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ABSTRACT: We discuss the conditions for an effective field theory (EFT) to give an ade-
quate low-energy description of an underlying physics beyond the Standard Model (SM).
Starting from the EFT where the SM is extended by dimension-6 operators, experimen-
tal data can be used without further assumptions to measure (or set limits on) the EFT
parameters. The interpretation of these results requires instead a set of broad assump-
tions (e.g. power counting rules) on the UV dynamics. This allows one to establish, in a
bottom-up approach, the validity range of the EFT description, and to assess the error
associated with the truncation of the EFT series. We give a practical prescription on how
experimental results could be reported, so that they admit a maximally broad range of
theoretical interpretations. Namely, the experimental constraints on dimension-6 opera-
tors should be reported as functions of the kinematic variables that set the relevant energy
scale of the studied process. This is especially important for hadron collider experiments
where collisions probe a wide range of energy scales.
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1 Introduction

We consider an EFT where the SM is extended by a set of higher-dimensional operators,
and assume that it reproduces the low-energy limit of a more fundamental UV description.
The theory has the same field content and the same linearly-realized SU(3) x SU(2) x U(1)
local symmetry as the SM. The difference is the presence of operators with canonical
dimension D larger than 4. These are organized in a systematic expansion in D, where
each consecutive term is suppressed by a larger power of a high mass scale. Assuming
baryon and lepton number conservation, the Lagrangian takes the form [1-3]

L= Lou+ P00 +3 0 4. (1)
i J

(D)
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where each O; " is a gauge-invariant operator of dimension D and ¢; " is the corresponding
effective coefficient. Each coefficient has dimension 4 — D and scales like a given power of

the couplings of the UV theory; in particular, for an operator made of n; fields one has

(D) (coupling)™i—2

‘ (high mass scale)P—4 "

(1.2)

This scaling holds in any UV completion which admits some perturbative expansion in
its couplings. It follows from simple dimensional analysis after restoring i # 1 in the

Lagrangian since couplings, as well as fields, carry h dimensions [4-6] (see also refs. [7,

8]). An additional suppressing factor (coupling/47)?" may arise with respect to the naive



scaling if the operator is first generated at the L*"-loop order in the perturbative expansion.’

If no perturbative expansion is possible in the UV theory because it is maximally strongly
coupled, then eq. (1.2) gives a correct estimate of the size of the effective coefficients by
setting coupling ~ 4.

The EFT defined by eq. (1.1) is able to parametrize observable effects of a large class of
beyond the SM (BSM) theories. All decoupling BSM physics where new particles are much
heavier than the SM ones and much heavier than the energy scale at which the experiment
is performed can be mapped to such a Lagrangian. The main motivation to use this
framework is that the constraints on the EFT parameters can be later re-interpreted as
constraints on masses and couplings of new particles in many BSM theories. In other
words, translation of experimental data into a theoretical framework has to be done only
once in the EFT context, rather than for each BSM model separately. Moreover, the EFT
can be used to establish a consistent picture of deviations from the SM by itself and thus
can provide guidance for constructing a UV completion of the SM.

In the EFT, physical amplitudes in general grow with the energy scale of the process,
due to the presence of non-renormalizable operators. Such framework has therefore a
limited energy range of validity. In this note we address the question of the validity range
at the quantitative level (similar questions have been addressed in refs. [11-13] with partly
different conclusions, and in refs. [14-18]; see also refs. [10, 19-30] for a discussion about
matching UV models to the EFT, which indirectly addresses the question of its validity).
We will discuss the following points:

e Under what conditions does the EFT give a faithful description of the low-energy
phenomenology of some BSM theory?

e When is it justified to truncate the EFT expansion at the level of dimension-6 oper-
ators? To what extent can experimental limits on dimension-6 operators be affected
by the presence of dimension-8 operators? Are there physically important examples
where dimension-8 operators cannot be neglected?

e When is it justified to calculate the EFT predictions at tree level? In what circum-
stances may including 1-loop and/or real-emission corrections modify the predictions
in a relevant way?

It is important to realize that addressing the above questions cannot be done in a
completely model-independent way, but requires a number of (broad) assumptions about
the new physics. An illustrative example is that of the Fermi theory, which is an EFT
for the SM degrees of freedom below the weak scale after the W and Z bosons have been
integrated out. In this language, the weak interactions of the SM fermions are described
at leading order by 4-fermion operators of D=6, such as:

Leg D 9 (&Y, Prve)(DyypPrit) +h.c., V== (1.3)

1See for instance refs. [9, 10] for a discussion on whether a given operator can be generated at tree-level
or at loop-level.



This operator captures several aspects of the low-energy phenomenology of the SM, includ-
ing for example the decay of the muon, y — evv, and the inelastic scattering of neutrinos
on electrons ve — vu. It can be used to adequately describe these processes as long as the
energy scale involved (i.e. the momentum transfer between the electron current and the
muon current) is well below myy. However, the information concerning myy is not available
to a low-energy observer. Instead, only the scale [c¢(®)|~1/2 ~ v = 2my, /g is measurable
at low energies, and this is not sufficient to determine my, without knowledge of the cou-
pling g. For example, from a bottom-up viewpoint, a precise measurement of the muon
lifetime gives indications on the energy at which some new particle (i.e. the W boson) is
expected to be produced in a higher-energy process, like the scattering ve — vu, only after
making an assumption on the strength of its coupling to electrons and muons. Weaker
couplings imply lower scales: for example, the Fermi theory could have ceased to be valid
right above the muon mass scale had the SM been very weakly coupled, g =~ 1073, On the
other hand, a precise measurement of the muon lifetime sets an upper bound on the mass
of the W boson, my < 1.5 TeV, corresponding to the limit in which the UV completion is
maximally strongly coupled, g ~ 4.

This example illustrates the necessity of making assumptions — in this case on the
value of the coupling ¢ — when assessing the validity range of the EFT, that is, when
estimating the mass scale at which new particles appear (similar issues have been discussed
in the context of Dark Matter searches, see for instance refs. [31, 32]). On the other hand,
the very interest in the EFT stems from its model-independence, and from the possibility
of deriving the results from experimental analyses using eq. (1.1) without any reference
to specific UV completions. In this note we identify under which physical conditions
eq. (1.1), and in particular its truncation at the level of dimension-6 operators, can be
used to set limits on, or determine, the value of the effective coefficients. Doing so, we
also discuss the importance that results be reported by the experimental collaborations in
a way which makes it possible to later give a quantitative assessment of the validity range
of the EFT approach used in the analysis. As we will discuss below, this entails estimating
the energy scale characterizing the physical process under study. Practical suggestions on
how experimental results could be reported will be given in this note.

