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ABSTRACT: We discuss the theoretical bases that underpin the automation of the compu-
tations of tree-level and next-to-leading order cross sections, of their matching to parton
shower simulations, and of the merging of matched samples that differ by light-parton mul-
tiplicities. We present a computer program, MADGRAPHS5_AMC@NLO, capable of handling
all these computations — parton-level fixed order, shower-matched, merged — in a unified
framework whose defining features are flexibility, high level of parallelisation, and human
intervention limited to input physics quantities. We demonstrate the potential of the pro-
gram by presenting selected phenomenological applications relevant to the LHC and to a
1-TeV eTe™ collider. While next-to-leading order results are restricted to QCD corrections
to SM processes in the first public version, we show that from the user viewpoint no changes
have to be expected in the case of corrections due to any given renormalisable Lagrangian,
and that the implementation of these are well under way.
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1 Introduction

Quantum Chromo Dynamics is more than forty years old [1, 2], and perturbative calcula-
tions of observables beyond the leading order are almost as old, as is clearly documented in
several pioneering works (see e.g. refs. [3-9]), where the implications of asymptotic freedom
had been quickly understood. The primary motivation for such early works was a theoreti-
cal one, stemming from the distinctive features of QCD (in particular, the involved infrared
structure, and the fact that its asymptotic states are not physical), which imply the need
of several concepts (such as infrared safety, hadron-parton duality, and the factorisation of
universal long-distance effects) that come to rescue, and supplement, perturbation theory.
On the other hand, the phenomenological necessity of taking higher-order effects into ac-
count was also acknowledged quite rapidly, in view of the structure of jet events in eTe™
collisions and of the extraction of ag from data.

Despite this very early start, the task of computing observables beyond the Born level
in QCD has remained, until very recently, a highly non-trivial affair: the complexity of
the problem, due to both the calculations of the (tree and loop) matrix elements and the
need of cancelling the infrared singularities arising from them, has generated a very signif-
icant theoretical activity by a numerous community. More often than not, different cases
(observables and/or processes) have been tackled in different manners, with the introduc-
tion of ad-hoc solutions. This situation has been satisfactory for a long while, given that
beyond-Born results are necessary only when precision is key (and, to a lesser extent, when
large K factors are relevant), and when many hard and well-separated jets are crucial for
the definition of a signature; these conditions have characterized just a handful of cases in
the past, especially in hadronic collisions (e.g., the production of single vector bosons, jet
pairs, or heavy quark pairs).

The advent of the LHC has radically changed the picture since, in a still relatively
short running time, it has essentially turned hadronic physics into a high-precision do-
main, and one where events turning up in large-p, tails are in fact not so rare, in spite
of being characterised by small probabilities. Furthermore, the absence so far of clear
signals of physics beyond the Standard Model implies an increased dependence of discov-
ery strategies upon theoretical predictions for known phenomena. These two facts show



that presently the phenomenological motivations are extremely strong for higher-order and
multi-leg computations of all observables of relevance to LHC analyses.

While a general solution is not known for the problem of computing exactly the pertur-
bative expansion for any observable up to an arbitrarily large order in ayg, if one restricts
oneself to the case of the first order beyond the Born one (next-to-leading order, NLO
henceforth), then such a solution does actually exist; in other words, there is no need
for ad-hoc strategies, regardless of the complexity of the process under study. This re-
markable fact results from two equally important theoretical achievements. Namely, a
universal formalism for the cancellation of infrared singularities [10-14], and a technique
for the algorithmic evaluation of renormalised one-loop amplitudes [15-25], both of which
must work in a process- and observable independent manner. At the NLO (as opposed
to the NNLO and beyond) there is the further advantage that fixed-order computations
can be matched to parton-shower event generators (with either the MC@QNLO [26] or the
POWHEG [27] method — see also refs. [28-37] for early, less-developed, or newer related
approaches), thus enlarging immensely the scope of the former, and increasing significantly
the predictive power of the latter.

It is important to stress that while so far we have explicitly considered the case of
QCD corrections, the basic theoretical ideas at the core of the subtraction of infrared
singularities, of the computation of one-loop matrix elements, and of the matching to
parton showers will require no, or minimal, changes in the context of other renormalisable
theories, QCD being essentially a worst-case scenario. This is evidently true for tree-
level multi-leg computations, as is proven by the flexibility and generality of tools such as
MADGRAPH5 [38], that is able to deal with basically any user-defined Lagrangian.

In summary, there are both the phenomenological motivations and the theoretical
understanding for setting up a general framework for the computation of (any number of)
arbitrary observables in an arbitrary process at the tree level or at the NLO, with or without
the matching to parton showers. We believe that the most effective way of achieving this
goal is that of automating the whole procedure, whose technological challenges can be
tackled with high-level computer languages capable of dealing with abstract concepts, and
which are readily available.

The aim of this paper is that of showing that the programme sketched above has
been realised, in the form of a fully automated and public computer code, dubbed Mab-
GraPH5_AMCQ@NLO. As the name suggests, such a code merges in a unique framework all
the features of MADGRAPHS and of AMC@NLO, and thus supersedes both of them (and
must be used in their place). It also includes several new capabilities that were not avail-
able in these codes, most notably those relevant to the merging of event samples with
different light-parton multiplicities. We point out that MADGRAPH5_AMC@NLO contains
all ingredients (the very few external dependencies that are needed are included in the
package) that are necessary to perform an NLO, possibly plus shower (with the MC@QNLO
formalism), computation: it thus is the first public (since Dec. 16, 2013) code, and so
far also the only one, with these characteristics. Particular attention has been devoted to
the fact that calculations must be doable by someone who is not familiar with Quantum
Field Theories, and specifically with QCD. We also show, in general as well as with explicit



examples, how the construction of our framework lends itself naturally to its extension to
NLO corrections in theories other than QCD, in keeping with the fact that such a flexibility
is one of the standard features of the tree-level computations which were so far performed
by MADGRAPH, and that has been inherited by MADGRAPH5_AMC@QNLO.

