PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: December 11, 2014
ACCEPTED: February 2, 2015
PUBLISHED: March 18, 2015

Higgs boson gluon-fusion production beyond threshold
in N°LO QCD

Charalampos Anastasiou,” Claude Duhr,” Falko Dulat,* Elisabetta Furlan,®
Thomas Gehrmann,? Franz Herzog®/ and Bernhard Mistlberger®

@ Institute for Theoretical Physics, ETH Zirich,
8093 Zirich, Switzerland

bCenter for Cosmology, Particle Physics and Phenomenology (CP3),
Université catholique de Louvain,
Chemin du Cyclotron 2, 1348 Louvain-La-Neuve, Belgium
¢Fermilab, Batavia, IL 60510, U.S.A.
4 Physik-Institut, Universitit Zirich,
Winterthurerstrasse 190, 8057 Zirich, Switzerland
¢ Nikhef,
Science Park 105, NL-1098 XG Amsterdam, The Netherlands
FCERN Theory Division,
CH-1211, Geneva 23, Switzerland
E-mail: babis@ethz.ch, claude.duhr@uclouvain.be,
dulatf@itp.phys.ethz.ch, efurlan@fnal.gov, thomas.gehrmann@uzh.ch,
franz.herzog@cern.ch, bmistlbe@itp.phys.ethz.ch

ABSTRACT: In this article, we compute the gluon fusion Higgs boson cross-section at N3LO
through the second term in the threshold expansion. This calculation constitutes a major
milestone towards the full N3LO cross section. Our result has the best formal accuracy
in the threshold expansion currently available, and includes contributions from collinear
regions besides subleading corrections from soft and hard regions, as well as certain loga-
rithmically enhanced contributions for general kinematics. We use our results to perform
a critical appraisal of the validity of the threshold approximation at N3LO in perturba-
tive QCD.

KeEyworDS: QCD Phenomenology, NLO Computations

ARX1v EPRINT: 1411.3584

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP03(2015)091


mailto:babis@ethz.ch
mailto:claude.duhr@uclouvain.be
mailto:dulatf@itp.phys.ethz.ch
mailto:efurlan@fnal.gov
mailto:thomas.gehrmann@uzh.ch
mailto:franz.herzog@cern.ch
mailto:bmistlbe@itp.phys.ethz.ch
http://arxiv.org/abs/1411.3584
http://dx.doi.org/10.1007/JHEP03(2015)091

Contents

1 Introduction 1
2 Analytic results for the N3LO partonic cross-section 2
2.1 The gluon-fusion cross-section 2
2.2 Next-to-soft corrections 4
2.3 Coefficients of leading logarithms with exact z dependence 7
3 Numerical results for the N3LO hadronic cross-section 12
3.1 Results in the threshold expansion 12
3.2 Results for the log>*3(1 — 2) terms in full kinematics 17
4 Conclusions 19

1 Introduction

With the discovery of the Higgs boson [1, 2|, the Standard Model is a fully predictive
theory, with all of its parameters determined experimentally. This fact renders the total
Higgs boson production cross-section an excellent precision test of the theory. Theoretical
predictions for the inclusive cross-section therefore play an important role in measurements
of Higgs-boson observables in general and in the determination of the coupling strengths
of the Higgs boson in particular.

For this reason, obtaining a reliable theoretical estimate of the gluon-fusion cross-
section, the dominant production mechanism of a Higgs boson at the LHC, has been a
major objective in perturbative QCD for the last decades. The very large size of the
next-to-leading-order (NLO) perturbative corrections in the strong coupling a; indicated a
slow convergence of the g expansion [3-6]. The smaller size of the next-to-next-to-leading
order (NNLO) corrections inspired some confidence that QCD effects beyond NNLO may
be smaller than +10%, as indicated from the variation of the renormalization scale [7—
9]. On the basis of this belief, further refinements of the cross-section with electroweak
corrections and finite quark-mass effects (at a ~ 5% level of precision) followed [10-15].

Currently, no full computation of the hadronic Higgs-boson cross-section is available
at next-to-next-to-next-to-leading order N3LO. It is possible to obtain some information
on the missing higher orders beyond NNLO in the so-called threshold limit where the
Higgs boson is predominantly produced at threshold and the additional QCD radiation
is soft. In this limit, soft QCD emissions factorize from the hard interaction and can be
resummed [16, 17]. After the completion of the NNLO corrections [7-9], it was observed
that the threshold approximation can be made to capture the bulk of the perturbative
corrections through NNLO. It is then tantalising to speculate if a similar approximation is



sufficient to predict the value of the Higgs-boson cross-section at N3LO in QCD. Recently,
various approximate N3LO cross-section estimates were put forward which rely crucially
on the threshold assumption [18, 20-22]. Given these considerations, it is important to
quantify the reliability of the threshold approximation at N3LO.

