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Executive summary 
The report consists of two sections: 
1. New methods and results on the quench characteristics of laterally cooled conductors and 
the quench analysis of the 5kA reference cable for HL-LHC SC Links; 
2. Experimental studies of ac losses in 2212 round wires and implications for similarly 
structured MgB2 round wires for HL-LHC SC Links; 

1. INTRODUCTION 
Cold powering by Superconducting Links of high temperature superconducting (HTS) cable 
assemblies is a key technical requirement for the powering layout of the HiLumi triplets at P1 
and P5. These cables, designed to work with helium gas cooling in a moderate temperature 
gradient between 4.2 K and 25 K, have a significantly changed cooling profile compared with 
low temperature superconducting (LTS) bus-bars in liquid helium. Following up on the global 
thermal-electrical models in D6.2, this report focuses on (1) the thermal stability against local 
disturbances in the presence of lateral cooling by the flow of helium gas, and (2) the filament 
decoupling and ac losses in conductors with small number of filaments such as the MgB2 
wires for the SC Links. 
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2. SC LINK THERMAL STABILITY  
The quench behaviour of superconductors is mostly discussed in the context of winding 
applications, where the bulk of the conductor volume is adiabatic with cooling only at the 
boundaries. The LTS bus-bars in liquid helium are in the opposite situation of little quench 
risk as the whole conductor length is subjected to the effective lateral cooling of nucleate 
boiling. Cable-in-conduit conductors (CICC) with in-line supercritical helium cooling have a 
stability comparable to that by liquid cooling. The sub-critical helium gas cooling of the SC 
Links is much less potent than liquid, hence the stability against local disturbances is a valid 
concern and the focus of the thermal studies. Following a brief review of the existing results 
on the adiabatic quench analysis, we outline a new method for minimum quench energy 
(MQE) based on the stationary normal zone equations, significantly simplifying to problem to 
an ordinary differential equation. Furthermore, by using the uniquely simple yet profound 
solution for the MPZ and MQE of the critical state superconductors, a closed form analytical 
MQE for power-law superconductors and lateral cooling was obtained and applied for the 
thermal stability analysis of the SC Link. 
 
To our knowledge such explicit results and analysis on lateral cooling do yet exist in the 
published literature. 

2.1. LATERAL COOLING AND QUENCH CHARACTERISTICS 
In the first approximation, we consider SC Links as a one dimensional linear conductor. The 
quench problem is represented by a well understood non-linear heat diffusion equation: 
 

𝐶𝐶(𝑇𝑇)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 =
𝜕𝜕
𝜕𝜕𝜕𝜕

�𝑘𝑘(𝑇𝑇)
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
�+ 𝐺𝐺(𝑇𝑇) − 𝐻𝐻(𝑇𝑇) (1) 

 
where  𝐶𝐶(𝑇𝑇) is the heat capacity per unit volume and 𝑘𝑘(𝑇𝑇) is the thermal conductivity. 𝐺𝐺(𝑇𝑇) 
and 𝐻𝐻(𝑇𝑇)  are respectively the heat generation by the superconductor in the current-
sharing/normal-state and lateral cooling.  

2.1.1. Current Sharing Heat Generation 
When the transport current exceeds the critical current due to local temperature rises, resistive 
heat generation follows due to partial transfer of current into the stabilisation matrix, a process 
known as the current sharing. For the critical state, the heat generation is given by 
 

𝐺𝐺(𝑇𝑇) =

⎩
⎪
⎨

⎪
⎧

0 𝑇𝑇 ≤ 𝑇𝑇𝑐𝑐𝑐𝑐
𝜆𝜆2

1 − 𝜆𝜆
𝜌𝜌𝑚𝑚(𝑇𝑇)�𝐽𝐽 − 𝐽𝐽𝑐𝑐(𝑇𝑇)�𝐽𝐽 𝑇𝑇𝑐𝑐𝑐𝑐 < 𝑇𝑇 ≤ 𝑇𝑇𝑐𝑐
𝜆𝜆2

1 − 𝜆𝜆
𝜌𝜌𝑚𝑚(𝑇𝑇)𝐽𝐽2 𝑇𝑇 > 𝑇𝑇𝑐𝑐

  (2) 

 
where 𝜆𝜆  is the superconductor fill factor and 𝜌𝜌𝑚𝑚(𝑇𝑇)  is the resistivity of the stabilisation 
matrix. With a transport current density J per unit area of superconductor, current sharing 
with the stabilisation matrix occurs at temperature above 𝑇𝑇𝑐𝑐𝑐𝑐, where the critical current density 
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is reached: 𝐽𝐽𝑐𝑐(𝑇𝑇𝑐𝑐𝑐𝑐) = 𝐽𝐽. For superconductors with a non-linear 𝐸𝐸(𝐽𝐽,𝑇𝑇), such as the power-law 
𝐸𝐸(𝐽𝐽,𝑇𝑇) = 𝐸𝐸0 �

𝐽𝐽
𝐽𝐽𝑐𝑐(𝑇𝑇)

�
𝑛𝑛

, the current sharing follows a non-linear equation: 

 

𝐽𝐽 = 𝐽𝐽𝑐𝑐(𝑇𝑇)�
𝐸𝐸(𝐽𝐽,𝑇𝑇)
𝐸𝐸0

�

1
𝑛𝑛

+
1 − 𝜆𝜆
𝜆𝜆 

𝐸𝐸(𝐽𝐽,𝑇𝑇)
𝜌𝜌𝑚𝑚(𝑇𝑇)  (3) 

 
and a corresponding heat generation: 

𝐺𝐺(𝑇𝑇) = �

0 𝑇𝑇 ≤ 𝑇𝑇𝑐𝑐𝑐𝑐
𝜆𝜆𝜆𝜆𝜆𝜆(𝐽𝐽,𝑇𝑇) 𝑇𝑇𝑐𝑐𝑐𝑐 < 𝑇𝑇 ≤ 𝑇𝑇𝑐𝑐
𝜆𝜆2

1 − 𝜆𝜆
𝜌𝜌𝑚𝑚(𝑇𝑇)𝐽𝐽2 𝑇𝑇 > 𝑇𝑇𝑐𝑐

  (4) 

 
Although a closed form solution cannot be found for the current sharing equation (3) of an 
arbitrary 𝑛𝑛 , a simple solution of 𝐸𝐸(𝐽𝐽,𝑇𝑇) = 𝜆𝜆

1−𝜆𝜆
𝜌𝜌𝑚𝑚(𝑇𝑇)(𝐽𝐽 − 𝐽𝐽𝑐𝑐(𝑇𝑇))  for 𝑛𝑛 → ∞  results in the 

same heat generation by (4) as that of the critical state by (2).  

2.1.2. Review of Adiabatic Quench Analysis for the Critical State 

Classical Approach 
The adiabatic quench problem, (1) with 𝐻𝐻(𝑇𝑇) = 0, has been the subject of numerous studies, 
among which the most elegant was by Dresner [1]. The analysis starts with the approximation 
of small changes in the thermal-electrical properties: 𝐶𝐶(𝑇𝑇) = 𝐶𝐶(𝑇𝑇0),𝑘𝑘(𝑇𝑇) = 𝑘𝑘(𝑇𝑇0),𝜌𝜌𝑚𝑚(𝑇𝑇𝑐𝑐), 
which is justified when the transport current 𝐽𝐽 is sufficiently close to the critical current 𝐽𝐽𝑐𝑐(𝑇𝑇0) 
at the operating temperature 𝑇𝑇0. With 
 

𝜉𝜉 =
𝑥𝑥

𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀
 , 𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀 =

𝜋𝜋
2

 �
1 − 𝜆𝜆
𝜆𝜆2

𝑘𝑘(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)
𝜌𝜌𝑚𝑚(𝑇𝑇) 𝐽𝐽𝑐𝑐(𝑇𝑇0)𝐽𝐽

𝜏𝜏 =
𝑡𝑡
𝑡𝑡0

, 𝑡𝑡0 =
𝐶𝐶(𝑇𝑇0)
𝑘𝑘(𝑇𝑇0) 𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀

2

𝜃𝜃 =
𝑇𝑇 − 𝑇𝑇0
𝑇𝑇𝑐𝑐 − 𝑇𝑇0

, 𝜃𝜃𝑐𝑐𝑐𝑐 = 1 − 𝑗𝑗,   𝑗𝑗 =
𝐽𝐽

𝐽𝐽𝑐𝑐(𝑇𝑇0)

