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varying complexified coupling 7, in the presence of defects. For abelian gauge group this
agrees with the so-called duality twisted theory, and we determine a non-abelian general-
ization to U(N). When the elliptic fibration is singular, the 4d theory contains 3d walls
(along the branch-cuts of 7) and 2d surface defects, around which the 4d theory undergoes
SL(2,Z) duality transformations. Such duality defects carry chiral fields, which from the 6d
point of view arise as modes of the two-form B in the tensor multiplet. Each duality defect
has a flavor symmetry associated to it, which is encoded in the structure of the singular
elliptic fiber above the defect. Generically 2d surface defects will intersect in points in 4d,
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1 Introduction

S-duality is one of the profound characteristics of N' = 4 Super-Yang Mills (SYM) theory
in 4d with gauge group G. It dates back to the Montonen-Olive duality [1, 2], and in
the context of N' = 4 SYM, much evidence exists in its favor, in particular the seminal
work [3], and, more recently, its relation to the geometric Langlands program in [4]. For the
theory with a U(N) gauge group, the conjectured duality states that the theory, with the
complexified coupling constant 7 defined in terms of the #-angle and gauge coupling g as

T = % + ZZ:QT , (1.1)
is self-dual under 7 — 7, with v € SL(2,7Z).

The SL(2,7Z) duality group of N' =4 SYM with gauge group U(N) has a geometric
realization in terms of the 6d (2, 0) superconformal theory of type Axn_1, i.e. the theory on
a stack of M5-branes in M-theory, by compactification on an elliptic curve with complex
structure given by the modular parameter 7. By shrinking the torus fiber, the 6d (2,0)
theory reduces at low energies to 4d N' = 4 SYM. S-duality is then identified with SL(2,7Z)
modular transformations acting on 7 [5].

In string theory, a closely related duality is the S-duality of Type IIB string theory,
acting on the axio-dilaton g = Cp+ie~?, which when acted upon on a D3-brane in Type
IIB results precisely in the S-duality of the effective N/ = 4 SYM on its world-volume.
In this case, a formulation, which allows for a manifest realization of SL(2,Z)-duality is
provided by F-theory [6], which allows the study of string theory vacua, where the axio-
dilaton varies.

Our goal here is to determine a formulation of A' =4 SYM with varying complexified
coupling constant in analogy to the F-theoretic approach to IIB string theory. We find
that this setup arises naturally from the 6d (2,0) theory on an elliptically fibered complex
three-fold, by dimensional reduction along the elliptic fiber.

Supersymmetry can be preserved, if no topological twist is applied to the 6d theory,
if the elliptic three-fold is Calabi-Yau. More generally, supersymmetry can be preserved
for an arbitrary elliptically fibered Kéahler three-fold if the theory is topologically twisted.
We will study both situations in detail. We will find that imposing Kahlerity is tied to 7
being a holomorphic function on the base Bo. This setup is of particular interest, when the
fibration becomes singular, i.e. whenever the complex structure degenerates. Singularities
in the fiber happen generically over 2d loci, which are complex curves in the base of the
fibration. We will find that there are additional chiral degrees of freedom localized at
these 2d defects.

The complete M-theory setup corresponds to the geometry X4 x R12, where X, = CY}
is an elliptically fibered Calabi-Yau four-fold, with base three-fold Ms3. Mb-branes wrap
an elliptic Kéhler three-fold Y3, that is a Kéahler surface By C M3 and the elliptic fiber
restricted to this subspace — see figure 1 for a depiction of the setup.

An alternative approach to studying this N' =4 SYM theory with varying coupling
is directly in terms of D3-instantons in F-theory, which was pursued in [7]. This 4d point
of view is restricted to the abelian A/ = 4 theory, which once twisted by the so-called



Figure 1. M-theory setup: Y3 is the world-volume of the M5, and is an elliptic fibration over a
base B. This elliptic three-fold is embedded into an elliptically fibered Calabi-Yau four-fold Xy,
with base M, which contains Bs. The elliptic fibration of X, restricts to that of Y3. We assume
that the fibration has a section, i.e. there is a map from the base to a marked point in the fiber,
which is origin of the fiber elliptic curve.

topological duality twist, defines the theory with varying 7 on a Kahler surface. This
duality twist is a combination of a standard topological twist, combined with a non-trivial
background connection for the gauge field

__dn

(1.2)

_47'2 ’
associated to a U(1)p action on the abelian N' = 4 SYM theory, which is called “bonus
symmetry” [4, 8].

One of the main results in this paper is the derivation of this duality twisted theory
from 6d, by performing a standard topological twist of the 6d (2,0) theory on an elliptic
three-fold and reducing along the elliptic fiber. An advantage of taking the 6d point of view
is that it predicts a generalization of the U(1) model in [7] to a non-abelian 4d theory with
varying coupling, which is the reduction of the type Ay_1 6d (2,0) theory on the elliptic
fibration. We will present the non-abelian extension of the 4d theory with varying coupling.

One of the salient features of these theories is the presence of 2d defects. Geometri-
cally these correspond to complex one dimensional subspace in By above which the fiber
degenerates. Taking a varying holomorphic coupling 7 over a base manifold Bs, can result
in singularities in the fiber, above 2 real-dimensional surfaces/complex curves C C B, along
which 7 degenerates. Locally around each such curve C, the function 7 has a monodromy
7 — 7/ given by an SL(2,Z) modular transformation v of the elliptic curve

T/:’y.T:Z:is, ab—cd=1, a,bc,deZ. (1.3)
There are branch-cuts emanating from the curve C, which are real codimension one in the
4d theory on By and thus appear as 3d walls W, across which the coupling jumps by an
SL(2,Z) duality transformation. We will sometimes refer to these as duality walls. This

setup is shown in figure 2.



Figure 2. Setup of 4d theory on Bs with local coordinates z; and z3. The curve C is given by
z1 = 0, and the wall W7 by 0; = 0, where 0, is the angular coordinate of z;. As one crosses the
branch-cut W7, the coupling undergoes an SL(2,Z) monodromy .

In IIB/F-theory, the 2d singular loci are the intersections of the D3-branes, on which
the 4d SYM theory is realized, with 7-branes, and the chiral modes arise from 3-7 strings.
Thus one way to study the defects is in terms of the spectrum of [p, ¢ strings between the
D3- and 7-branes. From the 6d (2,0) theory point of view, we will see that these modes
arise naturally from the reduction of the two-form field B,, along the Pis associated to
the singular fibers. On the other hand, the 3d walls carry no physical degrees of freedom,
and only guarantee continuity of the theory across the entire 4d spacetime.

The surface defects are labeled by elements 7 of SL(2,Z). For v =T", i.e. 7 — 7+ n,
a complete Lagrangian description is possible for the non-abelian theory [9]. The 3d walls
in this case carry a level n Chern-Simons term, n [, Tr[A A dA + 2ZANANA] On the
defect itself, the theory is a chiral WZW model, which cancels the gauge anomaly of the
3d coupling. Alternatively the defect theory can be described in term of n chiral fermions
or n chiral bosons.

An interesting property that we notice is that the 2d defects generically intersect in
points. From the point of view of the 2d chiral theories, this corresponds to loci of enhanced
flavor symmetries, which can be determined by studying the mechanics of the singular fibers
which have an enhanced singularity above these points [10-15].

In summary, the complete setup could be termed a 4d-3d-2d-0d Matroshka-defect con-
figuration: starting in 6d we reduce on an elliptic fiber to 4d SYM with varying coupling
constant. There are 3d walls, which end on a network of 2d surface defects, on which chiral
modes are localized, and have a flavor symmetry that is dictated by the singularities in
the elliptic fiber. These 2d defects, in turn, intersect at points, which enjoy an enhanced
flavor symmetry.

We should mention some related compactifications of the 6d (2,0) theory. The dimen-
sional reduction of the 6d theory on a circle gives rise to maximally supersymmetric 5d
Yang-Mills. The case of circle-fibration was discussed in [5] and in more detail in [16, 17]



including the Taub-NUT geometry, where the circle-fiber can degenerate. The Taub-NUT
reduction will play an important role in our analysis of the 6d reduction.

In F-theory, a related configuration are D3-branes compactified on a curve in the base
of a Calabi-Yau three-fold including the duality twist [18]. A comprehensive analysis of
D3-branes on curves in the base of Calabi-Yau compactifications to dimension 6, 4, and 2,
respectively, in F-theory, will appear in [19]. Unlike the case studied here, which could be
understood in terms of D3-instantons with duality surface defects, in those cases, the the-
ories are 2d chiral supersymmetric theories, with point-like defects on the compactification
curve, where the D3-branes intersect 7-branes in F-theory. More recently a discussion of
supergravity backgrounds for 4d N/ =4 SYM appeared in [20]. Also, some duality defects
for N' = 2 theories were proposed in [21]. Furthermore, there are related configurations in
the D3-instanton literature in F-theory: our setup can be viewed from the bulk F-theory
or M-theory theory point of view as studying D3- or M5-instantons, for instance in [22-27],
see [28] for a review.

The plan of this paper is as follows. In section 2 we provide the setup for studying the
6d (2,0) theory on an elliptically fibered three-fold. We carry out the reduction to 4d of
the abelian 6d theory defined on an elliptically fibered Calabi-Yau three-fold and extend
it to the non-abelian theory. We also review the so-called bonus-symmetry in N/ = 4
SYM. In section 3 we construct the twisted 6d (2,0) abelian theory on an elliptic Kéhler
three-fold and perform the reduction along the elliptic fiber to 4d. We find a twisted 4d
N = 4 SYM theory with varying coupling, matching the topological duality twisted theory.
Furthermore, we determine the non-abelianization of this 4d SYM theory with varying
coupling. In section 4 we discuss the 3d walls and 2d defects and explain how the defect
degrees of freedom arise from 6d. We also discuss the flavor symmetry enhancement at the
point defects localized at the intersections of the 2d defects, in relation to the singularity
enhancement of the elliptic fiber. We summarize various topological twists of the 6d theory,
present conventions and spinor manipulations, and provide details on computations in the
appendices A to D.

2 Elliptic fibrations, M5-branes and 4d N = 4 SYM

We begin with some background for studying the 6d (2,0) super-conformal theory on an
elliptic fibration, by reviewing some basic facts about such geometries, the relation of the
6d theory to N' =4 SYM in 4d, as well as the bonus symmetry of the abelian 4d N = 4
theory. All these parts will come together in the following sections.

2.1 Elliptic three-folds

We consider the abelian 6d (2,0) theory on an elliptically fibered variety Y (= Y3) of
complex dimension 3
E — Y
! (2.1)
By



where B (= Bj) is the four-dimensional base of the fibration. Denote by 7 = 7 + iy the
complex structure of the elliptic fiber and by V' its volume. Given this setup we consider
the Euclidean 6d theory. In the case of trivial fibrations, the space is endowed with the
direct product metric

v
dsi . p = . ((dz + 71dy)® + 73dy?) + ds , (2.2)

where ds2B is line element on the base. Here, (z,y) are periodic coordinates on the elliptic
curve with periodicity 1. To obtain a generic fibration, we let 7 = 7(b#) and V = V(b*)
depend on the coordinates * on the base B, and introduce two connections 7 = n,db* and
p = pudb”, which are 1-forms on B, with metric given by

,
st = — ((de 4 mudb + midy)? + 73 (dy + pudl)”) + gl dbtdb” (2.3)

Here ¢g” is the metric on the base. When the elliptic fibration has a (holomorphic zero-)
section, as we shall assume, the off-diagonal terms in the metric vanish, which is equivalent
to requiring that p = n = 0 [22, 29]. Furthermore, we set the volume V to be constant.
Later on, taking the limit V' — 0 corresponds to the F-theory limit, where the M5-brane
reduces to the theory on the D3-brane. A convenient frame for this specialization is

e, a=0,1,2,3, 642\/7‘;(daz+7'1dy), e =+/Vndy, (2.4)

where e? is the frame on the base, associated to gZ. The inverse frame is given by

1
\/VTQ

where p and p are curved Lorentz indices on the total space and on the base respectively.

ehd,, a=0,1,2,3, efaﬁz T—V%@m, egaﬁ:

(—=710z + 0y) , (2.5)

The spin connection Q45, A, B =0,1,---,5, is given by

O0uT1

Qv =w®  0.5=0,1,2,3, Q¥ =— e,
27 (2.6)
ad _ "1ty 4 0'T1 5 a5 _ 11 4 01y 5
Q%= —Ze* — ——¢°, Q% = — et — —Ze”,
279 279 279 279

where w® is the spin connection on B.

In order to preserve some supersymmetries, we will topologically twist the theory,
which requires Y to be Ké&hler manifold, with reduced U(3);, € SO(6), holonomy. From
the results in [30] it is known that all allowed base surfaces, that support (minimal) elliptic
fibrations are Hirzebruch surfaces F,, for m = 0,2,3,---,7,8,12, projective space P?,
the Enriques surface, or blow ups thereof. We assume that this fibration has a section,
which is precisely given by a copy of the base B, and can be represented thereby by a
Weierstrass model

y? =2 + frwt + gub, (2.7)



with f and g sections ng/ 73, respectively. Furthermore, we allow for singularities along
a complex codimension one locus ¥ in the case B, characterized by

A=4f34+27¢>=0, (2.8)

which we will characterize in terms of the vanishing of a local coordinate in B. Locally
around each singularity, the function 7 has a monodromy 7 — 7’ given by an SL(2,Z)
modular transformation ~ as in (1.3).

To obtain a Kéhler metric we start by introducing complex coordinates z;, i = 1,2,
on the base B, which has to be Kéhler, and w = x + 7y on the torus, and pick 7 = 7(z;)
holomorphic in z1, z3. The metric now takes the form

14
A ((d:z: + rdy)* + T22dy2) + gg dzdz;, (2.9)
T2

2
dSY

with gg a hermitian metric on B. If Kp is the Kahler potential of the base, the Kéhler
potential for Y is given by

K:yzch—VizKB—QVTQyQ. (2.10)

We introduce the complex frame, which we refer to as canonical frame

ef =2l eIt gl =2l _ 2+l 112, (2.11)
with real components (2.4). The holomorphicity of 7, 7 = 0, can be recast into dp7q —
0170 = OgTo + 0171 = 0211 — 0370 = Oa7o + 0311 = 0. Using this relations we find the
vanishing components

QO4 _ 915 — Q24 o Q35 — Ql4 + QOS — Q34 + QQ5 —0. (212)

The Kahler condition for the base manifold B implies that the four-dimensional spin con-
nection Qg has also two vanishing components, which in this frame are Q%2 — Q¥ =
0% + Q2 = 0. This makes six components of the spin connection vanish, signaling the
reduction of the holonomy SU(4)r, ~ SO(6)r, — U(3)r of the six-manifold, as it should be
for a Kéhler space. More precisely the embedding of U(3), inside SO(6), can be described
as follows (see e.g. [31], chap. 15.3): consider a 3 x 3 unitary matrix U = (u;;) and replace
each component by a 2 x 2 real matrix u;; —Re(u;;)1o+Im(u;j)e, where 1o is the 2 x 2
identity matrix and € is the antisymmetric matrix with component €19 = —e2; = 1. The
resulting matrix is a 6d orthogonal matrix. The same operation maps an anti-hermitian
3 X 3 matrix to an anti-symmetric 6 x 6 matrix and describes an embedding of the u(3)
algebra into the so0(6) algebra. The s0(6) matrices in the image of this map obey precisely
the six relations above, showing that 2 belongs to this u(3) subalgebra.