It is perhaps superfluous to point out that approaches to automated computations con-
stitute a field of research which has a long history, but which has had an exponential growth
in the past few years, out of the necessities and possibilities outlined above. The number of
codes which have been developed, either restricted to leading order (LO henceforth) predic-
tions [38-53], or including NLO capabilities [54-82] is truly staggering. The level of automa-
tion and the physics scope of such codes, not to mention other, perhaps less crucial, char-
acteristics, is extremely diverse, and we shall make no attempt to review this matter here.

We have organized this paper as follows. In section 2, we review the theoretical bases
of our work, and discuss new features relevant to future developments. In section 3 we
explain how computations are performed. Section 4 presents some illustrative results,
relevant to a variety of situations: total cross sections at the LHC and future e™e™ colliders,
differential distributions in pp collisions, and benchmark one-loop pointwise predictions, in
the Standard Model and beyond. We finally conclude in section 5. Some technicalities are
reported in appendices A to D.

2 Theoretical bases and recent progress

At the core of MADGRAPHS_AMC@NLO lies the capability of computing tree-level and one-
loop amplitudes for arbitrary processes. Such computations are then used to predict phys-
ical observables with different perturbative accuracies and final-state descriptions. Since
there are quite a few possibilities, we list them explicitly here, roughly in order of increasing
complexity, and we give them short names that will render their identification unambiguous
in what follows.

1. fLO: this is a tree- and parton-level computation, where the exponents of the coupling
constants are the smallest for which a scattering amplitude is non zero. No shower
is involved, and observables are reconstructed by means of the very particles that
appear in the matrix elements.

2. fNLO: the same as fLO, except for the fact that the perturbative accuracy is the
NLO one. As such, the computation will involve both tree-level and one-loop matrix
elements.

3. LO+PS: uses the matrix elements of an fLO computation, but matches them to
parton showers. Therefore, the observables will have to be reconstructed by using
the particles that emerge from the Monte Carlo simulation.

4. NLO+PS: same as LO+PS, except for the fact that the underlying computation is
an NLO rather than an LO one. In this paper, the matching of the NLO matrix
elements with parton showers is done according to the MC@QNLO formalism.



5. MLM-merged: combines several LO+PS samples, which differ by final-state multi-
plicities (at the matrix-element level). In our framework, two different approaches,
called k;-jet and shower-k; schemes, may be employed.

6. FxFx-merged: combines several NLO+PS samples, which differ by final-state multi-
plicities.

We would like to stress the fact that having all of these different simulation possibilities
embedded in a single, process-independent framework allows one to investigate multiple
scenarios while being guaranteed of their mutual consistency (including that of the physical
parameters such as coupling and masses), and while keeping the technicalities to a minimum
(since the majority of them are common to all types of simulations). For example, one
may want to study the impact of perturbative corrections with (NLO+PS vs LO+PS) or
without (fNLO vs fLO) the inclusion of a parton shower. Or to assess the effects of the
showers at the LO (LO+PS vs fLO) and at the NLO (NLO+PS vs fNLO). Or to check how
the inclusion of different-multiplicity matrix elements can improve the predictions based
on a fixed-multiplicity underlying computation, at the LO (MLM-merged vs LO+PS) and
at the NLO (FxFx-merged vs NLO+PS).

In the remainder of this section we shall review the theoretical ideas that constitute the
bases of the computations listed above in items 1-6. Since such a background is immense,
we shall sketch the main characteristics in the briefest possible manner, and rather discuss
recent advancements that have not yet been published.

2.1 Methodology of computation

The central idea of MADGRAPHS_AMC@NLO is the same as that of the MaADGRrAPH family.
Namely, that the structure of a cross section, regardless of the theory under consideration
and of the perturbative order, is essentially independent of the process, and as such it can
be written in a computer code once and for all. For example, phase spaces can be defined
in full generality, leaving only the particle masses and their number as free parameters (see
e.g. ref. [83]). Analogously, in order to write the infrared subtractions that render an NLO
cross section finite, one just needs to cover a handful of cases, which can be done in a uni-
versal manner. Conversely, matrix elements are obviously theory- and process-dependent,
but can be computed starting from a very limited number of formal instructions, such as
Feynman rules or recursion relations. Thus, MADGRAPHS5_AMC@NLO is constructed as a
meta-code, that is a (Python) code that writes a (Python, C++, Fortran) code, the latter
being the one specific to the desired process. In order to do so, it needs two ingredients:

e a theory model;
e a set of process-independent building blocks.

A theory model is equivalent to the Lagrangian of the theory plus its parameters, such as
couplings and masses. Currently, the method of choice for constructing the model given a
Lagrangian is that of deriving its Feynman rules, that MADGRrAPH5_AMC@NLO will eventu-
ally use to assemble the matrix elements. At the LO, such a procedure is fully automated in



FEYNRULES [84-89]. NLO cross sections pose some extra difficulties, because Feynman rules
are not sufficient for a complete calculation — one needs at least UV counterterms, possibly
plus other rules necessary to carry out the reduction of one-loop amplitudes (we shall gener-
ically denote the latter by Ro, adopting the notation of the Ossola-Papadopoulos-Pittau
method [18]). These NLO-specific terms are presently not computed by FeyNRuLes! and
have to be supplied by hand,? as was done for QCD corrections to SM processes. Therefore,
while the details are unimportant here, one has to bear in mind that there are “LO” and
“NLO” models to be employed in MADGRAPH5_AMC@NLO — the former being those that
could also be adopted by MADGRAPH5, and the latter being the only ones that permit the
user to exploit the NLO capabilities of MADGRAPH5_AMC@NLO.