 (5) 

 
Eq (1) is transformed into a dimensionless form 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 =
𝜕𝜕2𝜃𝜃
𝜕𝜕𝜉𝜉2

+ �
𝜋𝜋
2
�
2 1 − 𝜆𝜆

𝜆𝜆2
𝐺𝐺(𝜃𝜃, 𝐽𝐽)

𝜌𝜌𝑚𝑚(𝑇𝑇) 𝐽𝐽𝑐𝑐(𝑇𝑇0)𝐽𝐽
 (6) 

 
For the critical state with a critical current as a linear function of temperature, i.e,  

𝐽𝐽𝑐𝑐(𝑇𝑇) = 𝐽𝐽𝑐𝑐0 �1 −
𝑇𝑇
𝑇𝑇𝑐𝑐
� (7) 
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(6) is further simplified with (2) 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 =
𝜕𝜕2𝜃𝜃
𝜕𝜕𝜉𝜉2

+ �
𝜋𝜋
2
�
2
�𝜃𝜃 − (1 − 𝑗𝑗)� (8) 

 
Dresner [1] obtained the scaling of minimum quench energy MQE of (7) by Lie analysis: 
 
𝑀𝑀𝑀𝑀𝑀𝑀 ∝ (1 − 𝑗𝑗)𝐶𝐶(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀𝐴𝐴 (9) 
 
where 𝐴𝐴 is the conductor overall cross-section area. Dresner further deduced the numerical 
factor by solving (8) for the evolution of a Gaussian normal zone.  

Recent Development of an Alternative Approach 
In the present work, we report a new original development that focuses on profound properties 
of the critical state quench equation (8) and formulate a solution that can be generalised to 
power-law superconductors as well as with lateral cooling. 
 
Dresner’s MQE (8) by Lie analysis showed a current scaling of (1 − 𝑗𝑗)𝑗𝑗−0.5 which can be 
tested more readily by measurement as a function of current. It is noted that the current 
scaling is a more direct test for the theory than the temperature scaling which involves 
multiple nonlinear temperature dependences outside the usual experimental control.  
 
With a simple transformation of  
 
𝜃𝜃 = (1 − 𝑗𝑗)𝑢𝑢  (10) 
 
we point out that equation (8) is further reduced to 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

 =
𝜕𝜕2𝑢𝑢
𝜕𝜕𝜉𝜉2

+ �
𝜋𝜋
2
�
2

(𝑢𝑢 − 1) (11) 

 
which becomes independent of current 𝑗𝑗 or 𝐽𝐽. Notwithstanding the trivial appearance of (9), 
all thermal-electrical-operational parameters in the original diffusion equation (1) are 
eliminated. The dimensionless MQE of (11) is a pure number and can be obtained, as shown 
by Wilson [2], by minimizing the thermal energy of the stationary normal zone which is 
defined 
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𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

+ �
𝜋𝜋
2
�
2

(𝑢𝑢 − 1) = 0, 𝑢𝑢 ≥ 1

𝜕𝜕2𝑢𝑢
𝜕𝜕𝜉𝜉2

= 0 0 ≤ 𝑢𝑢 < 1

𝑢𝑢(0) = 1 + 𝑢𝑢𝑄𝑄 > 1 𝑢𝑢′(0) = 0

 (12) 

  
The solution of (11), 
 

𝑢𝑢(𝜉𝜉) = �
1 + 𝑢𝑢𝑄𝑄 cos �

𝜋𝜋𝜋𝜋
2
� , |𝜉𝜉| ≤ 1

1 − 𝑢𝑢𝑄𝑄
𝜋𝜋
2

(𝜉𝜉 − 1), |𝜉𝜉| > 1
 ,  (13) 

 
reveals that the current-sharing region (𝑢𝑢 ≥ 1) of the normal zone is confined within 𝜉𝜉 ≤ 1. In 
other words the length of a critical state current-sharing section is always equal to 𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀. Note 

the total length of the dimensionless norm zone is 2 �1 + 2
𝜋𝜋𝑢𝑢𝑄𝑄

�, which is the distance between 

±𝜉𝜉𝐿𝐿 = ± �1 + 2
𝜋𝜋𝑢𝑢𝑄𝑄

�  where 𝑢𝑢(𝜉𝜉±𝐿𝐿 ) = 0.   The thermal energy of the dimensionless normal 

zone corresponds to its integrated temperature rise: 

𝜂𝜂�𝑢𝑢𝑄𝑄� = � 𝑢𝑢(𝜉𝜉)𝑑𝑑𝑑𝑑

𝜉𝜉𝐿𝐿

−𝜉𝜉𝐿𝐿

 

             = 2��1 + 𝑢𝑢𝑄𝑄 cos �
𝜋𝜋𝜋𝜋
2
�� 𝑑𝑑𝑑𝑑

1

0

+ 2 � �1 − 𝑢𝑢𝑄𝑄
𝜋𝜋
2

(𝜉𝜉 − 1)�𝑑𝑑𝜉𝜉

1+ 2
𝜋𝜋𝑢𝑢𝑄𝑄

1

 

             = 2�1 +
2
𝜋𝜋
𝑢𝑢𝑄𝑄 +

1
𝜋𝜋𝑢𝑢𝑄𝑄

� . 

(12) 

At 𝑢𝑢𝑄𝑄 = 1
√2

, 𝜂𝜂�𝑢𝑢𝑄𝑄� arrives at a minimum of 2
𝜋𝜋
�𝜋𝜋 + 2√2� , which is the minimum quench 

energy of the dimensionless equation (10). 
The thermal energy of the corresponding dimensioned normal zone can be obtained by 
returning the dimensionless solution (12) to the real space: 

ℎ�𝑇𝑇𝑄𝑄� = 2 � 𝐶𝐶(𝑇𝑇0)(𝑇𝑇(𝑥𝑥) − 𝑇𝑇0)𝐴𝐴𝐴𝐴𝐴𝐴

𝐿𝐿�𝑇𝑇𝑄𝑄�

0

 

             = 2𝐶𝐶(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀𝐴𝐴(1 − 𝑗𝑗)� 𝑢𝑢(𝜉𝜉)𝑑𝑑𝑑𝑑

𝜉𝜉𝐿𝐿

0

  

             =  2𝐶𝐶(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀𝐴𝐴(1 − 𝑗𝑗)𝜂𝜂�𝑢𝑢𝑄𝑄�. 

(12) 

 
Hence the adiabatic minimum quench energy of 1d critical state superconductors is obtained: 
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ℎ𝑀𝑀𝑀𝑀𝑀𝑀 = 2𝐶𝐶(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)𝐴𝐴𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀(1 − 𝑗𝑗)𝜂𝜂𝑀𝑀𝑀𝑀𝑀𝑀 

           = �𝜋𝜋 + 2√2�𝐶𝐶(𝑇𝑇0)𝐴𝐴�
1 − 𝜆𝜆
𝜆𝜆2

𝑘𝑘(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)3

𝜌𝜌𝑚𝑚𝐽𝐽𝑐𝑐2(𝑇𝑇0)
1 − 𝑗𝑗
�𝑗𝑗

 
(13) 

 
Our MQE result (13) has the same function dependence as Dresner’s MQE for a point 
disturbance but increases the numerical factor by 2√2  (or 90% higher). In fact, the two 
methods give almost the same MQE when the Dresner’s correction for finite hot spots is 
taken into account.  
 
It is worth noting that our method here requires only the solution of the stationary normal 
zone, hence significantly reduces the mathematical complexity compared with the spatial-
temporal solution. 
 

