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1 Introduction

For three-dimensional field theories with N = 2 supersymmetry, the partition function of

theories on S2
A × S1, with a topological A-twist along S2 [1], is reduced to a matrix inte-

gral which depends on background magnetic fluxes nI and fugacities (chemical potentials)

yI (∆I) for the flavor symmetries of the theory [2]. It is explicitly given by a contour integral

of a meromorphic form, where the position of the poles of the meromorphic integrand is

governed by a set of algebraic equations, called the Bethe ansatz equations (BAEs) [3]. The

latter can also be found by extremizing a “Bethe potential” functional. Upon dimensional

reduction on S2, the matrix model can be interpreted as the Witten index

Z(nI ,∆I) = Tr(−1)F e−βHeiJI∆I , (1.1)

of the N = 2 supersymmetric quantum mechanics, where JI are the generators of the

flavor symmetries.

A recent evaluation of the twisted matrix model for the N = 6 U(N)k×U(N)−k ABJM

theory at large N and fixed Chern-Simons levels k, describing N M2-branes on C4/Zk [4],

showed that the index scales as N3/2 and it reads [3]

FABJMk
= −k

1/2N3/2

3

√√√√2
2∏
i=1

∆Ai∆Bi

2∑
i=1

(
nAi
∆Ai

+
nBi
∆Bi

)
. (1.2)

Here, FABJMk
is the topological free energy F = Re logZ of the ABJM theory. We have

also denoted the chemical potentials of the bi-fundamental fields Ai, Bi transforming in the

(N,N) and (N,N) of the two gauge groups, by ∆Ai , ∆Bi and their corresponding flavor

magnetic fluxes by nAi , nBi . The topological free energy precisely reproduces the entropy

of the magnetically charged BPS black holes in AdS4 × S7 [3].

The topologically twisted index is a powerful tool to investigate the properties of three-

dimensional N ≥ 2 gauge theories [2, 3]. In this paper, we present the large N limit of

the topologically twisted index for a number of Yang-Mills-Chern-Simons-matter quiver

theories with N ≥ 2 supersymmetry. We provide explicit solutions to the BAEs at large N

and compute the topological free energy. In particular, we match the topological free energy

between theories which are related to each other by dualities, including mirror symmetry [5]

and SL(2,Z) duality [6–8]. Moreover, we consider quiver gauge theories which are thought

to describe the low energy dynamics of a stack of M2-branes probing a CY4 singularity.

We start by studying quiver gauge theories that can be realized on M2-branes probing

two asymptotically locally Euclidean (ALE) singularities [9]. These include the ADHM [10]

and the Kronheimer-Nakajima [11] quivers, as well as some of the necklace quiver theories

considered in [12]. We show that the topological free energy of such theories can be written

as that of the ABJM theory times a numerical factor, which depends on the orders of the

ALE singularities and the Chern-Simons level of the ABJM theory.

We then switch to the analysis of theories proposed as dual to the M-theory back-

grounds AdS4 × Y7, where Y7 is a homogeneous Sasaki-Einstein manifold. In particular,

we compute the topological free energy for N0,1,0 with N = 3 and V 5,2, Q1,1,1 with N = 2

– 2 –
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supersymmetry [13–19]. One of the features of these geometries compared to AdS4 × S7

background is the existence of nontrivial two-cycles in the Sasaki-Einstein manifold, which

are identified with the baryons in the dual quiver gauge theory [20, 21].

The plan of this paper is as follows. In section 2 we review the topologically twisted

index. In particular, the rules for constructing the Bethe potential and the twisted matrix

model at large N , which are derived in [22] are summarized in this section.

In section 3 we discuss quiver gauge theories with N = 4 supersymmetry. The solu-

tion to the BAEs of these theories are particularly simple and hence serve as pedagogical

examples before moving on to more complicated models.

In section 4 we focus on N = 3 necklace quiver theories that can be obtained from cer-

tain N = 4 theories by turning on Chern-Simons couplings to some of the gauge groups [6–

8, 12, 23]. We also verify the matching of the topological free energy for theories which

are SL(2,Z) dual to each other. This section is ended with the discussion of the theory

proposed to describe M2-branes on N0,1,0/Zk [13, 24, 25].

In section 5 we consider quiver Chern-Simons-matter theories with N = 2 supersym-

metry. The two models for V 5,2 proposed by [16] and [17] are discussed in this section and

their topological free energy are matched. We then proceed to theories which come from

flavoring the N = 6 ABJM theory and flavored variations of the three-dimensional N = 8

Yang-Mills theory [13, 18, 19]. The conclusions and discussion are presented in section 6.

2 The topologically twisted index

We are interested in Yang-Mills-Chern-Simons quiver theories with (anti-)fundamental,

adjoint, and non-chiral bi-fundamental1 matter fields and some number |G| of U(N)(a)

gauge groups. Let us introduce the holomorphic Cartan combinations u = At + iβσ on

the complexified Cartan subalgebra gC, where At is a Wilson line on S1 and runs over

the maximal torus of the gauge group G, σ is the real scalar in the vector multiplet and

runs over the corresponding Cartan subalgebra, and β is the radius of S1. We denote the

Chern-Simons coupling by k. Given a weight ρI of the representation RI , we use a notation

where xρI = eiρI(u). The localized twisted index on the S2
A × S1 background reads [2],

Z(n, y) =
1

|W|
∑

m∈Γh

∮
C

∏
Cartan

(
dx

2πix
xkm

) ∏
α∈G

(1− xα)
∏
I

∏
ρI∈RI

(
xρI/2 yI

1− xρI yI

)ρI(m)−nI+1

.

(2.1)

Here, α are the roots of G and |W| denotes the order of the Weyl group.

In this paper, we consider theories of which the R-symmetry can mix with any other

abelian global symmetry such that the R-charges can be chosen to be integral-valued. The

fugacities yI and flavor magnetic fluxes nI are parameterized by the global symmetries of

the theory, subject to the conditions discussed in the next section.

The index is integrated over the zero-mode gauge variables x = eiu and summed over

gauge magnetic fluxes m, living in the co-root lattice Γh of G. A U(1) topological symmetry

1For any bi-fundamental field transforming in the (N,N) representations of U(N)a×U(N)b there exists

another bi-fundamental field transforming in the conjugate representation (N,N).

– 3 –



J
H
E
P
0
8
(
2
0
1
6
)
0
8
9

with fugacity ξ = ei∆m and magnetic flux t contributes to the index as

Ztop = xt ξm . (2.2)

2.1 Review of the large N limit

In this section we briefly review the large N limit of the topologically twisted index which is

derived in [22]. Generalizing the results of [3], we consider the following large N expansion

for the eigenvalue distribution,

u
(a)
i = iN1/2ti + v

(a)
i (t) + . . . . (2.3)

In the large N limit, we define a density

ρ(t) =
1

N

N∑
i=1

δ(t− ti) , (2.4)

which becomes an integrable function in the continuum limit, satisfying∫
dt ρ(t) = 1 , ρ(t) ≥ 0 pointwise. (2.5)

The position of the poles of the meromorphic integrand (2.1) is then found by extremiz-

ing a Bethe potential V[ρ(t), va(t)]. We will impose the normalization of the density by

introducing a Lagrange multiplier µ.

We work in the M-theory limit where N is large at fixed Chern-Simons level ka. We

require the Chern-Simons levels sum to zero, i.e.
∑|G|

a=1 ka = 0, and hence the supergravity

scaling N3/2 is recovered. Moreover, we only consider quiver gauge theories with non-chiral

bi-fundamental matter fields. We also demand that the total number of fundamental fields

equals the total number of anti-fundamental fields in the theory. As it was shown in [22],

there are long-range forces come from the interactions between the eigenvalues. In general,

the long-range forces on u
(a)
i in the Bethe potential cancel out only when

∑
I∈a

(π −∆I) ∈ 2πZ , (2.6)

where the sum is taken over all bi-fundamental fields with one leg in the node a.2 To have

long-range forces cancellation in the index we should impose the following constraint

∑
I∈a

(1− nI) = 2 . (2.7)

2One should count adjoint fields twice.

– 4 –
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For quiver gauge theories which meet the above conditions, the large N Bethe potential

can be written as

V [ρ(t), va(t)]

iN3/2
= −

∫
dt t ρ(t)

|G|∑
a=1

(
kava(t) + ∆(a)

m

)
(2.8)

+
1

2

∫
dt |t| ρ(t)


∑

anti-fund
a

[
va(t)−

(
∆̃a − π

)]
−
∑
fund
a

[
va(t) +

(
∆a − π

)]
+

∫
dt ρ(t)2

∑
bi-funds

(b,a) and (a,b)

[
g+

(
δvba(t) + ∆(b,a)

)
− g−

(
δvba(t)−∆(a,b)

)]

− i

N1/2

∫
dt ρ(t)

∑
bi-funds

(b,a) and (a,b)

[
Li2

(
ei
(
δvba(t)+∆(b,a)

))
− Li2

(
ei
(
δvba(t)−∆(a,b)

))]
,

where ∆
(a)
m is the chemical potential associated with the topological symmetry of the a-th

gauge group, as described around (2.2). The Bethe potential V [ρ(t), va(t)] has to be ex-

tremized as a functional of ρ(t) and va(t)’s under the constraint that ρ(t) is a density.3 Here,

δvba(t) ≡ vb(t)− va(t) , (2.9)

and, for the sake of brevity, we shall abbreviate δv(t) := δvba(t) in the following discussion.