Given a process and a model, MADGRAPH5_AMC@NLO will build the process-specific
code (which it will then proceed to integrate, unweight, and so forth) by performing two
different operations. a) The writing of the matrix elements, by computing Feynman di-
agrams in order to define the corresponding helicity amplitudes, using the rules specified
by the model. b) Minimal editing of the process-independent building blocks. In the ex-
amples given before, this corresponds to writing definite values for particles masses and
the number of particles, and to select the relevant subtraction terms, which is simply done
by assigning appropriate values to particle identities. The building blocks modified in this
manner will call the functions constructed in a). Needless to say, these operations are
performed automatically, and the user will not play any role in them.

We conclude this section by emphasising a point which should already be clear from the
previous discussion to the reader familiar with recent MADGRAPH developments. Namely
that, in keeping with the strategy introduced in MADGRAPH5 [38], we do not include among
the process-independent building blocks the routines associated with elementary quantities
(such as vertices and currents), whose roles used to be played by the HELAS routines [91]
in previous MADGRAPH versions [39, 51]. Indeed, the analogues of those routines are now
automatically and dynamically created by the module ALOHA [92] (which is embedded
in MADGRAPH5_AMC@NLO), which does so by gathering directly the relevant information
from the model, when this is written in the Universal FEYNRULES Output (UFO [93])
format. See section 2.3.1 for more details on this matter.

2.2 General features for SM and BSM physics

Since the release of MADGRAPH5 a significant effort, whose results are now included in
MADGRAPHS_AMC@NLO, went into extending the flexibility of the code at both the in-
put and the output levels. While the latter is mostly a technical development (see ap-
pendix B.6), which allows one to use different parts of the code as standalone libraries
and to write them in various computer languages, the former extends the physics scope of
MADGRAPH5_AMC@QNLO w.r.t. that of MADGRAPH5 in several ways, and in particular for
what concerns the capability of handling quantities (e.g., form factors, particles with spin
larger than one, and so forth) that are relevant to BSM theories. Such an extension, to be

'We expect they will in the next public version [90], since development versions exist that are already
capable of doing so — see e.g. section 4.3.
2Note that these are a finite and typically small number of process-independent quantities.



discussed in the remainder of this section and partly in section 2.3.1, goes in parallel with
the analogous enhanced capabilities of FEYNRULES, and focuses on models and on their use.
Thus, it is an overarching theme of relevance to both LO and NLO simulations, in view of
the future complete automation of the latter in theories other than the SM. Some of the
topics to which significant work has been lately devoted in MADGRAPH5_AMC@NLO, and
which deserve highlighting, are the following:

1. Complex mass scheme (section 2.2.1).

2. Support of various features, of special relevance to BSM physics (section 2.2.2).
3. Improvements to the FEYNRULES/UFO/ALOHA chain (section 2.3.1).

4. Output formats and standalone libraries (appendix B.6).

5. Feynman gauge in the SM (section 2.4.2).

6. Improvements to the front-end user interface (the MADGRAPH5_AMC@NLO shell —
appendix A).

7. Hierarchy of couplings: models that feature more than one coupling constant order
them in terms of their strengths, so that for processes with several coupling combi-
nations at the cross section level only the assumed numerically-leading contributions
will be simulated (unless the user asks otherwise) — section 2.4 and appendix B.1.

We would finally like to emphasise that in the case of LO computations, be they fLO,
LO+PS, or merged, one can always obtain from the short-distance cross sections a set of
physical unweighted events. The same is not true at the NLO: fNLO cross sections cannot
be unweighted, and unweighted MCQNLO events are not physical if not showered. This
difference explains why at the LO we often adopt the strategy of performing computations
with small, self-contained modules whose inputs are Les Houches event (LHE henceforth)
files [94, 95], while at the NLO this is typically not worth the effort — compare e.g. appen-
dices B.3 and B.4, where the computation of scale and PDF uncertainties at the NLO and
LO, respectively, is considered. Further examples of modules relevant to LO simulations
are given in section 2.3.3.

2.2.1 Complex mass scheme

In a significant number of cases, the presence of unstable particles in perturbative calcu-
lations can be dealt with by using the Narrow Width Approximation (NWA).? However,
when one is interested in studying either those kinematical regions that correspond to such
unstable particles being very off-shell, or the production of broad resonances, or very in-
volved final states, it is often necessary to go beyond the NWA. In such cases, one needs
to perform a complete calculation, in order to take fully into account off-shell effects, spin
correlations, and interference with non-resonant backgrounds in the presence of possibly
large gauge cancellations. Apart from technical difficulties, the inclusion of all resonant

3See section 2.5 for a general discussion of the NWA and of other related approaches.



and non-resonant diagrams does not provide one with a straightforward solution, since the
(necessary) inclusion of the widths of the unstable particles — which amounts to a resum-
mation of a specific subset of terms that appear at all orders in perturbation theory —
leads, if done naively, to a violation of gauge invariance. While this problem can be evaded
in several ways at the LO (see e.g. refs. [96-101]), the inclusion of NLO effects complicates
things further. Currently, the most pragmatic and widely-used solution is the so-called
complex mass scheme [102, 103], that basically amounts to an analytic continuation in the
complex plane of the parameters that enter the SM Lagrangian, and which are related
to the masses of the unstable particles. Such a scheme can be shown to maintain gauge
invariance and unitarity at least at the NLO, which is precisely our goal here.

In MaDGRrRAPH5_AMC@NLO it is possible to employ the complex mass scheme in the
context of both LO and NLO simulations, by instructing the code to use a model that in-
cludes the analytical continuation mentioned above (see the Setup part of appendix B.1 for
an explicit example). For example, at the LO this operation simply amounts to upgrading
the model that describes SM physics in the following way [102]:

e The masses m; of the unstable particles are replaced by \/m% —amgly .

e The EW scheme is chosen where a(my), mz, and my (the former a real number, the
latter two complex numbers defined as in the previous item) are input parameters.

e All other parameters (e.g., Gr and 6y ) assume complex values. In particular, Yukawa
couplings are defined by using the complex masses introduced in the first item.

