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1. — INTRODUCTION

In recent years, the problem of bound states of a fermicon in a fixed Dirac
monopole [1] or in a 't Hooft-Polyakov monopole [2] has been exteunsively discussed
[3-20]. In this paper the bound system of a fermion and a fixed Dirac dyonm will be
discussed further [9,17]. As is well known for the system of a fermion and a Dirac
monopole, there is the Lipkin-Weisberger-Peshkin (LWP) difficulty [21] in the
angular momentum states j = Jq|-% which shows up in the fermion's radial wave
functions at the origin. The radial wave functions of the fermion in the angular
momentum state j = [q|-3 do not vanish at the origin. This means that the fermion
in these states goes through the monopole; thus, the Hamiltonian of the system is
i1l defined at the origin. To avoid this difficulty, an infinitesimal extra
magnetic moment is endowed to the fermion by Kazama and Yang [5,6]. In Ref. [9] we
showed that for the system of a fermion and a Dirac dyon there is also the LWP
difficulty in the angular momentum states j » |q|+% when the dyom charge Zd exceeds
some critical value Zg. In order to avoid the LWP difficulty, besides the
Kazama—-Yang term —(Kq/2Mr3)B§.;, the term i(KZZde2/2Mr3);.; should be considered
also. But in the case Zd < Zc, the Hamiltonian of the system is well defined at the
origin, so we can solve the bound-state energy for j » |q|+i without the
Kazama~Yang term [5] and the term i(KZZdez/ZMr3);.; [9]. The results show that the
bound-state energy is hydrogen-like [17].

In this paper, wave functions of bound states for a fermion and a Dirac dyon
with charge Zd < Zg and for j » lq|+% are obtained. Using these wave functioms,
matrix elements of this system in the external electromagnetic field are calculated

and the corresponding selection rules are shown.

2. — THE BASIC EQUATION AND ITS SOLUTION

In this section we first review the basic equation to fix our conventions. The

Hamiltonian of this system is [17]:

H=-(-i7-ZeA)$ BM -, 2.1)

where A is the vector potential of the dyon. In order to remove the string of
singularities, A is defined in terms of two or more functions in a corresponding
number of overlapping regions [3]. A = ZZ e2, Z is the electric charge of the

d

fermion which is an integer, and Z, is the electric charge of the dyon which need

d
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not be an integer. For the states j 2 |ql|+} there are two types of simultaneous

eigensections of -52"]2’ and H [4]:

ﬁ[‘m , l\.‘”jtl:,
Type A =4 > ] (2.2)
i r @ |» (]N&H/l)
_Lh,w:;
ll( )3(.9
(2 -
Type B Ai‘ =-,L ) (]3'&“”/2) (2.3)
im -k 3
where
dq, ) ey
jjm_—.c+j c#) (2.4)
(&Y
m"s‘ﬁ tc 4’3 (2.5)
- N 112 1
=3[(2]+l+23) +(2]+I-23~) ]/z[}l(z]i-l)] (2.6)
. 12 12
~5=B>[(JJH',‘J&) —'(2]{'3-28‘) ]/2[}'(2j+])'{2 (2.7)
N 7))
ium X
AT
. = (2.8)
m > 2 :
(55) Y3y
J_ag+, /2
#0) _(2j+1) %,]{-V), m-i/2
\M= Samb) N2 _ (2.9)
J (1j+z ) \'/&,i*Vz.M’r'é
where Y is the monopole harmonic whose basic properties are tabulated in

q,L,M
Appendix A [3,22-24].
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In (2.2) and (2.3), hi(r) (i=1,2,3,4) are defined in a rather different way
than in Ref. {[4]; thus, the system of equations satisfied by hi(r) is obtained in
the compact form which i1s easily treated. According to Lemma I of Ref. [4], from

{2.1)=(2.3), we obtain, for type A:

(M-E-r) b4 (3,4 w4 hn=0,

{2.10)

(a,.—)x/r)},,(r) +(M+E +?§/r)h_,(r)= 0,

and for type B:

(M-E -vr) b+ (3p=m/r ) 1= 0

(3t b (MEEVDRI=0 (2.11)

where
. 2 12
A=[Grer=5]"0, 2y

q = Z@j, g is the strength of the magnetic monopole; Dirac quantization is that

eg = n/2 (n=0,+1,x2,...) [Ll].