We also introduced the cubic polynomial functions

g±(u) =
u3

6
∓ π

2
u2 +

π2

3
u , g′±(u) =

u2

2
∓ πu+

π2

3
. (2.10)

This formula was derived assuming the bi-fundamental fields fulfill

0 < δv + ∆(b,a) < 2π , −2π < δv −∆(a,b) < 0 . (2.11)

Moreover, we assume that 0 < ∆ < 2π.

When δv+ ∆(b,a) = 0 or 2π (δv−∆(b,a) = −2π or 0), it is crucial to take into account

the last line of (2.8); see also the discussion around (2.68) of [3]. This gives contribution to

the tails regions where δv has exponentially small correction to the large N constant value:

δv(t) = −∆(b,a) + e−N
1/2Y(b,a) , δv(t) = ∆(a,b) − e−N

1/2Y(a,b) , (mod 2π) . (2.12)

An explicit example will be discussed in section 4.1.

The invariance of the superpotential under global symmetries, imposes the following

constraints ∑
I∈W

∆I ∈ 2πZ ,
∑
I∈W

nI = 2 , with nI ∈ Z , (2.13)

3In our notations, ∆(a,b) is the chemical potential associated to the bi-fundamental field transforming

in the (N,N) representation of U(N)a × U(N)b. The contribution of an adjoint field is also obtained by

setting a = b in the sum over bi-fundamental fields and dividing it by an explicit factor of two.

– 5 –
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where the sum is taken over all the fields in each monomial term W in the superpotential.

As we will see in the upcoming sections, we can always find a solution to the BAEs for∑
I∈W

∆I = 2π . (2.14)

We call this the “marginality condition” of the superpotential. Moreover, in all theories

discussed in this paper (except the V 5,2/Zk theory discussed in section 5.1), we can find

an integral solution to the second equality of (2.13); this ensures that there always exists

a choice of the R-charges that take integral values.4 Nevertheless, for the V 5,2/Zk, the

quantisation condition nI ∈ Z can be easily satisfied by considering the theory on a higher

genus Riemann surface Σg times a circle [26]. We discuss this in detail in section 5.1.

There is also a solution for ∑
I∈W

∆I = (|W | − 1) 2π , (2.15)

where |W | is the number of fields in each term of the superpotential. However, using the

discrete symmetry yI → 1/yI (∆I → 2π −∆I) of the index, it can be mapped to (2.14).

Once we find a solution to the BAEs, we plug it back into

F

N3/2
= −|G|π

2

3

∫
dt ρ(t)2 −

|G|∑
a=1

ta

∫
dt t ρ(t) +

1

2

∫
dt |t| ρ(t)

 ∑
anti-funds

a

(ña − 1) +
∑
funds
a

(na − 1)


−
∫
dt ρ(t)2

∑
bi-funds

(b,a) and (a,b)

[
(n(b,a) − 1) g′+

(
δv(t) + ∆(b,a)

)
+ (n(a,b) − 1) g′−

(
δv(t)−∆(a,b)

)]

−
∑

bi-fund
(b,a)

n(b,a)

∫
δv≈−∆(b,a)(mod 2π)

dt ρ(t)Y(b,a) −
∑

bi-fund
(a,b)

n(a,b)

∫
δv≈∆(a,b)(mod 2π)

dt ρ(t)Y(a,b) , (2.16)

to compute the topological free energy, at large N , of three-dimensional N ≥ 2 Yang-Mills-

Chern-Simons-matter theories placed on S2
A × S1.

It is also possible to calculate F using the powerful index theorem of [22]. The topo-

logical free energy of any N ≥ 2 quiver Chern-Simons-matter-gauge theory which fulfills

the conditions (2.6), (2.7), and (2.14), can be written as

F = − 2

π
V(∆I) −

∑
I

[(
nI −

∆I

π

)
∂V(∆I)

∂∆I

]
. (2.17)

Here, V is the extremal value of the Bethe potential functional (2.8),

V(∆I) ≡ −iV
∣∣∣
BAEs

=
2

3
µN3/2 , (2.18)

where the second equality can be understood as a virial theorem for matrix models (see

appendix B of [27]).

In the following sections we will calculate the topological free energy F by evaluating

the functional (2.16) on the solution to the BAEs, and thus the index theorem serves as

an independent check of our results.

4We thank the referee of JHEP for emphasising this point to us.
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3 Quivers with N = 4 supersymmetry

In this section, we consider two quiver gauge theories with N = 4 supersymmetry. As

pointed out in [9], each of these theories can be realized in the worldvolume of M2-branes

probing C2/Zn1 × C2/Zn2 , for some positive integers n1 and n2. We show below that the

topological free energy of such theories can be written as
√
n1n2/k times that of the ABJM

theory with Chern-Simons levels (+k,−k). We also match the index of a pair of theories

which are mirror dual [5] to each other. This serves as a check of the validity of our results.

3.1 The ADHM quiver

We consider U(N) gauge theory with one adjoint and r fundamental hypermultiplets, whose

N = 4 quiver is given by

N r

(3.1)

where the circular node denotes the U(N) gauge group; the square node denotes the SU(r)

flavor symmetry; the loop around the circular node denotes the adjoint hypermultiplet; and

the line between N and r denotes the fundamental hypermultiplet. The vacuum equations

of the Higgs branch of the theory were used in the construction of the instanton solutions

by Atiyah, Drinfeld, Hitchin and Manin [10]. This quiver gauge theory hence acquires the

name “ADHM quiver”.

In N = 2 notation, this theory contains three adjoint chiral fields: φ1, φ2, φ3, where

φ1,2 come from the N = 4 adjoint hypermultiplet and φ3 comes from the N = 4 vector

multiplet, and fundamental chiral fields Qia, Q̃
a
i with a = 1, . . . , N and i = 1, . . . , r. The

superpotential is

W = Q̃ia(φ3)abQ
b
i + (φ3)ab[φ1, φ2]ba . (3.2)

The N = 2 quiver diagram is depicted below.

N r

Q

Q̃

φ1,2,3

(3.3)

The Higgs branch of this gauge theory describes the moduli space of N SU(r) instantons on

C2 [10] and the Coulomb branch is isomorphic to the space SymN (C2/Zr) [28]. This theory

can be realized on the worldvolume of N M2-branes probing C2 × C2/Zr singularity [9].

3.1.1 A solution to the system of BAEs

Let us denote, respectively, by ∆, ∆̃, ∆φ1,2,3 the chemical potentials associated to the flavor

symmetries of Q, Q̃, φ1,2,3, and by n, ñ, nφ1,2,3 the corresponding fluxes associated with

– 7 –
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their flavor symmetries. We denote also by ∆m the chemical potential associated with the

topological charge of the gauge group U(N).

The Bethe potential V for this model can be obtained from (2.8) as

V
iN3/2

=

(
3∑
i=1

g+(∆φi)

)∫
dt ρ(t)2 − r

2

[
(∆− π) + (∆̃− π)

] ∫
dt |t| ρ(t)

+ ∆m

∫
dt t ρ(t)− µ

(∫
dt ρ(t)− 1

)
. (3.4)

Taking the variational derivative of V with respect to ρ(t), we obtain the BAE

0 = 2ρ(t)

3∑
i=1

g+(∆φi)−
r

2
|t|
[
(∆− π) + (∆̃− π)

]
+ ∆mt− µ . (3.5)

We first look for the solution satisfying the marginality condition on the superpoten-

tial, i.e.,

∆ + ∆̃ + ∆φ3 = 2π , ∆φ1 + ∆φ2 + ∆φ3 = 2π , (3.6)

and

n + ñ + nφ3 = 2 , nφ1 + nφ2 + nφ3 = 2 . (3.7)

For later convenience, let us normalize the chemical potential associated with the

topological charge as follows:

χ =
2

r
∆m . (3.8)

Solving (3.5), we get

ρ(t) =
2µ− r∆φ3 |t| − rχt

2
∏3
i=1 ∆φi

. (3.9)

The solution is supported on the interval [t−, t+] with t− < 0 < t+, where t± can be

determined from ρ(t±) = 0:

t± = ± 2µ

(∆φ3 ± χ)r
. (3.10)

The normalization
∫ t+
t−
dt ρ(t) = 1 fixes

µ =

√
r

2
∆φ1∆φ2(∆φ3 + χ)(∆φ3 − χ) . (3.11)

The solution in the other ranges. Let us consider

∆ + ∆̃ + ∆φ3 = 2π` , ∆φ1 + ∆φ2 + ∆φ3 = 2π` , where ` ∈ Z≥0 . (3.12)

For ` = 0 and ` = 3, we have ∆ = ∆̃ = ∆φ1,2,3 = 0 or ∆ = ∆̃ = ∆φ1,2,3 = 2π, respectively.