At the NLO, the necessity of performing UV renormalisation introduces additional com-
plications. At present, the prescriptions of ref. [103] have been explicitly included and
validated. As was already mentioned in section 2.1, this operation will not be necessary in
the future, when it will be replaced by an automatic procedure performed by FEYNRULES.

2.2.2 BSM-specific capabilities

One of the main motivations to have very precise SM predictions, and therefore to include
higher order corrections, is that of achieving a better experimental sensitivity in the context
of New Physics (NP) searches. At the same time, it is necessary to have as flexible,
versatile, and accurate simulations as is possible not only for the plethora of NP models
proposed so far, but for those to be proposed in the future as well. These capabilities have
been one of the most useful aspects of the MADGRAPHS suite; they are still available in
MADGRAPHS_AMC@NLO and, in fact, have been further extended.

As was already mentioned, the required flexibility is a direct consequence of using the
UFO models generated by dedicated packages such as FEYNRULES or SARAH [104], and of
making MADGRAPH5_AMC@NLO compatible with them. Here, we limit ourselves to listing
the several extensions recently made to the UFO format and the MADGRAPHS5_AMC@QNLO
code, which have a direct bearing on BSM simulations.

e The possibility for the user to define the analytic expression for the propagator of a
given particle in the model [105].



e The implementation of the analytical formulae for two-body decay widths [106], which
allows one to save computing time when the knowledge of the widths of all unstable
particles in the model is needed (see section 2.3.2).

e The possibility to define form factors (i.e., coupling constants depending on the kine-
matic of the vertex) directly in the UFO model. Note that, since form factors cannot
be derived from a Lagrangian, they cannot be dealt with by programs like FEYNRULES,
and have therefore to be coded by hand in the models. In order to be completely
generic, the possibility is also given to go beyond the format of the current UFO
syntax, and to code the form factors directly in Fortran.?

e Models and processes are supported that feature massive and massless particles of
spin 3/2 [105]. This implies that all spins are supported in the set {0,1/2,1,3/2,2}.

e The support of multi-fermion interactions, including the case of identical particles
in the final state, and of UFO models that feature vertices with more than one
fermion flow. Multi-fermion interactions with fermion-flow violation, such as in the
presence of Majorana particles, are not supported. Such interactions, however, can
be implemented by the user by splitting the interaction in multiple pieces connected
via heavy scalar particles, a procedure that allows one to define unambiguously the
fermion flow associated with each vertex.

While not improved with respect to what was done in MADGRAPH5, we remind the reader
that the module responsible for handling the colour algebra is capable of treating particles
whose SU.(3) representation and interactions are non-trivial, such as the sextet and ¢“/*-
type vertices respectively.

2.3 LO computations

The general techniques and strategies used in MADGRAPHS5_AMC@NLO to integrate a tree-
level partonic cross section, and to obtain a set of unweighted events from it, have been
inherited from MADGRAPH5; the most recent developments associated with them have been
presented in ref. [38], and will not be repeated here. After the release of MADGRAPH5, a
few optimisations have been introduced in MADGRAPH5_AMC@NLOQO, in order to make it
more efficient and flexible than its predecessor. Here, we limit ourselves to listing the two
which have the largest overall impact.

1. The phase-space integration of decay-chain topologies has been rewritten, in order
to speed up the computations and to deal with extremely long decay chains (which
can now easily extend up to sixteen particles). In addition, the code has also been
optimised to better take into account invariant-mass cuts, and to better handle the
case where interference effects are large.

“Which obviously implies that this option is not available should other type of out-
puts be chosen (see appendix B.6). Further details are given at: https://cp3.irmp.ucl.ac.be
/projects/madgraph /wiki/FormFactors.
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2. It is now possible to integrate matrix elements which are not positive-definite.? This is
useful e.g. when one wants to study a process whose amplitude can be written as a sum
of two terms, which one loosely identifies with a “signal” and a “background”. Rather
than integrating |S 4+ B|?, one may consider |S|? +2R(SB*) and |B|* separately,
which is a more flexible approach (e.g. by giving one the possibility of scanning a
parameter space, in a way that affects S while leaving B invariant), that also helps
reduce the computation time by a significant amount. One example of this situation
is the case when |B|2 is numerically dominant, and thus corresponds to a very large
sample of events which can however be generated only once, while smaller samples
of events, that correspond to |S|* + 2R(SB*) for different parameter choices, can be
generated as many times as necessary. Another example is that of an effective theory
where a process exists (S) that is also present in the SM (B). In such a case, it
is typically |B|? + 2R(SB*) which is kept at the lowest order in 1/A (with A being
the cutoff scale). Finally, this functionality is needed in order to study the large-
N. expansion in multi-parton amplitudes, where beyond the leading 1/N. terms the
positive definiteness of the integrand is not guaranteed.

In the following sections, we shall discuss various topics relevant to the calculation of
LO-accurate physical quantities. Section 2.3.1 briefly reviews the techniques employed
in the generation of tree-level amplitudes, emphasising the role of recent UFO/ALOHA
developments. Section 2.3.2 presents the module that computes the total widths of all
unstable particles featured in a given model. Section 2.3.3 describes reweighting techniques.
Finally, in section 2.3.4 we review the situation of MLM-merged computations.

2.3.1 Generation of tree-level matrix elements

The computation of amplitudes at the tree level in MADGRAPH5_AMC@NLO has a scope
which is in fact broader than tree-level physics simulations, since all matrix elements used
in both LO and NLO computations are effectively constructed by using tree-level tech-
niques. While this is obvious for all amplitudes which are not one-loop ones, in the case of
the latter it is a consequence of the L-cutting procedure, which was presented in detail in
ref. [68] and which, roughly speaking, stems from the observation that any one-loop diagram
can be turned into a tree-level one by cutting one of the propagators that enter the loop.
Furthermore, as was also explained in ref. [68] and will be discussed in section 2.4.2, all
of the companion operations of one-loop matrix element computations (namely, UV renor-
malisation and Rs counterterms) can also be achieved through tree-level-like calculations,
which are thus very central to the whole MADGRAPHS_AMCQ@NLO framework.