2 General discussion

2.1 Model-independent experimental results

Let us first discuss how an experimental analysis can be performed in the context of EFT.
We start considering eq. (1.1) truncated at the level of D = 6 operators, and assume that
it gives an approximate low-energy description of the UV theory. Further below we discuss
the theoretical error associated with this truncation and identify the situations where the
truncation is not even possible. Physical observables are computed from the truncated
EFT Lagrangian in a perturbative expansion according to the usual rules of effective field
theories [33]. The perturbative order to be reached depends on the experimental precision
and on the aimed theoretical accuracy, as we discuss in the following. Theoretical predic-

(6)

tions obtained in this way are functions of the effective coefficients ¢;”” and can be used to



perform a fit to the experimental data. The impact of loop corrections on the fit can be es-
timated a posteriori based on the extracted values of (or limits on) the effective coefficients.
If some coeflicients are smaller than others by as much as a loop factor ggM /1672, where
gsm is some SM coupling, then 1-loop corrections involving the larger coefficients might
give a significant impact in their determination and should be included. For example, it is
well know that the operator correcting the top Yukawa coupling gives a 1-loop contribution
to h — vy which must be included when computing this decay rate, since the sensitivity
of the tth measurement (which directly constrains the top Yukawa) is poorer than the one
of the di-photon channel. To the best of our knowledge, the only other two cases in which
1-loop insertions of dimension-6 operators play a central role, given the current data from
the LHC Runl, are the rates gg — h and h — Z~. A more detailed discussion on the
importance of 1-loop effects is given in section 2.4. The fit to the coefficients c§6) should
be performed by correctly including the effect of all the theoretical uncertainties (such as
those from the PDFs and missing SM loop contributions?) not originating from the EFT
perturbative expansion. The errors due to the truncation at the D = 6 level and higher-
loop diagrams involving insertions of different effective operators, on the other hand, are
not quantifiable in a model-independent way and should thus be reported separately. We
will discuss how they can be estimated in the next sections.

Let us consider a situation in which no new physics effect is observed in future data
(the discussion follows likewise in the case of observed deviations from the SM). In this
case, the experimental results can be expressed into the limits?

% < 5P (M) . (2.1)

The functions §;" depend on the upper value, here collectively denoted by Mcys, of the
kinematic variables (such as transverse momenta or invariant masses) that set the typical
energy scale characterizing the process. In general, eq. (2.1) is obtained by imposing cuts
on these variables and making use of the differential kinematic distributions of the process.

There are situations in which the relevant energy of the process is fixed by the kinemat-
ics. For example, in inclusive on-shell Higgs decays one has M.yt =~ myp. Another example
is ete™ collisions at a fixed center-of-mass energy +/s, in which case Mey; &~ /5. On the
other hand, the relevant scale for the production of two on-shell particles in proton-proton
collisions is the center-of-mass energy of the partonic collision v/§, which varies in each
event and may not be fully reconstructed in practice. Important examples of this kind
are vector boson scattering processes (e.g. with final states WW — 2[2v and ZZ — 4l),
and Higgs production in association with a vector boson (Vh) or a jet (hj). In all these
processes the relevant energy scale is given by the invariant mass of the final pair. Since
the energy scale of the process determines the range of validity of the EFT description, it
is extremely important that the experimental limits d; " are reported by the collaborations

2These latter can be estimated as usual by varying the factorization and renormalization scales.
(6)

3In general, the experimental constraints on different c;”’ may have non-trivial correlations. Depending
on the chosen basis, the left-hand-side of eq. (2.1) may contain linear combinations of several effective
coefficients. If a deviation from the SM is observed, eq. (2.1) turns into a confidence interval, 6P (M) <

O < 5P (M),



for various values of M.y;. For processes occurring over a wide energy range (unlike Higgs
decays or ete™ collisions), knowledge of only the limit §; " obtained by making use of all
the events without any restriction on the energy (i.e. for My — 00) severely limits the
interpretation of the EFT results in terms of constraints on specific BSM models.

If the relevant energy of the process cannot be determined, because for example the
kinematics cannot be closed, then setting consistent bounds requires a more careful proce-
dure, for example similar to the one proposed in ref. [32] in the context of DM searches.
In these cases other correlated (though not equivalent) variables may be considered, as for
example the transverse momentum of the Higgs boson or a lepton in V' h production.

2.2 EFT validity and interpretation of the results

Extracting bounds on (or measuring) the EFT coefficients can be done by experimental
collaborations in a completely model-independent way. However, the interpretation of
these bounds is always model-dependent. In particular, whether or not the EFT is valid in
the parameter space probed by the experiment depends on further assumptions about the
(unknown) UV theory. These assumptions correspond, in the EFT language, to a choice
of power counting, i.e. a set of rules to estimate the coefficients of the effective operators
in terms of the couplings and mass scales of the UV dynamics.

The simplest situation, which we discuss in some detail here, is when the microscopic
dynamics is characterized by a single mass scale A and a single new coupling g, [6]. This
particular power-counting prescription smoothly interpolates between the naive dimen-
sional analysis (g« ~ 4m) [5, 34], the case g. ~ 1 as for example in the Fermi theory, and
the very weak coupling limit g, < 1. While this is not a unique prescription, it covers
a large selection of popular scenarios beyond the SM. In this class falls the Fermi theory
described previously, as well as other weakly-coupled models where a narrow resonance is
integrated out. Moreover, despite the large number of resonances, also some theories with
a strongly-interacting BSM sector belong to this category (e.g. the holographic composite
Higgs models [35] or, more generally, theories where the strong sector has a large-N de-
scription). The scaling of the effective coefficients with g, is determined by eq. (1.2) and
by symmetries and selection rules.