These are singular solutions. For ` = 2, the solution can be mapped to the previous one

(i.e. ` = 1) by a discrete symmetry

∆I → 2π −∆I , µ→ −µ , ∆m → −∆m , (3.13)

where the index I labels matter fields in the theory. From now on, we shall consider only

the solution satisfying the marginality condition (2.14).

– 8 –



J
H
E
P
0
8
(
2
0
1
6
)
0
8
9

3.1.2 The index at large N

The topological free energy of the ADHM quiver can be derived from (2.16) as

FADHM

N3/2
= −

[
π2

3
+

3∑
i=1

(nφi − 1)g′+(∆φi)

]∫
dt ρ(t)2 − r

2
t

∫
dt t ρ(t)

+
r

2
[(n− 1) + (ñ− 1)]

∫
dt |t| ρ(t) , (3.14)

where t is the magnetic flux conjugate to the variable χ defined in (3.8). Plugging the

above solution back into (3.14), we find that

FADHM =

√
r

k
FABJMk

. (3.15)

The map of the parameters is as follows,

∆A1 =
1

2
(∆φ3 − χ) , ∆A2 =

1

2
(∆φ3 + χ) , ∆B1 = ∆φ1 , ∆B2 = ∆φ2 ,

nA1 =
1

2
(nφ3 − t) , nA2 =

1

2
(nφ3 + t) , nB1 = nφ1 , nB2 = nφ2 . (3.16)

The factor
√
r/k in (3.15) is the ratio between the orbifold order of SymN (C2×C2/Zr)

and that of SymN (C2/Zk); the former is the geometric branch of the ADHM theory and

the latter is that of the ABJM theory with Chern-Simons levels (+k,−k).

3.2 The An−1 Kronheimer-Nakajima quiver

We consider a necklace quiver with U(N)n gauge group with a bi-fundamental hypermulti-

plet between the adjacent gauge groups and with r flavors of fundamental hypermultiplets

under the n-th gauge group. The N = 4 quiver is depicted below.

N

N

NN

N

N

r

(n circular nodes)

(3.17)

As proposed by Kronheimer and Nakajima [11], the vacuum equations for the Higgs branch

of this theory describes the hyperKähler quotient of the moduli space of SU(r) instantons

on C2/Zn with SU(r) left unbroken by the monodromy at infinity. We shall henceforth

refer to this quiver as the “Kronheimer-Nakajima quiver”.

– 9 –
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The corresponding N = 2 quiver diagram is

NN

N

N N

N r

(n circular nodes)

(3.18)

Let Qα (with α = 1, . . . , n) be the bi-fundamental field that goes from node α to node α+1;

Q̃α be the bi-fundamental field that goes from node α+1 to node α; and φα be the adjoint

field under node α. Let us also denote by qia and q̃ai the fundamental and anti-fundamental

chiral multiplets under the n-th gauge group (with a = 1, . . . , N and i = 1, . . . , r). The

superpotential is

W =
n∑

α=1

Tr
(
Qαφα+1Q̃α − Q̃αφαQα

)
+ q̃ai (φn)ba q

i
b , (3.19)

where we identify φn+1 = φ1.

The Higgs branch of this gauge theory describes the moduli space of N SU(r) instantons

on C2/Zn such that the monodromy at infinity preserves SU(r) symmetry [11], and the

Coulomb branch describes the moduli space of N SU(n) instantons on C2/Zr such that the

monodromy at infinity preserves SU(n) symmetry [9, 28–30]. It can be indeed realized on

the worldvolume of N M2-branes probing C2/Zn×C2/Zr singularity [9]. Note also that 3d

mirror symmetry exchanges the Kronheimer-Nakajima quiver (3.17) with r = 1 and n = 2

and the ADHM quiver (3.1) with r = 2.

3.2.1 A solution to the system of BAEs

Let us denote respectively by ∆Qα , ∆
Q̃α

, ∆φα , ∆q, ∆q̃ the chemical potentials associated

to the flavor symmetries of Qα, Q̃α, φα, q and q̃, and by nQα , n
Q̃α

, nφα , nq, nq̃ the cor-

responding fluxes associated with their flavor symmetries. We also denote by ∆
(α)
m the

chemical potential associated with the topological charge for gauge group α and by t(α) the

associated magnetic flux.

From (2.8), the Bethe potential V for this model is given by

V
iN3/2

=

∫
dt ρ(t)2

n∑
α=1

[
g+(δvα(t) + ∆

Q̃α
)− g−(δvα(t)−∆Qα) + g+(∆φα)

]
− r

2

[
(∆q − π) +

(
∆q̃ − π

)] ∫
dt |t| ρ(t) +

(
n∑

α=1

∆(α)
m

)∫
dt t ρ(t)

− µ
(∫

dt ρ(t)− 1

)
. (3.20)
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where δvα = vα+1 − vα. Taking the variational derivatives of V with respect to ρ(t) and

δvα(t), we obtain the BAEs

0 = 2ρ(t)
[
g+(δvα(t) + ∆

Q̃α
)− g−(δvα(t)−∆Qα) + g+(∆φα)

]
− r

2
|t|
[
(∆q − π) + (∆q̃ − π)

]
+

(
n∑

α=1

∆(α)
m

)
t− µ , (3.21)

0 = ρ(t)
[
g′+(δvα(t) + ∆

Q̃α
)− g′−(δvα(t)−∆Qα)

+ g′−(δvα−1(t)−∆Qα−1)− g′+(δvα−1(t) + ∆
Q̃α−1

)
]
, α = 1, . . . , n . (3.22)

The superpotential imposes the following constraints on the chemical potentials of the

various fields:

∆q + ∆q̃ + ∆φn = 2π , ∆Qα + ∆φα+1 + ∆
Q̃α

= 2π , ∆
Q̃α

+ ∆φα + ∆Qα = 2π . (3.23)

For notational convenience, we define

F1 =
∑
α

∆
Q̃α

, F3 = ∆φn , ∆m =
2

r

∑
α

∆(α)
m , (3.24)

and

F2 = 2π − F1 − F3 . (3.25)

Solving the system of BAEs (3.21), we find that

ρ(t) =
2µ− rF3 |t| − r∆mt

2
∏3
i=1 Fi

, δvα =
1

n
F1 −∆

Q̃α
. (3.26)

The support [t−, t+] of ρ(t) is determined by ρ(t±) = 0. We get

t± = ± 2µ

(F3 ±∆m)r
. (3.27)

The normalization
∫ t+
t−
dt ρ(t) = 1 fixes

µ =

√
3r

2
F1F2(F3 + ∆m)(F3 −∆m) . (3.28)

3.2.2 The index at large N

From (2.16), the topological free energy of this quiver is given by

FKN

N3/2
= −nπ

2

3

∫
dt ρ(t)2 −

(
n∑

α=1

t(α)

)∫
dt t ρ(t) +

r

2

[
(nq − 1) + (nq̃ − 1)

] ∫
dt |t| ρ(t)

−
∫
dt ρ(t)2

n∑
α=1

[
(n
Q̃α
− 1)g′+(δvα(t) + ∆

Q̃α
) + (nQα − 1)g′−(δvα(t)−∆Qα)

]

−
n∑

α=1

(nφα − 1)g′+(∆φα)

∫
dt ρ(t)2 (3.29)
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Plugging the above solution back into (3.29), we find that the topological free energy

depends only on the parameters F1, F2, F3 given by (3.24) and their corresponding conju-

gate charges

n1 =
∑
α

n
Q̃α

, n3 = nφn , t =
2

r

∑
α

t(α) . (3.30)

Explicitly, we obtain

FKN =

√
nr

k
FABJMk

, (3.31)

with the following map of the parameters

∆A1 =
1

2
(F3 −∆m) , ∆A2 =

1

2
(F3 + ∆m) , ∆B1 = F1 , ∆B2 = F2 ,

nA1 =
1

2
(n3 − t) , nA2 =

1

2
(n3 + t) , nB1 = n1 , nB2 = n2 . (3.32)

Notice that, this is completely analogous to that of the ADHM quiver presented in (3.16).

The factor
√
nr/k in (3.15) is the ratio between the product of the orbifold orders

in SymN (C2/Zn × C2/Zr) and that of SymN (C2/Zk), where the former is the geometric

branch of the Kronheimer-Nakajima theory and the latter is that of the ABJM theory with

Chern-Simons levels (+k,−k).