2.1.3. Quench Analysis for Power-Law Superconductors  
The critical state current sharing does not adequately apply to high temperature 
superconductors, which typically exhibit power-law like current-voltage characteristics (CVC) 
resulting a greater flux motion due a short coherence length and exacerbated by thermal 
excitation at higher temperatures. The current-law current sharing typically results in a heat 
generation (3-4) which is non-linear in general as a function of temperature and in particular 
significantly lower in the vicinity above 𝑇𝑇𝑐𝑐𝑐𝑐. We define a dimensionless heat generation  

𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) =
1 − 𝜆𝜆
𝜆𝜆2

𝐺𝐺(𝜃𝜃, 𝐽𝐽)
(1 − 𝑗𝑗)𝐽𝐽𝐶𝐶(𝑇𝑇0)𝜌𝜌𝑚𝑚

=
1 − 𝜆𝜆
𝜆𝜆

𝐸𝐸(𝑗𝑗,𝑢𝑢)
(1 − 𝑗𝑗)𝐽𝐽𝑐𝑐(𝑇𝑇0)𝜌𝜌𝑚𝑚

 

                   =
1 − 𝜆𝜆
𝜆𝜆

1
(1 − 𝑗𝑗)𝑒𝑒𝜌𝜌

 
𝐸𝐸(𝑗𝑗, 𝑢𝑢)
𝐸𝐸0

 

 

(14) 

With a linear 𝐽𝐽𝑐𝑐(𝑇𝑇) as in (7), the current sharing voltage can be expressed as 

1
𝑒𝑒𝜌𝜌

 
1 − 𝜆𝜆
𝜆𝜆 

𝐸𝐸(𝑗𝑗, 𝑢𝑢)
𝐸𝐸0

=
1
𝑒𝑒𝑛𝑛
𝐸𝐸(𝑗𝑗, 𝑢𝑢)
𝐸𝐸0

= 𝑗𝑗 − �1 − 𝑢𝑢(1 − 𝑗𝑗)� �
𝐸𝐸(𝐽𝐽,𝑇𝑇)
𝐸𝐸0

�

1
𝑛𝑛

, 

 

(15a) 

𝑒𝑒𝜌𝜌 =
𝐽𝐽𝑐𝑐(𝑇𝑇0)𝜌𝜌𝑚𝑚

𝐸𝐸0
, 𝑒𝑒𝑛𝑛 = 𝑒𝑒𝜌𝜌

𝜆𝜆
1 − 𝜆𝜆

 (15b) 

and we have 

𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) =

⎩
⎪⎪
⎨

⎪⎪
⎧

0 𝑢𝑢 ≤ 1

(𝑢𝑢 − 1) − �
1

1 − 𝑗𝑗
− 𝑢𝑢���

𝐸𝐸(𝑢𝑢, 𝑗𝑗)
𝐸𝐸0

�

1
𝑛𝑛

 − 1� 1 < 𝑢𝑢 ≤
1

1 − 𝑗𝑗

1
1 − 𝑗𝑗

− 1 𝑢𝑢 >
1

1 − 𝑗𝑗

  (16) 
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The expression of 𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) in the current sharing region 𝑢𝑢 ∈ �1, 1
1−𝑗𝑗

 � is not in a closed form 
as 𝐸𝐸(𝑢𝑢, 𝑗𝑗) is not explicitly obtained from (15a). However it is clear that 𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) is less than 
the critical current sharing heat generation of 𝑢𝑢 − 1 . An example of the nonlinear heat  
generation for power-law is shown in Fig. 1 for 𝑗𝑗 = 0.9,𝑛𝑛 = 20  and different conductor 
normal resistivity given by 𝑒𝑒𝜌𝜌, the normalised full current sharing voltage (15b). 
 
Our method of MQE for stationary equation applies readily for the power-law current sharing 
normal zone given by  
 
𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

+ �
𝜋𝜋
2
�
2
𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) = 0, 𝑢𝑢 ≥ 1

𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

= 0 0 ≤ 𝑢𝑢 < 1

𝑢𝑢(0) = 1 + 𝑢𝑢𝑄𝑄 > 1 𝑢𝑢′(0) = 0

  . (17) 

 
As numerical solutions are required, however, the results do not produce a simple expression 
that can clearly show the differences from the critical state. 
Figure 2 shows that the nonlinear power-law heat generation 𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) can be divided into 
two regimes at a point 𝑢𝑢∗ : linear as ∝ (𝑢𝑢 − 𝑢𝑢∗)for 𝑢𝑢 > 𝑢𝑢∗  and ≪ 1 for 𝑢𝑢 < 𝑢𝑢∗ . Therefore 
𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) can be approximately linearized as 

0 2 4 6 8 10
0

2

4

6

8

10

CR  

 

G
(u

,j,
n)

u-1

eρ

j=0.9, n=20

Fig 1, Non-linear current sharing heat generation of power-law superconductors as a function of temperature. 
The graph is an example for n=20 at j=0.9 with conductors of different normalised sheath resistance 𝑒𝑒𝜌𝜌. The 
linear heat generation of the critical state (CR) is shown for comparison. 
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𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛)~

⎩
⎪
⎨

⎪
⎧

0 𝑢𝑢 ≤ 𝑢𝑢∗

𝛽𝛽2(𝑢𝑢 − 𝑢𝑢∗) 𝑢𝑢∗ < 𝑢𝑢 ≤
1

1 − 𝑗𝑗
𝑗𝑗

1 − 𝑗𝑗
𝑢𝑢 >

1
1 − 𝑗𝑗

  (18) 

 
where  

𝛽𝛽2 =
𝜕𝜕𝐺𝐺�
𝜕𝜕𝜕𝜕
�
𝑢𝑢= 1

1−𝑗𝑗

= �𝑗𝑗𝑒𝑒𝜌𝜌
𝜆𝜆

1 − 𝜆𝜆
�
1
𝑛𝑛

= (𝑗𝑗𝑒𝑒𝑛𝑛)
1
𝑛𝑛 

 

(19a) 

𝑢𝑢∗ =
1

1 − 𝑗𝑗
−
𝐺𝐺� � 1

1 − 𝑗𝑗 , 𝑗𝑗,𝑛𝑛�

𝛽𝛽2
=

1 − 𝑗𝑗𝛽𝛽−2

1 − 𝑗𝑗
=

1 − 𝑗𝑗 �𝑗𝑗𝑒𝑒𝜌𝜌
𝜆𝜆

1 − 𝜆𝜆�
−1
𝑛𝑛

1 − 𝑗𝑗
1 − 𝑗𝑗(𝑗𝑗𝑒𝑒𝑛𝑛)

−1
𝑛𝑛

1 − 𝑗𝑗
 

(19b) 

 

are determined by linear extrapolation from � 1
1−𝑗𝑗

,𝐺𝐺� � 1
1−𝑗𝑗

, 𝑗𝑗,𝑛𝑛�� with 

1 − 𝜆𝜆
𝜆𝜆 

𝐸𝐸 �𝑗𝑗, 1
1 − 𝑗𝑗�

𝐸𝐸0
= 𝑗𝑗𝑒𝑒𝜌𝜌 and 𝐺𝐺� �

1
1 − 𝑗𝑗

, 𝑗𝑗,𝑛𝑛� =
1

(1 − 𝑗𝑗)𝑒𝑒𝜌𝜌
1 − 𝜆𝜆
𝜆𝜆 

𝐸𝐸 �𝑗𝑗, 1
1 − 𝑗𝑗�

𝐸𝐸0
=

𝑗𝑗
1 − 𝑗𝑗

  

0 2 4 6 8 10
0

2

4

6

8

10

CR

 

 

G
(u

,j,
n)

u

Power-law is approximated as 
the critical state with a higher 
current sharing temperature.  