Logarithmically enhanced threshold contributions at N®LO to the cross-section coming
from the emission of soft gluons have been computed almost a decade ago [18, 19]. A few
months ago, we completed the computation of the first term in the threshold expansion,
the so-called soft-virtual term, by computing in addition the constant term proportional
to §(1 — z) [23], which includes in particular the complete three-loop corrections to Higgs
production via gluon fusion [24, 25]. Recently, some further logarithmic corrections which
belong to the second order in the threshold expansion were conjectured in refs. [22, 26].
In this paper we compute for the first time the complete second order in the threshold
expansion. This result is an important step in the direction of the computation of the N3LO
cross-section for arbitrary values of z, a goal which has only been achieved so far at N3LO
for the three-loop corrections and the single-emission contributions at two loops [27-30]. We
combine the knowledge of the single-real emission contributions with the ultra-violet and
parton-density counterterms to obtain the exact result for the first three logarithmically-
enhanced terms beyond the soft-virtual approximation. Both results combined are not only
a major milestone towards the complete Higgs-boson cross-section at N*LO, but they also
constitute the most precise calculation of the Higgs-boson cross-section at N3LO beyond
threshold.

In a second part of our paper, we use our results and perform a critical appraisal of
the threshold approximation. We define a way to quantify the convergence of the trun-
cated threshold expansion, and we perform a numerical study of the convergence of the
threshold expansion at NLO, NNLO and N3LO. Given the widely accepted dominance of
the threshold limit in Higgs production at the LHC, our study is an important ingredient
to asses the reliability of the threshold approximation at N3LO in QCD.

This paper is organised as follows: in section 2 we present our results for the complete
second term in the threshold expansion and the exact results for the coefficients of the
first three leading logarithmically-enhanced terms in the threshold limit. In section 3 we
perform a critical appraisal of the threshold expansion, both in z-space and in Mellin-space.
In section 4 we draw our conclusions.

2 Analytic results for the N3LO partonic cross-section

2.1 The gluon-fusion cross-section

In this section we present the main results of our paper. We start by giving a short review
of the inclusive gluon-fusion cross-section and its analytic properties, and then we present
our results in subsequent sections.

The inclusive cross-section ¢ for the production of a Higgs boson is given by
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where 6;; are the partonic cross-sections for producing a Higgs boson from the parton
species ¢ and j, and f; and f; are the corresponding parton densities. We have defined

the ratios ) )
miy miy

— d =4 2.2

T 3 and 2z pr (2.2)

where mp denotes the Higgs-boson mass and s and S denote the squared partonic and
hadronic center-of-mass energies. The convolution of two functions is defined as

1
(A@ B)(r) = /O da dy A(z) B(y) 8(r — zy). (2.3)

In the rest of this section we only concentrate on the partonic cross-sections. If we work
in perturbative QCD, and after integrating out the top quark, the partonic cross-sections
take the form

0;i(z 7C? S /g

with V' = N2 — 1 and N, the number of SU(N,) colours, and C = C(p?) and as = as(u?)
denote the Wilson coefficient [31-33] and the strong coupling constant, evaluated at the

scale 2. At leading order in o, only the gluon-gluon initial state contributes, 771(]('))(2) =

(1,2)

3ig9jg6(1 — z). The partonic cross-sections through NNLO, Mij (z), can be found in

refs. [7-9].

Before presenting our results, let us discuss some general properties of the N3LO coef-
(3) (3)
ij ij
only contain the three-loop corrections to inclusive Higgs production, but also contributions

ficients 7.’ (z) which will be useful in the remainder of this section. First, 0.7’ (z) does not
from the emission of up to three partons in the final state at the same order in perturbation
theory. So far, only the single-emission contributions at two loops are known for generic
values of z [27-30, 34-36], and only a few terms in the threshold expansion for the contri-
butions with up to two additional partons in the final state are known [23, 44, 45]. Each of
these contributions is ultra-violet (UV) and infra-red (IR) divergent, and the divergences
manifest themself as poles in the dimensional regulator e.

While the first three leading poles at N3LO cancel when summing over all the contribu-
tions, the coefficient of €~ is non-zero. These remaining divergences cancel when suitable
UV and IR counterterms are included. We generically write

1) = A% 0 + Pz, 6, (25)

where Ag?)(z, €) is the combined UV and IR counterterm and Xz('?)
tribution from the different particle multiplicities at N®LO. Note that each term in the

(z,€) is the (bare) con-

right-hand side has poles at € = 0, but the sum is finite. The counterterm is determined
completely from lower orders! [46-48], as well as the QCD 3 function [37-40] and the
three-loop splitting functions [42, 43].

!There is a typo in eq. (2.8) of ref. [48]. The combination 3 Pi(,?) ® P,ijl.) +3 Pi(kl) ® P,g?) in the fourth line
should be replaced by 2 Pi(,g ) ® P,i;) + 4PZ.<k1 ) ® Pé?.