Mirror symmetry [5]. The Kronheimer-Nakajima quiver (3.17) with r = 1 and n = 2 is

mirror dual to the ADHM quiver (3.1) with r = 2. From (3.15) and (3.31), the topological

free energy of the two theories are indeed equal:

FKN

∣∣∣
r=1, n=2

= FADHM

∣∣∣
r=2

. (3.33)

4 Quivers with N = 3 supersymmetry

A crucial difference between the theories considered in this section and those with N = 4

supersymmetry is that the solution to the BAEs of the former are divided into several

regions and the final result of the topological free energy comes from the sum of the

contributions of each region. Such a feature of the solution was already present in the

ABJM theory and was discussed extensively in [3]. In subsection 4.1.1, we deal with the

necklace quiver with alternating Chern-Simons levels and present the Bethe potential, the

BAEs and the procedure to solve them in detail. The solutions for the other models in the

following subsections can be derived in a similar fashion.

In subsections 4.1 and 4.2, we focus on theories whose geometric branch is a symmetric

power of a product of two ALE singularities [12, 31]. Similarly to the preceding section,

the topological free energy of such theories can be written as a numerical factor times

the topological free energy of the ABJM theory, where the numerical factor equals to the

square root of the ratio between the product of the orders of such singularities and the

level of the ABJM theory. Moreover, in a certain special case where the quiver is SL(2,Z)

dual to a quiver with N = 4 supersymmetry [7, 8, 23, 31], we match the topological free

energy of two theories.
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4.1 The affine A2m−1 quiver with alternating CS levels

We are interested in the necklace quiver with n = 2m nodes, each with U(N) gauge group,

and alternating Chern-Simons levels:

kα =

{
+k if α is odd

−k if α is even
(4.1)

The N = 2 quiver diagram is depicted below.

N+k N−k

N+k

N+kN−k

N−k

(4.2)

Let Qα be the bi-fundamental field that goes from node α to node α + 1; Q̃α be the bi-

fundamental field that goes from node α+ 1 to node α; and φα be the adjoint field under

node α. The superpotential can be written as

W =
n∑

α=1

Tr
(
Qαφα+1Q̃α − Q̃αφαQα

)
+
k

2

m∑
α=1

Tr
(
φ2

2α−1 − φ2
2α

)
. (4.3)

After integrating out the massive adjoint fields, we have the superpotential

W =
1

k

n∑
α=1

(−1)α Tr
(
QαQα+1Q̃α+1Q̃α

)
, (4.4)

where we identify

Qn+1 := Qn , Q̃n+1 := Q̃n . (4.5)

4.1.1 A solution to the system of BAEs

Let us denote respectively by ∆α, ∆̃α the chemical potentials associated to the flavor

symmetries of Qα and Q̃α, and by nα, ñα the fluxes associated with the flavor symmetries

of Qα and Q̃α.
From (2.8), the Bethe potential V can be written as

V
iN3/2

= k

∫
dt t ρ(t)

m∑
α=1

δv2α−1(t) +

∫
dt ρ(t)2

n∑
α=1

[
g+

(
δvα(t) + ∆̃α

)
− g−

(
δvα(t)−∆α

)]
− i

N1/2

∫
dt ρ(t)

m∑
α=1

[
Li2

(
ei
(
δv2α−1(t)+∆̃2α−1

))
− Li2

(
ei
(
δv2α−1(t)−∆2α−1

))
+ Li2

(
ei
(
δv2α(t)+∆̃2α

))
− Li2

(
ei
(
δv2α(t)−∆2α

))]
− µ

(∫
dt ρ(t)− 1

)
, (4.6)
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where δvα(t) = vα+1(t)− vα(t) and hence,

n∑
α=1

δvα(t) = 0 . (4.7)

Without loss of generality, we set the chemical potentials associated with topological sym-

metries to zero. The subleading terms in (4.6) can be obtained by considering the node

2α − 1 (with α = 1, . . . ,m), where the fields with chemical potentials ∆̃2α−1, ∆2α−2 are

incoming to that node and those with chemical potentials ∆2α−1, ∆̃2α−2 are outgoing of

that node. This explains the signs of such terms in (4.6). These terms can be neglected

when we compute the value of the Bethe potential, since Li2 does not have divergences;

however, they play an important role when we deal with the derivatives of V because

Li1(eiu) diverges as u→ 0.

Taking the variational derivatives of V with respect to ρ(t) and setting it to zero,

we obtain

0 = kt

(
m∑
α=1

δv2α−1(t)

)
+ 2ρ(t)

[
g+

(
δvα(t) + ∆̃α

)
− g−

(
δvα(t)−∆α

)]
− µ . (4.8)

When δvα 6≈ −∆̃α and δvα 6≈ ∆α for all α, setting the variational derivatives of V with

respect to δvα(t) to zero yields

0 = (−1)α+1kt+ ρ(t)
[
g′+
(
δvα(t) + ∆̃α

)
− g′−

(
δvα(t)−∆α

)
+ g′−

(
δvα−1(t)−∆α−1

)
− g′+

(
δvα−1(t) + ∆̃α−1

)]
, α = 1, . . . , n . (4.9)

However, in the following, we also need to consider the cases in which δv2α−1(t) ≈ −∆̃2α−1

and that in which δv2α−1(t) ≈ ∆2α−1, for all α = 1, . . . ,m.

• In the former case, taking δv2α−1(t) = −∆̃2α−1 + exp(−N1/2Ỹ2α−1) and setting to

zero the variational derivatives of V with respect to δv2α−1(t) and δv2α(t) yields

0 = Ỹ2α−1(t) + kt+ ρ(t)
[
g′+(0)− g′−

(
− ∆̃2α−1 −∆2α−1

)
+ g′−

(
δv2α−2(t)−∆2α−2

)
− g′+

(
δv2α−2(t) + ∆̃2α−2

)]
,

0 = −Ỹ2α−1(t)− kt+ ρ(t)
[
g′+
(
δv2α(t) + ∆̃2α

)
− g′−

(
δv2α(t)−∆2α

)
+ g′−

(
− ∆̃2α−1 −∆2α−1

)
− g′+(0)

]
. (4.10)

• In the latter case, taking δv2α−1(t) = ∆2α−1 − exp(−N1/2Y2α−1) and setting to zero

the variational derivatives of V with respect to δv2α−1(t) and δv2α(t) yields

0 = −Y2α−1(t) + kt+ ρ(t)
[
g′+
(
∆2α−1 + ∆̃2α−1

)
− g′−(0)

+ g′−
(
δv2α−2(t)−∆2α−2

)
− g′+

(
δv2α−2(t) + ∆̃2α−2

)]
,

0 = Y2α−1(t)− kt+ ρ(t)
[
g′+
(
δv2α(t) + ∆̃2α

)
− g′−

(
δv2α(t)−∆2α

)
+ g′−(0)− g′+

(
∆2α−1 + ∆̃2α−1

)]
. (4.11)
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We also impose the condition that the sum of the chemical potential for each term in the

superpotential (4.4) is 2π,

∆α + ∆α+1 + ∆̃α + ∆̃α+1 = 2π . (4.12)

For later convenience, we define the following notations

F1 = m
m∑
α=1

∆2α , F2 = m
m∑
α=1

∆2α−1 , F3 = ∆1 + ∆̃1 . (4.13)

Let us now proceed to solve the BAEs. First, we solve (4.8)–(4.9) and obtain

ρ =
mkt [F1F3 − F2(2π − F3)] + 2πµ

mF3(2π − F3) (2π − F1 − F2) (F1 + F2)

δv2α−1 = ∆2α−1 −
(F1 + F2)F3 [µ−mkt(2π − F3 − F1)]

mkt [F1F3 − F2(2π − F3)] + 2πµ

δv2α = ∆2α −
(F1 + F2) (2π − F3) [µ+mkt(F3 − F2)]

mkt [F1F3 − F2(2π − F3)] + 2πµ

t< < t < t> . (4.14)

This solution is valid in the interval [t<, t>] where the end points are determined from

δv2α−1(t<) = −∆̃2α−1 , δv2α−1(t>) = ∆2α−1 for all α = 1, . . . ,m . (4.15)

Explicitly, they are

t< = − µ

kmF1
, t> =

µ

km(2π − F1 − F3)
. (4.16)

Next, we focus on the regions [t�, t<] and [t>, t�], where δv2α−1(t) = −∆̃2α−1 for t ∈
[t�, t<] and δv2α−1(t) = ∆2α−1 for t ∈ [t>, t�].

