D.9)

1
i
At fixed n, we can have the spectrum {\,} of the twisted Laplacian D1Dj on the two-
dimensional base X4, with:

— AD\Dyén(2,Z) = Ann(2, ) . (D.10)

Recall that the scalar ¢,, is valued in the line bundle (4.39). The contribution from the full
chiral multiplet is given by:

_Z<I> Z<I>

[
A |A0 A’ -0 zero mass1ve‘A0:K6:07 (Dl].)

where the first factor is the contribution from the zero modes of D; (or Dj):

np
Qo,
722 =T11(Qo,)" n____ . D.12
Zero nl;g( n) (Q&/,/@Q(fn + ZQD ( )
Here np and ng are the number of B,, and C,, zero-modes, respectively, with ng — ng =
pn+Qm+ (g—1)(r — 1) by the Riemann-Roch theorem. Evaluating (D.12) at D = 0 gives
the 1-loop determinant (4.36). Since the non-zero modes pair among themselves, they do
not contribute in the limit D = 0. When D = 0, the contribution can be written as:

An + Qo) Qo
masswe = H H A = 2~/ = n D
2z A0 T Q000 +1Q

o (19 (Q5%)(QA1)(QA1) .
(An + Q25",0,) (A + Q5. Qo + iQD)

(D.13)
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The zero modes have singularities at finite u = « where the hypermultiplets with charge
Q; become massless, as well as at the infinite boundary |u| — oo. Each singualrity defines
a “hyperplane” H; or H., respectively.

First of all, let us consider the contour for the D-integral in (D.7). In order to ensure
convergence of the integral, we define the contour I' by R + i§, where J is a real number
that satisfies |0 < |Q;€2/k?| for all singular hyperplane H;’s. The sign of § is determined
by the condition n(d) > 0, where n € ih* = R is a covector that we choose. The final
answer does not depends on the choice of 7.

Let us first integrate out the one-form zero modes Ay, A 1 and the flat connections on
the base ;. This procedure is the same as in the p = 0 case. We take the limit £ < € so
that the summation over the modes that couples to Ay, A 7 can be simplified: for this, we
note that

—iQ 5
log Z® in Do = Ao + Q%05
og |s_t11vorder in D Z <)\n + Q2O-NU;L>

A;=A1=0 An,n
(D.14)

_ Z 1@“ 5/ dt 451 Ze—t)\n o 1Q%Fhom

An

In the small £ limit (large &, limit), only the small ¢ expansion of the heat kernel,

1
tA l
E = — E at D.15
€ \ tl - i, ( )

An

contributes for fixed n. Performing the ¢ integral, we obtain

log Z°%|

o a(~iQ)° @(-iQ®
S‘““~°fde““D“_;[4w(s—1><Q2&gan>s—1+4ws<@?6gan>s+ | o

Ai=A1=0

Therefore, in the limit k — 0, we are left with the following A4, /N\i and D dependence:

Z® — oxp [ivol(zg)lm(auawq,)ﬁa - wvol(zg)ﬁl;/\lfﬂgg} , (D.17)
where: %0
o D.18
ab - Q Q 1-2Q /" ( : )
This can be written as:
1
HY = 0,00 Wo.  Wo= g glin(a?). (D.19)

in terms of the contribution of the chiral multiplet to the twisted superpotential. The

dependence of the the classical action on the gauginos is also consistent with this expression:

€98 = MM exp | ivol(X,)Im(Dua Was) D® — iBvol(3y)k®AZAL | | (D.20)

“ONote that the regularization used in [22] is different from that we are using here. See section 4.3.2.
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Cr
"R v C41Cy CyCo -

Figure 8. We define the u-contour at infinity by limgr_, o, Cr, where Cpr is given on the left. This
contour can be decomposed into limp 0o Cr = > wez Ck, @ sum over an infinite number of contours
around the strips of unit width, as shown on the right.

from the classical action. (Here we gave the formulas for the higher-rank case as well.)
Note that the one-loop and classical contributions do not depend on the flat connections
ag,ar. We have

g
I=1

after integrating over the gaugino zero-modes A, KT, where we have defined:

H(g) - (}lethab = (}lebtauaaubw- (D22)

The final formula can be written as
I=>1, (D.23)
i

where the summation runs over all the bulk singularities:

I buk = (D-24)

_ dD Bvol(Sy) ~y .
i% Z /1“ 5 jéAeQi du Zy(u)H (u)? exp [—2629D2 + zvol(Zg)Im(E)uW)D] ,

R—y00 mEZp

and the contribution from the monopole singularities

I, = (D.25)
D () - .
lim E / dA du Zy(u)H (u)? exp [—WDQ + ivol(Eg)Im(&JW)D} )
e—0 r D Je 2e
R—00 mEZp R

We define the contour at infinity Cr as shown on the left in figure 8. One can show that, once
we take the limit R — oo sufficiently faster than e — 0 so that e R — oo, the integral (D.2)
does not get any contribution from the region outside of the contour Cr. (To show this,
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we generally need to turn on the regulator, as in [20].) The easiest way to perform these
integrals is to use the topological property of the theory on ¥,. Using the fact that the
final answer does not depend on the vol(¥,), we rescale it with a positive real p < 1:

D — uD, vol(%,) = u tvol(%,) . (D.26)

Let us take the limit y — 0, keeping e finite. We have

D .
I; = lim g /d ]{ duZ (u)H (u)? exp |ivol(X,)Im(d,W)D| . (D.27)
e—0 aAQz
R—00 m&Zy

Let us first assume Im(9,)V) > 0. Then we may close the contour in the upper-half D
plane. If n > 0, this contour surrounds no poles, so the result of the integral is zero, while
for n < 0, it surrounds the pole at D= 0, and picks up the residue there. Similarly, for
Im(9,W) < 0, we close the contour in the lower half-plane, and get a contribution only
when 7 > 0. Thus we find:

/ dlf)) Zn(u)H (u)? exp |ivol(X,)Im(8,W)D
T

271 Z(u)H (u)? if sign(Im(9,W)) = —signn, (D.28)

0 otherwise .

Let us choose 7 > 0 below for definiteness. For the bulk singularities, this rule picks up
the residues from the poles with positive charges, as in the p = 0 case:

) Zmezp Res Zn(u) H(u)9 if Q; >0,
Iz’,bulk(n > 0) = (27Ti) U=, (D.29)
0 if Q; <0.

As discussed in section 4, using the invariance under
u—u+1, m—-m-+p, (D.30)
we can further massage this expression into

domez  Res  Zn(u) H(u)? if Q; >0,
L pu(n > 0) = (2i)? 0<Re(u)<1 (D.31)
0 if Q;<0.

43

The contribution from the “poles at infinity” does not directly follows from the p = 0 case,

since the geometry of the boundary at infinity is different. We have

= lim Z ?{n du 270 Zg(u)H (u)?, (D.32)

e—0
R—ocomEZyp

where the contour Cr has been replaced by:

Ch={ueCr | sign(Im(d,W)) = —signn }. (D.33)
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The contour Cr consists of horizontal segments and vertical segments. For the hori-
zontal segments, where Im(u) = £R — 00, one finds:

(9, W) ~ Q(Im(u), (D.34)

where @)1 are the monopole charges defined in (2.40). Thus the contributions along the
horizontal segments are included in the final contour, C}, precisely when the sign of the
monopole charge is the same as 7, just as in the p = 0 case. If Q+ = 0, the sign of
Im(9, W) is determined by the flavor symmetry parameters, as discussed in an example in
section 4.5.2.

Next, consider the vertical segments of Cg, where Re(u) = £R — +oo. Recall that:
Z(u+n) =1(u) """ Z(u), (D.35)

and therefore:
1Z(u+n)| = [T(w)|P"|Z(u)| = 2P0 Z(y)]. (D.36)

Suppose first that we take n > 0. Then see that, for Re(u) — oo, the portions of the vertical
line we are including, those with Im(9, W) < 0, have vanishing contribution. Thus we can
ignore the vertical line on the right. However, the vertical line on the left, at Re(u) — —o0,
has a large contribution, and can not be ignored. Similarly, for n < 0, we must include the
vertical line on the right.