For example, if the coupling strength of the Higgs field to the new dynamics is g, then
the coefficient of an operator with four Higgs fields and two derivatives scales like g2 (see
table 1). Approximate symmetries acting in the low-energy theory can reduce the maximal
scaling with g, of the coefficients. For instance, approximate chiral symmetry implies that
the coefficient of an operator with a fermion scalar bilinear and three Higgs fields scales as
yfgf, where y; is the corresponding Yukawa coupling. Some examples relevant for Higgs
physics are reported in table 1 (for examples of alternative power-counting and selection
rules schemes see refs. [7, 17, 36]). As a final illustrative case consider the complete Fermi
theory, where the approximate flavor symmetry of the SM is inherited by the low-energy
EFT, entailing a suppression of flavor-violating 4-fermion operators.

For a given power counting, it is relatively simple to derive limits on the theoretical
parameter space that are automatically consistent with the EFT expansion, provided the
relevant energy of the process is known. Consider the case of a single scale A and a single



Operator Naive (maximal) | Symmetry/Selection Rule
scaling with g, | and corresponding suppression

wa = \H\21/;LH¢R g3 Chiral: y¢ /g«
R 2
Or = (1/2) (HTD#H) g2 Custodial: (¢'/gs)?, y?/167>
Shift symmetry: (yi/gs)?
Oge = |H[*Gy, G ) Elementary Vectors: (gs/g«)? (for Oga)
9x
Opp = |H|*B,, B™ (9'/g)* (for Opp)
Minimal Coupling: g2/167?
O¢ = |HS gt Shift symmetry: \/g?
Oy = (1/2)(0"|H|?)? g2 Coset Curvature: e,
Op = (i/2) (HTBMH) 8" B, Elementary Vectors: ¢'/g. (for Op)
9 9/« (for Ow)

Ow = (i/2) (HWSNH) we,

Elementary Vectors: ¢'/g. (for Ogp)

Ognp = (i/2) (D*H'DVH) B,
( )5 e 9/« (for Opw)

Onw = (i/2) (D"H'o"D"H) W,

Minimal Coupling: ¢2/16m>

Table 1. Some operators relevant for Higgs physics and the impact of approximate symmetries
on the estimated size of their coefficient [6]. The coefficient e, parametrizes the possibility that
the Higgs doublet originates as a PNGB from the flat coset 1SO(4)/SO(4) [36] (see also [37]). A
suppression gy /g, for every field strength (referred to as Elementary Vectors in the table), applies
to all models where the transverse components of gauge bosons are elementary. See ref. [36] for a
construction where transverse gauge bosons are composite and have strong dipole interactions.

coupling strength g.. Then the bounds (2.1) can be recast as limits on these two parameters

(6) _ ~(6) :
) =¢;(g«)/A?, and setting the upper value of
the relevant energy scale to M., = kA. Here 656) (g9«) is a (dimensionless) polynomial of

by using the power counting to estimate c

g« and of the SM couplings, while 0 < x < 1 controls the size of the tolerated error due
to neglecting higher-derivative operators (the value of x can be chosen according to the
sensitivity required in the analysis). One finds

&7(9) _ e

IV 0; P (kA). (2.2)
These inequalities determine the region of the plane (A, g.) which is excluded consistently
with the EFT expansion for a given . This is a conservative bound, since it is obtained
by using only a subset of the events (effectively only those with relevant energy up to
My = kA). Tt is thus less stringent than the bound one would obtain in the full theory with
the full dataset, but it is by construction consistent with the EF T expansion. Compared to
the constraint implied by the full theory with the same reduced dataset, that of eq. (2.2) has
an error of order k2. For constraints obtained in this way, and for a valid EFT description



in general, no question of unitarity violation arises (see for example ref. [38] for a discussion
of this issue in the context of anomalous triple gauge couplings).

An analysis of the experimental results based on the multiple cut technique proposed
here was performed in ref. [15] for the Vh associated production. The same strategy can
also be applied to more complicated theories following a power counting different than the
simple g.-scaling discussed above (see for example ref. [17]).

2.3 On the necessity of a power counting

The necessity of an appropriate power counting stems from a number of reasons. First of

all it provides a physically motivated range in which the coefficients CZ(D) are expected to
vary. Secondly, and very importantly, it allows one to estimate the relative importance
of higher-order terms in the EFT series. If two operators with dimension D and D + 2
contribute at tree-level to the same vertex, then they must have the same field content after
electroweak symmetry breaking. In this case the higher-dimensional operator must have
two more powers of the Higgs field or two more derivatives compared to the first operator.

Its contribution to the vertex is thus naively suppressed by a factor equal to, respectively,

9 2
K2 = (g;;v) and K% = (i) , (2.3)

where E' &~ My, is the (maximum) energy characterizing the process under consideration

(hence kg =~ k). The EFT series is built in terms of these two expansion parameters, which
must be both small for the description to be valid.

From eq. (2.3), one would expect the contribution of higher-dimensional operators to
a given observable to be of relative order x2 or HQE, hence always subdominant compared to
the contribution of lower-dimensional operators, in the case of a valid EFT expansion. This
naive estimate however assumes that the hierarchy in the effective coefficients is entirely
(D) = cED)AD*4 are

dictated by their scaling with A, i.e. that the dimensionless coefficients ¢;
all characterized by the same underlying interaction strength. It may happen, on the other
hand, that a stronger interaction strength only appears at a higher level in the perturbative
expansion as the result of some selection rule or symmetry. In this case the next-to-leading
correction from higher-dimensional operators might become sizable and even dominate over
the naively leading contribution.

As an example illustrating the above possibility consider a 2 — 2 scattering process,
where the SM contribution to the amplitude is at most of order ggM at high energy (gsm
denotes a SM coupling). The correction from D = 6 operators involving derivatives will
in general grow quadratically with the energy and can be as large as g2(FE?/A2).* If the
coupling strength g, is much larger than gy, then the BSM contribution dominates over
the SM one at sufficiently high energy (i.e. for A > E > A(gsm/g«)), while the EFT
expansion is still valid. The largest contribution to the cross section in this case comes

from the square of the D = 6 term, rather than from its interference with the SM. The

1Effects growing with energy can also be induced by operators without additional derivatives, if they yield
new contact interactions relevant for the process, or if they disrupt cancellations between energy-growing
individual contributions of different SM diagrams, see e.g. [39-44].