We can solve (2.10) and (2.11) according to the standard treatment in

quantum-mechanics textbooks [25]. When r » 0, (2.10) is reduced to
Oy/r)her) =(ort /) b=,
(3-#) b () bty = 0. (2.13)

Setting hyj(r) = arv, hyp(r) = brv, where a and b are constants, from {2.13) we

obtain:

g.?\o\-(y“\)b-—-o
W-AM)h I A b=

From conditions of non-zero a and b, the finiteness of h;(r) and hy{(r) when r » 0,

we have

12
»:(Jl\l"?%)vi [(]‘-l- Va )l- 3—2— (Z 2, 61)2] De 0 (2.14)

Setting



(J=2(M’— ’E“)’/? =2br,  (p=(u- g2y ) (2:13)

{h.(mﬂ'p(m e3P o (gt aum),

h;(P)=2P(H-[-)'/2{>: P2 (Dﬁ (&,(?)-Q,(y)), (2.16)
/ —
i PQr({’)+(J)‘>\E/4P)Q](P)-(JL\-}->\W‘P)Q (P)=0,
P &I(e)'I'(J)"P+?\E/1:>)&2({’)—(,(—-)@/10)&”): 0 .

PQZP)'{‘(JJJH“P)Q/,(P)-()}—7\5/17)&'(?)= 0 (2.18)
POl 241-pIRl(pr-(4 N/DBp)=0, (2.19)

If we set

{ h}(F)=2p(M+E)'/2e_P/2P’) (&0-64p),

hepr=2p -2 20" (Pt 8), (2.20)
then Q3(p) satisfies (2.18), and Q,(p) satisfies (2.19}.

Equations (2.18) and (2.19) are standard confluent hypergeometric equations.
Their finite solutions at the origin are the confluent hypergeometric function
F(a,b,p):

{621,3(9)=A,,3F(J)‘7\E/'p,w+!, P,
&214((’)=A)}+F())+l">\E/P,ll)fl,P). (2.21}

From (2.2), (2.16) and (2.21), the radial wave functions are



Rupr=2bhep/p
= 41:2(}41 EJvze—P/zpy-'[AlF(ﬂJE/P;”*‘,(?) H, WH‘)S"-’/?;U“ ) (’)]

(2.22)
When p + 0, F(a,b,p) + 0, from (2.17), we have

»-NE/$
A= w4l N

Similarly, for Az and Ay, we have

~A&/
A4=j‘%:5\—”‘/‘£“A3_ (2.24)

When p » =, F(a,b,p) » ep, 50 Ri(p) is divergent. In order to aveid the

divergence, we must set v-AE/p = -n, (n=0,1,2,...) and v+1-AE/p = -m,
(@m=0,1,2,...). When n = 0, F(v-AE/p,2v+l,p) is finite, but F(v+1-AE/p,2v+l,p) is
still divergent. In order to make Ri(p) finite, we must have n = m+l,

(n=0,1,2,...), so

JRE/D==N, (N=02,3,0000)

(2.25)
Thus we obtain [17]
! -2
Eh;&)j'—‘iM{H Chid a3 ]
2 V2
=Mt 2 Zy¢”
=M nt[GGray-g-(zz,e2)*]*
(2.26)

where n = 1,2,3,...5 j » lql+%; q = Zeg % 0; eg = *},£1,+3/2,...,
po= [(j+%)2—q2]% > 0. A= ZZdez. Notice that the total angular momentum j, which is
defined in Ref. [4], is different from the total angular momentum in ordinary
quantum mechanics., Here, j can take integer as well as half-integer values. The
spectrum (2.26) is hydrogen-like, but is different from the atomic or the molecular
spectrum. If dyons exist in Nature, (2.26) leads to the possibility to look for

dyonic bound states, for example, from astronomical observations.



By the relation

by r(vtith)
=— " FGny+,X)
L,"" " POt F¢ ,

and using (2.23) and (2.25), (2.22) is reduced to: )
" 2 A2 ngy =P ¥l ) ] Te

r'(:.»+|+n)

S———=1" (P

_ h ()] r*(»m) )
T A+ 2002 T tn) n—utf }
(2.27)
Similarly, we have / /r'(»’H) 2
w2, M -2 ”‘{_______n- ()
(?) ﬂ’& (MiE"ErJ As (zﬂ+i+n)L"
+ n - o) L }
M=ot y® ey L
(2.28)
Because ggi) and ggi) are normalized, so radial wave functions Ri(p) satisfy

the following normalization condition

5737 rytabyyrofraar =1,

o =H®

Using the normalization condition of Ln(x)

oo Y
§ ax x” XL L=
| 4

PEHH) 7
ni om,

we have ~1/2
An&j_ ] n! [ | : h
1 T2\ M) T 200 T (S B/

{2.29)

3. — TRANSITION MATRIX ELEMENTS IN THE EXTERNAL ELECTROMAGNETIC FIELD

In this section we show the examples of calculation of matrix elements by

using wave functions of bound states of a fermion with a Dirac dyon.