𝑢𝑢∗(𝑗𝑗,𝛽𝛽) 

Fig 2, The non-linear heat generation of power-law current sharing can be approximately linearized as 
shown. The approximation effective converts a power-law superconductor to a critical state one with a 
high current sharing temperature. 
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The equations above are consistent with either 𝐽𝐽𝑐𝑐  formulation with reference to the 
superconductor cross-section and the fill factor 𝜆𝜆 or the engineering current density 𝐽𝐽𝑒𝑒 of the 
whole cross-section. The normalised conductor resistance is respectively defined as 𝑒𝑒𝜌𝜌 and 𝑒𝑒𝑛𝑛. 
Such a linear approximation implies that the power-law current-sharing effectively increases 
the current sharing temperature by a factor of  𝑢𝑢∗  which increases with the reduction of 
𝑛𝑛 and 𝑒𝑒𝜌𝜌. At 𝑛𝑛 → ∞, (18) is indeed returned to the critical state with 𝛽𝛽 = 1 and 𝑢𝑢∗ = 1. The 
linearized power-law heat generation (18) leads to the linearization of stationary normal zone 
equation (18), 
 
𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

+ �
𝜋𝜋
2
�
2
𝛽𝛽2(𝑢𝑢 − 𝑢𝑢∗) = 0, 𝑢𝑢 ≥ 𝑢𝑢∗

𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

= 0 0 ≤ 𝑢𝑢 < 𝑢𝑢∗

𝑢𝑢(0) = 1 + 𝑢𝑢𝑄𝑄 > 1 𝑢𝑢′(0) = 0

    , (20) 

 
A further transformation by 𝜁𝜁 = 𝛽𝛽𝛽𝛽 and 𝑢𝑢 = 𝑢𝑢∗𝑣𝑣 changes (17) to  
 
𝑑𝑑2𝑣𝑣
𝑑𝑑𝜁𝜁2

+ �
𝜋𝜋
2
�
2

(𝑣𝑣 − 1) = 0, 𝑣𝑣 ≥ 1

𝑑𝑑2𝑣𝑣
𝑑𝑑𝜁𝜁2

= 0 0 ≤ 𝑣𝑣 < 1

𝑣𝑣(0) = 1 + 𝑣𝑣𝑄𝑄 > 1 𝑣𝑣′(0) = 0

    , (21) 

 
which is identical to the critical state equation (12). Therefore equation (21) has a minimum 
quench energy of 𝜂𝜂𝑀𝑀𝑀𝑀𝑀𝑀 = 2 �1 + 2√2

𝜋𝜋
�, which corresponds to a dimensioned minimum quench 

energy for power-law: 
 
ℎ𝑀𝑀𝑀𝑀𝑀𝑀𝑛𝑛 = 2𝐶𝐶(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)𝐴𝐴𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀(1 − 𝑗𝑗)(𝛽𝛽−1𝑢𝑢∗𝜂𝜂𝑀𝑀𝑀𝑀𝑀𝑀) 

           = �𝜋𝜋 + 2√2�𝐶𝐶(𝑇𝑇0)𝐴𝐴�
1 − 𝜆𝜆
𝜆𝜆2

𝑘𝑘(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)3

𝜌𝜌𝑚𝑚𝐽𝐽𝑐𝑐2(𝑇𝑇0)
1 − 𝑗𝑗𝛽𝛽−2

𝛽𝛽�𝑗𝑗
 

(22) 

 
Equation (22) suggest that the power-law MQE reduces at a slower pace of 1 − 𝑗𝑗𝛽𝛽−2as 𝑗𝑗 → 1,  
of vanish at 1 − 𝑗𝑗 in the critical state. Such a behaviour has been observed by a number of 
studies on HTS materials but remain unexplained prior to our analysis [3]. As an example, Fig. 
3 shows that the MQE of YBCO 2G tapes agrees with the current scaling given in (22). Note 
the dotted lines corresponds to the  1 − 𝑗𝑗 reduction of the critical state MQE. 
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The rescaling of the length dimension in the 𝜁𝜁 = 𝛽𝛽𝛽𝛽  in transforming the linearized 
approximation to an effective critical state implies a modified minimum propagation zone for 
a power-law superconductor, i.e., 𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀𝑛𝑛 = 𝛽𝛽−1𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀𝐶𝐶𝑅𝑅 which can become significantly longer at 
low current. The scaling by the increased current sharing current 𝑢𝑢∗ = (1 − 𝑗𝑗𝛽𝛽−2)(1−
𝑗𝑗)−1points to an increased quench temperature at MPZ/MQE.  
 

2.1.4. Quench Analysis on the Effect of Lateral Cooling  
The linearization method for power-law superconductors can be readily extended to account 
for the lateral cooling 𝐻𝐻(𝑇𝑇) in (1). We consider lateral convective cooling by fluid at 𝑇𝑇0: 
 

𝐻𝐻(𝑇𝑇) = 𝑈𝑈
𝑃𝑃
𝐴𝐴

(𝑇𝑇(𝑥𝑥, 𝑡𝑡) − 𝑇𝑇0)    (23) 

where 𝑈𝑈 is the overall heat transfer coefficient including not only the convective cooling by 
liquid or gas cryogens around the perimeter 𝑃𝑃 but also transverse/radial thermal resistances of 
across the conductor/cable cross-section as well as contact thermal resistances among cable 
strands. With the transformation (5) and (10), equation (1) becomes 
 

0.1

1

10

0.01 0.1
0.1

1

10

Wang et al [5]
 70K
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 30K

 79.0K
 77.5K
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M

Q
E/

M
Q

E(
j=
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Fig 3, MQE of YBCO 2G tapes as a function of current load factor j exhibit a significant 
deviation from the (1-j) scaling of the critical state (dashed line). The solid lines show the 
prediction (22) for the power-law superconductor. 
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𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

+ �
𝜋𝜋
2
�
2
�𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) − 𝜅𝜅𝑗𝑗−1𝑢𝑢� = 0, 𝑢𝑢 ≥ 1

𝑑𝑑2𝑢𝑢
𝑑𝑑𝜉𝜉2

= 𝜅𝜅𝑗𝑗−1𝑢𝑢 0 ≤ 𝑢𝑢 < 1

𝑢𝑢(0) = 1 + 𝑢𝑢𝑄𝑄 > 1 𝑢𝑢′(0) = 0

  . (24) 

where 
  

𝜅𝜅 = 𝑗𝑗 �
2
𝜋𝜋
�
2

𝑈𝑈
𝑃𝑃
𝐴𝐴
𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀2

𝑘𝑘(𝑇𝑇0)
=

1 − 𝜆𝜆
𝜆𝜆𝑓𝑓𝜆𝜆2

𝑈𝑈 𝑃𝑃𝐴𝐴 (𝑇𝑇𝑐𝑐 − 𝑇𝑇0)
𝐽𝐽𝑐𝑐2(𝑇𝑇0)𝜌𝜌𝑚𝑚

=  
𝑈𝑈𝑃𝑃𝐴𝐴 (𝑇𝑇𝑐𝑐 − 𝑇𝑇0)
𝜆𝜆𝑓𝑓𝐽𝐽𝑒𝑒2(𝑇𝑇0)𝜌𝜌𝑛𝑛

 (26) 

 
is introduced as the dimensionless cooling number. A further fill factor 𝜆𝜆𝑓𝑓 is introduced to 
other non-superconducting materials in the cable cross-section. Using the linear 
approximation for the heat generation 𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛), we have 
 
𝐺𝐺�(𝑢𝑢, 𝑗𝑗,𝑛𝑛) − 𝜅𝜅𝑗𝑗−1𝑢𝑢 = 𝛽𝛽2(𝑢𝑢 − 𝑢𝑢∗) − 𝜅𝜅𝑗𝑗−1𝑢𝑢 = (𝛽𝛽2 − 𝜅𝜅𝑗𝑗−1)𝑢𝑢 − 𝛽𝛽2𝑢𝑢∗ (27) 
 
Using a further transformation 
 

𝜁𝜁 = �𝛽𝛽2 − 𝜅𝜅𝑗𝑗−1𝜉𝜉,𝑢𝑢 = 𝑢𝑢𝑐𝑐𝑐𝑐𝑣𝑣  and 𝑢𝑢𝑐𝑐𝑐𝑐 =
1

1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1
𝑢𝑢∗ =

1 − 𝑗𝑗𝛽𝛽−2

(1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1)(1 − 𝑗𝑗)
 , (28) 

and neglecting heat/cooling below 𝑢𝑢𝑐𝑐𝑐𝑐, we have 
 
𝑑𝑑2𝑣𝑣
𝑑𝑑𝜁𝜁2

+ �
𝜋𝜋
2
�
2

(𝑣𝑣 − 1) = 0, 𝑣𝑣 ≥ 1

𝑑𝑑2𝑣𝑣
𝑑𝑑𝜁𝜁2

= 0 0 ≤ 𝑣𝑣 < 1

𝑣𝑣(0) = 1 + 𝑣𝑣𝑄𝑄 > 1 𝑣𝑣(0) = 0

  . (29) 