It is also useful to write this expression in a way which clarifies the connection to the
p = 0 case. Starting from the contour Cr, we decompose it into a sum over an infinite
number of contours C,,,

dim Cr = %cm : (D.37)
as depicted in the right of figure 8. Here C, is a contour that goes around the boundary of
an infinitely long strip iR x [n,n + 1]. Similarly, we decompose:

Jim Ch = > er, (D.38)

nez
where C,! is the portion of C,, with signIm(89,W(u)) = —signn. Noting that the (D.32) is
invariant under the (D.30), we can rewrite it as:

I = Z Z jé:{ du 270 Zgy(u)H (u),

meZy nEZ

=> > ]i A 2mi Zpp(u) H (u) (D.39)

meZyp nEZ
-y 7{ du 2 Z(u) H (1)0 .
mezZ Cg

In this formulation, the domain of the integration and of the sum is the same as in p =0
case, but with a different integrand. (Note that, for p = 0, the integrand is periodic, and
so the contributions along the vertical lines in C{ cancel.)
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D.2 Relation of the JK contour to the Bethe-vacua formula

Here we derive the Bethe-vacua formula (2.48) for the Mg, partition function from the
conjectured “JK contour” integral (4.80) for higher-rank gauge groups. This provides some
non-trivial evidence for the conjectured contour.

The higher-dimensional contour integral (4.80) takes the form:

Z dr D.40
Mg,p ‘WG| ngr/ u j ( ) ( )
Consider the sum over all m € Z". Let us split the sum as:
r 0 o'} r 00
SN > > )y ¥ way
mezr a=1 \mg=—0c0 mg=1 a=1g§2e{+} mé*=0

where we define mt € Z>q by:

(D.42)

—m, if mg, <O0.

{mj+1 it m,>1,
my, =

We then rewrite (D.40) as

H 3 Z/ & T (1) Ly ()™ (D.43)

a=1g0c{+} md® =

S
Here we have chosen a different contour, denoted C{ , for each choice of signs §%, labeled

by the covector:
(") = =", a=1,--,r, (D.44)

Fix some 0%, and consider the sum over my:

H Z / s AT T (u) g ()™ (D.45)

a= 1m5a

S
Note that along CJ , we have, for each a:

5" = 2 m@W) _ 2ellm@aW)] | (D.46)

where we used the fact that sign(Im(9,WV)) = 6 due to (D.44). Thus the sum over m®" is
a convergent geometric series. Using:

> IT
> =t (D.47)
mé*=0 S

we find:

H Z / d*u J (u (Hga)/ d"u T (u )f[lfl‘ha. (D.48)

a=1 méa a=1
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Summing over all choices of §%, we have:

1 a T Ha

W,
ol sty \ ¢ (D.49)

- 1 - 11,
= Wal Joy w7,

a

where we have defined:

=3 (H 5@) cr (D.50)
dee{t} a

Now we use the independence of the answer on 7, and consider taking n — en for 0 < e < 1.

Note that, in this limit, the boundary contributions become negligible, since the interval

in (4.112) includes a vanishingly small range of values of Im(9,W), and so Cj ~ C{’ bulke

Thus, what remains are the contours at:

Im(0,, W) = Len®. (D.51)

Given their relative orientations, from (D.50), the contributions from these nearby contours
cancel everywhere except in the neighborhood of the singularities in (D.49) at II, = 1. The
integral then captures the residues at the simultaneous solutions to:

IM,=1, a=1,---,r, (D.52)

i.e., the solutions to the Bethe equations. Then, by an argument identical to the one
leading to (4.118), summing the residues leads to the formula (2.48), given by a sum over
Bethe vacua.

E Gauging flavor symmetries using the on-shell VW and (2

In this appendix, we describe in more detail the procedure of gauging global symmetries at
the level of the M, partition function. As discussed in section 2.6, this is achieved most
easily by working with the on-shell twisted superpotential and effective dilaton:

W), Qv), 1=1,...,|Ssg (E.1)

Namely, suppose one is given these objects for a three dimensional N' = 2 theory 7T, but
one does not have any other information about the theory (e.g., a Lagrangian description).
Then, as explained in section 2.6, we may nevertheless use these to construct the Mg,
partition function Zaq, ,[T]. Moreover, for any theory T obtained from 7 by gauging
flavor symmetries, we can use this data to construct the on-shell superpotential and effective
dilaton for T, and therefore also its M, , partition function.