2.2 Abelian 6d (2,0) theory

We consider the abelian 6d (2,0) theory, which describes the theory on a single M5-brane,
in Euclidean signature. The symmetry group is the 6d Lorentz group and the R-symmetry,
SU(4)r x Sp(4)r. The theory consists of a free tensor multiplet with fields (Hg, A™, ®™"),
where Hj is a self-dual three-form, A™, m = 1,--- 4 are Weyl spinors of positive chirality
transforming in the (4,4) of SU(4)r x Sp(4)g and ®™" are scalars transforming in the
(1,5). They obey ®™" = —®™" and Q,,, ™" = 0, where {2,,,,, is the anti-symmetric Sp(4)
invariant tensor. Our conventions on spinors are provided in appendix A.

In Lorentzian signature the bosonic fields Hz and ®™" are real and the fermions A"
obey a Symplectic-Majorana condition. In Euclidean signature, which is the case of interest
here, we cannot enforce self-duality on a real three-form.! Instead we can consider the
modified self-duality condition

*Hg :’iH3, (213)

which forces us to consider a complex three-form Hs. Moreover there is no reality condition
one can impose on the fermions A"”*. For consistency with supersymmetry we can also think
of the scalar ™" as complex scalars, so that the number of degrees of freedom is doubled
compared to the Lorentzian theory. After reduction to four dimensions, reality conditions
can be imposed on the 4d fields, leading to a Euclidean SYM theory with the usual number
of degrees of freedom.

The conformal equations of motion of the abelian theory in curved space are given by

?@mn =0, (2.14)

where R is the 6d Ricci scalar. The equation on Hj tells us that it can be written locally

dHs; = 0, xHs=iHs, TAV4AN" =0, V2™ —

as the differential of a two-form Hs = dBs. These equations are invariant under Weyl
transformations with Weyl weights w(Hz) = 0, w(A™) = 3 and w(®™") = 2. The equations
of motion of the spinor and scalar fields can be derived from the actions

S — / A2 /g An DAV 4N |

1 1
St(bﬁd) = / d%z\/g (8A<I>mn8A<I>m" + 53 @mnq)m") . (2.15)
We will also label the five scalars <I>?, i1 =1,---,5 corresponding to the vector representation
of SO(5) g, with
-~ -~ -~ 1 -~
P — Pt <Fz) mn7 Pl = Z pmn (Fz> — (216)

using the R-symmetry Gamma matrices defined in appendix A.3.
The supersymmetry transformations of the Euclidean theory are generated by negative
chirality spinors £, of Weyl weight w = —%, satisfying the Killing spinor equations

1
VaE™ - 2T ATBVEE™ =0, (2.17)

'In Euclidean signature 2 = —1 on a three-form.



and are given by

6Bag = —E"T apAnm

1
T8
5O = &, (T1) ™, A"

1 -~ > 1 -~ =
SA™ HapcDABCem — ZFAE)A(I)Z (TH™m,E™ — 6<1>Z(F1)mnrf‘v AE" (2.18)

The theory, defined in this way, preserves supersymmetries only when the six-dimensional
geometry admits solutions to (2.17). We note that the Killing spinor equations imply the
relation
2om R m
VE™ 4+ =M =0. (2.19)
20

The supersymmetry transformations leave the equation of motions (2.14) invariant and the
super-algebra closes on-shell.

2.3 Mb5-branes on an elliptic Calabi-Yau

In this section we consider the abelian (2,0) theory on an elliptic fibration admiting Killing
spinors and we perform the reduction to four dimensions. We will show that, without
any additional twisting of the 6d (2,0) theory, this implies that the three-fold has to be a
Calabi-Yau variety. In four dimensions the reduced theory will be the abelian A = 4 Super-
Yang-Mills theory on a Kéhler space with varying complex coupling. Having obtained the
abelian theory we will promote it to the non-abelian theory with U(/V) gauge group and
comment on issues related to monodromies of the coupling.

We wish to reduce the six-dimensional theory on E; — Y — B to a four-dimensional
theory on the base B, by shrinking the elliptic fiber E.. This corresponds to taking the
constant volume V' of E; very small compared to the size of B (or considering the theory

at energies small compared to V—1/2

if B is non-compact). We start by studying the
constraints imposed by supersymmetry on the geometry. We assume the existence of a 6d
Killing spinor £ independent on the fiber coordinates x,y, with negative chirality. Such a

spinor can be decomposed, as explained in appendix A.2, into
E=E_@n +EL @, (2.20)

where £;,E_ are 4d spinors of positive and negative 4d chirality respectively and ni are
constant 2d chiral spinors which serve as a basis for the decomposition. The 6d Killing
spinor equations (2.17) then reduce to the 4d Killing spinor equations,

10,71 104 T1
Vi€_ — E_ =0, Vo€i+ £ =0,
dry T T (2.21)
OamY*E_ =0, 0,7TYEL = 0.

These equations, written back in 6d language, imply that the 6d Killing spinor £ is covari-
antly constant, V4&€ = 0, so that the six-dimensional geometry has to be Calabi-Yau. We
find therefore that elliptic fibrations with a section, which admit a Killing spinor constant
along the elliptic fiber, correspond exclusively to Calabi-Yau three-folds. The equations on



the second line of (2.21) imply that 7 is holomorphic in appropriate complex coordinates
on the base B. We will come back to this when we discuss the twisted theory.

On a generic Calabi-Yau manifold the reduced holonomy group is SU(3);, € SU(4),
and a Weyl spinor in the 4 of SU(4)r, decompose into 3 & 1 of SU(3)y, (see appendix B.2).
Therefore a generic Calabi-Yau three-fold has a single covariantly constant spinor £, which
reduces in four dimensions to a single pair of Killing spinors of opposite chirality (£4,E-)
satisfying (2.21). Since the Killing spinor equations for £, and £_ are decoupled, it must
be that, for a generic Calabi-Yau, either £, = 0 or £ = 0, otherwise we could consider
these spinors as independent and they would generate more supersymmetry in 4d than we
had in 6d. We can argue about this point as follows. If we have both £, and £_ non-zero,
we can construct & = B(E_)*? which satisfies the same equations as £, but which has
negative chirality.® In particular we have 9,7v*€, = 0 and 0,7y = 0, which together
imply 0,7 = 0 and therefore 9,7 = 0. The coupling 7 is then constant, corresponding to
the Calabi-Yau being a direct product E; x K3. This is a non-generic Calabi-Yau, with
further reduced holonomy. So, on a generic Calabi-Yau, £ =0 or £~ = 0.

The supersymmetries of the six-dimensional theory are parametrized by the four
spinors €™, each one being a copy of the Killing spinor. The supersymmetries of the
four-dimensional theory are similarly parametrized by the four spinors &7 or £™. In
the following we will assume £ = 0 and parametrize the supersymmetry transforma-
tions with &

In order to reduce to a four-dimensional theory on the base manifold B, we decompose
the three-form Hs into

Hs=FE3+ Fs ANdx +Go ANdy + Dy ANdx Ady, (2.22)

where E3, Fo, G, D1 are forms on B, taken independent of the fiber coordinates z,y. The
equations of motions for Hy (2.14) are

ng :O, *HinHg. (223)

The latter equation can be used to solve for E3 and G5 in terms of F5 and D;. Some useful
properties to work this out are

*(wAet) = —(uw)Ae®, *(wAe’) = (xaw)Aet, (2.24)
*(9/\64/\65):(*49), '
with w a 2-form and 6 a 1-form on B. We obtain
ESZ—% x4 D1, Go=71Fy+im x4 Fo. (2.25)
The closeness relation dH3 = 0 becomes
dFy =dD1 =0,
(2.26)
dEs =dGy =0.

2See appendix A for the definition of the matrix B.
3This is true only in Euclidean signature. It can be worked out from the explicit conventions given in
appendix A.

~10 -



The equations on the first line remain in the reduced theory and allow to write locally
Fy, =dA and Dy = dC, with A a one-form and C' a scalar, which is periodic C — C' +27mn
with n € Z, due to the large gauge transformations of the potential B. The equations on
the second line, after replacing with (2.25), lead to the equations of motion for F» and D,
of the four-dimensional theory,

7
dE3 = _Vd*4 D1 = 0,
dGo =dm NFy +idmo Ax4Fy +im9d x4 F5 = 0. (227)

It is now desirous to integrate the equations of motion for F5 to find a Lagrangian de-
scription of that sector of the 4d theory. The theory is that of an abelian connection A
with action

1
SF:/ (TQF/\*4F-iT1F/\F) R (2.28)
47 B
where F' = Fj is the curvature of A and 7 varies over the base B, which we assumed to be
without boundary.

The equations of motion for the scalar field C defined by D; = dC reduces simply to

Vi C =0. (2.29)
It integrates to the action
Sc = / d*b /g5 0,C0°C . (2.30)

Next we consider the scalar fields and take them independent of the x and y
coordinates,

:¢mn
\/‘77

where the rescaling by vV is convenient to simplify later formulas. It also gives the

(pmn

(2.31)

scalars ¢™" the canonical 4d scalar scaling dimension one. The equations of motion (2.14)

reduce to
1 0aT10%T1 + 0y T20%Ty
Vi o™ - = (R(4d> - = 277 - o™ =0, (2.32)
where we used the relation between 6d and 4d Ricci scalars Rgq) = R4q)— 8“71‘9%121;9‘”26%2 .
2

This equation simplifies with the assumption that the six-dimensional geometry is Calabi-
Yau. We have Rq) = 0 and the equations of motions are simply

Vige™ =0. (2.33)

This equation integrates to the action

Sy = / d*b /55 (aa&aaqﬁ) , (2.34)
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where we have changed the scalar index qﬁ? = %(I‘?)mngbm”, with i = 1,---,5 the index of
the 5 of SO(5)r ~ Sp(4)g.* The index 7 is implicitly summed over in the action.

Finally we consider the fermions A\”'. Following the analysis of appendix A.2 A™ can
be decomposed into

1
A= — (A?'QRne + A" ®@n_) , 2.35
ﬁv(+ T+ n-) (2:35)

where A" is a positive chirality spinor, \™ is a negative chirality spinor in four dimensions,
and n4 = ((1)), n- = ((1)) The rescaling by vV gives the spinors the canonical 4d spinor
scaling dimension 3/2. The spinors A" and A™ transform in the (2,1,4) ® (1,2,4) of
SU(2)1 xSU(2)2 x Sp(4),, where SU(2); x SU(2)2 ~ SO(4) is the four-dimensional structure
group. The equations of motion (2.14) reduce to

04T 0,

a m aym a m .OaTl _g\m
Y*Vaaya AL — i 17 YA =0, 7'V (a)a\" +1E7 A" =0, (2.36)

and can be derived from the action

Sy = / d*b\/g5 <A+m7avaxm+z‘iﬂl )\+m'ya)\m> : (2.37)
2

T

The supersymmetry transformations, obtained from six-dimensions, are generated by
four Killing spinors " or £™, each one of them being equal to the solutions to the Killing
spinor equation (2.21)

{
Y
1
5)\T = gy/TgFab’yabET,
- (2.38)

BN = — L0 ET + L0 (),

0A, (‘:’T’ya)\_m s

68 = i€y m(T)™ Ay n,
6% = EMNjm
where we replace the scalar C by ¢% = -& .
The R-symmetry of the (2,0) theory, Sp(4)g, is enhanced to become the SU(4), R-
symmetry of the 4d N' = 4 theory. The embedding of Sp(4) inside SU(4) is the special
maximal embedding, where the representations of interest decompose as

SU(4) — Sp(4)
4and 4—4 (2.39)
6—-135.

The scalar field ¢9 is in the trivial representation of the Sp(4) g R-symmetry, inherited from
the three-form. The five scalars ¢¢, which transform in the 5 of Sp(4)z combine with ¢°

4Throughout the paper we use the notation G; ~ G for two groups G; and G, which have the same
algebra, but may differ as groups. For instance SU(2) ~ SO(3).
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and transform in the 6 of SU(4),.. Note that in the limit V' — 0 (i.e. the F-theory limit), the

compact scalar ¢® = C/ V'V decompactifies and is therefore on the same footing as the non-

compact scalars qﬁ?. The fermions A", X" transform in the 4 of Sp(4)r. Under the enhanced

R-symmetry, they transform as the 4 and 4 of SU(4),. More precisely A" and \™ transform

in the (2,1,4) @ (1,2,4) of the 4d flat space symmetry group SU(2); x SU(2)2 x SU(4),..
The complete action takes the SU(4), invariant form

1 1 1
Saa = SF + ESC + E&p + %Sx

1 .
:M/(TzF/\*LlF_ZTlF/\F) (2‘40)

8{17—1 XJ,- m,}/aAT_n) :| ’
279

1 -~ -~ _
+ = /d4b V9B [&mza‘%’ + 81 <2)\+m’yava)\7f +1
78

with the SU(4), covariant supersymmetry transformations
7 =
0A, = _ﬁngm'ya)\T_ny
. 1 .
ONY = ov/mFuy EL,
1 ~ =~ R
0T = =2 0a¢"(I") "3y €Y,

(2.41)

5 = i (TN

The index 0 now goes from 1 to 6, labeling the representation 6 of SU(4),, and we have
defined I = —T"%, for i = 1,---,5, and (['%)™;, = (I'%)™,, = i6". Indices are now raised
and lowered with Q™" and Q..

2.4 Non-abelian generalization

The four-dimensional action can be promoted to a non-abelian theory by letting the fields
take value in the u(N), or su(N) algebra, with A, the non-abelian gauge potential and
F=dA+ AN A, and taking the action to be

1
Sua=1- /Tr [TQF AwyF —ir F A F]
T

1 -~ -~ _ T ~
+ / d'b /g5 Tr {DGWD%Z 48 </\+ Y DA™ + ii TN, mv“)ff)]
T T2

1 A R R (2.42)
4 Y N[ 8\
— [ dgETr | — ==X (T[4
# g [ VT | - SR (N
o LR O R )|
\/73 —-m n 9 N— T ) ? N
The covariant derivative is Dy, = V, + [Aq, .|. The supersymmetry transformations of the

bosons are as in (2.41). The transformations of the fermions become
. 1 . 1 S~ s s .
O] = gV e — g ld )T TaEL
(2.43)

-8
1 ~ .
ONT = — 1 Dad () "ar €1

~13 -



with T% = 0T and T% = T0TY). The non-abelian theory with gauge algebra su(N) is
then interpreted as the dimensional reduction of the 6d (2,0) theory of type Ay_1 on an
elliptic Calabi-Yau three-fold.