For the interval [t�, t<], we solve (4.8) and (4.10) and obtain

ρ =
µ+m (F3 − F3) kt

mF3 (F1 + F2 − F3) (2π − F1 − F2)

δv2α−1 = −∆̃2α−1 , δv2α = F3 − F1 − F2 + ∆2α

Ỹ2α−1 = − µ+mktF1

m(F3 − F1 − F2)

t� < t < t< , (4.17)

where we determine the end point t� by the condition ρ(t�) = 0:

t� = − µ

km(F3 − F2)
(4.18)

For the interval [t>, t�], we solve (4.8) and (4.11) and obtain

ρ =
µ−mktF2

mF3 (F1 + F2 − F3) (2π − F1 − F2)

δv2α−1 = ∆2α−1 , δv2α = −F1 − F2 + ∆2α

Y2α−1 =
µ−mkt(2π − F1 − F3)

m(2π − F1 − F2 − F3)

t> < t < t� , (4.19)
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where we determine the end point t� by the condition ρ(t�) = 0:

t� =
µ

kmF2
. (4.20)

To summarize, the above solution is divided into three regions, namely the left tail

[t�, t<], the inner interval [t<, t>] and the right tail [t>, t�]. These are depicted in the

following diagram:

t�

ρ = 0

t<

δv2α−1 = −∆̃2α−1 ∀α

t>

δv2α−1 = ∆2α−1 ∀α

t�

ρ = 0

Finally, the normalization
∫ t�
t�

dt ρ(t) = 1 fixes

µ = m
√

2kF1F2 (F3 − F2) (2π − F3 − F1) . (4.21)

4.1.2 The index at large N

From (2.16), the topological free energy of this theory is given by

F

N3/2
= −

∫
dt ρ(t)2

{
nπ2

3
+

n∑
α=1

[
(ñα − 1)g′+(δvα + ∆̃α) + (nα − 1)g′−(δvα −∆α)

]}

−
m∑
α=1

ñα

∫
δv2α−1≈−∆̃2α−1

dt ρ(t) Ỹ2α−1(t)−
m∑
α=1

nα

∫
δv2α−1≈∆2α−1

dt ρ(t)Y2α−1(t) .

(4.22)

The result depends only on the parameters F1, F2, F3 and their corresponding flavor

magnetic fluxes

n1 = m
m∑
α=1

n2α , n2 = m
m∑
α=1

n2α−1 , n3 = n1 + ñ1 , (4.23)

and can be written as

F = mFABJMk
. (4.24)

The map of the parameters is as follows,

∆A1 = F1 , ∆A2 = F2 , ∆B1 = F3 − F2 , ∆B2 = 2π − F1 − F3 ,

nA1 = n1 , nA2 = n2 , nB1 = n3 − n2 , nB2 = 2− n1 − n3 . (4.25)

Recall that the geometric branch of the moduli space of this theory is SymN (C2/Zm×
C2/Zm)/Zk, whereas that of the ABJM theory is SymN (C4/Zk). The square root of the

relative orbifold orders of these two spaces explains the prefactor m in (4.24).
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4.2 The affine An−1 quiver with two adjacent CS levels of opposite signs

We are interested in the necklace quiver with n nodes, each with U(N) gauge group, and

the Chern-Simons levels:

kα =


+k if α = 1

−k if α = 2

0 otherwise

(4.26)

The N = 2 quiver diagram of this theory is

N+k N−k

N

NN

N

(4.27)

In the notation of the preceding subsection, the superpotential can be written as

W =

n∑
α=1

Tr
(
Qαφα+1Q̃α − Q̃αφαQα

)
+
k

2
Tr
(
φ2

1 − φ2
2

)
. (4.28)

After integrating out the massive adjoint fields φ1 and φ2, we have the superpotential

W = −1

k
Tr
(
Q1Q2Q̃2Q̃1 −Q1Q̃1Q̃nQn

)
+

1

2k
Tr

[(
Q2Q̃2

)2
−
(
QnQ̃n

)2
]

+

n−1∑
α=2

Tr
(
Qαφα+1Q̃α − Q̃α+1φα+1Qα+1

)
, (4.29)

4.2.1 A solution to the system of BAEs

Let us denote respectively by ∆α, ∆̃α, ∆φα the chemical potentials associated to the flavor

symmetries of Qα, Q̃α, φα, and by nα, ñα, nφα the corresponding fluxes associated with

their flavor symmetries. We also denote by ∆
(α)
m the chemical potential associated with the

topological charge corresponding to node α and t(α) the corresponding magnetic flux.

The superpotential (4.29) implies the following constraints

∆̃α = π −∆α for all α = 1, . . . , n

∆φ3 = . . . = ∆φn = π . (4.30)

The Bethe potential for this particular model can be derived from formula (2.8). The

procedure of solving the BAEs is similar to that presented in section 4.1.1. The solution

– 17 –



J
H
E
P
0
8
(
2
0
1
6
)
0
8
9

can be separated into three regions, namely the left tail [t�, t<], the inner interval [t<, t>]

and the right tail [t>, t�], where

t< s.t. δv1(t<) = −∆̃1 , t> s.t. δv1(t>) = ∆1 . (4.31)

The end points t� and t� are the values where ρ = 0 on the left and the right tails,

respectively. Schematically:

t�

ρ = 0

t<

δv1 = −∆̃1

t>

δv1 = ∆1

t�

ρ = 0

It turns out that the solution depends on the following parameters:

F1 = ∆1 +
1

k

n∑
α=1

∆(α)
m , F2 =

1

n− 1

[(
n∑

α=2

∆α

)
− 1

k

n∑
α=1

∆(α)
m

]
. (4.32)

The solution is as follows. In the left tail [t�, t<], we have

ρ =
(n− 1) [µ+ (π − F1)kt]

π [nπ − F1 − (n− 1)F2] [π − F1 − (n− 1)F2]

δv1 = −∆̃1

δvα = ∆α + [π − F1 − (n− 1)F2] , ∀ 2 ≤ α ≤ n

Ỹ1 =
(n− 1)F2kt+ µ

π − F1 − (n− 1)F2
.

(4.33)

In the inner interval [t<, t>], we have

ρ =
[(n−1)(F1−F2)] kt−nµ

π [F1+(n−1)F2] [F1+(n−1)F2−nπ]

δv1 =
µnΞ−(n−1)

[
F1[µ+(π+Ξ)kt]−F2[µ−{(n−1)π−Ξ}kt]

]
+(n−1)[F 2

1 +(n−1)F 2
2 ]kt

(n−1)(F1−F2)kt−nµ

δvα =
[F1+(n−1)F2] [µ+(π−F1) kt]

[(n−1)F1−(n−1)F2] kt−nµ
+∆α , ∀ 2 ≤ α ≤ n , (4.34)

where Ξ = 1
k

∑
α ∆

(α)
m . In the right tail [t>, t�] we have

ρ =
(n− 1) (F1kt− µ)

π [F1 + (n− 1)F2] [F1 + (n− 1)F2 − (n− 1)π]

δv1 = ∆1

δvα = ∆α +
1

n− 1
[π − F1 − (n− 1)F2]

Y1 =
µ− (n− 1)(π − F2)kt

F1 + (n− 1)F2 − (n− 1)π
.

(4.35)

The transition points are at

t� = − µ

k(π − F1)
, t< = − µ

kF2
, t> =

µ

k(n− 1)(π − F2)
, t� =

µ

kF1
. (4.36)

Finally, the normalization
∫ t�
t�

dt ρ(t) = 1 fixes

µ =
√

2(n− 1)kF1F2(π − F1)(π − F2) . (4.37)
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4.2.2 The index at large N

The topological free energy of this theory can be derived from (2.16). We find that the

topological free energy of this quiver theory depends only on the parameters F1, F2 given

by (4.32) and their corresponding conjugate charges

n1 = n1 +
1

k

n∑
α=1

tα , n2 =
1

n− 1

[(
n∑

α=2

nα

)
− 1

k

n∑
α=1

tα

]
. (4.38)

The topological free energy can be written as,

F =
√
n− 1FABJM . (4.39)

The map of the parameters is as follows,

∆A1 = F1 , ∆A2 = F2 , ∆B1 = π − F1 , ∆B2 = π − F2 ,

nA1 = n1 , nA2 = n2 , nB1 = 1− n1 , nB2 = 1− n2 . (4.40)

Indeed, for n = 2, this theory becomes the ABJM theory and (4.39) reduces to FABJM, as

expected. Recall that the geometric branch of the moduli space of this theory is SymN (C2×
C2/Zn−1)/Zk, whereas that of the ABJM theory is SymN (C4/Zk). The square root of the

relative orbifold orders of these two spaces explains the prefactor
√
n− 1 in (4.39).

Let us also comment on the number of the parameters which appears in the topological

free energy of this model. It can be seen from (4.39) that the topological free energy depends

only on two parameters, F1 and F2 (or n1 and n2), instead of three, despite the fact that

the geometric branch is associated with Calabi-Yau four-fold C2×C2/Zn−1. Indeed, in the

N = 3 description of the quiver, only U(1)2 (one mesonic and one topological symmetry)

is manifest (see appendix C of [31]). An extra mesonic symmetry that exchanges the

holomorphic variables on C2 and those on C2/Z2 is not present in the quiver description

of this theory.