-7 -

If the external electromagnetic field is described by the vector potential

i@"tk&ur[(,(k‘-?—wtﬂ’ (3.1)

then the interaction Hamiltomian of the fermion-Dirac dyon system in the external

electromagnetic field is:
FLNES. WY
H= -zeAX,1) (3.2)

Treat Hi as the perturbation. Suppose that within the scale of the bound system of
a fermion and a Dirac dyon, K.X << 1, the exp(iﬁ.ﬁ) # 1+iK.X+... . In order to show
the general method of the calculation of matrix elements, we discuss not only the
first term, but also the R.X term in the above expansion. Take KO along the X axis,

i along the Z axis, and work in the Coulomb gauge. Let N represeant the quantum

number set (n,q,j,m). We have

/ r(o) 1)
How™ + Hon ) (3.3)

where H' represents the part of Hi separated from the time-dependent factor

exp(-iwt}., In (3.3),

Hlw=-zea L | (0 TS D =-zea (5, )>w

(3.4)

Cr) __b?eAQKJZ'-’Q}LN,IF%m( ')H‘ﬁ)
=170k S rYao (2 T pin 3.

For Sectiom A (2.2),
h/

\J’ 3
(;)B.h’) n] 2] (.'z)a-hy n?
H’“’j:‘—-bzeA [ﬂ (2 )rsm™ ‘ﬂ‘u ( 1)~! lsm

(3.6)



(LY 40 ) 3"3/] ’
H ») =ZeAK [..D_ ( Yoto 1)"n7m _Q (on l){nf\m]
(3.7)
where
Wl o 1, 2 -
@i M1 n§3 A t=)2
-n—_st =‘£rl&r RS G‘T’A’ﬁ!r>Rt (2?"3‘]")» (> ) (3.8)
H
”y’"jj\rﬂrR (JR;&H‘)R lhrfj'"), (5t=L2)
(3.9)
sy t)
q ;\ Jc]ﬂ-j‘rm!(r (5){:"'”‘2) (3.10)

(sﬁ- £
(Yvw(r)smrs ﬁ‘n-:g"m’\{"’ 13 (Sit=1r2) (3.11)

From the calculation of matrix elements which will be shown later, the

selection rules of Hﬁ(oga
b ]

A]"—:O/ilf am=%], (3.12)
In the general co-ordinates, they are Aj = 0,%1, Am = 0,*1.
The selection rules of Hﬁsléa are
Aj: o,l,+2, am=2%l, (3.13)
In the general co-ordinates, they are Aj = 0,+1,%2, Am = 0,+],£2.
For Section B (2.3), we have similar results.
Now we show the calculations of the matrix elements.

(n)

1. g (n=2,3)
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We notice that F(a,b,Z) is reduced to a polynomial when a takes 0 or negative

integer:
- Uﬂn(n—x)n-\(n—lﬂ)
-, a2,
F¢ bP) Z L b(bt1) (bt 4- J)P (r=0.b2,)
From (3.8) we have
\ ! !
pain} A W) PO 0
‘D' G" (;)GH&Jﬁ) IP’&J ,hla-j
/
e oW Z (+) Kc) (+) “" (""
‘ ZZ:FJ: n’j-Z yxyﬂu’
b= 1i=p Ji=o =0 A= jf= J f=op~c
(3.14)
where
_ /2 &J 4 ‘
47 (MEE,.) - n .
cr&iﬂ ﬁq E"ZrJ ’ Kn]“‘A+(A=+n=+,zny)"* ,
B!

L DM r-i) - (n-241)
S Mwl)(mz) Q)

)]
Bt Puns )T JRIRMR
I“, d"‘e Pt P J)

_(z)w '+ 4 +1’) |

In {3.14), the upper (lower) sign is taken for st = 12(21).
1T
Similarly, we can calculate Qéi)qn ] I'I.J.