We have derived a Euclidean action with complex fields in four-dimensions. We could
impose reality conditions, demanding that the bosonic fields are hermitian and the fermions
obey a Symplectic-Majorana condition (see appendix A.1).

In the flat space and constant 7 limit, namely the 6d flat space limit where the elliptic
fibration is a direct product E; x R*, we recover the standard abelian ' = 4 Super-Yang-
Mills action as expected [32].

Finally we must comment on the fact that such Calabi-Yau elliptic fibrations have sin-
gular loci where the modular parameter 7 degenerates, as mentioned in section 2.1. In the
four-dimensional theory the profile of the holomorphic coupling 7 has surface defects, where
7 degenerates, from which emanate branch cuts. These branch cuts appear as domain-walls
across which the coupling jumps by an SL(2,Z) duality transformation, which we may call
duality walls. We will discuss these duality walls and the surface defects in section 4. For
now, we only notice that, due to the presence of these walls, the supersymmetry variation
of the action is not vanishing, but instead picks boundary terms for each duality wall W

SSw = (/ +—/ >d3x\/g>3na Tr [— %eabc‘i&m%)@ﬁgd
we W ) (2.44)

> — . n 7 = s ~ =
24 Fz mr’z m nDa ! = m’a 71 FU mn z’ J )
20 VDot + T 16,0

where [+ — [;;~ computes the difference of the integrals with the fields and coupling 7
evaluated on one side of the wall (at W) and the fields and coupling 7" evaluated across
the wall (at W ™). Here, n* denotes a unit vector normal to the 3d wall.

2.5 N =4 SYM and bonus symmetry

The abelian NV = 4 SYM theory has an additional transformation, which we refer to as
U(1)p, also known as “bonus symmetry” in [8]. It arises when we consider SL(2, Z) electric-
magnetic duality transformations in A/ = 4 SYM. Such a transformation is parametrized
by an SL(2,Z) element

72(@())7 a,bc,d €7, ad —bc=1. (2.45)
cd

As found in [8] and [4] (using different approaches), the supercharges transform under the
transformation . The bosonic symmetries of the theory are the Lorentz group SO(4); ~
SU(2); x SU(2)2 and the R-symmetry group SU(4),. The supercharges of N' = 4 SYM
are Q" Q™ transforming in the representation (2,1,4) @ (1,2,4) of SU(2); x SU(2)2 x
SU(4),. Under an SL(2,Z) duality the supercharges transform by a phase rotation, which
is identified with a U(1)p transformation,

Qm N 6—%&(7)Qm

come s (2.46)
Qméeia(y)Qm’
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with

ia(y) — ertd 2.47
¢ let +d| (247)

The fields of the SYM theory transform under this U(1)p as
G @, NP ez M e ym (2.48)

The gauge field A, does not have a definite transformation under U(1)p. In the abelian
theory the field strength components do have definite U(1)p transformations,
F{E) — T i) (2.49)
where we defined F&) = /7 (#) In [8] this U(1)p transformation was described as a
symmetry of the equations of motion and of the supersymmetry variations of the abelian
theory and the charges of the fields under U(1)p were given. However it is not a symmetry
of the SYM action. In the non-abelian case the symmetry does not survive, even at the
level of the equations of motion, however it still acts on the sector of protected operators.
In [7] this U(1)p action was used to perform the so-called “topological duality twist”
in the abelian SYM theory, allowing U(1)p to mix with the Lorentz symmetry, leading to
a theory with varying coupling constant and duality defects. The approach that we will
take, starting in 6d, will allow for a definition of the twisted theory even in the absence of
a clear definition of a 4d U(1)p for non-abelian gauge groups.

3 Duality twist of 4d N/ =4 SYM from 6d

We consider now the dimensional reduction on an elliptic Kahler three-fold Y3 (which is
notnecessarily a Calabi-Yau). In order to preserve some supersymmetries, we need to
topologically twist the six-dimensional theory, which means turning on an appropriate R-
symmetry gauge field background.” This is achieved by twisting the U(1) =diag(U(3)z)
residual holonomy with a U(1)g subgroup of the R-symmetry group. In this section we
describe the six-dimensional abelian twisted theory on a Kéhler three-fold. We then carry
out the reduction on the elliptic fiber and obtain a twisted version of A" =4 SYM theory
with varying coupling constant. In particular, we identify in this way the topologically
twist of the M5-brane theory with the duality twist of N'=4 SYM described in [7].

Interestingly we show that the bonus symmetry, or rather “non-symmetry”, of N' =4
SYM in 4d, has its origin in terms of the geometric SO(2)45 rotation symmetry in the (x, y)
plane in the flat space M5-brane theory.

We also provide the non-abelian version of the topologically twisted 4d theory and
point out difficulties related to the description of the walls and surface defects associated
to the inherent coupling constant monodromies.

5Notice that we cannot preserve supersymmetry by twisting on a manifold with generic holonomy
SU(4)r ~ SO(6)r, since the R-symmetry group is only Sp(4)r ~ SO(5)r.
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3.1 Twist in 6d, duality twist and bonus symmetry

We first explain the twist in the six-dimensional theory and work out its relation to the
duality twist in four dimensions, which was studied in [7]. In the process we identify the
six-dimensional origin of the bonus symmetry.

A generic Kéhler six-manifold has reduced holonomy U(3); ~ SU(3);, x U(1), C
SU(4)r, and the twisting consists in mixing the U(1)y transformation with a U(1)g R-
symmetry transformation, to obtain supercharges transforming trivially under the new
Lorentz symmetry. In appendix B we detail the various inequivalent twistings, which
correspond to different choices of embedding of U(1) g inside Sp(4)r.

In the following we consider the topological twisting, which preserves the maximal
amount of supersymmetries, namely the twisting described in appendix B as “Twist 17,
which preserves two supercharges on an arbitrary Kéhler manifold. It can be described as
follows. Consider the SU(2)g x U(1)r R-symmetry subgroup associated to the following
decomposition of the representation 4 of Sp(4)g

Sp(4)r — SU(2)r x U(1)R

452,02 . (3.1)
The supercharges decompose under the Lorentz and R-symmetry subgroups as
SUM4)r x Sp(4)r — SU(3)r x SU(2)gr x U(1)r x U(1)r (3.2)
(4,4) = (3,2)11®(3,2)1,-1® (1,2) 31 ©(1,2) 3 -1-
We now choose an alternate Lorentz group by redefining the U(1) generator as
T; =T — 3TR, (3.3)

where 77, and Tg are the generators of the Lorentz and R-symmetry U(1)s. The decom-
position of the supercharges under the twisted symmetry group is then

SU(4)1, x Sp(4)r — SU®3)z x SU(2)g x U(1), x U(1)x
(4,4) — (3, 2)_271 ) (3, 2)4,_1 ) (1, 2)—6,1 5] (1, 2)0,_1 .

The last term corresponds to supercharges that are trivial under the twisted Lorentz group

(3.4)

and transform in the 2_; under the residual SU(2)r x U(1)r R-symmetry group. These
correspond to two scalar supercharges in the twisted theory.

Anticipating the result of the reduction, we would like to make immediately the con-
nection with the duality twist in 4d. For this purpose it is useful to understand more
precisely which component of the spin connection will be affected by the twisting. At the
end of section 2.1, and following [31], we explained how the reduced holonomy algebra
u(3)r, is embedded into s0(6)7,. Under this embedding, the generator of the U(1) sub-
group is given, up to normalization, by the s0(6) matrix 7, = J = —diag(e, ¢,¢).5 The
spin connection component which gauges U(1)f, is given by

QUL _ % OB | JA, = 7%
The analysis in [31] shows that the U(1),, generator J = (J* ) can be identified with a chosen complex
structure of the Kéhler manifold. This is made explicit in appendix D.

(QOI +Qz3+ﬂ45) ’ (35)
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with a normalization chosen such that supercharges have have the U(1); charges given
above. The twist of the 6d theory (3.3) is then implemented by turning on a U(1)g
connection

AUWR — _3UL — % (901 1+ 02 4 945) ‘ (3.6)

We can now see what is effect of this twist from the four-dimensional point of view. The
base B is Kahler, so its holonomy group is also reduced

Holonomy of By < U(1), x SU(2), € U(1)r x SU(3), (3.7)

with U(1); a combination of U(1);, and a certain U(1) € SU(3)z. More precisely the
generators of the U(1)r, U(1), and SO(2)45 rotation are related by T, = Ty + 2T45. The
U(1)y component of the 4d spin connection is given in our frame by

1
U
wUMe — - (w01 +w23) . (3.8)

The SO(2)45 rotation symmetry in the (xy) plane of the 6d theory is broken when we place
the theory on the torus. In standard dimensional reduction, such a symmetry is restored
in the infrared theory where it appears as an R-symmetry. In our case the 4d theory does
have an enlarged R-symmetry, but it does not come from the SO(2)45 rotation, which does
not survive as a genuine symmetry of the 4d theory. We will come back to this point
shortly. We propose to identify it with the U(1)p bonus symmetry reviewed in section 2.5,
which, similarly to R-symmetries, acts on the supercharges of N' =4 SYM, i.e.

SO(2)45 ~ U(1)p . (3.9)

The SU(2)r x U(1)g R-symmetry subgroup can be identified with a subgroup of the 4d
SU(4), enhanced R-symmetry as follows: we consider the subgroup

4d R-symmetry : SU(4), D SU(2)4 x SU(2)p x U(1),, (3.10)

and we identify U(1), = U(1)r and SU(2)r =diag(SU(2) 4 x SU(2)p).

Having found the origin of all the relevant symmetries in 4d, we find that the six-
dimensional twisting (3.3), which corresponds to turning on the U(1) connection (3.6), is
expressed in 4d by turning on the corresponding U(1), connection

AVDr = _9,UMWe 4 (,UMW)p (3.11)

with wVMD = %945. This corresponds to the four-dimensional twisting described by the
generator redefinitions
T,=T,-2T,, Tp=Tp+1T,, (3.12)

where Ty, T, and Tp = —2Ty5 are the generators or U(1),, U(1), and U(1)p, respectively.
We find wVMp = _%_72'1 e?, in agreement with the U(1)p connection described in [7].” For
later use we also call A the U(1)p connection

A=tp = _%n

_ a 3.13
4Ty € ( )

"There is a difference by a factor of —2 compared to the conventions in the reference, due to a different
normalization of the U(1) charges.
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Let us now discuss in more details the identification of the SO(2)45 rotations with the
U(1)p bonus symmetry. Here we only consider the (2,0) theory on the direct product flat
elliptic fibration Y = E, xR?*. First we need to point out a peculiarity of the reduction of the
(2,0) theory to N/ =4 SYM. In generic dimensional reduction from a d-dimensional theory
to a (d—2)-dimensional theory, the SO(2) Lorentz rotation in the two dimensional plane on
which we reduce becomes a U(1) R-symmetry of the reduced theory. This follows from the
fact that the SO(2) Lorentz rotation becomes a global symmetry in the lower-dimensional
theory, which acts on the supercharges. It then becomes an R-symmetry. When we define
the theory on the torus, we break this rotation symmetry, but in the low-energy limit, or
zero size limit of the torus, it is recovered, so we still naively expect it to become a U(1)
R-symmetry in the lower-dimensional theory. However this cannot be the case in our setup
since, if it were true, the 4d theory would have a least a Sp(4)r x U(1) R-symmetry, but
N =4 SYM has SU(4), R-symmetry which does not contain Sp(4) g x U(1) as a subgroup.
This means that the SO(2)45 Lorentz symmetry, broken by the torus geometry, is not
recovered in the low-energy limit as an R-symmetry in 4d. How is this possible? This is
possible if the 6d theory does not have a local Lorentz invariant action. In this way we
avoid the contradiction since the 4d theory does not inherit the symmetry by dimensional
reduction of a 6d action. The non-existence of this U(1) R-symmetry in N' =4 SYM can
actually be seen as an argument for ruling out the existence of a 6d Lorentz invariant action
for the (2,0) theory. The R-symmetry enhances instead from Sp(4) g in 6d to SU(4), in 4d
as explained around (2.39).

We can identify the SO(2)45 rotations with the U(1)p transformations by using the
interpretation of the SL(2,Z) dualities in 4d as diffeomorphisms of the elliptic fiber in 6d,
which act the complex structure parameter 7. The diffeomorphisms are labeled by an
SL(2,Z) element v and are explicitly given by

{xlzafc_by (ab>5'y€SL(2,Z), (3.14)

y’:—cm+dy’ cd

preserving the coordinate periodicities (2/,y) ~ (' + 1,4 + 1). The metric (2.9)
transforms to
v
dst = 7 ((da:’ + T{dy’)Q + TéQdyQ) + gg dzdz; ,
2
, ar+b

ith = = . 3.15
wi T o rd v.T, ( )

which is the same as the initial metric with 7 replaced by ~.7. The new complex coordinate
w’' = 2’ + 7'y’ is related to the initial complex coordinate w = z + Ty by a rescaling
w
/

= . 3.16
v ct+d ( )

0 471 /2)

The canonical complex frame in the new coordinates (€’”,€’*,€'?) is related to the initial

complex frame (2.11) by

ct +d ;
el — e/O, el — /1 e — 2 — ezoc('y) e?

N ler + d|

, (3.17)
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FYOET ¢ A, am
Ulp| -2 2 0 -1 1

Table 1. U(1)p charges of fields of 4d /' =4 SYM.

namely the new frame is obtained by an SO(2)45 Lorentz rotation with rotation parameter
a(7y). This means that the SL(2,Z) diffeomorphism contains an SO(2)45 rotation with
parameter a(v).® This corresponds to a U(1)p rotation with parameter —#.

The six-dimensional supercharges transform under the representation (4,4) of
SU(4)r x Sp(4). Under dimensional reduction, they are mapped to supercharges Q", QZL
of N' =4 SYM, transforming as (2,1,4)_16(1,2,4); of SU(2); x SU(2)2 x SU(4), x U(1)p,
where we have indicated the charges under U(1)p inherited from 6d. The U(1)p rotation
accompanying the SL(2,7Z) elliptic fiber diffeomorphisms in 6d acts on the 4d supercharges
precisely as in (2.46).

We conclude that the uncanny 4d duality twist, is nicely explained from the 6d perspec-
tive by identifying the “bonus symmetry” U(1)p in 4d with the SO(2)45 Lorentz rotation
in 6d. Moreover the so-called duality twist is simply expressed as a standard topological
twist of the (2,0) theory.