SL(2,Z) duality. The affine An−1 quiver (4.27) with n gauge nodes and k = 1 is SL(2,Z)

dual to the An−2 Kronheimer-Nakajima quiver (3.17) with n − 1 gauge nodes and r =

1. This duality can be seen from the Type IIB brane configuration as follows [6–8, 32].

The configuration of the Kronheimer-Nakajima quiver involves N D3-branes wrapping

R1,2
0,1,2×S1

6 (where the subscripts indicate the direction in R1,9); n−1 NS5-branes wrapping

R1,2
0,1,2 × R3

7,8,9 located at different positions along the circular x6 direction; and r = 1 D5-

branes wrapping R1,2
0,1,2 × R3

3,4,5 located along the circular x6 direction within one of the

NS5-brane intervals. Applying an SL(2,Z) action on such a configuration, we can obtain

a similar configuration except that the D5-brane becomes a (1, 1) 5-brane. This is in fact

the configuration for quiver (4.27) with n gauge nodes and k = 1. Indeed, in this case we

can match the topological free energies (4.39) and (3.31), as expected from the duality.

4.3 The N0,1,0/Zk theory

In this section we focus on the holographic dual of M-theory on AdS4×N0,1,0/Zk [33–35].

N0,1,0 is a homogeneous Sasakian of dimension seven and defined as the coset SU(3)/U(1).
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The manifold has the isometry SU(3) × SU(2). The latter SU(2) is identified with the

R-symmetry. The description of the dual field theory was discussed in [13–15]. This theory

has N = 3 supersymmetry and contains G = U(N)+k × U(N)−k gauge group with two

bi-fundamental hypermultiplets and r flavors of fundamental hypermultiplets under one of

the gauge groups. The N = 3 quiver is depicted as follows:

N+k N−kr

(4.41)

Note that for k = 0, this theory becomes the Kronheimer-Nakajima quiver (3.17)

with n = 2.

In N = 2 notation, the quiver diagram for this theory is

N+k N−k

r

B2

A1

B1

A2

φ1 φ2

q̃q

(4.42)

where the bi-fundamental chiral fields (A1, B2) come from one of the N = 3 hypermultiplet

indicated in blue, and the bi-fundamental chiral fields (A2, B1) come from the other N = 3

hypermultiplet indicated in red. The superpotential is given by

W = Tr

(
A1φ2B2 −B2φ1A1 −A2φ2B1 −B1φ1A2 +

k

2
φ2

1 −
k

2
φ2

2 + q̃φ1q

)
. (4.43)

Note that the bi-fundamental fields A1, A2, B1, B2 can be mapped to those in the

Kronheimer-Nakajima quiver (3.18) with n = 2 as follows

A1 ↔ Q1 , A2 ↔ Q̃2 , B1 ↔ Q2 , B2 ↔ Q̃1 . (4.44)

Integrating out the massive adjoint fields φ1,2 in (4.43), we obtain the superpotential

W = Tr
[(
εijAiBj − qq̃

)2 − (εijBiAj)2] . (4.45)

4.3.1 A solution to the system of BAEs

The Bethe potential for this particular model can be derived from formula (2.8). The

procedure of solving the BAEs is similar to that presented in sections 3.2.1 and 4.1.1. In

the following we present an explicit solution to the corresponding BAEs.

For brevity, let us write

∆1 = ∆A1 , ∆2 = ∆A2 , ∆3 = ∆B1 , ∆4 = ∆B2 ,

n1 = nA1 , n2 = nA2 , n3 = nB1 , n4 = nB2 . (4.46)
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We look for a solution to the BAEs such that

∆q + ∆q̃ = π , ∆1 + ∆4 = π , ∆2 + ∆3 = π , (4.47)

and

nq + nq̃ = 1 , n1 + n4 = 1 , n2 + n3 = 1 . (4.48)

The solution can be separated into three regions, namely the left tail [t�, t<], the inner

interval [t<, t>] and the right tail [t>, t�], where

t< s.t. δv(t<) = −∆3 , t> s.t. δv(t>) = ∆1 . (4.49)

Then we define t� and t� as the values where ρ = 0 and those bound the left and right

tails. Schematically:

t�

ρ = 0

t<

δv = −∆3

t>

δv = ∆1

t�

ρ = 0

The solution is as follows. In the left tail we have

ρ =
µ+ kt∆3 − π

2 r|t|
π(∆1 + ∆3)(∆4 −∆3)

δv = −∆3 , Y3 =
−kt∆4 − µ+ π

2 r|t|
∆4 −∆3

t� < t < t< . (4.50)

In the inner interval we have

ρ =
2µ+ kt(∆3 −∆1)− πr|t|
π(∆1 + ∆3)(∆2 + ∆4)

δv =

(
µ− π

2 r|t|
)

(∆1 −∆3) + kt (∆1∆4 + ∆2∆3)

2µ+ kt(∆3 −∆1)− πr|t|

t< < t < t> , (4.51)

and δv′ > 0. In the right tail we have

ρ =
µ− kt∆1 − π

2 r|t|
π(∆1 + ∆3)(∆2 −∆1)

δv = ∆1 , Y1 =
kt∆2 − µ+ π

2 r|t|
∆2 −∆1

t> < t < t� . (4.52)

The transition points are at

t� = − 2µ

πr + 2k∆3
, t< = − 2µ

πr + 2k∆4
, t> =

2µ

πr + 2k∆2
, t� =

2µ

πr + 2k∆1
.

(4.53)

Finally, the normalization fixes

µ =
1

2

√
[π2 − (∆3 −∆4)2] [π(2k + r)− 2k∆3] [π(2k + r)− 2k∆4] (2k∆3 + πr) (2k∆4 + πr)

2k2 [2k∆3∆4 + πr(∆3 + ∆4)− (k + r)(∆2
3 + ∆2

4)] + π2 (2k3 + 4k2r + 4kr2 + r3)
.

(4.54)

For k = 0, this expression indeed reduces to (3.28) with

F1 = 2πc , F2 = c(∆3 −∆4 − π) , F3 = 2π − c(∆3 −∆4 + π) ,

∆m = 2π + c(∆3 −∆4 + π) , (4.55)

and c = 1/(2× 121/3). Note that F1 + F2 + F3 = 2π, as required.
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4.3.2 The index at large N

The topological free energy of this theory can be computed from (2.16). The expression

for the topological free energy is fairly long, so we will just give the formulæ for k = 1,

r = 1 and

∆3 = ∆4 = ∆ , n3 = n4 = n . (4.56)

In this case, the topological free energy reads

F = −2N3/2

3

π(π−2∆)
[
4(π−∆)∆+19π2

]
n+
(
8∆4−20π∆3−6π2∆2+37π3∆+33π4

)
[4(π−∆)∆+11π2]3/2

.

(4.57)

5 Quivers with N = 2 supersymmetry

Let us now consider quiver gauge theories with N = 2 supersymmetry. We first discuss

non-toric theories associated with the Sasaki-Einstein seven manifold V 5,2. There are two

known models in this cases, one proposed by [16] and the other by [17]. We show that the

topological free energy of these models can be matched with each other. We then move on

to discuss flavored toric theories [18]. The procedure in solving the BAEs for these theories

is similar to that for N = 3 theories discussed in the preceding section.

5.1 The V 5,2/Zk theory

In this subsection, we focus on field theories dual to AdS4 × V 5,2/Zk, where V 5,2 is a

homogeneous Sasaki-Einstein seven-manifold known as a Stiefel manifold. The latter can

be described as the coset V 5,2 = SO(5)/SO(3), whose supergravity solution [33] possesses

an SO(5) × U(1)R isometry. There are two known descriptions of such field theories; one

proposed by Martelli and Sparks [16] and the other proposed by Jafferis [17]. In the

following, we refer to these theories as Model I and Model II, respectively. Below we

analyse the solutions to the BAEs in detail and show the equality between the topological

free energy of two theories.

5.1.1 Model I

The description for Model I was first presented in [16]. The quiver diagram is de-

picted below.