The construction of tree-level amplitudes in MADGRAPH5_AMC@NLO is based on three
key elements: Feynman diagrams, helicity amplitudes, and colour decomposition. Helicity
amplitudes [107-113] provide a convenient and effective way to evaluate matrix elements
for any process in terms of complex numbers, which is quicker and less involved than one

SWe stress that this statement is non-trivial just because it applies to LO computations. In the context
of NLO simulations this is the standard situation, and AMCQNLO has obviously been always capable of
handling it.



based on the contraction of Lorentz indices. As the name implies, helicity amplitudes
are computed with the polarizations of the external particles fixed. Then, by employing
colour decompositions [114-116], they can be organised into gauge-invariant subsets (often
called dual amplitudes), each corresponding to an element of a colour basis. In this way,
the complexity of the calculation grows linearly with the number of diagrams instead of
quadratically; furthermore, the colour matrix that appears in the squared amplitude can
be easily computed automatically (to any order in 1/N.) once and for all, and then stored
in memory. If the number of QCD partons entering the scattering process is not too large
(say, up to five or six), this procedure is manageable notwidthstanding the fact that the
number of Feynman diagrams might grow factorially. Otherwise, other techniques that
go beyond the Feynman-diagram expansion have to be employed [45, 49, 52, 117]. The
algorithm used in MADGRAPH5_AMC@NLO for the determination of the Feynman diagrams
has been described in detail in ref. [38]. There, it has been shown that it is possible to
efficiently “factorise” diagrams, such that if a particular substructure shows up in several
of them, it only needs to be calculated once, thus significantly increasing the speed of the
calculation. In addition, a not-yet-public version of the algorithm can determine directly
dual amplitudes by generating only the relevant Feynman diagrams, thereby reducing the
possible factorial growth to less than an exponential one.

The diagram-generation algorithm of MADGRAPH5_AMC@NLO is completely general,
though it needs as an input the Feynman rules corresponding to the Lagrangian of a given
theory. The information on such Feynman rules is typically provided by FEYNRULES, in a
dedicated format (UFO). We remind the reader that FEYNRULES is a MATHEMATICA-based
package that, given a theory in the form of a list of fields, parameters and a Lagrangian, re-
turns the associated Feynman rules in a form suitable for matrix element generators. It now
supports renormalisable as well as non-renormalisable theories, two-component fermions,
spin-3/2 and spin-2 fields, superspace notation and calculations, automatic mass diagonal-
ization and the UFO interface. In turn, a UFO model is a standalone Python module, that
features self-contained definitions for all classes which represent particles, parameters, and
so forth. With the information from the UFO, the dedicated routines that will actually per-
form the computation of the elementary blocks that enter helicity amplitudes are built by
ALOHA. Amplitudes are then constructed by initializing a set of external wavefunctions,
given their helicities and momenta. The wavefunctions are next combined, according to the
interactions present in the Lagrangian, to form currents attached to the internal lines. Once
all of the currents are determined, they are combined to calculate the complex number that
corresponds to the amplitude for the diagram under consideration. Amplitudes associated
with different diagrams are then added (as complex numbers), and squared by making use
of the colour matrix calculated previously, so as to give the final result. We point out
that versions of MADGRAPH earlier than MADGRAPH5S used the HELAS [91, 118] library
instead of ALOHA. By adopting the latter, a significant number of limitations inherent to
the former could be lifted. A few examples follow here. ALOHA is not forced to deal with
pre-coded Lorentz structures; although its current implementation of the Lorentz algebra
assumes four space-time dimensions, this could be trivially generalised to any even integer,
as the algebra is symbolic and its actual representation enters only at the final stage of the
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output writing; its flexibility has allowed the implementation of the complex mass scheme
(see section 2.2.1), and of generic UV and Rz computations (see section 2.4.2); it includes
features needed to run on GPU’s, and the analogues of the HEGET [119, 120] libraries
can be automatically generated for any BSM model; finally, it caters to matrix-element
generators other than MADGRAPH, such as those now used in HErwiG++ [121, 122] and
PyTHIA8 [123]. Since its release in 2011 [92], several important improvements have been
made in ALOHA. On top of the support to the complex mass scheme and to the Feynman
gauge, and of specific features relevant to one-loop computations (which are discussed in
sects. 2.2.1 and 2.4.2), we would like to mention here that there has been a conspicuous gain
in speed, both at the routine-generation phase as well as in the actual evaluation, thanks
to the extensive use of caching. In addition, the user is now allowed to define the form of
a propagator (which is not provided by FEYNRULES), while previously this was determined
by the particle spin: non-trivial forms, such as those relevant to spin-2 particles in ADD
models [124], or to unparticles, can now be used.

2.3.2 Width calculator

Among the basic ingredients for Monte Carlo simulations of new-physics models are the
masses and widths of unstable particles; which particle is stable and which unstable may
depend on the particular parameter benchmark chosen. Masses are typically obtained by
going to the mass eigenbasis and, if necessary, by evolving boundary conditions from a large
scale down to the EW one. Very general codes exist that perform these operations starting
from a FEYNRULES model, such as ASPERGE [89]. The determination of the corresponding
widths, on the other hand, requires the explicit calculation of all possible decay channels
into lighter (SM or BSM) states. The higher the number of the latter, the more daunting
it is to accomplish this task by hand. Furthermore, depending on the mass hierarchy
and interactions among the particles, the computation of two-body decay rates could be
insufficient, as higher-multiplicity decays might be the dominant modes for some of the
particles. The decay channels that are kinematically allowed are highly dependent on the
mass spectrum of the model, so that the decay rates need to be re-evaluated for every choice
of the input parameters. The program MADWIDTH [106] has been introduced in order to
address the above issues. In particular, MADWIDTH is able to compute partial widths for
N-body decays, with arbitrary values of N, at the tree-level and by working in the narrow-

6

width approximation.” The core of MADWIDTH is based on new routines for diagram

generation that have been specifically designed to remove certain classes of diagrams:

e Diagrams with on-shell intermediate particles. If the kinematics of an A — n-
particles decay allows an internal particle B, that appears in an s-channel, to be
on shell, the corresponding diagram can be seen as a cascade of two decays, A —
B+ (n—k)-particles followed by B — k-particles. It is thus already taken into account
in the calculation of lower-multiplicity decay channels, and the diagram is discarded.