Finally we would like to provide the U(1)p charges of the 4d fields. These are inherited
from the SQ(2)45 charges of the 6d fields. H3 and ®° are invariant under SO(2)45. The

4d scalars ¢’ are thus invariant under U(1)p. We can rewrite the three-form decomposi-
tion (2.22) as

1 (+) 2 1 () nz2 & i 2, =2
Hy3=—F," A —F 'Ne — —x4 D — D1 ANe“ A
3 A2 e+ A2 €y x4 D1+ gy 1Nene, 1)
. (+) Fy £ x4 1 ‘

The complex frame components e?,e? transform with charge 2 and —2 under U(1)p. The
4d fields F2(+) and F2(7) then transform with opposite charges —2 and 2 respectively. Sim-
ilarly we deduce that the one-form Dy = dC is uncharged under U(1)p, implying that
C ~ ¢% is also uncharged, as are the other scalars ¢’. Finally the 6d spinors decomposes
into components of charge £1 under SO(2)45 or £1 under U(1)p. More precisely in the
decomposition (2.35), the component /\ff ® 14 has charge —1 and the component A" ® n_
has charge 1. We obtain that A;,, has charge —land A™ has charge 1. The charges are
summarized in table 1. They match the charges under the bonus symmetry given in [8].

3.2 Twisted 6d theory

We now describe the six-dimensional theory on a Kéahler three-fold Y3 with the topological
twist described above. The twisting can be done on any Kéhler three-fold, so the theory
that we describe in this section does not require the K&ahler manifold to be elliptically

8An SL(2,R) transformation in the plane has an associated Iwasawa decomposition into a product of
three linear transformations, one of which is a rotation of the plane.
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fibered. We will restrict to this case in the next section when we study the reduction to
four-dimensions.

In the twisted theory the fields transform in representations of the twisted symmetry
group SU(3)z x U(1)} x SU(2)g,” corresponding to (anti)holomorphic forms. To work
out the decomposition of the various fields into form components, it is useful to introduce
several geometric objects. The twisted theory possesses a covariantly constant spinor of
positive chirality, that we denote 7,

(VM - z‘A%”R) n=0, (3.19)

where M =0,1,--- ,5 is the spacetime index and the background U(1)z connection is fixed
by the twisting (3.6). From bilinears of this covariantly constant spinor, we can construct
a Kahler form J( 1), a holomorphic three-form €23y and an anti-holomorphic three-form
Q(,3) on Y3. The details are presented in appendix D.

The imaginary self-dual 3-form Hj is in the representation 10 of SU(4);, and is not
charged under the R-symmetry group. Under the twisted symmetry group it decomposes
to the sum of irreducible representations

SU(4)L X Sp(4)R — SU(?))L X SU(?)R X U(I)IL

(3.20)
(10,1) — (6,1)2 @ (3,1)_2 @ (1,1) ¢,

corresponding to an imaginary self-dual (1,2)-form h(; 5), a holomorphic one-form h g
and a holomorphic three-form h3 ). The twist charge gz//2 indicates the difference in the
holomorphic and anti-holomorphic degree: ¢r/2 = g — p for a form AP For instance
(1,1)_¢ is a (3,0) form. The transformation under the SU(3), furthermore fixes the actual
form degrees: in the case of 6 with charge g7/ /2 = 1, the form is of type A®PP+1) with p = 1.
Likewise 3_5 is a APT1P form with p = 0. Indeed, we can decompose the three-form Hj as

Hs = h(172) + h(l,O) ANJ+ h(370) , with JA h(l,?) =0, (3.21)

where J is the Kahler form of Y3, defined in appendix D. Each component is imaginary
self-dual (see appendix C) and corresponds to one of the irreducible pieces in the decom-
position (3.20). The equations of motion dH3 = 0 become

8]1(1’2) + 5’1(1’0) NS =0, 8]1(172) =0, 8]1(170) ANJ+ 3h(370) =0. (3.22)

These equations can be solved locally by expressing the three-forms in terms of the two-
form potentials by 1y, b(2,0), b(0,2) as

hii2) = (%(1,1) +0bo2), haoNJ =0bqq)+ 519(2,0) » hio) = 0bay), (3.23)

and demanding that 51)(072) =0,JA (51)(1,1) + 0b(o,2)) = 0 and 9b(y 1) + 5()(2,0) is imaginary
self-dual. h(y ) can be expressed directly in terms of the form-potentials, using the relation
*(h(Lo) ANJ A J) =0 h’(l,[))' This leads to h(170) = —% * (6()(171) AN J+ 5()(270) A J)

9They also have a U(1)r symmetry charge that is not relevant for this section.
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Next we consider the fermions. The positive chirality spinors A" transform as the
supercharges, in the (4,4), and decompose as follows

SU(4)1, x Sp(4)r — SU(3)z x SU(2)g x U(1),

(3.24)
(4,4) = (3,2) 2@ (1,2) 6 & (3,2)4 8 (1,2)0.

We can identify these irreducible representations with the holomorphic one- and three-

forms A?l,o)’ A?:%,o)v the anti-holomorphic two-form A‘(J‘O’z) and the scalar AE“O,O), respectively.

Here o € {1,2} denotes the index for the 2 of the SU(2)r R-symmetry. This follows
directly from the twist charges: qr//2 gives the degree of the form, and the sign(qz/) = +
determines whether the form is holomorphic or anti-holomorphic. The equations of motion
for the twisted fermions are determined in appendix D, using the explicit decomposition
of the spinors into form components, to be

6 * A?LO) = 0, 5A?0,2) =0
OA o) — 1% OA ) =0 (3.25)

These equations of motion can be integrated to the action

d twist __ « 3 B « B FAQ A8
S/G\ t t — /46046 (A(O,O)a*A(l,O) — (0’2) A *aA(l’O) + lA(O,Q) AN 8A(370)> s (326)

up to total derivatives. Note that the forms A m) are fermionic (Grassmann-odd).

We now turn to the scalar fields ® which transform in the 5 of Sp(4)z. Under the
subgroup SU(2)r x U(1)g they decompose into

5—=3p+1 2+ 1. (3.27)
In the twisted theory these fields transform in the representation

SO(6)L X Sp(4)R — SU(3)L X SU(Q)R X U(l)lL

(3.28)
(1,5) = (1,3), + (1,1)_+ (1,1)4,

where the twist charges again identify these in terms of the forms as follows: an SU(2)g-
triplet of scalars gp‘()‘o’? 0) (with % = ©f), a holomorphic three-form o(3,0) for qr /2 = =3

and an anti-holomorphic three-form & 3) for gz /2 = 3. The scalars QD?OB o) can be identified
with ®* & = 1,2, 3, via
3 o~

o= ek (0") (3.29)
k=1

with oF the standard Pauli matrices, generating the SU(2) g symmetry. With the remaining
scalars ®4, ®5, we can build ® = (&1 —i®°)/2, & = (®? + i®°)/2 which have charges —2
and 2 respectively under U(1)g. In the twisted theory they carry a charge —6 and 6 under
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U(1)}, and are identified with the (single) components of holomorphic and anti-holomorphic
three-forms o3 ), G 3):

030 = Q0. T03 = 203 (3.30)

where (3 0) and Q(073) are holomorphic and anti-holomorphic three-forms respectively,
which can be constructed in the twisted theory, as explained in appendix D. The inverted
relations are

1 _ _ 1
= — QABC & = — 5450048, 31
18 CABC , 18 TABC (3.31)

In the 6d Fuclidean theory we are considering a doubled number of fields and D are complex
scalars. Then ¢®? are again complex scalars, while o, & are independent (anti-)holomorphic
three-forms. ~

The equations of motion for the scalars in flat space are 9M9y;®* = 0. In the
twisted theory on curved space we need to covariantize the derivatives Oy — Dy =
Vi — iqRA%DR and possibly to add curvature terms, including terms involving the field
strength of the background connection AVWE. We will simply guess the form of these
curvature terms, requiring some cancellations, and verify that the supersymmetries are

preserved.'® So the equations of motion for the scalars are generically
DAD,®" 4+ curv =0, (3.32)

where “curv” denotes extra curvature terms. The equations of motion for the scalars p*?
are found to be V2™ = 0, without extra curvature terms. It can be re-written

(O*xD+ 0+ 0)p™® =0. (3.33)
The equations of motion for o3 ) are

0= DADAO'BCD QPP 4 cury
= (4DAD[AO'BCD] + 3DAD[BO'ACD}) QBCD + curv

= (AD*Dypopcp) + 3DpDac cp + 3Rap* P opcp + 6Rapc” o

ED) QBep + curv.

With the curvature terms canceling in this equation, this leaves us with
(4D*Dpopop) + 3DpDac?cp) QFP =0
=  (dxd+dxdx)oEe AQoz =0 (3.34)
= 8*50(3’0) =0,

where we used the imaginary self-duality properties of holomorphic three-forms. Similarly
we find 0 x 00,3 = 0. The equations of motion that we end up with, assuming nice
cancellations of curvature terms, are then'!

(0%0+0x0)p" =0, 0%003g =0, Ix06pz =0. (3.35)

10 Another approach would be to consider the twisted background in the context of rigid supergravity.
We could use the maximal superconformal gravity of [33], find the appropriate background (auxiliary) fields
going along with the twisting and extract the equations of motion for the scalars.

" The equations of motion for ¢*? can also be simplified using 9 x dp®? = & * D>, if needed.
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These equations of motion can be integrated to the six-dimensional action
. 1 [ - _
Sopwist — i / 9P N*0pap + 00(3,0) A %05 (0 3) , (3.36)

which can also be derived from (2.15) after adding extra appropriate curvature terms.
The full set of equations of motion of the twisted theory is then

ah(l’g) + 5h(1’0) ANJ = 0, 5h(172) = 0, ah(m) ANJ + 5h(370) = 0,

8 * A?l,o) — O , aA?O,Q) — 07 aA?LO) - i* aA?&O) — 07 aA?O’O) — *a * A?OQ) — 07

(8*54—5*8)9&0"8:0, 8*60’(3’0):0, 5*86’(0’3):0.
(3.37)

In the twisted theory two supersymmetries are preserved. They are generated by two
covariantly constant spinors of negative chirality and thus are proportional to n¢, which is
the charge conjugate of n (see appendix D). These correspond to two specific spinors out
of the four spinors £™ parametrizing the flat space supersymmetry,

E™ S EY =T, EF =0, (3.38)

where T are constant (Grassmann-odd) spacetime scalars and transforming as a doublet
of SU(2)r and parametrizing the preserved supersymmetries. The index 41 again matches
the U(1)g charge of the spinors preserved by the twisiting. The reduction from the Sp(4)r
indices m to the SU(2)r x U(1)g indices «, %1 is explained in appendix A.3. The super-
symmetry transformations of the twisted theory on the Kahler space are obtained form
the flat space transformations by covariantizing the derivatives with respect to the curved
metric and R-symmetry connection. They are given by

66(171) = Z'T‘)‘A?O,O) J, 5b(0,2) =2, TQA?O’Q) (5b(270) =0,
1., _
5A((10,0) = 0’ 5A?0’2) = —ET * 80’(073) s
o i e 1 af o 1 e (339)
5A(170) U h1,0T" = 4 9™ g, 5A(3,0) =1 h(z,0 T,
58 — v A(ﬁ&o) + TG ), 00(30) = 4i Yoy, | 5 (0.3 = 0.

The transformation of the three-form field strength are
Sh12) = Ta (z’éA‘(”‘O,O) AT+ 28/\?072)) . Shig) = iTaOAg) . Shizg =0.  (3.40)

The transformation dh(; ) does not respect dh( 2y A J = 0, so that the supersymmetry
transformation breaks the self-duality condition of h(j ), however we do have dhy 2 AJ =0
after imposing the eom. Similarly we have a non-vanishing supersymmetry variation for
the (0,3) component of H3 = dBs, which obeys the wrong self-duality condition: 6k 3) =
8Ta8AE"O’2). Again we have dh( 3y = 0 upon imposing the eom. These supersymmetry
transformations for the three-form Hj are thus understood modulo equations of motion.
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3.3 Reduction to 4d

We now specialize to the case when the Kéahler three-fold is elliptically fibered. This allows
us to dimensionally reduce the twisted six-dimensional theory on the elliptic fiber to a
topologically twisted four-dimensional theory with varying complexified coupling 7. In
section 3 we already showed that the six-dimensional R-symmetry twist descends to the
Topological Duality Twist of [7]. We show now that the theory in four dimensions obtained
by reducing on the elliptic fiber coincides with topologically duality twisted N' = 4 SYM
theory described in [7].

To reduce the theory on the torus we first decompose the six-dimensional Kéhler form
J (defined by (D.6)) into the sum of the Kihler forms j on the base and —e*Ae® on the torus

J=j—etne’, j=—-e"nel—e2néd. (3.41)

The three-forms field of the twisted theory decompose into a collection of forms on the base

e? & i ,
hap) = foo N =+ fan A =+ 37 don A (j+e* ned)
o2 .2 (3.42)

h(i,0) = f(o,o)\fv v dioys  hao) = feo A N

with the constraint f(; 1) Aj = 0, following from h; 9) A J = 0. We used here the complex
frame components e = e* 4 ie’, € = e* —ie® on the torus. The subscripts (m,n) refer to
the (anti-)holomorphic indices in four dimensions. In particular j = J@,1)- The equations

of motion reduce to

_ o7 _ or .
daf,2) +0af00) NI — S ANfay =0, Odafuy + 1]‘(0,0)272 Nj=0,,
= , or .=
oafan) tifoz) N I 0, Oaf0) NJ+0af20 =0
8d(170) = éd(OJ) =0, 5d(170) + 8d(071) =0, 0 * d(l,O) + 0% d(O,l) =0, (3.43)

where we denoted 04, d4 the four-dimensional (anti)holomorphic differentials covariantized
with respect to the U(1)p ~ SO(2)45 connection A. Explicitly we have

da=d—igpA,
on . . b (3.44)
da=0+igp =, da=0—igp
47’2 47’2
with gp the U(1)p charge. The one-forms d(; o) and d(g ) are not charged under U(1)p,
so the differentials acting on them are simply 0,0. The forms h(1,2), h(1,1) and hz o) are
not charged under U(1)p, however the complex frame one-forms e* & ie® have charges 42,
so that the forms f(20y, f(0,2) and f(o ) have charge —2 under U(1)p and f(; 1) has charge
+2, and the gauge field A appears in their covariant derivatives. When deriving the above
equations we have used the identities
_ o or _
9ue2 =0, g0 =il A&, 9482 = —icl pe?, 9,8 =0, (3.45)
279 279
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which follow from the the frame definition (2.4).!2 The equations of motion can be ex-
pressed more compactly using the (anti)self-dual two form FQi) and the one-form Dy,

= f0) *+ fo2) *+ f0,07 Fg( ) — fanys Di=duo) +doy)- (3.46)

The equations of motion are then

d4FST) = ig; ANET), daFT) = —iS—T AFY ) dDy =0, dx«Dy=0. (3.47)

T2

Defining F» in terms of FQ(i) as in (3.18), we obtain
dr dm
dFy =0, dxFy+—AxFhb—i— ANFy, =0, dDy =0, dxD;=0. (348)
T2 T2

The closedness relations dFy = 0 and dD; = 0 are solved by introducing local potentials
F,=dA, Dy =dC, (3.49)
and the remaining equations of motion can be integrated to the actions

1
Sp = Z ToFy N xFy —imFo N Iy,
7I8
(3.50)

Sc:/E)C/\*(?C.
47 B

We recover the standard Yang-Mills action, up to the fact that 7 and 7 vary along the
base B in the present case. This part of the reduction is actually identical to the reduction
on a Calabi-Yau three-fold presented in section 2.3.