 
Once again, (29) is identical to the critical state stationary equation (12). Hence the MQE for 
power-law superconductors with lateral cooling is obtained: 
 

ℎ𝑀𝑀𝑀𝑀𝑀𝑀𝜅𝜅 = 2𝐶𝐶(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)𝐴𝐴𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀(1 − 𝑗𝑗)�
𝑢𝑢𝑐𝑐𝑐𝑐

�𝛽𝛽2 − 𝜅𝜅𝑗𝑗−1
𝜂𝜂𝑀𝑀𝑀𝑀𝑀𝑀� 

           = �𝜋𝜋 + 2√2�𝐶𝐶(𝑇𝑇0)𝐴𝐴�
1 − 𝜆𝜆
𝜆𝜆2

𝑘𝑘(𝑇𝑇0)(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)3

𝜌𝜌𝑚𝑚𝐽𝐽𝑐𝑐2(𝑇𝑇0) �
1 − 𝑗𝑗𝛽𝛽−2

𝛽𝛽�𝑗𝑗(1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1)3
� 

(30) 

 
Now we can see that lateral cooling increases the MQE of adiabatic superconductors by a 
factor of  
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ℎ𝑀𝑀𝑀𝑀𝑀𝑀𝜅𝜅

ℎ𝑀𝑀𝑀𝑀𝑀𝑀𝑛𝑛 =
1

�𝑗𝑗(1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1)3
 , (31) 

which becomes singular at 𝜅𝜅 = 𝑗𝑗𝛽𝛽2 = 𝑗𝑗�𝑗𝑗𝑒𝑒𝜌𝜌�
1
𝑛𝑛 to indicate global stability at a sufficiently low 

current: 

𝑗𝑗 ≤

⎝

⎜
⎛ 𝜅𝜅

� 𝜆𝜆
1 − 𝜆𝜆 𝑒𝑒𝜌𝜌�

1
𝑛𝑛

⎠

⎟
⎞

𝑛𝑛
𝑛𝑛+1

�
𝜅𝜅

𝑒𝑒𝑛𝑛
1
𝑛𝑛
�

𝑛𝑛
𝑛𝑛+1

= 𝑗𝑗max~𝜅𝜅 .  (32) 

Therefore a lateral cooled superconducting cable/bus-bar may achieve stability over local 
disturbances at a practical current load by increasing the heat transfer and by reducing overall 
normal resistivity. As the operating temperature approaches 𝑇𝑇𝑐𝑐, 𝑗𝑗max tends to increase rapidly 
for power-law superconductors due to a vanishing 𝐽𝐽𝑐𝑐(𝑇𝑇0)  in 𝑒𝑒𝜌𝜌 . This is apparent better 
stability at higher temperatures is the results of low current density, hence not a useful for 
practical application.  
As expected, the presence of lateral cooling increased the stability over local disturbances by 
lengthening the MPZ longer at a factor of �(1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1)�

−1/2
  and increasing the quench 

temperature at a factor of (1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1)−1. Fig. 4 shows the effect of cooling on the MQE 
for both critical state and power-law superconductors. The arrows indicate the position of 
1 − 𝑗𝑗max. In axis of the residual current load 1 − 𝑗𝑗, the global stability is on the right of the 
arrow. For 𝑗𝑗 > 𝑗𝑗max, the enhancement in MQE by lateral cooling is also present, although 

Figure 4, MQE of the critical state (dashed lines) and power-law (solid lines) as a function the current 
residual current load (1 − 𝑗𝑗) for adiabatic 𝜅𝜅 = 0 and lateral cooled (𝜅𝜅 = 0.1 𝑎𝑎𝑎𝑎𝑎𝑎 𝜅𝜅 = 0.5) superconductors. 
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useful gains still require a significant cooling number, e.g., 𝜅𝜅 = 0.5 leads to an MQE increase 
of 200% at 𝑗𝑗 = 0.9 for both power-law and critical state superconductors. 

2.2. CONSIDERATION FOR SC LINK WITH ENHANCED STABILITY 
OVER LOCAL DISTURBANCES 
We now apply the quench analysis for lateral cooled superconductors to the design of 
superconducting bus-bars and links.  

2.2.1. NbTi bus-bars in Liquid Helium 
Long length NbTi (𝑇𝑇𝑐𝑐 = 11K) bus-bars in liquid helium is a useful start point due to their 
extensive use and proven stability in the LHC. While the Rutherford cables are typically used, 
their heat transfer situation is not different from a single wire. Therefore we consider a wire of 
diameter 𝑑𝑑 = 0.5mm  stabilized with copper of RRR=300, i.e., 𝜌𝜌𝑚𝑚 = 5 × 10−11Ωm . The 
critical current at 𝑇𝑇0 = 4.2K  is typically 𝐽𝐽𝑐𝑐(𝑇𝑇0) = 10kAmm−2 = 1010Am−2  at a fill-factor 
𝜆𝜆 = 0.25 − 0.4 . With a boiling heat transfer coefficient is ℎHeII = 2000 Wm−2 = 𝑈𝑈 , the 
cooling number 𝜅𝜅 (26) is 
 

𝜅𝜅 =
1 − 𝜆𝜆
𝜆𝜆2

𝑈𝑈𝑃𝑃𝐴𝐴 (𝑇𝑇𝑐𝑐 − 𝑇𝑇0)
𝐽𝐽𝑐𝑐2(𝑇𝑇0)𝜌𝜌𝑚𝑚

= 4
1 − 𝜆𝜆
𝜆𝜆2

ℎHeII(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)
𝑑𝑑 𝐽𝐽𝑐𝑐2(𝑇𝑇0)𝜌𝜌𝑚𝑚

=  �0.082 𝜆𝜆 = 0.4
0.26 𝜆𝜆 = 0.25  

 
Therefore, with the assumption of the critical state, this NbTi wire will exhibit global stability 
over local disturbances when operating at a current load up to 26%, i.e. 𝑗𝑗 ≤ 0.26. With a 
typical 𝐸𝐸0 = 10−4Vm−1, the normalised resistance 𝑒𝑒𝜌𝜌 = 6000. Assuming a power-law index 
of 𝑛𝑛 = 50, the maximum current load is only slight reduce to 𝑗𝑗max~0.22. 
 
We also note that the wire diameter is an effective factor for increasing cooling number, while 
cladding more stabiliser to reduce the fill factor is likely to only have a linear effect as it tends 
to increase the overall diameters as well. 

 
While it is desirable to have a global stability, it is also useful to assess the MQE enhancement 
by lateral cooling at higher current (𝑗𝑗 > 𝑗𝑗max), as shown below: 
 

ℎ𝑀𝑀𝑀𝑀𝑀𝑀
𝜅𝜅,𝐶𝐶𝐶𝐶

ℎ𝑀𝑀𝑀𝑀𝑀𝑀𝐶𝐶𝐶𝐶 =
1

�𝑗𝑗(1 − 𝜅𝜅𝑗𝑗−1)3
=  �1.9 𝜆𝜆 = 0.4

4.2 𝜆𝜆 = 0.25 �𝑗𝑗=0.5
 

 
Therefore the MQE is increased by a factor of 4 when operating at 50% loading with a 
conductor of 25% fill-factor. 