The contributions arising from different multiplicities can be separated into six different
terms as

6
() =X 6(1—2) + 31— 2) 7 P (2, 0. (2.6)

where the functions XS”m

While the first term only contributes at threshold and contains the entirety of the three-loop

)(z,e) are meromorphic with at most a simple pole at z = 1.

corrections, the second term receives contributions from all additional parton emissions.

The partonic cross-sections are convoluted with the parton luminosities, and the pole
at z = 1 in the gluon-gluon initial state introduces a divergence in the integrand as z —
1. The singularities are regulated in dimensional regularisation by expanding the factors
(1 — 2)717™¢ in terms of delta functions and plus-distributions.

(1 — z)"Lome = f%(su s +Z me) [logi(: Z)L , (2.7)
7=0

where the plus-distribution is defined by its action on a test function ¢(z).

/1 &z [k’gl(i;””] ) = / 0D () o). (2.5)
0 0

In order to expose the distributions, we write

XS ™ (z,€) = Xg”m)’smg(z, €) + xz(?’m)’reg(z, €), (2.9)

with 4

only non-zero for the gluon-gluon initial state.

z,€) the residue at z = 1 (divided by (z — 1)). The singular contribution is

Similar to eq. (2.9), we can split the partonic cross-sections into a singular and a
regular part,

0 (2) = 8 () 4 DR (z) (2.10)

where the singular contribution is precisely the cross-section at threshold [18, 23] and the
regular term describes terms that are formally subleading and take the form of a polynomial
in log(1 — 2),

Z log™ (1 — ) ™"*¥(2)., (2.11)

(3 m),reg

i (z) are holomorphic in a neighbourhood of z = 1. The coefficients of

where the 7.:
these logarithms are the main subject of this paper, and in the rest of this section we show

how to explicitly determine some of the regular coefficients of the threshold logarithms.

2.2 Next-to-soft corrections

All the regular terms are formally subleading in the threshold expansion compared to the
soft-virtual term. If we want to compute these subleading corrections, we need to know



(3)(

the counterterms A; y

X

are known for arbitrary values of z. Since the coefficients of the logarithms are holomorphic,

z,€) and all process with different multiplicities contributing to

z,€). To date, however, only the counterterms and the single-emission contributions

they admit a Taylor expansion around z = 1. In this section we discuss how to approximate
the coefficients of the logarithms by their threshold expansion around z = 1. In particular,
one of the main results of this paper is the complete computation of the first subleading
term in the threshold expansion, corresponding to the value at z = 1 of the coefficients
in eq. (2.11) and dubbed the next-to-soft term in the remainder of this paper. Note that
the next-to-soft term receives for the first time contributions from the quark-gluon (and
anti-quark-gluon) initial state besides the gluon-gluon initial state.

In ref. [23] the next-to-soft term of the triple-emission contribution was computed.
Hence, we are only missing the next-to-soft corrections to the double-emission contribution
at one-loop. We have recently completed the computation of all the relevant diagrams
contributing to the next-to-soft term. In the following we only present the results of the
computation, and details of the computation will be given elsewhere. Here it suffices to
say that, unlike the contribution to the soft-virtual term [23, 45], we also need to consider
contributions from regions where the virtual gluon can be collinear to one of the external
partons besides subleading corrections to the soft and hard regions. In the following we

present the next-to-soft cross-sections 77( )( )‘(1 0 for values of the renormalization and
—z
factorization scales equal to the Higgs mass. The corresponding expressions for arbitrary

scales can be derived easily from renormalization group and DGLAP evolution. We find

353 5 20

né?;)(z),(l_z)o = —8N31log®(1—2) + ( ; . NQNf) logh(1 — 2) (2.12)

+ <56 Co — 3??) N3 + 21085N2Nf 7NCN]%] log®(1 — 2)
+ { <—181C3 . % o 2;1) N? K% G — 4211369> N2+ ﬂ Ny
+ 15098NCN?} log?(1 — 2)
{(77<4+362g3+ 23;5 c29150g> N3+ [(223@, — &égg + 830211> N?
+ 3¢+ —Cz - 17] Ny + <3 G — ;)gi) NCN]%} log(1 — 2)
(00 B aa-Ta- Bl a- Nt e+ Do) v
+|(Fat "89<3+435219<254267685361)N3i@f‘fo254<2+f222]1vf

5 49
— - N.N?
+< 27 ¢ 3 20 +729) f



587N3 247N, 181
( ¢ (2.13)

9
_ _ log®(1 —
768 256  T68N, 256N§> og’(1 = 2)

_9155]\73 899N, 15805 n 229
27648 1024 27648N,  9216N?