(6)
7
energy scale accessible in the experiment. In this example the contribution of D = 6

best sensitivity to ¢;’ is thus expected to come from the highest value of the relevant
derivative operators is enhanced by a factor (g./gsy)? compared to the naive expansion
parameter H%; such enhancement is a consequence of the fact that the underlying strong
coupling g, only appears at the level of D = 6 operators, while D = 4 operators mediate
weaker interactions. Here, no further enhancement exists between D = 6 and D = 8
operators, i.e. D = 8 operators are subdominant and the EFT series is converging. In
other words, although the contributions to the cross section proportional to (056))2 and cl(-g)
are both of order 1/A%, the latter (generated by the interference of D = 8 operators with
the SM) is smaller by a factor (gsm/g«)? independently of the energy, and can thus be
safely neglected. A well known process where the above situation occurs is the scattering
of longitudinally-polarized vector bosons. Depending on the UV dynamics, the same can
happen in other 2 — 2 scatterings, such as Higgs associated production with a W or Z
boson (VH) [15, 29], dijet searches at the LHC [45] or top physics [14, 43].

Another situation in which (ciﬁ))2 terms dominate is when the SM interactions are
suppressed by some accidental (possibly approximate) symmetry not respected by the
BSM dynamics. Consider for example the corrections to flavor-changing neutral current
processes (strongly suppressed in the SM by a loop and CKM factors), that would originate
from BSM theories that are not Minimal Flavor Violating (see e.g. [46]). An even sharper
example is lepton-flavor violating processes (e.g. h — u7), for which the SM amplitude
exactly vanishes.

The examples discussed show that, for structural reasons, a stronger interaction may
be revealed at the D=6 level in the EFT expansion. It is also possible, on the other hand,
that such stronger interaction appears only at the level of D = 8 operators, so that these
dominate over D=6 ones and over the SM in the high-energy regime. In this case the D=6
EFT description may be inadequate, as we discuss in section 3.

As a final remark on the importance of higher-order operators, notice that the bounds
of eq. (2.2) can also be interpreted with a different perspective. Rather than specifying an
error tolerance k and extracting information on g, and A, one can make BSM assumptions
on either g, or A and see to what precision they can be measured. For instance, con-
sider the case in which the same coupling strength g, controls the size of all the effective
coefficients éZ(D). Then, from egs. (2.1) and (2.3) it follows that the uncertainty due to
neglecting D > 8 operators can be expressed in terms of the experimental accuracy P
on the bounds (or measurements) of the effective coefficients as follows:

E2
ke < — 09P(E), k2 <02 %P(E). (2.4)
9x
From this expression it becomes clear that, for a given experimental precision and energy,
BSM theories with larger g, will be constrained with better accuracy. In fact, eq. (2.4)
can be used to estimate the experimental precision needed to constrain a coefficient ¢(®) in
a meaningful way for a given £ = M_y, within the validity of the EFT. Since the x; are
bounded from above by these equations, one can explicitly derive the value of §**P that
guarantees x; < 1.



2.4 On the importance of loop corrections

So far our discussion was limited to tree-level effects of D = 6 operators. The EFT can be
consistently extended to an arbitrary loop order by computing observables perturbatively
in the SM couplings. The corresponding series is controlled by the expansion parameter
g%M /1672, which adds to the two EFT parameters 2 and /@29 already discussed. One-loop
effects of D=6 operators are formally suppressed by O(ggM /1672), and are thus generally
subleading compared to the tree-level contributions. Including loop corrections in the EFT
context is, at present, less crucial than for a pure SM calculation. This is because the
experimental precision is typically better than the magnitude of the SM loop corrections,
therefore going beyond tree level in a SM calculation is essential to obtain a correct de-
scription of physical processes. In the case of the EFT, on the other hand, we are yet to
observe any leading-order effect of higher-dimensional operators.

There do exist situations, however, where including NLO corrections may be important
for obtaining an adequate description of physical processes in the EFT (see refs. [47, 48] for
an extended discussion). For example, it is well known that NLO QCD corrections to the
SM predictions of certain processes at the LHC can be of order 1, and large k-factors are
expected to apply to the EFT corrections as well. Another example is the one-loop Higgs
corrections to electroweak precision observables. Since deviations of the Higgs couplings due
to D=6 operators can be relatively large (up to O(10%)) without conflicting with current
experimental data, the 1-loop effects, in spite of the suppression factor, can be numerically
important for observables measured with a per-mille precision [49-51]. Similarly, four-
fermion operators can contribute at one loop to the Higgs decays h — bb and h — 77 and
be effectively constrained by these processes, as recently pointed out in ref. [52]. Along
the same lines, competitive indirect bounds on CP-violating operators can be obtained by
considering their loop corrections (including operator mixing via RG evolution) to well-
measured electromagnetic dipole observables [53-56].

More generally, 1-loop corrections are important if they stem from large coefficients
and correct precisely measured observables whose tree-level contribution arises from smaller
coefficients. The tree-level contribution of a D = 6 operator may be suppressed, for
example, because its coefficient is generated at the 1-loop level by the UV dynamics.
In this case, both the 1-loop and tree-level contributions from D = 6 operators would
correspond to 1-loop processes in the UV theory. An example of this kind is the decay
of the Higgs boson to two photons, h — 7y, which arises necessarily at the 1-loop level
if the UV theory is minimally coupled (see ref. [6] and the appendix of ref. [36]) and
perturbative. It is interesting to notice that the bulk of the 1-loop corrections from D =6
operators corresponds to the RG evolution of their coefficients [57-59]. The remaining
finite (threshold) corrections are instead usually smaller since they bear no logarithmic
enhancement. Performing a fit in terms of the coefficients evaluated at the low-energy
scale thus automatically re-sums their RG running from the new physics scale, hence the
bulk of the 1-loop corrections. In this sense, as long as finite terms can be neglected,
an explicit evaluation of the 1-loop insertions of D = 6 operators is required only if the
observables included in the fit are characterized by widely different energy scales, or if one



wants to match to the UV theory at the high scale. The calculation of NLO effects in the
context of the EFT is currently an active field of study, see for instance the recent papers
in the last 15 months [18, 52, 57-73]. As suggested by the above discussion, it is very
important to identify all cases where 1-loop effects of D=6 operators can be relevant.

Besides one-loop effects, it is sometimes also important to include corrections from
real emission processes. In particular, including additional jets may be important when
exclusive observables, i.e. quantities particularly sensitive to extra radiation, are studied.
An example is given by the transverse momentum distribution of leptons in the process
pp — h — VV — 44, for which NLO real emissions are known to give O(1) effects (see
e.g. [74, 75]).