The fermions of the twisted theory decompose as

(07 1 o af8% o
A(l,O) = ﬁw(l,o) + X(o,o)e2) ) A(3,0) T( yNe )
2

\ﬁ

(2p02)+¢01 /\e)

(3.51)

(e «

Mooy = 57 X0.0) Moz =

The dimensional reduction of the 6d fermionic action (3.26) leads to

S = —8 /B €ap [3*4 U0y AX(0.0) ~ O0) A Ploz) — Dby ) AR (o) Oad Aﬁ?zm}'
(3.52)
In the reduction we have used *6W(p) = *4W(p) N et A ed for W(p) & p-form on the base B,
*6(W(1) A 62) = —1%xq w(g) A e? and *4W(0,2) = W(0,2)-
Finally the scalars of the twisted theory decompose as

? _ 1

1
B, — af _ 2 _ ~ _9
©Plea = —=9""|aa, 030 = =00 A€, 0Go3 = =002 Ne . (3.53)
YV ) (3,0) Ni% (2,0) ) (0,3) Ni% (0,2)
12YWe also used the relations j A Odo,1) = =10 * d(o,1), J N 8d<1 0) = i0 * d(1,0y-
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The dimensional reduction of the 6d scalar action (3.36) yields
1 [ = _
S%U = Z / (9(,0065 A *&pag + 26AU(270) N *8A6(072) . (354)

We used *6(w(z) A €2) = i %4 wz) A 2.

The four-dimensional theory has an enlarged R-symmetry SU(2)4 x SU(2)p and we
denote doublets of SU(2) 4, resp. SU(2)p, with the indices a, 8, resp. &, 3. The scalar
field C' can be combined with the three scalars ¢®? into the four scalars ©®® with the
explicit relations

11 11 22 22 12 21 21

=, =02, =P — (3.55)

% Q
A

I
S

|
3o

The total action is

2

%4
1

= / ToFo N xFy — i Fo N\ Iy
47T B

1 1
S, -5 — —So0
c+t = VxoP el

Shotal = SF +
8 3 o a e =~ 3 0 ~
+ - / 9 (1 0y X(0,000 — OU(1,0) N P0,2)a — Oa * V(1) X(0,00a + 04ty 1) A P(2,0)a
T JB
1 = _
- / 690“0‘ A *a@aa + 2&40’(2 0) A *8A5'(0 2) - (3.56)
4,n- B ) )

The relative coefficients between the terms were fixed by requiring invariance under the
supersymmetry transformations inherited from six dimensions, which are given by

da,0 =0, da,1) = é’fm[;?&l)
0X(0,0) = 0> 55(?0,0) = %Tdf((w)
S0y = —%Td&pad, 0P 1) = %T"’ * 045 (0,2)
3p.2) =0, Opa.0) = %Tdf (2,0)
5™ =400y, G020 = 4 (s » 8602y =0, (3.57)

where we have defined the holomorphic and anti-holomorphic component of the gauge
field A = a(0) + a(o,1)- The relation dA = I, = (F2(+) + FQ(_))/\E2 yields fi2,0) =
VT20a010), fo2) = VTa0a01) and fa 1)+ fo,0 AJ = VTo(dag0) + dag 1)) To obtain
these transformations we have used the equations of motion of the theory.!> This allows
us to derive the supersymmetry transformations of the gauge fields a gy, a(,1) and the
fourth scalar C.

The transformations on the field strength forms are

3f0 =0, 0fo2 =2Ya0all 1y, 6f00d+0fan =2Yadadf ) - (3.58)

!3For instance we obtain from the dimensional reduction df(2) = —21"1”@87—721 A @(do’l) = 2Td5AzZv(d0,1)+

eom, that we simply replace by 6 f(o,2) = ZngAlzJ&]Yl).
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(+) (=) foe" ~ o ~c o e o ~&
1 Iy i 7200 702 X0 Xoo0 Yio Yo Po2 PEo
Ulp| -2 2 0 -2 2 0 -2 0 2 0 -2

Table 2. U(1)p charges of 4d twisted fields.

We should now comment on the U(1)p action in the 4d twisted theory. The U(1)p charges
of the 4d fields can be read from the decomposition of the 6d fields (3.42), (3.51), (3.53),
and the identification U(1)p ~ SO(2)45. They are given in table 2. As in the non-twisted
theory studied in section 2.3, U(1)p is a symmetry of the equations of motion of the abelian
twisted theory, but not a symmetry of the action (3.56), due to the non-invariance of the
Sr term.

In four-dimensions U(1)p transformations accompany SL(2,Z) dualities. This implies

that under and an SL(2,Z) transformations v = (i 2) the fields transform as
_p
B = ptamat)g — [ TEAN P g (3.59)
ler + d| ’

where gp denotes the U(1)p charge of ®.

As observed for the theory on the elliptic Calabi-Yau in section 2.3, the action (3.56) is
locally invariant under the supersymmetry transformations given above, but not globally.

d)

Rather the variation of the Lagrangian (5£( .o 15 a total derivative

1 . T 7o ad ~ ~
5£E§§il - d <_Z NG To'ﬂ/’(o,l) A Fo + TaX(0,0)a * dp™ + QTQP(Z()) A *8./40-(072)) . (3.60)

This is important since, as we already explained, the holomorphic function 7 has mon-
odromies around (real) codimension two surfaces, implying that 7 jumps across three-
dimensional walls. The supersymmetry variation of the action is not vanishing, but instead
picks boundary terms for each duality wall W

0Sw = — </W+ / ) ( Tathl (0,1 N F2+Tax(0,0)a *dcpo‘d—i—QTdﬁ?Q’O) A*8A5(072)>,

(3.61)
where [+ — [;— computes the difference of the integrals with the fields and coupling 7
evaluated on the two sides of the duality wall. These fields, on the two sides of W, are
related by the U(1)p transformation (3.59), with v the SL(2,Z) element associated to W.
The two last terms in (3.61) are U(1)p invariant and therefore cancel, leaving

ssw= ([ [ ) (oLt ). 5o

We will discuss how to cure the remaining non-invariance in section 4.
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3.4 Non-abelian theory

Despite the lack of a Lagrangian formulation, it is believed that non-abelian 6d (2,0)
theories exist, with gauge algebras of ADE type. These non-abelian theories can in principle
be defined on a Kahler elliptic fibration with the topological twist that we have described,
and reduced to four-dimensions on the elliptic fiber, as we did for the abelian theory. We
expect therefore that the four-dimensional twisted theory that we found can be promoted
to a non-abelian (interacting) theory, with all fields valued in a Lie algebra g of ADE
type. Since the profile of the coupling 7 has monodromies/duality walls, the theory only
makes sense if for each defect, that is labeled by an SL(2,7Z) element ~y, that corresponds
to the total monodromy, the gauge group in the local patch is self-dual under . This
is satisfied, for instance, for the gauge groups U(N) and SO(2N), which are self-dual
under the full SL(2,Z). In this section we take the fields to be valued in the u(N) gauge
algebra, corresponding to the reduction of the Ay_; type (2,0) theory, with center u(1)
undecoupled, or equivalently the infrared worldvolume theory of a stack of N Mb-branes
on the elliptic fibration Y (see discussion in section 4.2).

We can promote the gauge field A to a u(N) valued connection, with field strength
F =dA+ AN A. The action of the non-abelian theory is obtained by covariantizing the
derivatives with respect to the gauge connection d — D = d + [A, ], taking the trace over

the Lie algebra in the action and adding the following terms

8 i ”
NA _ ~ & o
s / N [_ 1670000 A 0] = o) A *V(glPe

+ ZW(OJ) ANo1yal A o2,0) — 1[%/}(1,0) AN 0)al A G(0,2)

+ [)2?070) A *X(0,0))Pac + [5?2,0) A p{o.2)]Pac

(3.63)
N [2?070)’ P20)a] N G(0,2) + [X?o,oy P(0,2)a) A 0(2,0)]
T T 2167 020)] Al S10)] + [ 0sal 07, 204
+ [, SOBB] [, *po5] + lo20) A T0,2)] * ([02,0) A 6(0,2)])} ,
where, for Lie algebra valued p-form and g-form w,), @), we define
[wip) N B = wip) A = (DM GG Awg) (3.64)

with k£ = 1 if both forms are Grassmann-odd and k = 0 otherwise.

The supersymmetry transformations receive non-abelian contributions as follows
55(?0 0 = ETdf(o 0) — ;TB[SO 5 0% + ! T * ([02,0) A G(0,2)]) »
S V16T, TP 161/7, ’ ’

(e 1 ad ~
0p(0,2) = SV Talp™, 60,2)] -

(3.65)

The topological twist relies solely on the symmetries of the theory and can be defined
for the non-abelian theories as well. However, since there is no field theoretic description
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of the non-abelian theory, we do not know how the fields transform under SL(2,Z). In
particular it is not known how the gauge field, or the field strength, transforms under
SL(2,Z), therefore we are not able to describe the transformations of the fields across the
duality walls, with the exception of the T* duality wall, for which the fields are continuous
across the wall, as we shall see in section 4.

The supersymmetry transformation of the action produces the non-abelian total deriva-
tive term

4d 1 T Té Q. a G ~
5‘650‘5531 = ; Trd| — zﬁwa(o?l) A F2 + 7T X(O,O) * DSDoéo'é + Qpo(Q,O) A *DAO-(O,Q)

1 TG af 2 &, o ~
+ ﬁrg * (o1l P pac] + ?T Vo) A Paas To)l| - (3.66)

N

This term leads to a non-invariance of the action in the presence of 2d surface defects and
associated SL(2,7Z) duality walls, as in the abelian theory. We will see in the next section
how to restore full supersymmetry invariance in the abelian theory. However the discussion
will not apply for the non-abelian theory in the presence of SL(2,Z) surface defects, except
for the T% duality defect. It is not obvious how to tackle this issue for the non-abelian
theory in general and we leave this for future work.

4 Duality and point-defects

So far we have shown how starting with the twisted 6d (2,0) theory on a Ké&hler elliptic
three-fold, we obtain by dimensional reduction on the elliptic fiber, the 4d N' = 4 SYM
theory with varying coupling 7 on the base four-manifold B. The key ingredient in this
construction is the topological twist, which as we have seen, is from the 6d point of view
a standard topological twist, and descends in the 4d theory to the duality twist [7], which
uses the so-called bonus symmetry of [8].

The elliptic fibers can become singular along complex codimension one loci in the
base B. Such singular loci C are characterized in terms of the Weierstrass equation of the
fibration, as the discriminant locus A = 0 (see (2.8)) intersecting B. The axio-dilaton,
or N = 4 SYM coupling, diverges at these loci. The branch-cuts associated to these
singularities, which are 3d duality walls, have no direct physical meaning, however, they
ensure continuity equations on the fields of the 4d theory. More precisely, as one crosses
these cuts, the fields of the 4d theory undergo an SL(2,7Z) duality transformation.

Moreover, the 2d duality defects generically intersect at points in the base, correspond-
ing to singularity enhancement in the fiber of the elliptic three-fold. We will now discuss
how this network of 4d-3d-2d bulk, wall and defect systems arises, first in a gauge theo-
retic description in 4d, and then from the M5-brane point of view. This setup is depicted
in figure 2. We finally discuss the point defects and describe the local flavor symmetry
enhancements associated to them.

4.1 Gauge-theoretic description of walls and defects

First we summarize what is known about the gauge theoretic description of 3d walls and
2d defects in the N'=4 SYM with varying coupling in the abelian theory in [7, 23, 34].
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4.1.1 3d duality walls

The 3d walls in the elliptic fibration correspond to the branch-cuts of 7, and should not
carry any physical degrees of freedom. These branch-cuts end at the points where 7 has a
log singularity. The base can be written as B = UB;, with W;; a 3d duality wall separating
the regions B; and Bj.14

The gluing conditions of the fields across a duality wall are described by their U(1)p
transformation (3.59). For the gauge field, the gluing condition can be described in terms
of F and Fp (instead of F()), where

Fp=nF+imxF. (41)

Note that we can write the gauge-part of the 4d action as

Sp = —Z/ FAFp. (4.2)
471' B

Let v = (‘z Z) € SL(2,Z) be the transformation associated to the wall W;;. The gluing

conditions along the wall are

Fj(jj ) ‘ _fabd Fg) ‘ (4.3)
FO))lwy,;  \ed) \F®)lw,;" '
This agrees with the transformations of F*) under the U(1)p action (3.59), as expected
from our analysis.
The simplest walls are the T walls, which correspond to the case a = d =1, ¢ = 0

and b = k € Z and are associated with shifts of 71 by k (i.e. shifts of the theta angle by
27k). The identification of field strengths is

FO=p® Y- pO 4 ppO) (4.4)

resulting in the identification of the two gauge fields along the wall A(i)\wij = A(j)]Wij =
A]W,L.j. Requiring the bulk equations of motion to hold at the location of the wall requires
the presence of an additional Chern-Simons term along the wall

ke
ST’?:Z/ ANF. 45
W (45)
More generally, the 3d term canceling the difference between the variations of the two

actions on either sides of the wall is easily obtained from (4.2),'°

vt @) A 70 _ 4G) A gO)
Sw, i <A NFY — A /\FD>. (4.6)

1476 obtain a global partition B = UB;, some of the walls need to be trivial, in the sense that the complex
coupling is continuous across them.
1576 see it, one can think of F' = dA and Fp = dAp as independent field strengths.
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The relative minus sign is related to the fact that the wall W;; is the boundary of both B;
and B; regions, but with opposite orientations. Inserting the expression for Fp, for ¢ # 0,
this is precisely the expression for the wall obtained in [23]

sy, — L / (d AD A PO 1 9400 A 76O L 46 o p) _ L 400 5 F(j)) o

9 AT Jwy, \c c c c
Moreover, a straighforward calculation reveals that the presence of the 3d duality wall
term (4.6) is necessary for supersymmetry. Indeed the supersymmetry variation of (4.6)
precisely cancels the 3d term on W;; induced by the supersymmetry variation of the bulk
action (3.60), with the identification (A®,70)) = (A, 1), (AW, 70)) = (A’,7'), and 71) =
ZTT((Z;IZ In the presence of a T wall (¢ = 0), the supersymmetry invariance is also restored
by the addition of the 3d term (4.5).