803N2Z 11 253 A
— 2 ) Ny logt(1 -
* < G2 T2 6912N3> f] og'(1-2)

2791, 166903 5 (3839 57691
* <_ 576 °2 T 41472 )NC ( 576 %2 13824>N
L1241, 4T3 N1 (193 211 1
576 T aarz ) N, T \576 2 T 1536 ) M3
183 7N2 361 329 7N, 7
¢ _ N2 | log®(1 —
* ( 2502 432 2592N3) <864 864NC) f ] og’(1-2)
. 1687 L1729 120073 o (4241 1589 46025
576 2 41472 ) C 192 %7 288 > 13824 )€
L (485 g€_14087i —@C—§C—145 1
96 @ T 1022 1am 192 > > 1536 ) N3
6427\ o 215 1313\ 1
—— T2 (-2 — N
i K 288 2 T 10368) < 288 ( 2+ 10368) Ng] f
1N, 11 N
* < 132 T 1mnN, ) Nf} log™(1 - )
871 283 3755 1641013\ 4
* { _7@* 72 9 1522 T asss2 > ¢
(3T, 2297 L4 20045 46859
381 ¢ 3456 > 9216 ) ¢
. §g_7g_7039 340009\ 1
* 573456 >0 248832) N,
83 431\ 1
+< @C“ C 12842_3072)]\73
125 155 157411 9859
[<M4 3+ 988 2~ 62208 > © 36 C‘”’ CQ 3456
20051\ 1 29N, 29
(= o | |N c_ 2= )N? llog(l —
* (14443 864 16 62208) NQ] f +< 432 432NC> f } og(1 - =)
1687 5 34117 . 3691 . 1457441\ 4
* < 96 am 2%~ 2304 G 5156 T 1206 2~ 995328 ) ¢
1447 2807 4001 . 5833 53237
+ <— G+ gy €263~ C T30 B o0 T 995328) c
545 2245 463 95 422195\ 1
N < %~ 42 G o301 T T B T 2T 331776) N,



41 43 5 1 1699 \ 1
+< 64C5+ 106 6C_24C3+3§2+12288>Nc3
193 139 82171 1723 229 17219
[(576 44_7 G 5r2 T 248832) ¢ _74 564 1 324%2 " 120416
103 15911\ 1
el e — (G — —— )| —|N
+< 576 288 6 @ 82944) 2] !

125 125\ 17 .,
[<_C3_3888> ”L( G+ 3888>N}Nf'

The leading logarithms in the above equations can be compared with recent results in
the literature. The coefficients of log®(1 — z) and log*(1 — z) for the gluon-gluon channel
in eq. (2.12) are in agreement with the conjecture of ref. [22]. In ref. [22] a conjecture was
also formulated for the colour and flavour structure of the coefficient of log®(1 — z) up to
a rational parameter 51(5). We confirm the validity of this conjecture for the coefficient of
log®(1 — z) as well and determine fg) = 8 The log®(1 — z) coefficient for the quark-
gluon channel in eq. (2.13) agrees with the calculation of ref. [26]. The coefficients of the
remaining logarithms and the non-logarithmic terms in egs. (2.12)—(2.13) are presented for

the first time in this publication.

2.3 Coefficients of leading logarithms with exact z dependence

In this section we obtain another approximation to eq. (2.11), namely we compute the
coefficients of the three leading logarithms in eq. (2.11) with exact z dependence. Indeed,
it turns out that the coefficients of these logarithms are uniquely determined at N3LO by
requiring the cancellation of the poles in €, once the single-emission contributions and the
counterterms are known.

To be more concrete, we start from eq. (2.5) and (2.6), and expand all the contributions
in the dimensional regulator €,

) Z Ze log(1 — 2)*AM (2)

[=—3 k=0

+Z X051 +Z<3ml Y1 =2 +0(>e).  (2.14)

[=—6
In order for 171(;’) (z) to be finite, all the poles in € must cancel. This implies that the
coefficient of each power of log(1 — z) and of each plus-distribution multiplying a pole in
€ has to vanish separately, which allows us to derive a set of equations constraining the
individual contributions X( o )( ) and Al(»?”l’k) (z). In particular, we get

AG(z) X () =0, 1<0,Vk. (2.15)

(3,3,k)
ij
contributions from single-emission subprocesses, and the computation of those contribu-

(528)(2)

At this point we note that the terms proportional to Xij and x; (z) only receive
tions was recently completed for arbitrary values of z [27-30]. In particular, the computa-

tion of the single-emission processes at two loops of ref. [29] has all the logarithms log(1—z)



resummed into factors of the form (1 — z)~™¢, which makes the determination of X(3’2’k) (2)
and X(3 o )( ) straightforward. Including this information we are able to solve the system
of equations (2.15) for the coefficients of the first three leading logarithms (log®*3(1 — 2))
for all partonic initial states. Parts of the coefficients of these logarithms, corresponding
to specific colour coefficients, had already been predicted in ref. [22], and we confirm these
results. Moreover, we have checked that only the gluon-gluon and quark-gluon initial states
give non-vanishing contributions at next-to-soft level, and the values of the coefficients for
z = 1 agree with the corresponding coeflicients presented in the previous section. The
analytic results for the different partonic initial states are, for up = ur = mpy,
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13(z + 2)2HU N 13(1 — 2)(2 + 3)