To summarize, in this section we have discussed how using a power counting is required
to assess the validity of an EFT truncated at the level of D =6 operators and interpret
the experimental results in terms of physical masses and couplings of the UV theory.
From a practical point of view, the power counting allows one to estimate the relative
importance of D=6 and D =8 operators (for instance deducing when 6§6) ~ 528)). This
framework is particularly well suited to interpret the Higgs data at the LHC. One important
observation from this discussion is that although the cut-off scale is an integral part of the
EFT formulation, its value cannot be directly determined from low-energy experiments.
In order to estimate its value and the range of validity of the EFT, results should be
presented by the experimental collaborations as a function of the upper bounds, here
collectively denoted with M ut, on the kinematic variables that set the relevant energy of
the process. For the purpose of estimating the validity of the EFT approach, it might
be useful to compare the constraints obtained with and without including the quadratic
contributions of D =6 operators in the theoretical calculations of observables: significant
differences between these two procedures will indicate that the results apply only in the
case of strongly-coupled UV theories, where quadratic terms can give the dominant effect
at large energies. Finally, notice that even in situations where it makes sense to expand the
cross section at linear order in the coefficients of D =6 operators, quadratic terms should
always be retained in the calculation of the likelihood function, as we discuss in detail in
the appendix.

3 Limitations of the D = 6 EFT

The SM Lagrangian extended by D =6 operators is an effective theory that captures the
low-energy regime of a large class of models with new heavy particles. However, not every
such model can be adequately approximated by truncating the EFT expansion at the D=6
level. In this section we discuss these special cases where a more complicated approach
is required.

As argued in section 2, generically one expects that the effect of D =8 operators is
subleading compared to that of D =6 ones at energies F < A, with A > my,. On the
other hand, if E ~ A, the entire tower of operators (D=8, D =10, etc.) contributes, and
the EFT expansion is not useful. Nevertheless, there are physical situations when D =8
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operators can be relevant, despite the whole EFT expansion being convergent. We identify
the following cases:

o Symmetries: as previously noticed, the contribution of D=8 operators can be dom-
inant if they mediate a strong interaction that does not appear at lower level in
the EFT expansion. This happens if interactions generated by D =6 and D =4
operators remain weaker as a consequence of some (approximate) symmetry of the
low-energy theory. An example of such situation occurs in models with a pseudo
Nambu-Goldstone boson Higgs, where D =6 and D = 8 operators contributing to
Higgs pair production via gluon fusion are generated by different mechanisms [17].
The D = 6 operator |H ]2GZVG“"“’ is not invariant under the Higgs shift symme-
try (which is part of the Goldstone symmetry) and its coefficient is proportional to
the square of some small coupling that breaks it, see table 1. On the other hand,
two D=8 operators with extra derivatives can be constructed (DyHD H G, G"M
and D*HTDVH G, Gv) that respect the shift-symmetry and whose coefficients are
therefore unsuppressed. As a consequence, in the energy range A+/¢(0) /cB®) < B < A
the contribution from D =8 operators dominates over that from D=6 ones but the
EFT expansion is still valid. Another example is given by theories where dipole
interactions of SU(2)z gauge bosons (i.e. those involving the field strength) are as-
sociated with a new strong coupling, while monopole interactions generated by co-
variant derivatives are weak [36]. The protecting symmetry in this case is a global
SU(2)8°P 5 U(1)3 ., (as opposed to the local SU(2)y,) which is obtained in the limit
of vanishing weak gauge coupling. In these theories D=8 operators give the leading
contribution to scattering processes where the contribution from D = 6 operators
involve some weak coupling. For instance, the leading contribution to the scattering
of transversely-polarized vector bosons comes from the dimension-8 operator W;LV.
Similar conclusions also hold for fermions if they are identified with the goldstinos of
N spontaneously-broken symmetries [76]. In this case the first interactions respect-
ing supersymmetry arise at dimension 8 and include self interactions of the form

WP [77).

e Zero at leading order: for certain processes, contributions to the scattering amplitude
from D =6 operators vanish without any symmetry reason. If that is the case, the
first non-trivial corrections appear only at the D=8 level. One well known example
is the s-channel production of neutral gauge boson pairs. Such a process does not
occur in the SM nor in the D = 6 EFT because triple gauge couplings of neutral
gauge bosons arise only from D > 8 operators [78] (similar issues arises with certain
combinations of charged triple gauge bosons [9]). This category includes also 2 — 2
scattering processes involving transverse gauge bosons, where, because of the helicity
structure of the amplitudes, the dimension-6 operators do not interfere with the SM
while the dimension-8 ones do [79]. Another example is the triple Higgs production
by vector boson fusion whose energy-growing piece originates from D > 8 operators
only [80, 81].
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o Selection rules inherited from the UV dynamics: approximate selection rules enhanc-
ing the contribution of D = 8 operators relative to D = 6 ones can arise in the
low-energy theory as the consequence of symmetries (not acting on low-energy fields)
or structural features of the UV dynamics. An example of this kind is given by a
5-dimensional theory with a light Kaluza-Klein (KK) graviton or radion, or, similarly,
a 4-dimensional theory with a light dilaton. The KK graviton, the radion and the
dilaton all couple to the stress-energy tensor, which has canonical dimension 4. The
leading low-energy effects at tree level are thus encoded in D = 8 operators, while
D =6 ones are generated only at the loop level.

e Fine-tuning: one can imagine a fine-tuned situation where integrating out the heavy
states in the UV theory generates D = 6 operators with coefficients that are acci-
dentally much smaller than their naive estimate and much smaller than those of the

© .

<L c

3 ig). In such a case, the EFT with only D=6 operators will
not correctly approximate the dynamics of the UV theory. By nature, naive dimen-

D =8 operators, ¢
sional analysis and simple power counting are just not suited when some parameters
are accidentally small.

Notice that, contrary to the structural hierarchies described in the first two points,
those from fine tuning or UV selection rules are in general not stable under Renormalization
Group evolution in the UV theory. There might be special situation, however, in which
the hierarchy in the coefficients at the matching scale is not spoiled by running down to
low energies.”