SEven if those two assumptions are quite generic, there are particles for which they do not give
sufficiently-accurate results, such as the Standard Model Higgs, which has significant loop-induced decay
modes.
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e Radiative diagrams. Roughly speaking, if one or more zero-mass particles are
radiated by another particle, the diagram is considered to be a radiative correction
to a lower-multiplicity decay — the interested reader can find the precise definition
in ref. [106]. Such a diagram is therefore discarded, because it should be considered
only in the context of a higher-order calculation. Furthermore, all diagrams with the
same coupling-constant combination and the same external states are also discarded,
so that gauge invariance is preserved.

MaDWIDTH begins by generating all two-body decay diagrams, and then iteratively adds
extra final state particles with the condition that any diagram belonging to either of the
classes above is forbidden. This iterative procedure stops when all N = 4 modes have
been considered, or estimated to be numerically irrelevant.” All diagrams thus generated
are integrated numerically. MADWIDTH uses several methods to reduce significantly the
overall computation time. Firstly, it features two fast (and conservative) estimators, one
for guessing the impact of adding one extra final-state particle before the actual diagram-
generation phase, and another one for evaluating the importance of a single integration
channel. Both of these estimators are used to neglect parts of the computation which are
numerically irrelevant. Secondly, if the model is compatible with the recent UFO extension
of ref. [106], and thus includes the analytical formulae for two-body decays, then the code
automatically uses those formulae and avoids the corresponding numerical integrations.

We conclude this section by remarking that, although essential for performing BSM
cross-section computations, MADWIDTH should be seen as a complement for the existing
tools that generate models. This is because the information it provides one with must
be available before the integration of the matrix elements is carried out but, at the same
time, really cannot be included in a model itself, since it depends on the chosen bench-
mark scenario. For more details on the use of this model-complementing feature in MAD-
GrAPH5_AMCQ@NLO, and of its mass-matrix diagonalisation analogue to which we have
alluded above, see the Setup part of appendix B.1.

2.3.3 Event reweighting

The generation of large samples of events for experimental analyses can be a very time-
consuming operation, especially if it involves a full simulation of the detector response.
It is therefore convenient, whenever possible, to apply corrections, or to study systemat-
ics of theoretical or modelling nature, by using reweighting techniques. The reweighting
of either one-dimensional distributions or that performed on a event-by-event basis are
equally-common practices in experimental physics. Although the basic idea (that a non-
null function can be used to map any other function defined in the same domain) behind
these two procedures is the same, one must bear in mind that they are not identical, and
in particular that the former can never be proven to be formally correct, since correlations
(with other, non-reweighted variables) may be lost or modified, while the latter is correct
in general, at least in the limit of a large number of events. For this reason, we consider
only event-by-event reweighting approaches in what follows.

"Both of these conditions can be controlled by the user.
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Thanks to its flexibility and the possibility of accessing a large amount of information
in a direct and straightforward manner (model and running parameters, matrix elements,
PDFs, and so forth) MADGRAPH5_AMC@NLO provides one with an ideal framework for
the implementation of such approaches. The strategy is rather simple: one starts with a
set of hard events, such as those contained in an LHE file, and rescales their weights:

Whew = T Wold (2.1)

without modifying their kinematics. The rescaling factor r is not a constant, and may
change on an event-by-event basis. This implies that, even when the original sample of
events is unweighted (i.e., the wgq’s are all equal), the reweighted one will be in general
weighted (i.e., the wyeyw’s may be different), and therefore degraded from a statistical point
of view. If, however, the spread of the new weights is not too large (i.e., the r’s are
close to each other, and feature a small number of outliers), the reweigthing is typically
advantageous with respect to generating a new independent sample from scratch.

While eq. (2.1) is completely general, its practical implementation depends on the kind
of problems one wants to solve. We shall consider three of them in this section, two of
which constitute a direct application of the basic formula (2.1), and a third one which
is more sophisticated. Since these procedures address different types of physics, they are
conveniently associated with different modules in MADGRAPHS_AMCQ@NLO, but they are
all fully embedded into our framework and easily accessible through it, as we shall briefly
explain in what follows and in appendices B.4 and B.5.

The simplest example is that of the evaluation of the uncertainties through to the
variations of the renormalisation and factorisation scales, and of the PDFs. In such a case
r is easily determined by using the identities 7 and j of the initial-state partons, and the
power (b) of as in the Born matrix elements:®

B ) £ a0 ()

P g ) 157 e ) 0 st

(2.2)

It should be stressed that, although scale and PDF systematics can also be computed with
reweighting techniques at the NLO (see ref. [125]), in general they cannot be written in the
very simple form of eq. (2.1), which is that of an overall rescaling. For a direct comparison
of the NLO and LO techniques employed in this context by MADGRAPH5_AMC@NLO, and
for fuller details about them, see appendices B.3 and B.4 respectively.