96z 48z
} , (2.25)

2 2 2 2
onweg - V=12 [ [ 732429224196 , 13(z+2)
Mgy (%) = NI ¢ 3842 Y

7122 — 160z — 1092 13(z + 2)? 13(z + 2)?
Hy — H.
384z 0 oar 2t o @

(11— 2)(569z + 1301)] L N2N, [_ (z+2)2 (1—2)(z+3)

35(z+ 2)2H0 35(1—2)(z+3)

96z 48z

+N3

256z 482 24~

34722 + 2362 + 908, 35(z +2)°
3842 0 24z

119322 — 4962 — 4308 35(z + 2)2
— HO N
384z 24z
L (1=2) (5122 + 952 +48419)  35(= + 2)24 ] }
2 )

+N3 [

2304z 24z (2.26)
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2 2 2
Gaegy _ Ne =D ) (13(z+2)" | 13(1 —2)(2 +3)
w )= | "ee. 0t 482
35(z +2)2 35(1 — 2)(z + 3)
N3 | -2 2 Hy— : 2.2
e 96z 482 (2.27)

Note that né:;’m’reg(z) = 776(13’5)’reg(2) = 77((12}5)’reg(z) = 0. We have written the results in

terms of harmonic polylogarithms [55]

Hy =logz,
Hy = —log(l —2),

H_; =log(l1+2), (2.28)
Hy = Lis(2),

H_2 = —Lig(—z) .

3 Numerical results for the N3LO hadronic cross-section

In this section, we will study the numerical impact of the partonic N3LO corrections of
section 2 on the hadronic Higgs-boson production cross-section. We normalise all our
results to the leading-order hadronic cross-section, and we factor out the Wilson coefficient
(i.e., we set C' = 1). We choose the Higgs-boson mass to be my = 125GeV and compute
the cross-sections for a proton-proton collider with a center-of-mass energy of 14TeV. We
use the MSTW2008 NNLO parton densities for all orders and the corresponding value of
as(Mz) [51]. We set the renormalisation and factorisation scales equal to the Higgs-boson

Mass, (iR = jLF = M.

3.1 Results in the threshold expansion

We start our numerical analysis by studying the behavior of the hadronic cross-section at
N3LO through the first two terms in the threshold expansion. For assessing the numerical
importance of the corrections, it is useful to substitute the number of colours and number
of light quark flavours by their physical values (N, = 3, Ny = 5 respectively) into eq. (2.12)
and (2.13). We find,

n3) ()]s = = 2561og®(1 — 2) (— 115.33%)
+9591log?(1 — 2) (=  101.07%)
4 1254.029198 . . . log®(1 — z) (— —32.15%)
— 11089.328274 . . . log?(1 — 2) (—  —89.41%)
+15738.441212.. . . log(1 — 2) (—  —55.50%)
— 5872.588877.... (—  —14.31%) (3.1)
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and

W)y = 1333 log®(1 — 2) (o —14.74%)
- % logh(1 — 2) (— —0.33%)
— 114.569021 ... log3(1 — z) (=  4.58%)
+513.562980.. .. log?(1 — 2) (—  6.51%)
— 313.985230... . log(1 — 2) (—  1.77%)
+ 204.620790 . . . (=  0.83%). (3.2)

In parentheses we show the relative size of the correction which each term induces to the
hadronic cross-section relatively to the leading order contribution from ng(i?,) =6(1—2).
We find that the formally most singular terms cancel against less singular ones. In
addition to the large cancellations among different powers of logarithms, we notice that
the formal hierarchy of their magnitude does not correspond to a similar hierarchy at the
hadronic cross-section level. These observations are the same as we had already noted in
ref. [23] for the leading terms of the soft expansion. For ease of comparison, we also recite

here the analogous decomposition of the leading terms in the soft expansion [23]

log®(1 —
né‘?(z) ~ [og(z)} 216. (—93.72%)
1—=2 n

b1 o

_[loe (1=2)] o (= 20.01%)
A
[log3(1 — 2)]

_[loe =21 50y 369531 (— —39.90%)
| 1—-2z | n
T

[0 26015302 (= —52.45%)
| 1—-2z | i
[log(1 —

- Og(z)} 6062.086738 . . . (— —22.88%)
L 1== 14
1

+ 1} 1466.478272 .. . (= —5.85%)
S

(1 — 2) 1124.308887 ... (= 5.1%). (3.3)

3)

The total contribution of 7793;1 (z)| (120 to the hadronic cross-section is about 25% of the

Born contribution, while the contribution of nc(,?g’)(z)‘ (1-2)0 is about —1.38% of the Born

contribution. This has to be contrasted with the leading soft contribution at N3LO from

77;(13) (z)‘(l—z)*l which is only —2.25% of the Born. While the next-to-soft correction for

kinematics corresponding to threshold production should be suppressed, instead it turns
out to be much larger than the leading threshold contribution.