N+k N−kB2

A1

B1

A2

φ1 φ2

(5.1)

with the superpotential

W = Tr
[
φ3

1 + φ3
2 + φ1(A1B2 +A2B1) + φ2(B2A1 +B1A2)

]
. (5.2)
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A solution to the BAEs. Let us use the shorthand notation as in (4.46). We look for

a solution to BAEs, such that

∆φi + ∆1 + ∆4 = 2π , ∆φi + ∆2 + ∆3 = 2π , ∆φi =
2π

3
, (5.3)

and

nφi + n1 + n4 = 2 , nφi + n2 + n3 = 2 , nφi =
2

3
. (5.4)

Observe that nφi does not satisfy the quantisation condition nφi ∈ Z. However, this

problem can be cured easily by considering the twisted partition function on a Riemann

surface Σg of genus g times S1 [26]. In this case, the flux constraints becomes

nφi + n1 + n4 = 2(1− g) , nφi + n2 + n3 = 2(1− g) , nφi =
2

3
(1− g) . (5.5)

By choosing (1 − g) to be an integer multiple of 3, there always exists an integer solution

to the above constraints. As was pointed out in [26], the BAEs for the partition function

on Σg × S1 (with g > 1) is the same as that for g = 0. We can therefore solve the BAEs

in the usual way.

The inner interval [t<, t>] is given by

t< s.t. δv(t<) = −∆3 , t> s.t. δv(t>) = ∆1 . (5.6)

Outside the inner interval, we find that δv(t) = ṽ(t)−v(t) is frozen to the constant boundary

value −∆3 (∆1) and it defines the left (right) tail. Schematically:

t�

ρ = 0

t<

δv = −∆3

t>

δv = ∆1

t�

ρ = 0

The solution is as follows. The transition points are at

t� = − µ

k∆3
, t< = − µ

k∆4
, t> =

µ

k
(

4π
3 −∆3

) , t� =
µ

k
(

4π
3 −∆4

) . (5.7)

In the left tail we have

ρ =
µ+ k∆3t

2π
3

(
∆3 −∆4 + 4π

3

)
(∆4 −∆3)

δv = −∆3 , Y3 =
−kt∆4 − µ
∆4 −∆3

t� < t < t< . (5.8)

In the inner interval we have

ρ =
2µ+ k

(
∆3 + ∆4 − 4π

3

)
t

2π
3

[(
4π
3

)2 − (∆4 −∆3)2
]

δv = −
(
∆3 + ∆4 − 4π

3

)
µ− 4π

3 k (∆3 + ∆4) t+
(
∆2

3 + ∆2
4

)
t

2µ+ k
(
∆3 + ∆4 − 4π

3

)
t

t< < t < t> (5.9)
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and δv′ > 0. In the right tail we have

ρ =
µ− k∆1t

2π
3

(
∆3 −∆4 + 4π

3

)
(∆4 −∆3)

δv = ∆1 , Y1 =
−kt

(
∆3 − 4π

3

)
− µ

∆4 −∆3

t> < t < t� . (5.10)

Finally, the normalization fixes

µ =

√
k

(
4π

3
−∆3

)
∆3

(
4π

3
−∆4

)
∆4 , (5.11)

with

0 < ∆3,4 <
4π

3
. (5.12)

The solution satisfies ∫
dt ρ(t) δv(t) = 0 . (5.13)

We should take the solution to the BAEs and plug it back into the index. For higher

genus g, formula (2.16) receives a simple modification, as discussed in [26], as follows.

F

N3/2
= −|G|π

2

3
(1−g)

∫
dt ρ(t)2−

|G|∑
a=1

ta

∫
dt t ρ(t) (5.14)

+
1

2

∫
dt |t| ρ(t)

 ∑
anti-funds

a

(ña−1+g)+
∑
funds
a

(na−1+g)


−
∫
dt ρ(t)2

∑
bi-funds

(b,a) and (a,b)

[
(n(b,a)−1+g) g′+

(
δv(t)+∆(b,a)

)
+(n(a,b)−1+g) g′−

(
δv(t)−∆(a,b)

)]

−
∑

bi-fund
(b,a)

n(b,a)

∫
δv≈−∆(b,a)(mod 2π)

dt ρ(t)Y(b,a)−
∑

bi-fund
(a,b)

n(a,b)

∫
δv≈∆(a,b)(mod 2π)

dt ρ(t)Y(a,b) ,

Doing the integration, we obtain the following expression for the topological free energy,

F = −2

3
(1− g)

k1/2N3/2√(
4π
3 −∆3

)
∆3

(
4π
3 −∆4

)
∆4

{(
4π

3
−∆3

)
∆3

(
2π

3
−∆4

)
n4

1− g

+ ∆4

[(
2π

3
−∆3

)(
4π

3
−∆4

)
n3

1− g
− 2∆3

3

(
∆3 + ∆4 −

8π

3

)]}
. (5.15)

We check that the topological free energy indeed satisfies the index theorem for this model

on Σg × S1:

F = (1− g)

{
− 2

π
V(∆I) −

∑
I

[(
nI

1− g
− ∆I

π

)
∂V(∆I)

∂∆I

]}
, (5.16)

with

V(∆I) =
2

3
µN3/2 . (5.17)
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5.1.2 Model II

The description for Model II was first presented in [17]. The quiver diagram is de-

picted below.

N k

Q

Q̃

ϕ1,2,3

(5.18)

We start from the superpotential

W = Tr

ϕ3 [ϕ1, ϕ2] +

k∑
j=1

qj
(
ϕ2

1 + ϕ2
2 + ϕ2

3

)
q̃j

 . (5.19)

The SO(5) symmetry of V 5,2 can be made manifest by using the following variables [31]:

X1 =
1√
2

(ϕ1 + iϕ2) , X2 =
1√
2

(ϕ1 − iϕ2) , X3 = iϕ3 . (5.20)

In terms of these new variables, the superpotential can be rewritten as

W = Tr

X3[X1, X2] +

k∑
j=1

qj(X1X2 +X2X1 −X2
3 )q̃j

 . (5.21)

A solution to the BAEs. The superpotential enforces

∆X1 + ∆X2 =
4π

3
, ∆qj + ∆̃qj =

2π

3
, ∆X3 =

2π

3
, (5.22)

and

nX1 + nX2 =
4

3
, nqj + ñqj =

2

3
, nX3 =

2

3
. (5.23)

As in the previous subsection, the quantisation conditions nI ∈ Z can be satisfied by

considering the twisted partition function on Σg × S1. The flux constraints are modified

to be

nX1 + nX2 =
4

3
(1− g) , nqj + ñqj =

2

3
(1− g) , nX3 =

2

3
(1− g) . (5.24)

Here we choose (1 − g) to be an integer multiple of 3. The solution to the BAEs are

given below.

Setting to zero the variations with respect to ρ(t), we find that the density is given by

ρ(t) =
µ− 2πk

3 |t|+ t∆m

2π
3

(
4π
3 −∆X1

)
∆X1

. (5.25)

The support [t−, t+] of ρ(t) is determined by ρ(t±) = 0. We obtain

t± = ± µ
2πk

3 ±∆m

. (5.26)
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Requiring that
∫ t+
t−

dt ρ(t) = 1, we have

µ =

√√√√(4π
3 −∆X1

)
∆X1

[(
2πk

3

)2 −∆2
m

]
k

. (5.27)

The topological free energy may then be found using (5.14). We obtain

F =
2

3

(1− g)N3/2√
k
(

4π
3 −∆X1

)
∆X1

[(
2πk

3

)2 −∆2
m

]
×

{
∆X1

[
− t

1− g
∆m

(
4π

3
−∆X1

)
+

(
2πk

3

)2(∆X1

π
− 2

)
+

2∆2
m

3

]

−
(

2π

3
−∆X1

)
nX1

1− g

[(
2πk

3

)2

−∆2
m

]}
. (5.28)

It can also be checked that this topological free energy satisfies (5.16).

Matching with Model I. By taking

∆X1 = ∆3 , ∆m = k

(
2π

3
−∆4

)
, nX1 = n3 , t = k

[
2

3
(1− g)− n4

]
, (5.29)

we see that eq. (5.28) reduces to eq. (5.15).