2.2.2. MgB2 SC Links with Lateral Cooling by Subcritical Helium Gas 
The MgB2 SC Link for HL-LHC has a baseline wire configuration (see Fig. 5) of 0.85mm in 
diameter with 37 MgB2 filaments. The nominal critical current at 20K is 280A, which 
corresponds to a wire engineering current density of 𝐽𝐽𝑒𝑒,𝑤𝑤(20K)~500Amm−2 = 5 × 108Am−2. 
The basic 5kA cable unit has an overall diameters of Φ = 6.5mm and consists of 18 baseline 
wires arranged in a single layer on the outer perimeter. Stabilising copper braids fills in the 
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interior of the layer of strands, therefore the effective cable engineering current is 
𝐽𝐽𝑒𝑒,Φ(20K)~150Amm−2 = 1.5 × 108Am−2. The critical current expected and measured for 
the reference 5kA cable is shown in Fig. 6. 

 
Fig 5, The baseline MgB2 wire specification for the HL-LHC SC Links. 

Baseline cooling consideration and cooling number 𝜿𝜿 
We first consider cooling of the 5kA cable unit in a flexible cryostat with a nominal hydraulic 
diameter of 𝐷𝐷𝐻𝐻~10mm. The mass flow required for the 5kA is about 0.05-0.1g/s. Hence the 
flow is laminar in the operating temperature range between 4.2K and 20K. Therefore the heat 
transfer coefficient is ℎHeG = 4𝑘𝑘HeG𝐷𝐷𝐻𝐻−1~4 − 10 Wm−2K−1 < 0.5% ℎHeII . The thermal 
conductivity of helium 𝑘𝑘HeG  decreases from 0.026 Wm−1K−1 at 20K to 0.01 Wm−1K−1at 
4.2K. The the 5kA reference cable is stabilised with copper braids (RRR=300) filled at 50% 
inside the region enclosed by the layer of wires (Fig. 6), i.e., an effective Cu cross-section of 
10mm-2and a corresponding normal resistance of 𝜌𝜌𝑛𝑛~1.5 × 10−10 Ωm  below 20K. The 
cooling number 𝜅𝜅 is  

Fig 6, Critical current of the reference 5kA cable using the baseline MgB2 wires [5]. 
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𝜅𝜅 =
𝑈𝑈𝑃𝑃𝐴𝐴 (𝑇𝑇𝑐𝑐 − 𝑇𝑇0)

𝐽𝐽𝑒𝑒,Φ
2 (𝑇𝑇0)𝜌𝜌𝑛𝑛

=
4ℎHeG(𝑇𝑇𝑐𝑐 − 𝑇𝑇0)
Φ𝐽𝐽𝑒𝑒Φ2 (𝑇𝑇0)𝜌𝜌𝑛𝑛

= �0.036 𝑇𝑇0 = 20K
0.004 𝑇𝑇0 = 4.2K   . 

 
The cooling by laminar flow of helium gas in a loosely occupied cryostat is too little achieve 
global stability at a practical current load. It is still nevertheless important to examine whether 
some enhancement in stability in terms of a higher MQE can be obtained. For the SC Links, 
the important issue is to identify the most vulnerable region along its operating temperature 
gradient.   
The increase of critical current and reduction of current at lower temperatures lead to a 
monotonous reduction of the cooling number with temperature, as shown in Fig 7(a).  The 
cooling number (blue line Fig, 6) can be increased by 500% by increasing the fill-factor of the 
braid stabiliser to near 100% and reducing the hydraulic diameter 𝐷𝐷𝐻𝐻 to 3mm. The latter is 
achievable although the implications on the cable deployment and helium pressure drop 
should be examined. The reduction of 𝜅𝜅 with temperature also leads to sharply lowered 𝑗𝑗max, 
hence even the lower operating current load at low temperatures (dashed line in Fig 7(b) for 

Fig. 7, (a) Cooling number 𝜅𝜅 as a function of temperature for the 5kA MgB2 reference cable 
at the baseline configuration (𝐷𝐷𝐻𝐻 = 10𝑚𝑚𝑚𝑚 𝑎𝑎𝑎𝑎𝑎𝑎 50% filled Cu braids) and an enhanced 
cooling of 𝐷𝐷𝐻𝐻 = 3𝑚𝑚𝑚𝑚 𝑎𝑎𝑎𝑎𝑎𝑎 ~100% filled Cu braids; (b) the corresponding global stability 
current 𝑗𝑗𝑚𝑚𝑚𝑚𝑚𝑚  with the current load 𝑗𝑗(𝑇𝑇) for 𝑗𝑗(20𝐾𝐾) = 0.4 shown in comparison. 
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𝑗𝑗(20K) = 0.4) cannot cross 𝑗𝑗max into the global stability regime. The enhanced cooling and 
stabilisation brings (blue line) 𝑗𝑗max considerably closer but not quite enough. 

Effect of lateral cooling on MQE through changes in the current scaling 
The minimum quench energy remains relevant consideration since the SC Links operate 
outside the global stability regime in the entire temperature range between 4K and 20K. As 
shown in 2.1.4, lateral cooling indeed brings MQE enhancement. The key question is whether 
optimisation can be made within the operational and design constraints to maximise the 
enhancement. The enhancement for the 5kA reference cable through the MQE scaling on the 
current load, shown in Fig. 8 as MQEJ vs 𝑇𝑇, corresponds to the term in the parentheses in (30) 
and excludes the MQE increase by a longer 𝑙𝑙𝑀𝑀𝑀𝑀𝑀𝑀 due to a lower 𝜌𝜌𝑛𝑛 and higher 𝑘𝑘 upon adding 
more stabilisation copper. The latter applies to both adiabatic and lateral cooled. In Fig. 8, the 
red lines corresponds to the adiabatic condition and blue lines for various cooling and 
stabilisation scenarios. Under the baseline configuration (Fig. 8(a)), lateral cooling makes 
little impact for the operating current of 40% loading at 20K while adding an appreciable 
enhancement for 20% current loading. Further increase of stabilisation materials, such as 100% 
fill of Cu braid (dashed) and fully copper stabilised wires (short dash) result in useful MQE 
increases for 𝑗𝑗(20K) = 0.2  (Fig. 8(b)), but still insignificant (Fig. 8(c)) for the required 
𝑗𝑗 = 0.4, which clearly demands an enhanced heat transfer by 𝐷𝐷𝐻𝐻 = 3mm and a Cu braid 
filled at near 100% (dotted). 

Overall MQE enhancement by lateral cooling 
While the underlying mechanism for a lateral cooling enhanced MQE is by varying its current 
scaling, there are consequential impacts on the temperature scaling resulting further changes 
in the MQE. The dimensioned MQE ℎ𝑀𝑀𝑀𝑀𝑀𝑀 (13) obtained from 𝜂𝜂𝑀𝑀𝑀𝑀𝑀𝑀 = 2

𝜋𝜋
(𝜋𝜋 + 2√2) takes all 

the thermoelectric properties at constant temperature 𝑇𝑇0. For the SC Links operating in a range 
of temperatures, the MQE distribution should account for several temperature effects: 
 

Fig. 8, MQE enhancement (blue lines) by lateral cooling for 5kA reference cable due to effect on the current 
scaling (MQEJ as in the parentheses of (30)) for (a) the baseline cable configuration and cooling, (b-c)by 
enhanced stabilisation at j(20K) = 0.2 and 0.4 respectively, and the dotted line in (c) for enhanced cooling with a 
reduced DH=3mm. The adiabatic counterparts are shown in red lines for comparison. 
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 Most notably, the heat capacity falls into the cubit regime, i.e.,  𝐶𝐶(𝑇𝑇) ∝ 𝑇𝑇3, which 
leads to a sharply lower MQE at lower temperatures, likely to overhaul the increase in 
the current scaling by a reducing current load 𝑗𝑗(𝑇𝑇). Furthermore, 𝐶𝐶(𝑇𝑇)  should be 
averaged over the temperature range of the MPZ between 𝑇𝑇  and 𝑇𝑇𝑄𝑄 to give 
approximately  𝐶𝐶̅�𝑇𝑇,𝑇𝑇𝑄𝑄� ∝ (𝑇𝑇 + 𝑇𝑇𝑄𝑄)(𝑇𝑇2 + 𝑇𝑇𝑄𝑄2)/4. It should be noted that the lateral 
cooling affects 𝑇𝑇𝑄𝑄 through the 𝑢𝑢𝑐𝑐𝑐𝑐  transform (28), i.e., 𝑇𝑇𝑄𝑄 − 𝑇𝑇 = (1 − 𝑗𝑗)(𝑇𝑇𝑐𝑐 −
𝑇𝑇)𝑢𝑢𝑄𝑄𝑢𝑢𝑐𝑐𝑐𝑐, with 𝑢𝑢𝑄𝑄