It is often preferred in the literature to perform the threshold expansion in Mellin
space. The Mellin transformation of a function f(z) is defined as

1
MIf)(N) = /0 dz N f(z). (3.4)
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The Mellin transformation is invertible, and the inverse transformation reads

c+1i00 dN N

Mg () = / NNy, (3.5)

oo 2T
where the real part of ¢ is chosen such that the poles of g(IV) lie to the left of the inte-

gration contour. One of the main properties of the Mellin transformation is that it maps
convolutions as in eq. (2.3) to the product of the Mellin transformations,

M[A® B)(N) = M[A](N) M[B](N). (3.6)

It follows that the convolution of the partonic cross-sections with the parton densities
factorises and turns into an ordinary product in Mellin space. Hence, in order to compute
the Mellin transformation of the total hadronic cross-section, we need the Mellin transfor-
mations of the parton densities. To this effect, we fit the parton densities for a fixed scale
to a functional form of the type

filz) = 2%(1 = 2)" (ci0 + cipx + cipa® +...)

for which we can easily compute the Mellin transformation using Euler’s Beta function,

- o) - 2

For the partonic cross-section we perform an expansion around the threshold limit, which

in Mellin space corresponds to taking N — oo. Through O(%), we find:

M [né?;)} (N) ~ 361log® N — 0.0013%

( )
+170.679...log° N (— 0.0226%)
+744.849 .. .log* N (— 0.2570%)
+1405.185 .. .1log®> N (— 1.0707%)
+2676.129....1og?> N (— 4.0200%)

( )

( )

+1897.141...log N — 5.1293%
+1783.692. .. — 8.0336%
log” N
110828 (— 0.0105%)
log* N
1 615.696 . .. OgN (— 0.1418%)
log® N
+2036.407 . .. Ogjv (= 0.9718%)
log> N
1 3305.246. .. OgN (= 2.9487%)
log N
+3459.105 ... Ojgv (— 5.2933%)
1
+703.037... N (— 1.7137%). (3.8)
In parentheses we show the relative size of the correction which each term induces to the
hadronic cross-section relatively to the leading order contribution from 175(,2) =0(l—2). In



Mellin space the pattern of corrections in the threshold expansion is different from the one
observed in z-space. As it was also observed for the leading soft terms and parts of the next-
to-soft terms in ref. [22], we find that through O(%) the corrections are always positive.
Nevertheless, we observe that the formally leading logarithms contribute the least to the
hadronic cross-section. In total, the soft-virtual (SV) terms (log™ N) contribute about
~ 18% of the Born to the cross-section, while the next-to-soft (NS) terms (log™ N/N)
contribute about ~ 11% of the Born. We therefore conclude that, unlike common folklore
suggests, the threshold limit does in fact not dominate the cross-section at LHC energies,
but there is a sizeable contribution from terms beyond threshold.

As we have emphasised in ref. [23], there is an ambiguity in how to convolute an
approximate partonic cross-section with the parton densities. For example, we can recast

the hadronic cross-section in the form,

o=y (ﬁn) o /™ e 2;&?) (r) (3.9)
ij
where
£ () = f;(f>~ (3.10)

o is independent of the arbitrary parameter n as long as the partonic cross-section is known
exactly. Mellin transforming eq. (3.9), we obtain

o [l 00 = i) o ] oo e [ 22 oo
ij

= S MR =) M [V ) M |

If only a finite number of terms in the threshold expansion of the partonic cross-sections
are kept,

Gij(2)
Zl—l—n

~ 65j(2)|(1_oy-1 T 0 (D) _yo F (L= 2) 635(2)| 1y FO(L—2)0 (3.12)

then the convolution integral is sensitive to varying the arbitrary parameter n. This am-
biguity is expected to be reduced when including higher-order terms in the threshold ex-
pansion. This effect was already observed at NNLO [49, 50], corresponding to expanding
around threshold the 1/z flux-factor as part of the partonic cross-section or evaluating
it unexpanded as part of the parton luminosity. A similar ambiguity appears to be re-
sponsible [53, 54] for the bulk of the difference in the numerical predictions for the Higgs
cross-section at N3LO in various approaches and implementations of threshold resumma-
tion [16, 17].

In the remainder of this section we analyse the impact of this truncation when we
use the results of section 2, which contains the most precise information on the threshold
expansion of the cross-section at N3LO to date. In order to quantify the trustworthiness
of the threshold approximation, we study the dependence of the result on the parameter n
defined through eq. (3.9), both in z and in Mellin-space.
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Figure 1. Soft-virtual and next-to-soft corrections at NLO, NNLO and N?LO normalised to the
Born cross-section in z—space as a function of the artificial parameter n in eq. (3.12).
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Figure 2. Soft-virtual and next-to-soft corrections at NLO, NNLO and N?LO normalised to the
Born cross-section in Mellin space as a function of the artificial parameter n in eq. (3.12).