Another rather simple example is that of the case where one is interested in studying
the implications of changing the modelling of a process, with the sole constraint that its
initial and final states be the same. Such a situation can for example occur when the
numerical values of the coupling constants are modified, or when the contributions of
classes of diagrams are included or eliminated (e.g., Higgs exchange in EW vector boson
scattering). The common feature of all examples of this kind is that they are associated

8There may be cases where such matrix elements do not factorise a single as factor — see e.g. section 2.4.
We limit ourselves to discussing the simplest, and more common, situation here.
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with changes to matrix elements, all computed with the same kinematic configuration.
Therefore, one can simply write:

= [Anew|* /| Aol (2.3)

which for obvious reasons is dubbed matrix-element reweighting. Despite its simplicity,
this method has very many different applications, from parameter scanning in new-physics
models (where one starts with a single sample of events, that corresponds to a given bench-
mark point, and generates as many new ones as the number of parameter configurations of
interest), to more advanced approaches, such as the inclusion of exact loop effects (Apew)
in processes that can be also, and more simply, described by effective theories (Agq) —
see refs. [126, 127] for recent results of the latter type that make use of MADGRAPH5 and
MADGRAPHS_AMC@NLO. Some further comments on matrix-element reweighting and its
practical usage in MADGRAPH5_AMC@NLO are given in appendix B.5.

We finally turn to discussing the matrix-element method [128-130], which can be seen
as a reweighting one because the weights determined at the parton level through matrix-
element computations are possibly modified by a convolution to take into account a variety
of blurring effects (such as those due to a detector). On the other hand, from the practical
point of view it turns out to be more convenient, rather than talking about reweighting
factors, to introduce a likelihood P(q|«) for the observation of a given kinematic configu-
ration (q) given a set of theoretical assumptions («). By doing so, one can just re-express
eq. (2.3) in a different language:

P(ala) = - [Aa(a)? (2.4)

with V a suitable volume factor, and &, the total rate associated with the given assump-
tions a. The advantage of eq. (2.4) is that it is suitable to handle cases which are much
more complicated than the purely-theoretical exercise of eq. (2.3), which has led to its in-
troduction here. For example, in the first approximation one may think of q as the actual
kinematic configuration measured by an experiment, whose accuracy is such that it can
be directly used as an argument of the matrix elements, as is done in eq. (2.4). Note that
this is a rather strong assumption, that in practice identifies hadron-level with parton-level
quantities, and assumes that the knowledge of the final state is complete (such as that which
one can ideally obtain in Drell-Yan production, pp — Z — £7¢7). It is clear that there are
many ways in which this simple approximation (which is used, for example, in refs. [131-
135]) can break down: the effects of radiation, of the imperfect knowledge of the detector,
of the impossibility of a strict identification of parton- with hadron-level quantities, the
uncertainties that plague the latter, the fact that all the relevant four-momenta cannot
in general be measured, are but a few examples. It is therefore necessary to generalise
eq. (2.4), which one can do as follows:

Plala) = = [ dndeado(®) O a0 D 02) AP Wiaip).  (25)

«

In eq. (2.5), we have denoted by p the parton kinematic configuration. All effects that
may turn p into the detector-level quantity q (whose dimensionality therefore need not
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coincide with that of p) are parametrised by W (q, p), called transfer function. As for any
hadron-collision measurable quantity, eq. (2.5) features the convolution with the PDFs.
The likelihood introduced in this way can be used in the context e.g. of an hypothesis test
in order to determine which among various choices of « is the most probable.

Although this method is both conceptually simple and very attractive, the numeri-
cal evaluation of P(q|«) is difficult because the transfer function W(q,p) behaves in a
way which cannot be probed efficiently by phase-space parametrisations that work well
for just the matrix elements. In order to address this issue, a dedicated program, dubbed
MADWEIGHT [136], has been introduced that includes an optimised phase-space treatment
specifically designed for eq. (2.5). The new version of the code [137] embedded in MAD-
GrAPH5_AMC@NLO features several improvements w.r.t. that of ref. [136]. It includes the
method for the approximate description of higher-order effects due to initial-state radia-
tion, as proposed in ref. [138]. Furthermore, several optimizations have been achieved that
render the computations much faster (sometimes by orders of magnitude); this allows one
to use this approach also in the case of very involved final states, such as those relevant to
Higgs production in association with a ¢t pair [139]. Further details on MADWEIGHT and
its use within MADGRAPH5_AMC@NLO can be found in appendix B.5.

2.3.4 Tree-level merging

The goal of merging is that of combining samples associated with different parton multi-
plicities in a consistent manner, that avoids double counting after showering, thus allowing
one to effectively define a single fully-inclusive sample. The tree-level merging algorithms
implemented in MADGRAPH5_AMC@NLO are a hybrid version of those available in AvLp-
GEN [45] and SHERPA [140]; they work for both SM and BSM hard processes, but are
fully automated only when the shower phase is performed with either PyTH1a6 [141] or
Pytnia8 [123] (however, there are no reasons in principle which prevents these schemes
from working with HERWIG6 [142, 143] or HErRwIG++ [121, 122]). They are based on the
use of a ky-measure [144] to define hardness and to separate processes of different multiplici-
ties, and do not perform any analytic-Sudakov reweighting of events; rather, this operation
is effectively achieved by rejecting showered events under certain conditions (see later),
which implies a direct use of the well-tuned showering and hadronization mechanisms of
the parton shower Monte Carlos.