We can generalize to the non-abelian theory in the presence of a T% wall. To enforce

the bulk equations of motion at the location of the wall and restore supersymmetry we
must add the non-abelian Chern-Simons term

2

For other duality walls in the non-abelian theory, it is not clear how to restore super-
symmetry by adding 3d terms to the action. Indeed, in the supersymmetry variation
of the action (3.66), the commutator terms involve the coupling 75, which jumps across
the wall, and the gauge field A, whose transformation across the wall is not understood.
Only for the T*-wall, when 75 and A are continuous across the wall, do these commuta-
tor terms cancel. It is not obvious that the other duality walls in the non-abelian theory
can have a Lagrangian description, since they always involve configurations of large gauge
coupling (12 < 1).

4.1.2 Surface defects

The 3d walls end of 2d surface defects, which are curves in B (see figure 2). In the elliptic
fibration, these will be the loci above which the fiber becomes singular, i.e. these curves
C are components of A N B. As we move around these defects, the theory undergoes
an SL(2,7Z) monodromy. This means that the fields charged under U(1)p have twisted
periodicity conditions around the defect C., described by the transformation (3.59).

The 3d duality wall term (4.6) is neither gauge invariant nor supersymmetric, when
the wall has a boundary. This implies that additional degrees of freedom have to be added
to the theory along the surface defect C = OW.

The 2d surface theory on the boundary of a T* duality wall was studied in [7, 9]. In
this case the gauge field A is continuous across the wall and well-defined at the position of
the surface defect. The defect theory is described by a WZW model at level k, which can
be obtained by integrating chiral fermions living on the surface defect [9]. For k > 0, this
is equivalent to coupling the theory to k chiral bosons living on the surface defect, namely
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bosonic fields 3;, i = 1,--- , k, with xed3; = idj3;, with action [35]'°

Sc:;—&T/C*g(dﬁi—A)A(dﬁi—A)_M/C@R (4.9)

which can equivalently be written in terms of

k .
1 — _
=2 i /C OB N OB =208 N Aoy + Ao N A - (4.10)
=1

The surface term S¢ is not gauge invariant. Under a gauge transformation A — A + dA,
the chiral bosons transform as 8; — 8; + A and S¢ transforms as

&
ScaSc—;T/CAF. (4.11)

This precisely cancels the gauge transformation of the Chern-Simons term (4.5) defined on
the T* duality wall W whose boundary is C. So the total action of the theory is gauge
invariant after the addition of the surface action Sc.

The 2d theory on a single defect long C has two chiral, topological supercharges,
corresponding to a type of half-twist of a (0,8) theory.!” The supersymmetry variations of
the chiral modes is trivial, 8 = 0, and they form Fermi multiplets.

4.2 Duality defects from M5-branes

We will now derive the 2d defect theory from the M5-brane — or 6d (2,0) theory — point
of view, which will require us to be a bit more specific about the geometry of the fibration.
We begin by discussing the geometry of the singular fibers in the M-theory setup and its
relation to the F-theory setup, through M/F duality. We then identify the chiral modes
living on the 2d duality defects as components of the tensor multiplet B field reduced on
the curves of the resolved fiber.

4.2.1 M/F-duality and singular fibers

Consider M-theory on R12xX,, where X4 is an elliptic Calabi-Yau four-fold E; — X4 — M3,
with base M3, given in terms of a Weierstrass model (2.7). The abelian twisted (2, 0) theory,
that we defined and studied in this paper, can be described as the low-energy world-volume
theory of one M5-brane wrapping a vertical divisor inside X4, i.e. the elliptic three-fold
Y, which is the world-volume of the M5-brane, is embedded into X4 by restriction of the
elliptic fibration to a surface Bs C Ms. The dual F-theoretic setup is that of a D3-brane
(instanton) wrapped on B.

The singularities in the fiber are above a complex codimension one locus in Mg, given
by A =0, and, intersected with B, give a collection of complex curves in the base. In the

The action is given in terms of non-chiral bosons 3;, with only the chiral component 98; coupled to
the gauge field. For more details, we refer the reader to [35]. Also, for k£ < 0 the overall sign of the surface
action must be reversed.

7The flat-space D3-D7 intersection preserves eight chiral supersymmetries in 2d. The duality defect is a
twisted version of this, which preserves two chiral, topological supersymmetries.
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Resolution
é

Figure 3. Schematics of the setup: the total space is the elliptically fibered Calabi-Yau four-fold
X4, with base three-fold M. The restriction of the fibration to the subspace B C M results in the
elliptic three-fold Y3, which will be wrapped by the M5-brane. The fiber becomes singular above
the locus A C M, which intersects B in (a collection of) curve(s) C.

F-theory picture this is the intersection of the D3-instanton with the 7-branes that wrap
the discriminant locus and the transverse R'3, which is a collection of curves

UnCn =[A]NB C[A] C Ms. (4.12)

Along the curves C,, there are localized defect degrees of freedom, which in an F-theory
realization correspond to open string modes between the D3-branes and 7-branes. The
setup is shown in figure 3.

From the M5-brane point of view the 3-7 modes arise from studying the reduction of
the self-dual three-form Hj along harmonic (1,1) forms. In an elliptic Calabi-Yau four-
fold, the set of (1,1) forms can either arise from the base M3, the elliptic fiber, and rational
sections (corresponding to rational points on the elliptic curve). For our considerations, of
dimensional reduction of the M5-brane world-volume on the elliptic fiber to a 4d theory
with defects, the fibral contributions are of particular interest. For a smooth elliptic fiber,
there is one (1, 1) form, which was already discusssed in the bulk reduction to 4d. Above
Cn C [A], however, there are additional (1,1) forms, which we will now describe. In the
next section we use these to define the chiral defect theory localized on the curves C,.

Above the singular loci, the elliptic fibers degenerate, and the so-called singular fibers
have been classified by Kodaira [36]. The singularities are best understood by resolution
(which retain the Calabi-Yau property of X4, so-called crepant resolutions). Above A =0
the resolved fibers are collections of rational curves P! intersecting for instance in affine
ADE type Dynkin diagrams, possibly with multiplicities. Each rational curve is associ-
ated to a simple root of an affine Lie algebra. Fibering these P's over the dicriminant
components, gives divisors in the Calabi-Yau four-fold, which are dual to (1,1) forms. In
this way each fibral curve arising in singular fibers has associated a (1,1) form, with a
harmonic representative.

The simplest example is the I} fiber, whose intersection graph is that of affine SU(k).
Let F;,7=0,1,--- ,k—1 be the rational curves in the fiber, which intersect as in figure 3.
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These curves obey the relation

N

-1
F,=F, (4.13)

Il
o

i

where F is the fiber class. Fibering each of these F; over the discriminant locus A gives a
complex three-fold, the so-called Cartan divisors D;. These intersect with the curves F; in

the negative Cartan matrix —Cj; = 6;—1,; — 20; ; + di+1,j, and are Poincaré dual to (1,1)
(1,1)

forms w; ", 1 =0,--- ,k — 1, which therefore satisfy

/ wj = —Cij . (4.14)
F;

We can identify the F; with roots and w; with the co-roots of the gauge algebra. Further-

1
wy = —e*Neéd, /wzz/ wz =1, (4.15)
4 F Fo

which is dual to the zero-section Z (the copy of the base in the fiber, which passes through

more we introduce

each of the origins of the elliptic curves). These forms are not all independent: the form
wp can be expressed as a certain linear combination of w;, ¢ =1,--- k — 1, and wg.

There is an important difference between the reduction of the 11d supergravity modes,
including C3, and the reduction of the M5-brane world-volume theory. The expansion
C3 = Zf:_ol A; /\wgl’l) has also a component of C'5 that is obtained by reducing along w(()l’l)
(which is dual to the zero-section) which in 3d (M-theory on the Calabi-Yau four-fold Xy)
gives rise to a gauge field, that lifts in F-theory to a component of the metric in 4d — for an
in depth analysis of the F/M duality effective action see [37]. We only obtain rank(G) many
Cartan gauge fields on the 7-brane, for instance k — 1 for Ip. However, for the M5-brane
theory what is important is the distinct number of cycles in the fiber, and independent
(1,1) forms, which is k for Ij, fibers.

Finally, it will be important to discuss the self-duality of the (1,1) forms. For this,
consider the local description of the elliptic fibration, which above a component of the
discriminant is given in terms of an ALE-fibration [38—40], that can be directly constructed
from a given elliptic fibration in Weierstrass form [11]: locally, the Calabi-Yau above a
component of the discriminant, .S, is given by a Higgs bundle spectral cover, which arises
as the BPS equations of 8 SYM on S. This defines an ALE-fibration. The rational
curves F; in this case correspond to a basis of Hy(ALFE) curves, and are dual to harmonic
representatives of H2(ALFE). For A-type singularities (that describe the local model for
an [j fiber), the local ALE is a k-centered Taub-NUT geometry, which has k& harmonic
(1,1)-forms, which are all anti-self-dual® [5, 41-44]. Note, as emphasized in [5, 45], the k
(1,1)-forms are square-integrable, and the holonomy of the associated line bundles is trivial
at the boundary of the Taub-NUT space.

B0ur conventions are opposite to the one in the cited references, namely we have anti-self-dual (1,1)
forms and self-dual K&hler form.
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4.2.2 3-7 modes from M5-branes

Our main interest is now the sector of 3-7 strings and resulting 2d defect modes. In the case
of a D3-D7-brane intersection, the 3-7 strings give rise at low energies to chiral fermions,
which, upon dualization, are mapped to the chiral bosons discussed in section 4.1.2. The
supergravity background corresponding to this type IIB brane setup, with the defects
supporting chiral fermions, has been studied in [9]. We will now provide a description of
the chiral modes from the reduction of the abelian M5-brane theory.

In the last section we have seen that an [ singularity, corresponding to k 7-branes,
gives rise to k harmonic (1,1) forms which are anti-self-dual in the local 4d ALE fiber
defined via the spectral data above C

The local 6d geometry near a generic point in C is the direct product of a local patch in
C times the ALE, which is the k-centered Taub-NUT space. We identify locally the k — 1
(1,1) forms w;, i = 1,--- ,k — 1, of the elliptic fibration with £ — 1 Taub-NUT (1,1) forms
Q;, therefore we have

KWl = Wiy, =1 k=1 (4.17)

The remaining independent (1,1) form wyp, or wz, being related to the fiber class, has no
self-dual property. We can then expand the (1,1) component of the two-form potential
B(lvl) intO,

B = Bél,l) +bzwz + B, B = Z biwél’l) , (4.18)

where le,l) denotes components purely along the base (and not along the fiber). The
new (1,1) forms from the singular fiber give rise to components of H that are (1,2) or
(2,1) forms
k—1
dB=>3" (azbidz Awiy 1y + Dzbidz A wgm)) . (4.19)

i=1

From the self-duality of the w’ we obtain the relations
x6 (dz A w') = —idz A w', *6(dZ A w') = idzZ A w'. (4.20)

The self-duality condition xgH = ¢H then implies that
0.b; =0, (4.21)

i.e. the b; are k — 1 chiral bosons, each associated to a component of B dual to a P!
in the singular fiber. The modes arising from B by integrating over the various fiber
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components are
B = b2 — 2b1 = /31
I
/ B =1b;_1 —2b; +biy1 = B
Fi#0,1,k—1 (4.22)
B =bp_9—2bx1 =Bk
F_1
B=0by+b._1+0bz.
Fy
The modes f; defined in this way, §; = [ p B,i=1,--- k—1, are naturally chiral. This
is however not true for the integral over Fy, as by is not chiral. To get a consistent picture
with the 4d approach reviewed in section 4.1.2 and with the fact that the local Taub-NUT
space has k anti-self-dual (1,1) forms Qél 1y» we need to identify an additional chiral mode
from the bzwz component. We can rewrite the decomposition (4.18)

B,y = By + 050" —bzJ” + B, (4.23)

with J+ = j £ e* Ae®. Note that J_ = J is the Kihler form of the elliptic fibration, and
Bz’l 1) denotes again components along the base. We have the relation

bl +b, =byz. (4.24)

Requiring that the component deZ’ A JT C dB is imaginary self-dual, independently of the
other components of B, leads to (9Z()JZr =0," so that b} is a chiral boson. We then define
the scalar 5y by the relation

B=by+b_1+b,+b, =58 +b,, (4.25)
Fy

where (y is now chiral, satisfying 9,5y = 0. We thus obtain k chiral modes Bg,- - , Br_1
from B. The relation on the fiber classes (4.13) translates into

/]-'B - /Zfol F, b= (kil 5i> oz (4.26)

i=0

The supersymmetry variations of all the §; is trivial, §3; = 0, since the supersymmetry
transformation of B(y ) is along J~ (3.39).

In the description in terms of chiral fermions coming from open strings stretched be-
tween the D3- and 7-branes, the chiral modes transform in bi-fundamentals of the D3 and
7-brane gauge groups, respectively. As we decouple the 7-brane gauge degrees of freedom,
this symmetry group becomes an SU(k) flavor group. To see this flavor symmetry, note
that the 2d action for the chiral bosons 3; along C (4.10) contains the coupling?’

k—1
Se D /c <Z @) F, (4.27)
1=0

19This uses the fact that 6b} A JT is anti imaginary self-dual, so we must set Bbg = 0, whereas 51)"2' ANJT
is imaginary self-dual.
20The rest of the chiral bosons action is trivially invariant under the symmetries we describe.
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where F' is the 4d bulk gauge field evaluated on the defect. All chiral modes couple in
the same way to F. Their transformation under the abelian bulk gauge symmetry was
described in section 4.1.2: 8; — B; + A for all i, with A the gauge parameter. In addition
this 2d action admits a U(1)*~! abelian flavor symmetry acting by

k—1
Bi—Bi+Ai, > A=0, (4.28)
i=0
where the A; are constants. These must be understood as the Cartan part of the SU(k)
global symmetry. The action on the f; of the full SU(k) global symmetry is non-linear and
complicated to describe. In order to see it, one must use the description in terms of chiral
fermions, which transform in the fundamental representation of SU(k).?!

An alternative point of view, which allows understanding all these aspects is to describe
the singularity in terms of a k-centered Taub-NUT geometry. In [5] it was analyzed that this
indeed gives k self-dual harmonic (1, 1) forms, which were shown to agree with chiral modes.

Finally, let us consider the non-abelian theory, living on a stack of N Mb-branes. In
the tensor branch, when the Mbs are separated, each one of the tensor multiplets gives
rise to k chiral bosons, localized on C. As we move to the origin of the tensor branch, we

expect this theory to become a non-abelian 2d chiral SCFT.