𝑀𝑀𝑀𝑀𝑀𝑀 = 1/√2. All together we have 

𝐶𝐶̅(𝑇𝑇,𝑇𝑇𝑄𝑄) ∝
1
4
�𝑇𝑇 + 𝑇𝑇𝑄𝑄��𝑇𝑇2 + 𝑇𝑇𝑄𝑄2� and 𝑇𝑇𝑄𝑄 = 𝑇𝑇 +

1
√2

(𝑇𝑇𝑐𝑐 − 𝑇𝑇)
1 − 𝑗𝑗𝛽𝛽−2

(1 − 𝜅𝜅𝛽𝛽−2𝑗𝑗−1) (33) 

  
 Secondly, effect of (𝑇𝑇𝑐𝑐 − 𝑇𝑇0)1.5 of an increasing temperature margin is not fully cancel 

by the linearly increasing critical current 𝐽𝐽𝑐𝑐(𝑇𝑇) ∝ (1 − 𝑇𝑇/𝑇𝑇𝑐𝑐) , leaving a factor of 
�𝑇𝑇𝑐𝑐 − 𝑇𝑇.  

 Thirdly, we have �𝑘𝑘(𝑇𝑇)/𝜌𝜌𝑛𝑛(𝑇𝑇) ∝ √𝑇𝑇  in the temperature regime assuming 
Wiedemann–Franz law 𝑘𝑘(𝑇𝑇)𝜌𝜌𝑛𝑛(𝑇𝑇) = 𝐿𝐿𝑜𝑜𝑇𝑇  with the resistivity 𝜌𝜌𝑛𝑛(𝑇𝑇) at a constant 
residual level.  

 

  

Fig. 9, The overall MQET of 5kA reference cable as a function of 
temperature for different stabilisation and cooling options. 
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The combined temperature scaling of the above consideration gives an overall factor 

𝑀𝑀𝑀𝑀𝐸𝐸𝑇𝑇 =
�𝑇𝑇 + 𝑇𝑇𝑄𝑄��𝑇𝑇2 + 𝑇𝑇𝑄𝑄2�

4𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟3
 �

𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

�1 −
𝑇𝑇
𝑇𝑇𝑐𝑐
� 𝑀𝑀𝑀𝑀𝐸𝐸𝐽𝐽 

             

=
�𝑇𝑇 + 𝑇𝑇𝑄𝑄��𝑇𝑇2 + 𝑇𝑇𝑄𝑄2�

4𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟3
�

𝑇𝑇
𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟

�1 −
𝑇𝑇
𝑇𝑇𝑐𝑐
� 

1 − 𝑗𝑗(𝑇𝑇)𝛽𝛽−2(𝑗𝑗, 𝑒𝑒𝑛𝑛,𝑛𝑛)
𝛽𝛽(𝑗𝑗, 𝑒𝑒𝑛𝑛,𝑛𝑛)�𝑗𝑗[1 − 𝜅𝜅(𝑇𝑇)𝛽𝛽−2(𝑗𝑗, 𝑒𝑒𝑛𝑛,𝑛𝑛)𝑗𝑗−1(𝑇𝑇)]3

 

(34) 

 
The MQET in (13) is expressed as a ratio to the MQE of constant thermoelectric properties at 
a reference temperature 𝑇𝑇𝑟𝑟𝑟𝑟𝑟𝑟, which could be conveniently the upper temperature of 20K for 
the SC Links. Fig. 9 shows distribution of the overall MQE along the 5kA reference cable 
along the operating temperature range between 4K and 20K. It is now clear that the overall 
MQE indeed reduces with temperature from 20K and the baseline lateral cooling does not 
make a meaningful improvement from the adiabatic condition (dashed lines). Adding more 
stabiliser by packing the Cu braid to near 100% lifts the MQE for both adiabatic and baseline 
lateral cooling (short dashed lines), the combination of �𝑘𝑘/𝜌𝜌𝑛𝑛 is proportional to the braid fill 
factor 𝜆𝜆𝑏𝑏 which is doubled from the reference 𝜆𝜆𝑏𝑏 of 50%. Furthermore, the baseline lateral 
cooling becomes a little more effective by adding almost 30% to the adiabatic MQE. What is 
more remarkable is a 500% further increase of MQE at 20K by an enhance heat transfer at a 
smaller 𝐷𝐷𝐻𝐻 = 3mm. It is worth noting, however, that the MQE does not increase so much at 
4K, where the overall MQE remains low despite a lower current load. The stability 
enhancement should therefore focus on the low temperature side. 

2.3. FURTHER STUDIES FOR COOLING OPTIMISATION 
The analysis on the lateral cooling for SC Links shows a moderate enhancement of the helium 
flow heat transfer coefficient can lead to a significant enhancement in the minimum quench 
energy MQE. The practical designs for reducing the hydraulic diameter should be considered 
and verified for considerations on the cable installation and overall pressure drop of the 
helium flow in the cryostat. 
The study also highlighted that being at a lower working current load does not alter the low 
temperature side as the most vulnerable region for instability. Therefore it is prudent to focus 
on further heat transfer enhancement at low temperatures, perhaps considering the 
introduction local flow tubulisation. 
The formulation obtained in this study can account for transverse thermal resistances, such as 
the conduction through the cable cross-section and contact resistances among the cable 
strands as well as to the stabilising matrix. Such studies should be carried out as the SC Link 
configurations become finalised. 
Finally, the analytical results obtained here allow easier parametric verification by 
experimental studies, focusing on the cooling number 𝜅𝜅. 
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3. UPDATES ON ELECTRICAL STUDIES OF SC LINKS 
A global thermal-electrical model for Hi-Lumi SC Links has been developed within this 
project and reported in D6.2. The model identified that, upon the fast discharge of a 20kA 
circuit, a field change of 0.3T is projected in the adjacent cables in a SC Link and can cause 
significant magnetisation and coupling/eddy-current heating. In particular, calculations 
showed that fully coupled filaments pose a risk of quenching the high temperature section of 
the SC Links. Using the established method for superconducting wires with twisted filaments, 
the model further concluded that the filaments were likely to be uncoupled due to the high 
resistivity of the nickel matrix of the MgB2 wire in the SC Links. Furthermore it was argued 
that the filaments required no special twisting as the strands of a 20kA are twisted at a pitch of 
400mm hence imposing an effective length of 90mm subjected to the maximum field change 
as the strands move into and out of the close proximity with the discharging cable. 
It was concluded in the D6.2 that additional studies should be carried to address the following 
issues. Firstly, there is a question about the validity of applying the ac loss calculation for 
large number of fine filaments to relatively small number of large filaments in the MgB2 wires. 
Secondly, the calculations should be updated according to the changes in the design 
parameters of the wire/cable/link, including wire performance, filament architecture, 
materials/distribution of the stabilising matrix sub/main-cable configuration, circuit layout 
within the SC Links. 
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 Fig. 10, Left (a-c): Architecture of a 2212 round wire with twisted filaments; 
Fig. 11, Right (a) Loss factor at 50K as a function frequency for wires at twist 
pitches of 8mm and 12mm. The peak corresponds to an uncoupling time 
constant (b) of < 1ms. 
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3.1. MEASUREMENTS OF AC LOSSES IN 2212 ROUND WIRES 
While the ac losses of LTS conductors have been extensively studied, the uncoupling of HTS 
round wires at intermediate temperatures have yet to be demonstrated. With the MgB2 round 
wire still undergoing intensive R&D, 2212 round wires were used as an informative substitute 
for experimental studies. Not only there is significant resemblance in the conductor 
architecture between MgB2 and 2212 round wires, the latter also have a greater maturity in 
terms of performance and industrial productions. More importantly, 2212 wires with 
controlled filament twisting have become available from manufacturers and can be used for 
systematic studies of filament uncoupling in conductors with relative small number of 
filaments as found in MgB2 round wires.  
The 2212 wires used for the AC loss measurements has a 2-layer hexagonally restacked 2212 
multifilamentary wires as shown in Fig. 11 (a). The filaments in the wires for restacking have 
some interconnections along the length hence are coupled in practice. On the other hand, the 
outer sheath of these sub-bundle wires are sufficiently thick to prevent the bridging among 
them after restacking and twisting. Fig. 10(b-c) shows are snapshots of X-ray tomography 
showing the highlighted bundle revolving 60o due to twisting.  