In figure 1 we plot the soft-virtual and next-to-soft corrections at NLO, NNLO and
N3LO normalised to the Born cross-section in z—space as a function of the artificial pa-
rameter n in eq. (3.12). In figure 2 we plot the soft-virtual and next-to-soft corrections at
NLO, NNLO and N3LO normalised to the Born cross-section in Mellin space as a function
of the artificial parameter n in eq. (3.12). We also plot in both figures the known NLO

_ 1(3 —



NLO NNLO N3LO
z — space 63.42%  376.5%  —1106.5%
Mellin — space|  14.02%  32.71% 59.78%

Table 1. The ratio of the next-to-soft and the soft-virtual contribution in Mellin and z—space for
n =0 at NLO, NNLO and N3LO.

and NNLO corrections as straight lines since they are insensitive to the value of n. The
full NLO corrections are about 110% of the Born and the full NNLO corrections are about
60%. The sensitivity of the ‘leading soft’ corrections to n is large at all perturbative orders
and in both spaces. This sensitivity is reduced when the next-to-soft terms are included,
where a plateau at NLO and NNLO is formed for values of n larger than about —1 and
up to very large positive values of n. While an improved convergence is visible, at N3LO
the sensitivity of the next-to-soft correction in n is enhanced in comparison to NLO and
NNLO and there is much less of a plateau. The increased sensitivity of the truncated
expansion to the artificial parameter n is a symptom of the fact that the threshold limit
is less dominant at higher orders. In table 1 we present the ratio of the NS over the SV
contribution in the gluon-gluon channel (this ratio is infinite in all other channels) both in
Mellin and z—space. We observe that the ratio increases at higher perturbative orders and
hence the soft approximation is increasingly untrustworthy. This behavior is particularly
pronounced in z—space.

Is it possible to use the soft-virtual [23] or the next-to-soft approximation presented
in this article in order to estimate precisely the N3LO corrections to the Higgs cross-
section? The fact that the soft expansion does not yet appear to be convergent, as we
discussed above, does not justify such attempts theoretically. Nevertheless, efforts have
been made in the literature to guess the full N3LO corrections from available or estimated
soft terms using empirical arguments based on the experience from the behavior of the
NLO and NNLO corrections. The level of precision which must be achieved with empirical
estimations should be better than the ~ £4% N3LO scale variation [48] which corresponds
to £12% of the Born (the normalization of our plots). We do not believe that empirical
arguments should replace proper convergence criteria. However, if we entertain the idea
that a guess can be made by comparing the soft terms with the full result at NLO and
NNLO, we see that the next-to-soft approximation for n € [—1, 3] is close to the full result
at NLO (110% of the Born) and NNLO (60% of the Born) in both z—space and Mellin
space, with an envelope of predictions ranging from 109% to 140% of the Born at NLO
and from 52% to 73% of the Born at NNLO. At N3LO, the variation of the cross-section
in both spaces for the same range of n is from —22% to 33% of the Born, which is larger
than the target precision at that order.

3.2 Results for the log>*3(1 — 2) terms in full kinematics

It is clear from the above that a reliable estimate of the N3LO correction of the Higgs cross-
section requires even more terms in the threshold expansion. As explained in sections 2,
we have been able to obtain the coefficients of the log>*3(1 — z) terms in a closed form,
valid for arbitrary values of z. These corrections are insensitive to the artificial parameter
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99 a9 qaq qq qQ
log®(1 — 2)| 111.908%  —15.006% 0% 0% 0%
logh(1 — 2)| 93.868% —0.780%  0.002%  0.002%  0.009%
log®(1 — 2)|—39.201% 3.459%  0.004%  0.003%  0.017%

Table 2. The contribution of the log>*?(1 — z) in full kinematics to the hadronic cross-section
normalized to the Born, for each partonic channel.