(dl)J'm'Jm and (YOlUGl)Jtm jm

Using the orthogonal and normalization relations of monopole harmonics [(A.2)
of Appendix A)], from (3.10) and (2.4)-(2.9), we have:

st 5 . . iR .. 7
((T, )I-hljm:: 2:'[‘(.]'-1_]){(]"'"1‘“)(]"")] , (m-—--,----,]-J), WLOH jl':], M’:'.}HH) (,}ffa)

st - S \ N
(O-l)ih'ifﬁ%n’[(]'m”)(ﬂ"'m)], (M=-(i*!),--'>]),wku '],=], m=h-l; (3.5))
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V2
sty [Grmi)aimin] 114 343-28)" (z‘+|+z&)'/f: sj-23)"
(e gt [ty R i) (iteer25)" ]

(m==(jt1),5), when kit m=mt (45)

(o) =7 [Gmb(gmin] "™
| jim 8(1+r)[(13+l)(2 3]"

[( ajt 3+36ﬁ(’i+3‘23‘)!b} [(.zi’rl +2g)”;(z]‘+l—23-)'b]

!

(m:-\}""}ji-I)r wLQ L_-]-H m:m-’ . (3.154)

(U-)St [(J m+l)(] M)]
v 83[G5-GiH) B
(= -—JJ ?'J 1), when J-]-!, M=m+ l)' (3-15e)
st (G- (G+m) 1%

[(231 | +33);(=]£|-z&) J[(=]+l+23~) ?(-1]4"‘3&) ]

. 1) 30 th . i, . if2
Oiy=F 83 tuj-:xzim]'m[(’]*'“&) F(t1-29) J [(’J*’“&)*(’J*’“’@*) ]
Cim==G-D573) when j’:j-l,m-’:—. m-1; (3.;§f)
t
(O‘l )]i"’JM: 0, when j'm' take other values. (3.13)

When st = 12(21), the upper (lower) sign is taken.

In order to calculate (Yglgcl)J,m jm* V€ need to use some properties of

monopole harmonics [3,22-24)], especially theilr addition theorem [22], and Wigner
3-j symbols [26], which are tabulated separately, in Appendices A and B. By the

tedious calculation, from (3.11) and (2.4)-(2.9), we obtain

o,oo‘)qh [(25—3{25)'/;:(2-]-3—23-)’/2] [(zﬁm&)"i (aj41-2 g})”’]
[BiGnai-n) [ernein]
- [6m GG e2) GG m) 2328 (35 ap)”
(M=-(]-l),--",(7-n)), when 1=]-21 ;,,’:m-[). (3.16a)
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(%ro )h’ “[(2] 3'}25) ’{:(-1]‘3‘36) J[@]“{‘?B—) :;:(2]{-!-25) ]
[323G-Ci-0] -3 Xag4)] 72 .
'[(3/")(]fm‘f)(]+m‘-?)(]+"')(‘j-}ﬂ)(l]-I—2&)(2j—[{-2&)] ’

(m=~(G=2),+,(3-1)), wheh j”:j‘-), M’:Ms!/» (3.16b)

(on“)j;n, - (813 [mm-n- DJ leitein]
o GEmlaG- :)(.z]-:)] [(23 1+23)(23-1- .'25)] [(.zwhg) T@J“-;&) ]
feit28) % (51252
F pemt)[(@3-00i)] ,[(ijﬂ'hg-) 3 eiH-28)"]

Jej4428%5 (34 25)]
FGHmlaGHRHIN ) TGiH-20 2] /2[(23;]]-_2&) 2(2iz12p) ]
Tejap)% (133;1—23)'/‘]} ,

(m==jryG),  when fé.f-;, e b (316
(ﬁﬁmo‘)‘;m}m @5 [(B/fr)(y,m) m—:)] (i ]_;)]
JG-mliGoei0) [ei-npei--2p])"
[gtitep s (im0 2] (G A H-2)"?)
i}(JM~I>[(13‘-1)(23‘“)]"[(13ﬂfr:e&)"‘#(zjﬂ-za-)'/*]
TG 1428 % (234 23)[2]
T G-mi)[4GIDEIHY [(:']H-Z&)(aww&)]
[(23+1%25-)/"i(23+la23)'¢] [543 (23- H})/z]}
(= ==y /]), when J—J—-!) m= m_[} (3.16d)