If any of the above mechanisms is at work, D = 8 operators can give the leading
correction to a given observable and should be included in the EFT description. Moreover,
since the present experimental constraints on physics beyond the SM display a hierarchical
structure (for example, electroweak precision observables were measured by LEP-1 with
per-mille accuracy, while LHC Higgs observables are currently measured with an O(10%)
accuracy at best), in some explicit scenarios D =8 operators may be phenomenologically
as important as D =6 ones to obtain information on the mass scale and the couplings of
the UV theory (complete classifications of D=8 operators have recently appeared in the
literature, see refs. [91-93]).

In summary, there do exist physical situations where the inclusion of dimension-8 oper-
ators (on top of or instead of dimension-6 ones) is well motivated and where, nonetheless,
the EFT expansion remains well defined. This does not mean, however, that introduc-
ing a complete set of D =8 operators into EFT analyses is preferable in general. Such a
framework would be utterly complicated, and, moreover, the existing experimental data do
not contain enough information to lift the degeneracy between D=6 and D =8 operators.
Instead, it is suggested to focus on the (already challenging) EFT with D=6 operators and
address case-by-case the special situations discussed above. Nevertheless, it is important
to be aware of such special situations where a D=6 truncated EFT fails. In these cases a
consistent EFT description must obviously include dimension-8 operators, since these give
the leading contribution.

5As an example consider the non-renormalization theorems [82, 83] that lead to a specific structure of
the 1-loop anomalous dimension matrix for dimension-6 operators [50, 84-90)].
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4 An explicit example

In this section we illustrate our general arguments by comparing the predictions of the
EFT and of a specific BSM model which reduces to that EFT at low energies. To this end
we discuss the ¢qg — V'h process at the LHC, along the lines of ref. [15]. The purpose of
the example presented below is to demonstrate that, as in the Fermi theory, the knowledge
of the D =6 coefficients of an effective Lagrangian is not enough to determine the validity
range of the EFT approximation. Therefore, the theoretical error incurred as a result of
the truncation of the EFT Lagrangian cannot be quantified in a model-independent way.

We consider the SM extended by a triplet of vector bosons V!f with mass My trans-
forming in the adjoint representation of the SM SU(2) 7, symmetry. Its couplings to the SM
fields are described by [94-96]

£ ignViH ' DuH + g,Vidiyuo'ar, (4.1)

where q7, = (ur,dy) is a doublet of the 1st generation left-handed quarks. In this model Vﬁ
couples to light quarks, the Higgs boson, and electroweak gauge bosons, and it contributes
to the q¢ — V' h process at the LHC. Below the scale My, the vector resonances can be
integrated out, giving rise to an EFT where the SM is extended by D = 6 and higher-
dimensional operators. Thus, My plays the role of the EFT cut-off scale A. Using the
language of the Higgs basis [97], at the D=6 level the EFT is described by the parameter
dc, (relative correction to the SM Higgs couplings to WW and ZZ) and (5ng (relative
corrections to the Z and W boson couplings to left-handed quarks), plus other parameters
that do not affect the qg — V'h process at tree level. The relevant EFT parameters are
matched to those in the UV model as

3?2, v?

dc, = *MQH 69711 = —[0g7%11 =

72M‘2/9ng : (42)
When these parameters are non-zero, the EFT amplitude for the scattering q¢ — Vh
with a longitudinal vector boson grows as the square of the partonic center-of-mass energy
s = M%/h (the transverse amplitude grows instead linearly with the energy). Then, for a
given value of the EFT parameters, the deviation from the SM prediction becomes larger.
However, above a certain energy scale, the EFT may no longer approximate correctly
the UV theory defined by eq. (4.1), and as such an experimental constraint on the EFT
parameters does not provide any information about the UV theory.

To illustrate this point, we compare the full and the effective descriptions of ¢qg — W*h
for three benchmark points:

o Strongly coupled: My =T7TeV, gy = —gq = 1.75;
e Moderately coupled: My =2TeV, gy = —gq = 0.5;
o Weakly coupled: My = 1TeV, gy = —gq = 0.25.

All three benchmarks lead to the same EFT parameters at the D = 6 level. However,
because My = A varies, these cases imply different validity ranges in the EFT. This is
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Figure 1. Left: the partonic ud — WTh cross section as a function of the center-of-mass energy
of the parton collision. The black lines correspond to the SU(2), triplet model with My = 1TeV,
g = —gq = 0.25 (dashed), My = 2TeV, gy = —g, = 0.5 (dotted), and My = 7TeV, and
g = —gq = 1.75 (solid). The corresponding EFT predictions are shown in the linear approximation
(solid red), and when quadratic terms in D =6 parameters are included in the calculation of the
cross section (solid purple). Right: theory error as a function of My (solid line). The error is
defined to be the relative difference between the constraints on g2 = g% = gg obtained by recasting
the limits derived in the framework of a D=6 EFT and those derived from the resonance model.
The limits come from re-interpreting the hypothetical experimental constraints with M.,; = 3 TeV,
as described in the text. The dotted line corresponds to the naive estimate ( My /My )2

illustrated in figure 1, where we show (in the left panel) the production cross section as a
function of My, for both the full model and the EFT. While, as expected, in all cases
the EFT description is valid near the production threshold, above a certain point M5~
the EFT is no longer a good approximation of the UV theory. Clearly, the value of M5~
is different in each case. For the moderately coupled case, it coincides with the energy at
which the linear and quadratic EF'T approximations diverge. From the EFT perspective,
this happens because D =8 operators can no longer be neglected. However, for the strongly
coupled case, the validity range extends beyond that point. In this case, it is the quadratic
approximation that provides a good effective description of the UV theory. As discussed in
the previous section, that is because, for strongly-coupled UV completions, the quadratic
contribution from D =6 operators dominates over that of D > 8 operators in an energy
range below the cutoff scale.