n, and thus independent of whether we perform the computation in Mellin or z—space.
Their contribution to the hadronic cross-section from each partonic channel normalized to
the Born hadronic cross-section (setting the Wilson coefficient C' = 1) is shown in table 2.
Comparing the effect of the full log>*?(1 — 2) coefficients to the truncated ones in the
(1 — z) expansion, as in eq. (3.1) and (3.2), we find that the full coefficients give systemat-
ically lower contributions to the hadronic cross-section. Knowing the exact log®*3(1 — z)
coeflicients, we can restrict the threshold approximation only to the coefficients of the
log1%(1 — 2) terms. This mixed approach would not have been justified if we had found
that the formal threshold expansion hierarchy was reflected in the results after the inte-
gration over the parton densities. However, this is not the case and it is therefore equally
justified (or unjustified) to include the full kinematic dependence of the coefficients of the
‘leading’ logarithms. We present in figure 3 the corresponding gluon-channel contribution
to the hadronic cross-section normalised to the Born cross-section, as a function of the
artificial exponent n. As expected from the comparison of the results of table 2 in full
kinematics and the results of eqs. (2.12) in the threshold expansion for the log®*3(1 — z)
terms, the inclusion of the full leading logarithms lowers the value of the N3LO correction.
The shape as a function of n, however, does not substantially change. This indicates that
the bulk of the n dependence is carried by the coefficients of the yet-unknown log2’1’0(1 —z)
terms, and including the exact coefficients of log5’4’3(1 — z) does not substantially improve
the convergence of the threshold expansion. It is unclear whether the inclusion of the yet
unknown full coefficients for the log?!°(1 — 2) terms in the future will further reduce or
increase the cross-section. In figure 4, we include the full log5’4’3(1 — z) terms exactly and
compute the remaining known N3LO terms as a threshold expansion in Mellin space. The
reduction of the cross-section is even more pronounced in this case. For example, setting
n = 0, the pure next-to-soft approximation in Mellin space yields a positive contribution
of about 429.5% of the Born, while including the exact contribution from log>43(1 — z)
and expanding in Mellin space the remaining terms through next-to-soft yields a negative
N3LO correction of about —8.5% of the Born.

The changes that we observe by including the full coefficients of log5’4’3(1 — z) with
respect to pure next-to-soft approximations have to be compared with smaller scale varia-
tion uncertainty at N3LO [48], which is about +12% of the Born cross-section. While in
this publication we have presented the most advanced theoretical calculation of the N3LO
corrections, we conclude that this is insufficient to reduce the theoretical uncertainty of the
Higgs-boson cross-section.
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Figure 3. The hadronic cross-section at N3LO where the log”*?(1 — z) and 6(1 — z) contributions
are computed in full kinematics while the remaining log***(1 — z) terms are computed in the soft-
virtual and next-to-soft approximation in z—space as a function of the artificial parameter n. The
cross-section is normalized to the Born cross-section and only the dominant gg-channel is included.

4 Conclusions

In this paper we have presented new results for Higgs-boson production at N3LO beyond
threshold. More precisely, we have computed for the first time the full next-to-soft correc-
tions to Higgs-boson production, as well as the exact results for the coefficients of the first
three leading logarithms at N3LO. Our results constitute a major milestone towards the
complete computation of the Higgs-boson cross-section via gluon-fusion at N3LO.

Having at our disposal the formally most accurate result for the threshold expansion
available to date, we are naturally lead to the question of how reliable phenomenological
predictions based on this result would be. In a second part of our paper we therefore per-
formed a critical appraisal of the threshold approximation. Unfortunately, the convergence
of the threshold expansion appears to become less reliable with each further order in the
perturbative expansion, as formally subleading terms are not suppressed in comparison to
leading terms. In this context, we make the alarming observation that the ratio of the
next-to-soft over the soft-virtual corrections increases from NLO to NNLO and to N3LO
showing that the threshold approximation deteriorates when applied to higher orders in
the perturbative QCD expansion.

A second problem in using the threshold expansion is that there is an ambiguity in
defining the convolution integral for the hadronic cross-section from the threshold expan-
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Figure 4. The hadronic cross-section at N3LO where the log®*?(1 — z) and §(1 — z) contributions
are computed in full kinematics while the remaining log>"%(1 — z) terms are computed in the
soft-virtual and next-to-soft approximation in Mellin space as a function of the artificial parameter
n in eq. 3.12. The cross-section is normalized to the Born cross-section and only the dominant
gg-channel is included.

sion of the partonic cross-sections. We have introduced in eq. (3.9) a way to quantify
this ambiguity by introducing a parameter n such that the hadronic cross section is in-
dependent of n if no approximation is made. The truncation of the threshold expansion,
however, introduces a dependence on n, and the size of this dependence is a measure for
the convergence of the threshold expansion. We have performed a numerical study of the
n-dependence by including terms beyond the strict threshold limit, both in z-space and
in Mellin-space. We observe that in all cases the numerical dependence on n is decreased
when including corrections beyond threshold, in agreement with the expectations. At NLO
and NNLO, a plateau (numerically close to the true value) forms when next-to-soft terms
are included. At N3LO, however, we observe that no plateau is visible, indicating that
empirical estimations of the N3LO cross-section based on the experience from NLO and
NNLO may fail. In fact, by including our exact results with full kinematic dependence
of the coefficients of the first three leading logarithms we observe that the hadronic cross-
section shifts significantly to lower values than what one obtains with the next-to-soft
approximation.

Based on these considerations, we conclude that it is not possible at this point to
obtain a reliable prediction for the Higgs-boson cross-section at N3LO, and that further
theoretical developments are needed to achieve this goal. This is left for future work.
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