3.1.1. Coupling Current 
The frequency dependence of the loss factor is typical of that by coupling/eddy current (Fig. 
10(d)):  
 

Γ𝐶𝐶𝐶𝐶 = 𝜆𝜆𝑓𝑓
𝜋𝜋𝜋𝜋

𝑧𝑧2 + 1
 and 𝑧𝑧 = 2𝜋𝜋𝜋𝜋𝜏𝜏𝑓𝑓 (35) 

 
which has a peak value of Γ𝐶𝐶𝐶𝐶max = 𝜆𝜆𝑓𝑓𝜋𝜋/2 at 2𝜋𝜋𝜋𝜋𝜋𝜋=1 with 𝜆𝜆𝑓𝑓 ≤ 1 being the flux fill factor and 
𝜏𝜏 being the time constant of the coupling current. In Fig. 11(a), Γ𝐶𝐶𝐶𝐶max~0.16 for two different 
twist pitches 𝐿𝐿𝑝𝑝 of 8mm and 12mm, suggesting a small flux fill factor of  𝜆𝜆𝑓𝑓~0.1. A low flux 
fill in the restacked bundles is expected as the ac field of 1mT is too small to saturate relative 
restacked bundles of interconnected superconducting filaments. In the classic ac loss theory of 
twisted filamentary conductors, the time constant of the coupling current is determined by the 
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Fig. 12, Magnetisation loss factor of untwisted (left) and twisted (right, 𝐿𝐿𝑝𝑝 = 12𝑚𝑚𝑚𝑚 ) at different 
temperatures  



 
THERMOELECTRICAL STUDIES 

Doc. Identifier: 
HILUMILHC-Del-D6-5-v1.0 

Date: 22/05/2015  

 

Grant Agreement 284404 PUBLIC  24 / 27 

 

twist pitch and the effective transverse resistivity 𝜌𝜌𝑒𝑒𝑒𝑒across the matrix 
 

𝜏𝜏 = 𝜆𝜆𝑓𝑓
µ0
𝜌𝜌𝑒𝑒𝑒𝑒

�
𝐿𝐿𝑝𝑝
2𝜋𝜋
�
2

=
1

2𝜋𝜋𝑓𝑓𝑝𝑝
 (36) 

 
Fig. 11(a) shows that the peak position 𝑓𝑓𝑝𝑝 shifts towards higher frequency when changing the 
twist pitch from 12mm to 8mm. For 𝐿𝐿𝑝𝑝 = 12, the time constant at 50K is ~1ms which suggest 
an effective matrix resistivity of 𝜌𝜌𝑒𝑒𝑒𝑒~0.5nΩm~0.03ρcu(300K) . The time constant at 
different temperature and twist pitch were obtained as shown in Fig. 11(b). The corresponding 
𝜌𝜌𝑒𝑒𝑒𝑒, found in Fig. 11(c), is independent of 𝐿𝐿𝑝𝑝 and consistent with that of annealed pure silver 
of RRR~100. This confirms, as expected by the classical ac loss theory, that the silver matrix 
between the restacked bundles forms the transverse pathway of the coupling current. 
Whilst confirming the validity of the classical theory for coupling current among twisted 
filaments, the experimental results highlight the flux fill factor as an important parameter for 
large filaments or restacked sub-wires/bundles. 

3.1.2. Effective Diameter of Decoupling Dd  
While the coupling current loss is the compromise required for decoupling the filaments, the 

effective diameter of decoupling 𝐷𝐷𝑑𝑑ultimately determines reduction of the magnetisation loss 
of the superconductor. An effective way for ascertaining 𝐷𝐷𝑑𝑑 is measuring the magnetisation 
losses as a function of the ac field amplitude. The corresponding loss factor shows a peak at 
𝐵𝐵𝑝𝑝 where the decoupled bundles/filaments of 𝐷𝐷𝑑𝑑  is saturated, i.e., 𝐵𝐵𝑝𝑝~𝜇𝜇0𝐽𝐽𝑐𝑐𝐷𝐷𝑑𝑑/2 . The 
experimental results on untwisted and twisted (𝐿𝐿𝑝𝑝 = 12𝑚𝑚𝑚𝑚) are presented respectively in the 
left and right panes of Fig. 12. It is evident that the saturation field of the twisted sample is 
consistently lower than that of the untwisted for all the temperature measured. Assuming no 
current degradation, since none were found between samples of 12mm and 8mm twist pitch, 

Fig. 13, Right: Saturation field of untwisted (black circles) and twisted (𝐿𝐿𝑝𝑝 = 12𝑚𝑚𝑚𝑚 𝑎𝑎𝑎𝑎𝑎𝑎 8𝑚𝑚𝑚𝑚 red 
squares) as a function temperature. The implied diameter of decoupling (blue diamonds) is shown against 
the right vertical axis. Left: circles of 𝐷𝐷ℎshown illustratively over the partially decoupled bundles.  
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the 𝐵𝐵𝑝𝑝 ratio between twisted and untwisted conductors showed at different temperatures (Fig. 
13) a consistent 𝐷𝐷𝑑𝑑~0.4𝐷𝐷𝑤𝑤 = 1.6𝐷𝐷𝑏𝑏, i.e., the an effective diameter of decoupling 𝐷𝐷𝑑𝑑 about 
40% of the wire diameter 𝐷𝐷𝑤𝑤 or 1.6 times the bundle diameter 𝐷𝐷𝑏𝑏. Therefore the decoupling 
of the bundles is not complete and does not change significantly at a short pitch of 8mm. The 
decoupling is quite modest with 𝐷𝐷𝑑𝑑60% higher than that of fully decoupled, and does change 
significantly with temperatures. Therefore it seems to be mainly determined by the wire 
architecture rather than conductor performance. 

3.1.3. Further Evaluation for MgB2 Wires 
The updated filament configuration (Fig. 5) of the HiLumi MgB2 round wires has now a 3-
layer structure, packing more filaments than the number of restacked bundles in the 2212 
round wires. Therefore the classical theory for couple filaments should work even better. 
According to the results from 2212 wires, the higher matrix resistivity of Ni/Monel in the 
MgB2 wire should extend the uncoupling of MgB2 filaments and millisecond coupling current 
constant to a longer twist pitch by a factor 100. Therefore there is a scope to moderating the 
matrix resistivity for an improved stability without compromising the filament decoupling. 
For example, a target twist pitch of ~100mm could become an established specification for 
practical MgB2 round. As the baseline conductor becomes available at CERN since 2015, 
experimental studies similar to those on 2212 should now be carried out. 

4. FUTURE PLANS / CONCLUSION / RELATION TO HL-LHC 
WORK 
New analysis showed that lateral cooling by helium gas, although insufficient for global 
stability over local disturbances, can still significantly improve the MQE in SC Links when 
optimised. Hence experiments with controlled heat transfer conditions and design 
considerations for heat transfer enhancements should be carried out in the near future. 
AC loss studies on 2212 round wires, architecturally similar to MgB2 wires, confirmed the 
applicability of the classical analysis for twisted superconducting wires. The filaments in the 
MgB2 wires should remain uncoupled over a rather long twist pitch. However the effective 
diameter of decoupling will be rather large, mainly determined by the filament architecture. 
Experimental studies on the baseline MgB2 wires can now be performed as CERN as started 
to take deliveries from the manufacturer. 
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ANNEX: GLOSSARY 
 

Acronym Definition 

LTS Low Temperature Superconductors 
HTS High Temperature Superconductors 
MQE Minimum Quench Energy 
SC Superconducting 
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