As an illustration of our discussion of setting limits on the EFT parameters and esti-
mating the associated theoretical errors, consider the following example of an idealized mea-
surement. Suppose an experiment makes the following measurement of the o(ud — W*h)
cross section at different values of Myyy:

Myu[TeV] | 05 1 1.5 2 2.5 3
ocfosm | 1+£12[1+£1.0|1+08|1+1.2|1+1.6|1+3.0

This is meant to be a simple proxy for more realistic measurements at the LHC, for
example measurements of a fiducial o(pp — W™Th) cross section in several bins of Myyy,. For
simplicity, we assume that the errors are Gaussian and uncorrelated. These measurements
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My[TeV]

Figure 2. Limits on the coupling strength g. = —gu = g4 as a function of the resonance mass My .
The solid and dashed red curves are obtained respectively from the vector resonance model and a
naive analysis in terms of a D=6 truncated EFT, including data from all energies. The dark (light)
blue region corresponds instead to the bound derived from a consistent EFT analysis where only
data with My, < Mew = KMy are used with k=0.5 (1).

can be recast as constraints on D=6 EFT parameters for different value of My, identified
in this case with the maximum My bin included in the analysis. For simplicity, in this
discussion we only include 592/‘1 = [697%11 — [6g7%11 and ignore other EFT parameters
(in general, a likelihood function in the multi-dimensional space of the EFT parameters
should be quoted by experiments). Then the “measured” cross section is related to the
EFT parameters by

MZ,\°
7~ (1 + 16069, ¢ W’;) . (4.3)
OSM TeV

Using this formula, one can recast the measurements of the cross section as confidence

q

intervals on 5gW . Combining the My bins up to My, one finds the following 95%
L

confidence intervals:

Meui[TeV] 0.5 1 1.5 2 2.5 3
g, x 103 | [-70, 20] | [-16,4] | [-7,1.6] | [-4.1,1.1] | [-2.7,0.8] | [-2.2,0.7]

Suppose these constraints are the result of an experimental analysis. A theorist may
try to interpret them as constraints on the vector resonance model with —g, = gy = g«
using the map in eq. (4.2). The larger My is, the stronger the limit on g, will be for a
fixed My . For instance, by using the limits from the full dataset, M.,y = 3 TeV, one would
obtain the constraint on g, given by the dashed red line in figure 2. For large My this
approximates well the limits obtained by fitting the full BSM model to the same dataset
(solid red line). In other words, for My > 3 TeV the theory error of the EFT is well under
control, see the right panel in figure 1. However, the difference between the EFT and the
true BSM limits increases as My decreases. For My < 3.5TeV, as the resonance enters the
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experimental reach, the EFT limits have little to do with the true limits on the BSM theory;
in other words the theory error explodes. However, it is still possible to obtain useful EFT
limits in the low My regime if the experimental results are quoted as a function on M.
In that case, for a given My, one can set a limit on g, using the data up to M.y = KMy,
as in eq. (2.2). The exclusion obtained by such a procedure with x = 0.5(1) is given by the
dark (light) blue region in figure 2. Clearly, for My > 3 TeV this procedure coincides with
the usual EFT limit setting. On the other hand, for My < 3.5 TeV it returns a consistent,
though conservative limit on the resonance model. In other words, setting limits on g, at
a given My by using only the bins below xMy  allows one to keep the error constant and
of order ~ k2 even in the region at low My where it would otherwise blow up. Notice
that the fact that the EFT constraint obtained with the full dataset (dashed line) matches
the corresponding one in the exact theory (solid line) at My ~ 1.5TeV is a mere accident
of the multi-bin analysis: for this value of My , the limit in the full model is dominated
by the bin at My, = 1.5 TeV, while that in the EFT is dominated by the highest bin at
My, = 3TeV. As a matter of fact, the EFT limit is inconsistent for My < 3TeV and it

gives an over optimistic exclusion in the region of very small resonance masses.

5 Summary

In this note we have discussed the validity of an EFT where the SM is extended by D=6
operators. We have emphasized that the validity range cannot be determined using only
low-energy information. The reason is that, while the EFT is valid up to energies of order
of the mass A of the new particles, low-energy observables depend on the combinations
&6 /A2, where the coefficient &© is a function of the couplings of the UV theory. We
have pointed out that only when a particular power counting is adopted, for example the
g«-scaling discussed in this note, can the contributions from D =6 and D = 8 operators
be estimated in a bottom-up approach, and the error associated with the series truncation
be established. In particular, the power counting is necessary to estimate the range of
variation of the effective coefficients and to identify when departures from the SM can be
sizable, possibly bigger than the SM itself, compatibly with the EFT expansion.

The correction to a given observable from D=8 derivative operators may be estimated
to be of order (&® /&©))(E/A)? relative to that from D = 6 operators, where E is the
relevant energy of the process. The size of this effect depends on the dynamical features of
the UV theory, i.e. on the value of &%) and &®). In section 2.3 we have discussed the physical
conditions determining the relative hierarchy among the effective coefficients. When the
hierarchy between the D =6 and D =8 effective coefficients is entirely dictated by their
scaling with A (so that &®) ~ &©)), the energy at which the EFT breaks down coincides
with the scale at which D =8 and higher-dimensional operators become as important as
D =6 ones. Conversely, when the EFT expansion is well convergent at the LHC energies,
the effects of D=8 operators can be neglected. Operators with more powers of the Higgs
fields give relative corrections of order (&®)/&6))(v/A)?, so that the validity of this second
expansion does not depend on the energy of the process.
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Exceptions from this rule, in the form ¢® > &©), may arise in a controlled way
as a consequence of symmetries and selection rules or for certain well-defined classes of
processes, as we discussed in section 3. In these cases the D = 8 operators may give
the leading correction at high energies and must be included to obtain a proper EFT
description. The inclusion of D = 8 operators in experimental analyses is justified only
when dealing with these special cases, and would represent an inefficient strategy in a
generic situation.

Similar issues regarding the validity of the expansion may arise also in the context
of LHC pseudo-observables. In refs. [13, 98], pseudo-observables are defined as form fac-
tors parametrizing amplitudes of physical processes subject to constraints from Lorentz
invariance (see also ref. [18]). These form factors are expanded in powers of kinematical
invariants of the process around the known poles of SM particles, assuming poles from
BSM particles are absent in the relevant energy regime. Such energy expansion is analog
to the derivative expansion in the EFT, and a discussion parallel to the one presented in
this note can be done about its validity. In particular, estimating the relative importance
of the neglected higher-order terms always requires making assumptions on the UV theory,
similarly to the EFT case.

Besides discussing the range of validity of the EFT description, we have also identified
situations where 1-loop insertions of D = 6 operators or higher-order real emissions can
give a large effect and need to be included (see section (2.4)). At the practical level, if
the size of some of the effective coefficients is constrained much less strongly (or measured
to be much larger) than others, then it is possible that 1-loop effects mediated by these
coeflicients may be large.