Let us recall here how this gauging operation works, and elaborate on some of the
details. Suppose the theory T is obtained by gauging the flavor symmetry associated to
some subset S of the flavor symmetry generators, whose parameters we relabel v; — vy,
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a=1,...,|5].*" Then we claim that we should simply write the Bethe equation for vs, in

terms of W!, i.e.:
!

Hg:wp@m?y)=1,&e& (E.2)

These equations should be solved for each [, and may have zero, one, or several solutions
for each [. The vacua of the new gauge theory is the union of these solutions for all . That
is, the set SpE of Bethe vacua of 7T is:

S= | Sho.

lESBE

l ol (E.3)
SERY DAY . _
Spg = { 057 | exp <2m o > iy 1} :

An important consistency check of this procedure is the following. Suppose we are

told the on-shell objects in (E.1) actually come from a gauge theory. That is, they were
obtained by starting with a twisted superpotential, W(u, v,v), which is a function of some

gauge variables, ug, a = 1,...,1k(G), and solving the Bethe equations:
!
@E:{%ymmw”“”:Q a:L”W&“ﬂ}, (E.4)
OJug,
such that:
Whw,v) = W(it (v, v),v,v). (E.5)

Then, another way to obtain the theory T is to gauge all the variables ug,v; at once. In
that case, we would find the Bethe equations:

ow OW
aua> =1, exp <2m 81}@) =1 (E.6)

which we should solve simultaneously as a function of the u, and vz. This procedure must

exp <2m'

lead to the same Bethe vacua and M, , partition function as we obtained by starting
from (E.1).

First, to see that we get the same set of vacua, note that if we solve the first set of
equations in (E.6) as a function of u,, and for fixed 44, we find the solutions u!, in (E.5).

Next, we can plug in the ufl, where we consider all choices of [, and find the 4; which solve
the second set of equations in (E.6), that is:

1 =-exp (27Ti 0W>
8?)&

However, from (2.56), the r.h.s. is equal to Hg, and so this is equivalent to solving (E.2).

(E.7)

ug=ul,

It remains to check that the various ingredients in the Mg, partition function that
we obtain by the two methods agree. For the fibering and flux operators, this follows

“1Here for simplicity we assume the group we are gauging is abelian; it is straightforward to extend the
argument to the non-abelian case.
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straightforwardly from (2.56). For the handle gluing operator, if we gauge u, and vy
simultaneously, we find, for [ € Spg:

ow ow

i} al ol Oug0up Oug0v;
Hl(u) = W0V ot W b e, b

av& 8ub 81)& 81)5

(E.8)

u=aulv=0!

On the other hand, starting from W' and Q' and solving the Bethe equations for the vy,
we would find, in the notation of (E.3):

ow'
OvgOvy |, _, L
N (E.9)

ow oW
_ Q(u,v,v)
<<€ det 8ua8ub> ‘uul det Bvdavi))

At first sight, the expressions (E.8) and (E.9) look quite different. To see that they agree,
let us first introduce the notation:

HYI(v) = e (V) det

y:vlaj

ow ow
8ua8ub 6ua8vi) _ Aab Bal;
ow ow’ | = (C&b D, (E.10)
OvgOup Ovg vy
Then the determinant in (E.8) can be written:
Aab BG/A —1
det (C@b D(;;) = daebt Aab d&%t(Ddi) — CdbAab Bal;) (Ell)

Next, we rewrite the matrix appearing in second factor in (E.9) as:

oW! ow oul, ow o,

= —F—=D.; B ;. E.12
OvgOv; g dvy, + Ovg Ougdvy, ab T v, ab ( )
We differentiate (2.55) to find:
o oW, o*w OPW  oul, oul,
- D) = T O+ oA,
v Oug (ua (i), v4) g v, + OugOuy, v, ab T v, b
oul,
—Lt=-AJlC, E.13
avi) ab “ab ( )
Plugging this into (E.12) gives:
oW! 1
80@81}3 = D&i) B CalA)Aab Bai) (E14)
and so the determinants in (E.9) can be written as:
det Agp det(D&,; — CdbA;blBaj)) (E15)

agreeing with (E.11) (after identifying the solution corresponding to [ with that corre-
sponding to the pair (, 7)), and completing the proof that (E.8) agrees with (E.9).
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