4.3 Point-defects

Two 2d surface defects intersect generically in a point in the base of the elliptic fibration.
Such point-defects have had relatively little attention in the literature. Here we will see,
that the geometry dictates precisely how the chiral modes on each of the 2d defects are
related, such that the intersection is consistent with an enhanced global symmetry which
is induced by the 7-branes.

4.3.1 Fiber splittings

A complex codimension one singularity in the base is a component of A = 0 given locally
by z1 = 0. In addition there can be codimension two enhancements of the singularities.
This is the locus where z; = zo = 0, which in a three-fold base M3 is a complex curve. This
codimension two locus intersects By C Ms in a point. Above this curve, the discriminant
of the elliptic fiber vanishes to a higher order than along a generic locus in z; =0

A=zl + 0. (4.29)

Again, resolving the fiber, gives insight into what type of singularities can happen. This
problem has been studied extensively over the last few years [10-14], and the possible
codimension two fibers were systematically characterized in [15].

For clarity, we consider the case of a singularity associated to an I}, fiber (corresponding
to an SU(k) gauge group on the 7-branes), which enhances to an Iy, fiber. Let us again
denote by F;, i =0,--- ,k — 1 the rational curves in the fiber that are one-to-one with the
simple roots of SU(k), and Fp, the affine node. This is the generic fiber above z; = 0. As

21The fermionization maps the bosons and fermions as y; =: €*® :. The term > Bi ~log(T1, xi) is then
an SU(k) invariant. The anti-commutation of fermions is crucial to show that [], x; is a symmetry invariant.
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we pass to z; = z9 = 0, the fiber becomes singular. A useful way to think about this is
in terms of the intersection of the loci 21 = 0 and 29 = 0, above each of which there is a
collection of fibral curves F; and E At z1 = 2o = 0 these ‘merge’ with relations between
these two sets of rational curves.

As the singularity z; = 2o = 0 is codimension two, it is resolved by so-called small
resolutions. There is not a unique way to resolve the singularities, but the (relative) Kéhler
cone of the fiber develops a cone structure, with walls along which rational curves can be
flopped — thus passing from one resolution to another topologically inequivalent one. This
is precisely the structure of the Coulomb branch of the 3d N = 2 gauge theory with matter
that one obtains by compactifying M-theory on this Calabi-Yau four-fold, and can be
systematically described by box graphs [15]. These provide a succinct way of determining
the basis of the relative Kahler cone of the fiber.

We consider the simplest case of m = 1 first and discuss an example for m > 1 in
section 4.3.3. Locally, there is an enhancement of SU(k) and U(1) to SU(k + 1), which
from the point of view of the SU(k) symmetry, corresponds to adding the fundamental
k representation. Above z; = 0 there is a collection of rational fibral curves Fi(l), 1=
0,--- ,k—1 and above zo = 0 there is a single curve component FéQ) (the I; fiber is in fact
a nodal curve). Along z; = zo = 0 one of the curves F; becomes reducible and splits into
two curves C'F

FVwctyo,  FY o FEY g, (4.30)

where C* are associated to weights of the fundamental representation.?> The intersection
graph of the set of rational fibral curves F j(l) and CT turns out to be simply the affine
Dynkin diagram of SU(k + 1).

4.3.2 Point-interactions of 2d defects

We can now ask how this splitting of the fibral curves affects the dimensional reduction of
the M5-brane on the three-fold Y3. For concreteness let z = 0 be the local equation of B,
which is wrapped by the Mb5-brane, inside the base three-fold M. Reducing the self-dual
three-form along w; we have seen that this gives rise to a chiral boson Bi(a) along the curve
Co = {2a = z =0} in B. Two such curves intersect in a point inside B

Paﬂ:{Za:ZQZZ:O}:CQQCL;:BOAQOAB, (4.31)

where the surface A, is the component of the discriminant given by z, = 0.
In the above example of an I singularity colliding with an [y, where say Fi(l) —
Ot 4+ C~, the components of B above P decompose as follows

</c+ * /c> b= /F.<1> B—=p+6-=5i, (4.32)

where the chiral fields B+ are obtained from the (1, 1) forms associated?® to the curves C*.

22If L; are the fundamental weights, then the simple roots are a; = L; — L; 11, and in this sense Fi(l) splits
into two rational curves: CT associated to the weight L; and C~ associated to the negative weight —L; .

ZWe can locally think of the transverse space above the codimension two singularity as an ALE space
associated to SU(k + 1), a k + 1 centered Taub-NUT.
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This results in a constraint at the points where the two 2d defects along C, and Cg
intersect, which relates the chiral fields in the two theories

ST hBY =3 e, (4.33)
( J

with the f;, e; dependent on the specific choice of Kéhler cone, or resolution. In the above
case we obtain k + 1 chiral bosons, and the basis of effective curves above this point is

1y ., _
{Fj( ' # it u{c, Gt (4.34)
which from the splitting (4.30) implies the constraints
a: FV=cf+c,
C: FY =Y F+C+Cq. (4.35)
J#i
The chiral boson BZ-(I) and the chiral boson 562) are thus not independent. In fact
B P =B +8-, B lpa = B+ By + 5. (4.36)
J#i

Which of these curves Fi(a) splits depends on the specific (small) resolution, and dif-
ferent resolutions are related by flop-transitions. However, what remains invariant in the
case of I, (and also the D-type flavor symmetries that are realized by I fibers), is the
fiber type, and thus the complete set of rational curves, above the intersection point. This
determines the flavor symmetry, which gets enhanced at the intersection point. E.g. in
the above case of I}, colliding with I, the coupling (4.27) along C; where the Ij fiber is
located, restricts at the intersection point Pjs to

k—1
Fe,y 8"
j=0

where F¢, denote the components of the bulk field strength along the defect C;. Similarly,

— e, (Zﬁ}” +B8% + /3‘) , (4.37)

Pia el Prg

along the second defect Co where the I fiber is located, the coupling (4.27) restricts at the
intersection point Pjs to

(o)

b, = I (Zﬁﬁ” +07 + ﬁ‘) : (4.38)

J#i Pro

We observe that at the point Pjs, the combination Z#i BJ(-I) + BT + 3~ appears in the
action, signaling an SU(k + 1) flavor symmetry acting on the §;.; and 4 at the point P9,
as explained in section 4.2.2.

The point-like defects arising at the intersection of 2d duality defects are thus char-
acterized by the presence of extra localized modes, with continuity relations to the defect
fields dictated by the fiber type above these points, and associated to local flavor symmetry
enhancements.
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Figure 4. Example box graph for the codimension two fiber of the collision I5 with I3. The simple
roots are o and &, and the extremal curves, i.e. generators of the relative Mori cone, are written
out explicitly, with C;E ==+(L; + Lj).

4.3.3 An example

As another example consider the setup of D3s with the intersection of two 7-brane stacks
with SU(n) and SU(m) gauge groups, respectively. The local enhancement of the 7-brane
gauge symmetry at the intersection locus is SU(n + m). Let

F;, i=0,1,---,n—1, Fj, j=0,1,---,m—1. (4.39)

be the fibral Ps over C and C, where each carries a chiral theory with n and m chiral
modes, 3; and Bj- Depending on the resolution of the singularity above C N C, which
is characterized in terms of a Coulomb phase or equivalently box graph (see [46] for the
discussion of collisions of two non-abelian singularities). An example is shown in figure 4
for n = 5 and m = 3, where the graph implies the following splitting

Fy —F)+ Cy,
F, —F) Fy =Fy+C-
. + - 5. " + -
C : Fy —>C§2 + CQS C : Fy —)CM + F3 + 053 (4.40)
Fs —Fj Fy =Gy + Fi + Gy,
F4 _>Ci_5 + Citl

Here, C’;; corresponds to a curve, which carries the fundamental weight +1; and :I:Ej of
SU(5) and SU(3) respectively. Also, the non-effective affine nodes split into Fj = Cf)‘); = .
From the point of view of the chiral 2d theories we have modes

C: B, i=0,1,2,3,4, C: B;, i=0,1,2. (4.41)

Each of these couple to the bulk D3-gauge field as in (4.27), and along each curve there
is an enhanced SU(5) and SU(3) flavor symmetry, respectively. At the intersection point
P =CnNC, the splitting of the curves dictates that the coupling (4.27) on C evaluates to

(5

, (4.42)

= Fc<5§5+6g1+61+6;2+ﬂ;3+53+555+ﬂ5)
P P
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where Fg is the bulk 4d gauge field along C and the coupling (4.27) on C evaluates to

(3

where the Bﬁ are the scalars obtained by reducing the B field along the (1,1) forms dual to

, (4.43)

= Fé<5g5+/3;5+ﬂa+ﬁ3+ﬂ;3+652+51+/3§1>
P P

the cycles C;;T at the ponit intersection. We obtain that the flavor symmetry is enhanced

at the point P to SU(8) acting on the eight scalars 5;575;3)_1’ Bl,ﬁég, 52_3,53, 51_5, Ba.
We have focused our attention on defects with SU(k) flavor symmetries. It would
of course be interesting to extend this to defects supporting general ADE type flavor

symmetries, making use of the known results on elliptic fibrations.

5 Conclusions and outlook

The relation between 6d (2, 0) theory or M5-branes on an elliptic curve and 4d N/ = 4 SYM
for fixed coupling constant 7, parametrized by the complex structure of the elliptic curve,
makes the SL(2,7Z) duality of the 4d theory manifest in the modular action on 7. In this
paper we studied what happens as we allow the elliptic curve to be fibered non-trivially
over a 4d base manifold — much like the generalization of IIB to F-theory by allowing the
axio-dilaton to vary. A concrete setup where this M5-brane configuration can be studied
is indeed in the context of M/F-duality, for an elliptic Calabi-Yau four-fold X4, which
contains an elliptic three-fold, that is wrapped by the M5-brane.

The interesting physics appears along singularities in the fiber, when the complex
structure 7 diverges, and we defined a suitable topological twist of the 6d theory, which
allows for supersymmetry in 4d, including along 3d walls, 2d duality surface defects and 0d
point defects. The resulting 4d theory for an abelian gauge group agrees with the duality
twisted 4d SYM theory of [7], including the walls and surface defects determined therein.
In the latter case, this theory was obtained from a D3-D7-brane setup, where the 3-7 string
sector gives rise to the surface modes. The advantage of the M5-brane approach is that
it allows to formulate the theory more generally for non-abelian gauge groups, where the
duality U(1)p symmetry is absent.

The 2d duality defects are labeled by elements of SL(2,7Z), which determine the mon-
odromy that 7 undergoes upon encircling the defect. The consistency of the theory is
ensured by 3d walls, along which the fields of the 4d theory are glued according to the
duality transformations, which are known only for the abelian theory. We determined the
spectrum of the 2d theory starting from the M5-brane, by dimensional reduction on sin-
gular fibers, which are a source of additional harmonic (1, 1) forms. The self-duality of the
3-form on the Mb-brane world-volume implies that the localized modes are chiral. The
2d theory preserves two supercharges, couples to the 4d gauge field, and enjoys a flavor
symmetry. Furthermore the surface defects generically will intersect at points, which result
in local enhancements of the flavor symmetry. We determined these properties of the 2d
and 0d defects from the singular fibers, in codimension one and two in the base of the
elliptic Calabi-Yau four-fold X, in which the M5-brane world-volume Y3 is embedded.
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There are various directions in which to extend and generalize our analysis:

1. Defects in non-abelian theories.
We provided the non-abelian generalization of the 4d bulk theory in section 3.4,
however we studied the walls/defects in 3d, 2d and 0d only in the abelian theory,
where the SL(2,7Z) action on the fields in known. It would be extremely interesting
to understand the 3d walls, 2d duality defects, and point defects in the non-abelian
theory. This could provide some more insights into the electro-magnetic duality of
the ' =4 SYM theory.

2. 3-7 strings.
The present focus has been on the M5-brane theory point of view. The modes arising
at the singular fibers were determined using insights into the geometry of the singular
fibers. In a IIB/F-theory dual point of view, these insights should be derivable from
studying [p, ] strings between the D3 and 7-branes.

3. Lefschetz-fibrations.

Another interesting avenue is to consider instead of elliptic curves, a fibration by a
higher genus curve. Such Lefschetz-fibrations were mentioned in [21] and it would be
interesting to perform a reduction similar to the one in the present paper.?* When the
space is a direct product (no fibration) the reduction leads to 4d N' =2 SCFTs [4§]
sometimes called class S theories, with the marginal couplings identified with the
complex structure moduli of the higher genus curve. The reduction on a non-trivially
fibered curve should lead to 4d A/ = 2 theories with varying couplings and surface
defects, around which the theory undergoes duality transformations. However the
lack of Lagrangian description for the non-abelian 6d theory, as well as for most of
the class S theories poses a real challenge.
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but rather to a 4d sigma model, without complex coupling [47].

— 492 —



A Spinor conventions

We need to consider spinors in six dimensions and their reduction to four dimensions. We
work in Euclidean signature, however we will present the Lorentzian case as well. We follow
the conventions of [49].

We denote T4, A =0,---,5, and v*, a = 0, - - - , 3, the gamma matrices in six and four
dimensions respectively. We use the specific basis

M=i'releol=1"®1,,
MNM=rnelhel,=9' ®1,,
P=0300 01 =7 ®1,,
I‘3203®02®12573®12,
M=00o0,

F5203®U3®02,

with ¢ = 0 in Euclidean signature and ¢ = 1 in Lorentzian signature. o123 are the usual

oy _fo-iy (10
o) 2o )0 P o1 )

The chirality matrices in six and four dimensions are

Pauli matrices

F*:(_7;)3+t110,,,r5:03®0,3®0_37 7*:(_i)2+t70"‘73203®03. (Al)

Weyl spinors )\fd), )\gfd) of positive/negative chirality obey
ALY = a0 A = e a (D (A.2)

We provide some useful identities:

13+t

rAr-Ar — 7(61— o) eAl"'A”APH...AGI‘*I‘A'S“'AP+1 ,
Z'2+t
Y =T € e (A.3)
We define
C(6d) =090 R0y = C(4d) X o9, (A.4)

satisfying (T'4)T = —C(6d)FAC(Eé) and ()T = —C(4d)'yaC@é), as well as C(Gé) = C(zéd) = Cga)
-1 _ _ T _
When we need to use spinor bilinears, we use matrix notations, for instance X{CFsz

and we define

= (x")7T. (A.5)
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Spinors A" in six dimensions transform in the fundamental representation 4 of Sp(4)r,
with m = 1,--- ,4. We denote €, the invariant anti-symmetric tensor of Sp(4)g. It
satisfies the relations

Qn = —Qum, Q" = =07 (A.6)

with Q™" = (Q,,)*. Indices are raised and lowered as
Am = A" Dy, AT =QTN, (A.7)
In four dimension the same (= iyn) plays the role of the SU(4)g invariant tensor,

raising and lowering indices, with spinors A™ transforming in the 4 and spinors A™ in the

4_1 of SU(4)R.
A.1 Irreducible spinors

To enforce reality conditions on spinors one also need to define the matrices

Lorentzian:  Bgq) = 03 ® 01 ® 02 = — B(yq) ® 02,
Euclidean: Bgq) = 02 ® 01 ® 03 = — Byq) ® 02, (A.8)

which satisfy (I'4)* = (—1)”18(6(1)1“‘48(_6(11) and (y%)* = (—1)t+13(4d)fy“3(_4i1).