If no large deviations from the SM are observed at the LHC Run-2, stronger constraints
on D =06 operators can be set. As we discussed, this will extend the EF'T validity range to a
larger class of UV theories (i.e. those with smaller ¢(6)) and leave less room for contributions
of D =8 operators. As a consequence, the internal consistency and the validity range of
the LO D =6 EFT will increase.® In this regard, a different conclusion was reached by
the authors of refs. [11, 18], although the discussion on the sources of theoretical errors
presented in these papers agrees with ours. We believe that the discrepancy is due to
different assumptions on the underlying UV theory. In particular, refs. [11, 18] discuss a
situation in which both A and ¢(® are small, while ¢® is sizable. In our perspective this
situation, rather than being generic, corresponds to one of the special cases discussed in
section 3.

If, on the other hand, deviations from the SM are observed at the LHC Run-2, efforts
to include EFT loop corrections and to estimate the effects of D > 6 operators will be
crucial to better characterize the underlying UV theory. Notice that even in the case in
which new particles are discovered in the next LHC runs, the EFT approach and the results
presented here still remain useful. It may be indeed convenient to describe processes below
the new physics threshold in terms of few effective operators rather than the full set of

5The validity range can also be improved by means of a global analysis combining different measurements,
which often lifts flat directions in the parameter space [99, 100] and leads to stronger constraints on D=6
effective coefficients, see e.g. [101, 102].
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new particles. Such low-energy studies can precisely extract properties of the SM fields
and at the same time measure the coefficients of the effective operators, generated by the
new heavy resonances. Predictions in term of the full spectrum of new particles would
instead rely on the knowledge of their masses and couplings, which have to be extracted
from high-energy data and might not be precisely determined.

Most of the discussion in this note is relevant at the level of the interpretation of the
EFT results, rather than at the level of experimental measurements. However, there are
also practical conclusions for experiments. We have proposed a concrete strategy to extract
bounds on (or determine) the effective coefficients of D =6 operators in a way which is
automatically consistent with the EFT expansion. This requires reporting the experimental
results as functions of the upper cuts (here collectively denoted by M) on the kinematic
variables, such as transverse momenta or invariant masses, that set the relevant energy
scale of the process. This is especially important for hadron collider experiments, such
as those performed at the LHC, where collisions probe a wide range of energy scales. In
general, knowledge of the experimental results as a function of M, allows one to constrain
a larger class of theories beyond the SM in a larger range of their parameter space. An
explicit example illustrating our procedure was given in section 4. As a quicker (though less
complete) way to get an indication on the validity range of the EFT description, it is also
useful to present the experimental results both with and without the contributions to the
measured cross sections and decay widths that are quadratic in the effective coefficients.
This gives an indication on whether the constraints only apply to strongly-interacting UV
theories or they extend also to weakly-coupled ones. Notice that even in situations where it
makes sense to expand the cross section at linear order in the coefficients of D =6 operators,
quadratic terms should always be retained in the calculation of the likelihood function, as
we show in the appendix. Other frameworks to present the results, as for example the
template cross-sections, should also be pursued in parallel, as they may address some
of the special situations discussed in this note. Finally, given its model-dependency, we
suggest to report the estimated uncertainty on the results implied by the EFT truncation
separately from the other errors, and to clearly state on which assumptions the estimate
is based.

A concluding comment is in order when it comes to constrain explicit models from the
bounds derived in an EFT analysis of the data. Although EFT analyses aim at a global
fit with all the operators included, it is important to ensure that the reported results are
complete enough to later consider more specific scenarios where one can focus on a smaller
set of operators. Reporting the full likehood function, or at the very least the correlation
matrix, would be a way to address this issue.
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A D = 6 versus D = 8 contributions to the likelyhood

In this appendix we discuss one technical issue regarding the contribution of D =6 and
D = 8 coefficients to the likelihood used to derive the results. We have seen that when
the UV theory is strongly coupled and the deviations from the SM are large, the D =6
squared terms dominates the cross section, while D =8 ones are suppressed by a ratio of
weak to strong couplings. The same holds true in computing the likelihood of course. If
instead the deviations from the SM predictions are small,” the D = 6 quadratic terms can
be neglected in the cross section but should be retained in the likelihood. This can be
easily seen as follows. A cross section o (or any other experimentally measured observable)
can be schematically written as

2
5(6) 5) 5(6)
~ 1 &(6) 58 ;(6) e .
ox~ogm | 1+ ZASMC + 2ASMC + ASMC + (A1)

where Agy and ogy denote, respectively, the SM amplitude and SM cross section, while

6 ~ O(E?/A?), and 6®) ~ O(E*/A*) parametrize the effect of higher-dimensional oper-
ators. As before we make use of the dimensionless coefficients EZ@ = CEG)AQ, 61(8) = CES)A4.
We have shown terms up to O(1/A%), denoting those further suppressed with the dots.

The x? function (again, schematically) has the form:

2 2 2 6% ~(6) 2 0% =(6) i
X X (0 — Oexp)” = (0sM — Oexp)” + 40sM (0SM — Texp) T C + doéy ¢

SM SM
2
(8) (6)
+ 209Mm (USM - Uexp) 2575(8) + 0 5(6) + e, (AZ)
Asm Asm

where oeyp, is the experimentally measured value of the cross section, and the dots stand
for O(1/A%) terms. Neglecting the last two terms in eq. (A.1) corresponds to dropping the
second line of eq. (A.2). The dimension-8 term in the second line enters formally at the same
order 1/A* as the one proportional to (6(6))2 in the first line, but it can be always neglected
within the EFT validity regime where &© > &® g2 /A%, Indeed, under the assumption
of small deviations from the SM prediction, the multiplicative factor (ogm — 0exp) is small
and effectively scales like 1/A2. Similarly, the (&%) term in the second line is multiplied
by (0sM — Texp) and can be neglected in this regime. On the contrary, the (&()2 term in

"This can occur either because the UV theory is weakly coupled or because, despite strong coupling, the
new physics scale is much higher than the energy probed by the experiment, i.e., A > 47v/$max.

~19 —



the first line is not suppressed and in fact it should be retained to ensure that the y? has a

local minimum. It is also easy to show that including the term proportional to &® affects
the best fit value of &6 only by an amount of O(E?/A?).> We thus conclude that while
dimension-8 operators can be neglected, square terms from D = 6 should be retained.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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