5.2 The flavored ABJM theory

Let us consider the flavored ABJM models studied in [18, 19]

N+k N−k

na1

na2

nb1

nb2

B2

A1

B1

A2

Q̃(1)Q(1)

Q̃(2)
Q(2)

q(1)q̃(1)
q(2)q̃(2)

(5.30)

with the superpotential

W = Tr (A1B1A2B2 −A1B2A2B1)

+ Tr

na1∑
j=1

q
(1)
j A1q̃

(1)
j +

na2∑
j=1

q
(2)
j A2q̃

(2)
j +

nb1∑
j=1

Q
(1)
j B1Q̃

(1)
j +

nb2∑
j=1

Q
(2)
j B2Q̃

(2)
j

 . (5.31)
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We adopt the notation as in (4.46) and denote by

∆ai = ∆q(i) , ∆̃ai = ∆q̃(i) , ∆bi = ∆Q(i) , ∆̃bi = ∆
Q̃(i) , (5.32)

and similarly for nai and nbi. The marginality of the superpotential implies

∆1 + ∆a1 + ∆̃a1 = 2π , ∆2 + ∆a2 + ∆̃a2 = 2π ,

∆3 + ∆b1 + ∆̃b1 = 2π , ∆4 + ∆b2 + ∆̃b2 = 2π , (5.33)

and

n1 + na1 + ña1 = 2 , n2 + na2 + ña2 = 2 ,

n2 + nb1 + ñb1 = 2 , n4 + nb2 + ñb2 = 2 . (5.34)

5.2.1 A solution to the system of BAEs

The large N expression for the Bethe potential, using (2.8), can be written as

V
iN3/2

=

∫
dt ρ(t)2

∑∗

a
[±g± (δv(t)±∆a)] +

∫
dt t ρ(t)

(
∆(2)
m −∆(1)

m

)
− 1

2

∫
dt |t| ρ(t)

[∑∗

f
(±nf )δv(t)−

2∑
i=1

(nai∆i + nbi∆i+2)

]

− i

N1/2

∫
dt ρ(t)

∑∗

a

[
±Li2

(
ei(δv(t)±∆a)

)]
− µ

(∫
dt ρ(t)− 1

)
, (5.35)

where we introduced the notations∑∗

f
=

∑
f=a1,a2:+
f=b1,b2:−

,
∑∗

a
=

∑
a=3,4:+
a=1,2:−

. (5.36)

The solution for k = 0 and na1 = na2 = n , nb1 = nb2 = 0. As pointed out

in [18], this theory is dual to AdS4×Q1,1,1/Zn. The manifold Q1,1,1 is defined by the coset

SU(2)× SU(2)× SU(2)

U(1)×U(1)
, (5.37)

and has the isometry

SU(2)× SU(2)× SU(2)×U(1) . (5.38)

Using the symmetries of the quiver, we set for simplicity

∆1 = ∆2 = π −∆3 = π −∆4 = ∆ . (5.39)

Let ∆m be the following linear combination of the topological chemical potentials of

the two gauge groups:

∆m = ∆(1)
m −∆(2)

m . (5.40)
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Solving the BAEs equations, we obtain the following general solution

ρ(t) = −nπ |t|+ 2∆m t− 2µ

π3
,

δv(t) = ∆ +
π (µ−∆m t)

nπ |t|+ 2∆m t− 2µ
, (5.41)

on the support [t−, t+]. We determine t± from δv(t±) = −(π −∆),

t− = − µ

nπ −∆m
, t+ =

µ

nπ + ∆m
. (5.42)

The normalization
∫ t+
t−
dt ρ(t) = 1 fixes

µ =
π√
n

∣∣n2π2 −∆2
m

∣∣√
3n2π2 −∆2

m

. (5.43)

The solution satisfies, ∫
dt ρ(t) δv(t) = ∆− 2n2π3

3n2π2 −∆2
m

. (5.44)

5.2.2 The index at large N

The matrix model for the topological free energy functional in this case reads

F

N3/2
= −

∫
dt ρ(t)2

[
2π2

3
+
∑∗

a
(na − 1)g′±

(
δv(t)±∆a

)]
− 1

2

2∑
i=1

(naini + nbini+2)

∫
dt |t| ρ(t)−

(
t + t̃

) ∫
dt t ρ(t)

−
4∑

a=1

na

∫
δv≈ εa∆a

dt ρ(t)Ya(t) , (5.45)

where we have used the behavior

δv(t) = εa

(
∆a − e−N

1/2Ya(t)
)
, εa = (1, 1,−1,−1) , (5.46)

in the tails. For the theory dual to AdS4 ×Q1,1,1/Zn we find

F = −2

3

N3/2

√
n (3π2n2 −∆2

m)3/2

[
π
(
t + t̃

) (
∆3
m − 5π2∆mn

2
)

+ ∆4
m − 3π2n2

(
∆2
m − 2π2n2

)]
.

(5.47)
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5.3 U(N) gauge theory with adjoints and fundamentals

In this section, we consider the following flavored toric quiver gauge theory [18]

N n1

n2

n3

q(1)

q̃(1)

q(2) q̃(2)

q(3) q̃(3)

φ1,2,3

(5.48)

with the superpotential

W = Tr

φ1 [φ2, φ3] +

n1∑
j=1

q
(1)
j φ1q̃

(1)
j +

n2∑
j=1

q
(2)
j φ2q̃

(2)
j +

n3∑
j=1

q
(3)
j φ3q̃

(3)
j

 . (5.49)

The marginality condition on the superpotential (5.49) implies that

3∑
i=1

∆φi = 2π , ∆
q
(i)
j

+ ∆̃
q
(i)
j

+ ∆φi = 2π , (5.50)

and

3∑
i=1

nφi = 2 , n
q
(i)
j

+ ñ
q
(i)
j

+ nφi = 2 . (5.51)

Let ∆m and t be the chemical potential and the background flux for the topological sym-

metry associated with the U(N) gauge group.

The solution. On the support of ρ(t), the solution is

ρ(t) =
2 (µ+ t∆m)− |t|∆

2∆̂
, (5.52)

where we defined

∆̂ =

3∏
f=1

∆φf , ∆ =

3∑
f=1

nf∆φf . (5.53)

Let us denote by [t−, t+] the support of ρ(t). We determine t± from the condition ρ(t±) = 0

and obtain

t± = ± 2µ

∆∓ 2∆m

. (5.54)
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The normalization
∫ t+
t−
dt ρ(t) = 1 fixes the Lagrange multiplier µ,

µ =

√
∆̂

2∆

(
∆− 2∆m

) (
∆ + 2∆m

)
. (5.55)

Using the same methods presented earlier, we obtain the following expression for the topo-

logical free energy,

F = −N
3/2

3

√
∆̂

2∆

(
∆− 2∆m

) (
∆ + 2∆m

)[
n̂ +

n
(

∆
2

+ 4∆2
m

)
∆
(

∆
2 − 4∆2

m

) − 8∆m

∆
2 − 4∆2

m

]
, (5.56)

where

n̂ =

3∑
i=1

nφi
∆φi

, n =

3∑
i=1

ninφi . (5.57)

When n1 = n2 = 0, and n3 = r, the moduli space reduces to C2 × C2/Zr and eq. (5.56)

becomes the topological free energy of the ADHM quiver [see eq. (3.15)]. This is consistent

with the fact that this theory is dual to AdS4 × S7/Zr.

6 Discussion and conclusions

In this paper, we study the topologically twisted index at large N and fixed Chern-Simons

levels for a number of three-dimensional N ≥ 2 gauge theories with known M-theory

duals. Using the localization method, the index can be written as a contour integral of a

meromorphic form, whose position of the poles is governed by a set of algebraic equations,

dubbed as the Bethe ansatz equations (BAEs). For each theory, we present explicitly the

solution to the system of BAEs. The topological free energy, which is the real part of the

logarithm of the twisted index, is then computed from such a solution.

In [22], it has been shown that the Bethe potential for any N ≥ 2 theory is exactly the

free energy of the same theory on the three-sphere, up to a normalization. Our findings

for the Bethe potential of theories with N = 2 supersymmetry are indeed in agreement

with the previously reported results for the S3 free energy [36–38]. Moreover, in the other

cases our results give a prediction for the S3 free energy that has not appeared before

in the literature. We would like to emphasize that for all the models considered in this

paper, the topological free energy, which was obtained by evaluating the functional (2.16)

on the solution to the BAEs, is consistent with the robust index theorem (2.17) which is

derived in [22].

Our solutions have a certain important feature that is worth pointing out here. For

theories whose all Chern-Simons levels are zero, the density of eigenvalue distribution is

supported on one interval and the δv’s are frozen throughout that interval; whereas for

quiver gauge theories having nonzero Chern-Simons levels, the solution to the BAEs is

separated into several intervals, each of which contributes nontrivially to the topological

free energy.
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For gauge theories with N = 4 and N = 3 supersymmetry, whose geometric moduli

space is a symmetric product of two ALE singularities, we find that their topological free

energy can be written as that of the ABJM theory times a numerical factor, which is equal

to the square root of the ratio between the product of the orders of the singularities and

the Chern-Simons coupling of the ABJM theory.

Along the way, we perform nontrivial checks of various dualities, including mirror sym-

metry between the ADHM quiver and the Kronheimer-Nakajima quiver, SL(2,Z) duality

between N = 3 theory and the Kronheimer-Nakajima quiver, and duality between two

models that are dual to M-theory on AdS4 × V 5,2/Zk.
We also calculate the topological free energy for theories associated with homogeneous

Sasaki-Einstein seven-manifolds N0,1,0, V 5,2, and Q1,1,1 which are appealing in the context

of the AdS/CFT correspondence. A natural future direction is to generalize the result

of [3], where it was shown that the topological free energy of the ABJM theory reproduces

the entropy of magnetically charged static BPS black holes in AdS4 × S7. In particular, it

would be of great interest to compare the topological free energy of theories in this paper

with the entropy of supersymmetric asymptotically AdS4 black holes in four-dimensional

N = 2 gauged supergravity [39–41].
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