In six dimensions in Euclidean signature Weyl spinors are irreducible and there is no
Lorentz invariant reality condition on them. In Lorentzian signature one can impose a
Symplectic-Majorana condition on Weyl spinors

(A7) = QB A" (A.9)

In four dimensions in Euclidean signature one can impose a Symplectic-Majorana condition
on Weyl spinors

(AAD™) =y Bag A" (A.10)

In Lorentzian signature Weyl spinors are irreducible. Instead one can impose a Majorana
condition on Dirac spinors

(A<4d>)* = Bug A9 (A.11)
The matrix B is also used to define the charge conjugate of a spinor x:
=B (A.12)

which has the opposite chirality compared to .
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A.2 Reduction from 6d to 4d

(6d)m

We consider a spinor A of positive chirality transforming in the (4,4) of SU(4) X

Sp(4)r, we decompose it as a tensor product
)\(6d)m — )\E&d)m Ny + )\(_4d)m Qn_, (Al?))

where 1y = ((1)) and n_ = ((1)) The positive chirality of A(6D™ implies the chirality on the
four-dimensional spinors

A ADm — g \EDm (A.14)

The spinors )\Sfd)m = )\fd)”Qnm and AUY™ transform in the (2,1,4)®(1,2,4) of SU(2); x

SU(2)2 x SU(4),, where SU(2); x SU(2)z is the 4d Lorentz group. In Euclidean signature,
one can impose a Symplectic Majorana condition on the 4d spinors, but this does not come
from a (Lorentz invariant) reality condition in 6d.

(6d)m

In Lorentzian signature A obeys the Symplectic-Majorana condition (A.9).This

translates into the relation

(A8O™)" = —Bag ALV, (A.15)

(4d)

which means that the spinors A}, + AUDm

are Majorana.

A.3 R-symmetry reduction

In six-dimension the R-symmetry is Sp(4)r ~ SO(5)r. We want to consider the SO(5)r —
SO(3)r x SO(2)r ~ SU(2)r x U(1)g symmetry breaking pattern. This leads us to define

the I'" matrices, with Q= 1,---,5, in the tensor product form:

I'=oloo?, F§:(72®03, F§:03®03, = 1® 02, o — 1®o0!, (A.16)
The index m of the 4 of Sp(4)r decomposes into the indices «,+1 of the 27 & 2_; of
SU(Q)R X U(l)R.

X" = X1 x84 (A.17)

In matrix-like notations we have

X=x1® <(1)> +X1® (?) : (A.18)

where x1, x_1 have components x§, x®; respectively. With i['*> generating U(1)g, one can
check that x; has R-charge 1 and x_; has R-charge —1.
Also, the indices m,n < (o, z), (B,y) are raised and lowered according to the NW-SE

convention with Q™" = Q,,,,, = —Qyy, = €4 ® Byy, with B,y = B™ = ol = <(1) (1)) So

we have (Qpp) = 10y ® 071.
We also note the relation

Z (O_k)aﬁ(ak)a'ﬁl — _(eaa'eﬂﬁ' + Eaﬂleﬁa/) . (A.lg)
k=1,2,3
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B Twists of the 6d (2,0) theory
The 6d (2,0) theory has Lorentz and R-symmetry group
SU(4)L x Sp(4)r, (B.1)

and supercharges, @, that transform in the (4,4) representation of this group. If the six-
manifold, Mg, on which the theory lives has some reduced holonomy one can ask whether
there are supercharges which are scalars under either the Lorentz group or some twisted
Lorentz group.

B.1 Kahler manifolds

First we consider Mg a Kéhler manifold. The holonomy group is reduced U(3) ~ SU(3)p x
U(1)r and the supercharges transform under the subgroup SU(3) x U(1)r x Sp(4)g as

(4,4) = (3,4)1 & (1,4)_3. (B.2)

There are no supercharges which are scalars under the SU(3), x U(1)r, Lorentz symmetry,
however there are two twists which provide such scalar supercharges.

Twist 1. In the first twist consider the decomposition of the R-symmetry such that

Sp(4)R — SU(Q)R X U(l)R

(B.3)
452, P92_.
The supercharges after this decomposition transform as
SUM4)r x Sp(4)r — SU(3)r x SU(2)g x U(1)r x U(1)gr (B 4)

(4,4) = (3,2)11®(3,2)1,-1® (1,2)-31 ©(1,2) 31,

where the first entry is the transformation under SU(3),, the second under SU(2)r, and the
two subscripts the charges under U(1);, and U(1)g, respectively. One can now choose an
alternative Lorentz group SU(3)z, x U(1)} by embedding U(1)} such that it has generator

T, =Ty — 3Tk, (B.5)

where T7, and Tg are the generators of the Lorentz and R-symmetry U(1)s. The twisted
symmetry group decomposition of the supercharges is then

SU(4)L X Sp(4)R — SU(?))L X SU(Q)R X U(l)/L

(B.6)
(474) - (37 2)72 D (37 2)4 S (17 2)*6 @ (1> 2)0 .

The last term corresponds to supercharges that are trivial under the twisted Lorentz group
and transform as a doublet under the residual SU(2) p R-symmetry group. Therefore there
are two scalar supercharges in the twisted theory.
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Twist 2. There is another decomposition of the R-symmetry group where the 4 decom-
poses differently from above:

Sp(4)r = SU(2)r x U(1)r
452001, B1_1. (B.7)

In this case the supercharges transform under SU(3)z, x SU(2)r x U(1), x U(1)g as
(3,2)109(3,1)1,1®(3,1)1-1 0 (1,2) 30 (1,1)_31 & (1,1)_3 1. (B.8)
Twisting, similarly to the above, to generate a new Lorentz U(1)’, by
T =Ty, —3TR, (B.9)
gives the representation of the supercharges under the new Lorentz group as
(3,21 9(3,1)2®(3,1)4@(1,2) 3@ (1,1)_6® (1,1)o. (B.10)
The last term is the single and only scalar supercharge of the twisted theory.

Twist 3. There is a final distinct decomposition of Sp(4) containing U(1), which comes
from the special embedding of SU(2) inside Sp(4). The decomposition is

Sp(4)r — U(1)r
4—)13@11@1_1@1_3. (Bll)

The supercharges, which transformed under (3,4); @ (1,4)_3, decompose under the sub-
group as
3130311931931, 301 3301 31D1 3 101 _3_3. (B.12)

It is clear that after this decomposition there are two different twistings, up to symmetry,
that will create scalar supercharges. These are

(i) T'=Tr,—Tr
(ii) 7" =T, — 3Tg.
After the twist (7) the supercharges will transform as
3203023293, 01_ 6014, D1 2D 1y, (B.13)
and after the twist (i) they will transform as
3 3P3 2P31P310P1_1281 6D 1D 1. (B.14)

These twists are equivalent to the first two twists above when the remaining SU(2) g sym-
metry in those theories is further reduced to a U(1) and that U(1) is twisted with.

As there is not an embedding of SU(3) inside Sp(4) we argue that these are all of
the possible twistings that can be done without assuming that the SU(3)z Lorentz group
component is further reduced.
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B.2 Calabi-Yau manifolds
For Mg a Calabi-Yau manifold the holonomy reduces further to SU(3) so that the total

symmetry is

SU3)L x Sp(4)g, (B.15)

and the supercharges transform under
(3,4)® (1,4). (B.16)

There is immediately, without any requirement of twisting the theory, a set of four su-
percharges, which transform in the 4 of Sp(4)r and which are scalars with respect to the
Lorentz group SU(3) .

C Differential geometry and useful relations

In this appendix we provide some basic identities in differential geometry and some useful
self-duality relations on (m,n) forms in 6d and 4d, involving the Kéahler potentials J and
j, respectively.

In dimension d with w(,) a p-form, we define the Hodge star such that

1 @
*E A ne) = (e A neor ) ey, (C.1)
1 S
(*w(p))bl...bd » p'6b1 bg— —p ! pwal'“ap7 (CZ)
*(Hktw(p)) = (—1) PPy (C.3)

with ¢ = 0 in Euclidean signature and ¢ = 1 in Lorentzian signature.
With wq,ws two p-forms, we have

/*wl( A ws (p) = /ddwfwl PWray.ap - (C.4)

Some basic identities:

(dw)agAy-a, = (P +1)0[40wA,..4,] (C.5)
(*d*W>A1-~~AP,1 = —DAOWAOAl...,41771 (C.ﬁ)
p+gq
(w1 A WQ)Al...Apgl...Bq = ( » ) W1[A;-Ap W2B; By (C.7)
Self-duality properties of (m,n)-forms in 6d:
*LL)(3 0) = Z(U(3 0) > *W(O’g) = —1 W(O’g)
(W(lo /\J)—Zwlo , *(w(o,l)/\‘]):_iw(o,l)/\‘]
( ) ’L(U12) iff J/\UL)(LQ) =0
(W(lo /\J/\ ) —22w10)
* (W) AT) = —wo2) - (C8)
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Self-duality properties of (m,n)-forms in 4d:

*xj =7,
*W(2,0) = W(2,0) 5 *W(0,2) = W0,2)s *w(1,1) = —w1) iff wayAgJ=0
*W(1,0) = —twao A, (wag)) AJ=1iwqg)- (C.9)

D Topological twist and form-fields

We provide some details on the construction of the topologically twisted 6d theory on a
Kahler three-fold Y3. It is useful in particular to understand the decomposition of the
spinors. To write the spinors in terms of forms on Y3, we make use of the existence in the
twisted theory of a covariantly constant spinor of positive chirality that we denote 7

D=0, D, =0, +

%wﬁBFAB — iQRA]z7 (D.1)
which is covariantized with respect to the non-trivial R-symmetry connection A% in U(1)g.
Here p is the curved Lorentz index in 6d, while A, B are the flat Lorentz indices. The
spinor 7 has charge qr = 1. We take 1 to be Grassmann-even (commuting spinor) and we
normalize it with nfn = 1. The complex structure J which satisfies Jt = id;, J% = —ié%,
can be built (by raising an index) from the Kéahler (1, 1)-form

Jap = in'Tapn =inT apn, (D.2)

Importantly the spinor 7 is annihilated by the gamma matrices with holomorphic indices
I'n =0, i = 1,2,3, while the charge conjugate spinor ¢ = C~!n*, which has negative
chirality, is annihilated by the gamma matrices with anti-holomorphic indices I‘ch = 0.
This can be rephrased with the help of the projectors

1

PAB:§(5AB—iJAB) , PAB:%((SAB-FZ'JAB) , (D.3)

which satisfy PAgPBo = PAn, PAgPBr = PAg and PAgPBc =0, as
PAgyPn=0, PipyPyc=o0. (D.4)

We can also define the holomorphic and anti-holomorphic three-forms:2

Qapc =Ml agen, Qapc = —-1Tapen® = (Qapc)*. (D.5)

The three-forms €, Q) transform under U(1) with R-charges 2 and —2 respectively, and
therefore are globally defined (anti-)holomorphic three-forms only when the U(1) g bundle
is trival, namely when Y3 is Calabi-Yau (since in the twisted theory the U(1)r connection
is identified with the U(1);, connection). We have the relations JAQ =0, —JAJ A J =

%5In our conventions a holomorphic vector X satisfies PApX? = X4, PAgX® = 0 and a holomorphic
one-form w(y,0) satisfies wpPB 4 = WA, wpPB4 = 0. Anti-holomorphic vectors and forms satisfy the
opposite conditions.
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%Q AQ = 6\/§d6x, as well as xQ = iQ, xQ = —iQ). Using the frame e? we can write
explicitly?®
n’ = (1,0,0,0,0,0,0,0),
J =Juy=—("Ael +ene*+et ne’) (D.6)
Q30) = (e +ieh) A (e +ied) A (e +ie®) .
For general Kahler manifolds that are not Calabi-Yau d{2 # 0, however we have DQ) =
DQ =0, with D = d —igr A",

To deal with the spinors A" we split them into two sets of spinors A{", A*; corresponding
to the decomposition 4 — 2; @ 2_; of the R-symmetry group (see appendix A.3), and
expand each spinor in the twisted theory in the basis of spinors which is appropriate for
the identification of the (anti-)holomorphic forms

A%y = AP+ A, TR A = ASTy 4+ A, (D.7)

where we have suppressed the (anti-)holomorphic indices (1,0),(3,0),---. In real indices,
with some convenient normalization of the forms, we have

1 1
1 _ _ 1
&= ZAjBPAcPBDFCDn + A% = ZAjBFABn + A%, (D.8)

with the second equalities obtained by making use of the holomorphicity of the forms.
The spinor equations of motion are FADA)\il = 0, where D, =V, — iqRAff is the

covariant derivative including the (non-trivial) U(1)r connection of the twisted theory.

Plugging the decomposition (D.8) and using D = 0, the equation T*D4\§ = 0 becomes

1
0= DyATAy + 3P ANSTATBC

1 1
- <DAAa + 2DBA%A> 4y + ZDAA%,CFAB%, (D.9)
where we have suppressed the form indices (m,n) and we have used the identity [ATBC =
[ABC 4 25AIBTC] Contracting with 7 and using 7147 = 0, we obtain
0= DaAEPY = (04 0)Af 4 A Q30 =0 = 0AG, =0, (D.10)

where we have used x{)(3 g) = i{)(39). Using this result one can show that DaAgcTABCYy =
2DB ATy and replace the corresponding term in (D.9). Then contracting with n'TI'c
we obtain
0= (DaA® + DBA%,) P = DaA® PAc + DPAG
= OA{ ) —*0x A, =0, (D.11)

where we have used P¢4 = PAC and DBA%C = DAA%CPBA = DAA%CPAB.

26The overall sign of J is compatible with X° — i X! = X% — X% = X% — {X5 = 0 for a holomorphic
vector PAgXE = 0.
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The other equations of motion are derived similarly from the equation I'AD ANY | =
using D¢ = 0,27 and various Gamma matrices identities. The equations of motion of the
twisted theory are found to be

5 * A((XLO) — 0 5 31\?170) - Z * 5A((l370) - O 5

NGy gy — %0 Ay =0, NGz = 0. (D.12)

«

In the derivation we used the imaginary self-dual property *A(ag,o) = iA(370).
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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