¥
(o) =[] o]
{[(zqﬂ-zb)(zzfm&)] [8J(J+!)] E(J;Hffpmﬂ)(l:rﬂ-)&)/2(23+J+2g)”]
F Pom)[Cero) Hamei ]},

(M-—*-]“,----)@.-;))} when 7‘!:j, m{-:mH/- (3.16e)
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st
(¥t o = emtimtmi] i
-{[(2j+l-2&)(zj+l+23)]lp[8j(5+l)]-l [an-)er23) i) % G4 ]
-FomlGerHGneB) 1},

(M=~Ci-%“‘>j), when j"==j, m’:M-’; (3.16£)

Q/o,,g;ﬁif [(m)(jmu)@mu)]”[g(ju)]"[(zﬁ:)(zj’ﬂ)]%
{gmlcmmeintp] e i) Feim=p"]
Jastps)* Gt
= sem[Giroe] Teinny) agrap ] [6H L3 Gisop)”)
LGmileitrapeien) lpei] o) % (8" ]
[Canrp i1},
(mi<3),  when j’=j+l, MLMH; (3-168)

(\6"’07);:%‘ [(%)(iw:)(]‘.mﬂ)]Vl[gc;‘m]"[czju)(ziﬁ)]4/2
Jmieitapea] e Tembr s ei-25)"]
[eiprn" e8]
£ gonn[ejineit)” T L TR L) [T o G ]
Fmileipeibhp] Uarein]
JempAe-25"] [Gittp) % (31328)" ]
(Imi<]), when R, mem-l; (3.16n)
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( %.»U‘) e =1 [(BIH)(]-MH)(]J-MI)(3+m+2)(31-m+3 )(2]-{-3—28—)(2 g )J

[RGRGE] [(z]+5)(:3+|)} 2
[Gitstap) A Gifs- z&)’fl][@fuﬁ&f’zi Git=23)" ],
( = “C]'”)f 2] ) whh =-]+l ,=:rn+ I}- (3.161)

. /
(Voo5; ,)\; A [(3/5)(3+m+2)(r’"ﬂ)(:l-'“+2)(3‘—m+3)(2j B28)(27+3124 )]' 2

BnGRIeHn] Tepsiein] ™ ,
[ajistap/ (sye525)" ] kzwﬁ&) % (o341-28) )

(M=-3-GH)),  when jojr2, mem-l (3.163)

(\/ﬂo [).,rh?'m when j'm' take other values. (3.16k)

In the above, when st = 12(21), the upper (lower) sign 1is taken.

Reference [8] presents analytic approximate results for dyon-fermion binding

energies and the corresponding bound-state wave functions for angular momentum

j » lq|+: with the Kazama-Yang term. But their results are only valid in the limit

of weak binding, M-E << M, and for small dyon charges ZZde2 << 1.
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APPENDIX A — SOME PROPERTIES OF MONOPOLE HARMONICS [3,22-24]

N
R AT CONARY

/L\z \rﬁvf-rM = M \(3"1" M !
L=I&l, 1514008042, M==L -LEL oL, (A.1)

JS‘,‘Q({BSJ?Y}L M,(B ?)\IE,L M(Gr(f) ’LJM’M_

(A.2)

For the fixed g, ¥ is orthogonal and normalized.

q,L,M

> %L,M(‘Sl*((’):\{_,n(@r‘f)

(A.3)

which is ordinary harmonics.

. LA T el ent)
\g)L)M\/a-)L",Mf ZC / { 4n

Loty Ll
( o 'y \{B_HLU M
MM M && 5 ’ (A.4)[22]

where M" = -M-M', ¢" = —q—q', L" takes all the possible values of coupled 7 and 1.'.

1/2

(A.4) is the addition theorem of monopole harmonics,
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APPENDIX B - WIGNER 3—j SYMBOLS AND C-G COEFFICIENTS [26]

1. Definition:

vy . -m —]/2 N Sy
(1. A 1;)=(_.9r W) Gmdm 10

iy ;s

2. Some symmetry properties

‘}\r ja i}>= ]N'j}jl)___(j}izi:.)
M my My Nu?n3Wﬁ "B)ﬂ,Ma !
(fz 1 ‘is)=H)?n+'};+?3 ( W3 )

3. ~ ~ ~ . A ‘;+ L~ . 5 Ny oom
<'}a“ﬂbmb’7a]53 ’“> =C")7 I j<7imb7ﬂma’7s7ﬂ7 m>

(B.1)

(B.2)

{(B.3)

(B.4)
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