There are two merging schemes that can be used in conjunction with PyTHia6 and
PyTHIAS; in the case of the latter, one is also given the possibility of considering CKKW-
L approaches [145-147] (after having generated the samples relevant to various parton
multiplicities with MADGRAPH5S_AMC@NLO); in what follows, we shall limit ourselves to
briefly describe the former two methods. Firstly, one has the k;-jet MLM scheme [148],
where final-state partons at the matrix-element level are clustered according to a k; jet
algorithm to find the “equivalent parton shower history” of the event. In our implemen-
tation the Feynman diagram information from MADGRAPHS5_AMC@NLO is used to retain
only those clusterings that correspond to actual Feynman diagrams. In order to mimic the
behaviour of the parton shower, the kr value for each clustering vertex associated with a
QCD branching is used as the renormalisation scale for ag in that vertex. All factorisation
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scales squared, and the renormalisation scale squared for the hard process (the process with
the zero-extra-parton multiplicity), are constructed by clustering back to the irreducible
2 — 2 system and by using the transverse mass in the resulting frame: p? = p2 + m?2. The

smallest k; value found in the jet-reconstruction procedure is restricted to be larger than

ME.

ent s if this condition is not satisfied,

some minimum cutoff scale, which we denote by Q
the event is rejected. The hard events are then showered by PyTHia: at the end of the
perturbative-shower phase, final-state partons are clustered into jets, using the very same k.
jet algorithm as before, with the jets required to have a transverse momentum larger than a
given scale Quatch, With Qmaten > Q%{E The resulting jets are compared to the partons at
the hard subprocess level (i.e., those that result from the matrix-element computations): a
jet 7 is said to be matched to a parton p if the distance between the two, defined according
to ref. [144], is smaller than the minimal jet hardness: kr(j,p) < Qmatch- The event is then
rejected unless each jet is matched to a parton, except in the case of the largest-multiplicity

sample, where extra jets are allowed if softer than the k. of the softest matrix-element par-

ME
softest "

to study merging systematics, one has the shower-k; scheme, which can be used only with

ton in the event, @ Secondly, and with the aim to give one a non-parametric way
PyTHIA’S pr-ordered shower. In this case, events are generated by MADGRAPHS5_AMC@NLO
as described above and then showered, but information is also retained on the hardest
(which is also the first, in view of the p;-ordered nature of PyTHIA here) emission in the
shower, Qﬁsrdest; furthermore, one sets Quatcn = @, which cannot be done in the con-
text of the kr-jet MLM scheme. For all samples but the largest-multiplicity one, events are
rejected if Qﬁsrdest > Qmatch, wWhile in the case of the largest-multiplicity sample events are
rejected when Qﬁgrdest > Qggf]%est. This merging scheme is simpler than the kr-jet MLM one,
but it rather effectively mimics it. Furthermore, it probes the Sudakov form factors used
in the shower in a more direct manner. Finally, the treatment of the largest-multiplicity
sample is fairly close to that used in the CKKW-inspired merging schemes. In both the
kr-jet MLM and shower-k; methods, merging systematics are associated with variations
of Qmatch; in the former case, changes to Qaten must be done by keeping Qnateh — Q%tE a

constant. For applications of the two schemes described here, see e.g. refs. [126, 148-151].

2.4 NLO computations

When discussing the problem of perturbative corrections, one should bear in mind that one
usually considers an expansion in terms of a single quantity (which is a coupling constant
for fixed-order computations). However, this is just a particular case of the more general
scenario in which that expansion is carried out simultaneously in two or more couplings,
all of which are thus treated as “small” parameters — we shall refer to such a scenario
as mixed-coupling expansion. Despite the fact that there is typically a clear numerical
hierarchy among these couplings, a mixed-coupling situation is far from being academic;
in fact, as we shall show in the following, there are cases when one is obliged to work with
it. In order to study a generic mixed-coupling expansion without being too abstract, let
us consider an observable 3 which receives contributions from processes that stem from
both QCD and QED interactions. The specific nature of the interactions is in fact not
particularly relevant (for example, QED here may be a keyword that also understands the
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pure-EW contributions); what matters, for the sake of the present discussion, is that %
may depend on more than one coupling constant. We assume that the regular function

Y(as, a) (2.6)

admits a Taylor representation:

gntmy;
Blas,a ZZ n'm' [8na58ma

n=0m=0

. o)
(as,2)=(0,0)

which is by definition the perturbative expansion of . The first few terms of the sums in
eq. (2.7) will be equal to zero, with the number of such vanishing terms increasing with the
complexity of the process under consideration — this is because n and m are directly related
to the number of vertices that enter a given diagram. In general, it is clear that for a given
pair (n,m) which gives a non-vanishing contribution to eq. (2.7), there may exist another
pair (n/,m’), with n # n’, m # m’, and n+m = n’ +m’ whose contribution to eq. (2.7) is
also non zero. It appears therefore convenient to rewrite eq. (2.7) with a change of variables:

k=n+m, l=n—m, (2.8)
whence:
“ i z’f: Pry a2 k-0 [ [ ] (2.9)
s, & - ’ '
i +l /2 ((k =1)/2)! Lo®+D2as0E=Da ] (o 0)=0.0)
where
Pri = (5<mod(k, 2), mod(l, 2)) , (2.10)

which enforces the sum over [ to run only over those integers whose parity is the same as
that of k (therefore, there are k+ 1 terms in each sum over [ for a given k). Equation (2.9)
implies that we need to call Born the sum (over [) of all the contributions with the smallest
k = ko which are non-vanishing. Hence, the NLO corrections will correspond to the sum
over [ of all terms with £ = kg + 1. This notation is compatible with the usual one used in
the context of the perturbation theory of a single coupling: the QCD- or QED-only cases are
recovered by considering [ = k or [ = —k respectively. In a completely general case, for any
given k there will exist two integers l,,,(k) and [, (k) which satisfy the following conditions:

—k <ln(k) <lu(k) <k, (2.11)
and such that all contributions to eq. (2.9) with
L<lm(k) or 1>Ily(k) (2.12)
vanish, and [ = l,,,(k), | = lp7(k) are both non-vanishing. This implies that in the range

(k) <1< (k) (2.13)
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there will be at least one (two if l,,,(k) # {p7(k)) non-null contribution(s) to eq. (2.9) (the
typical situation being actually that where all the terms in eq. (2.13) are non-vanishing).
Given eq. (2.13), one can re-write eq. (2.9) in the following way:

L& ey NGO
Y(ag,a) = Z as o Z g Qs al, (2.14)
k=ko q=0
where
ealh) = % (ko + I (R)) | (2.15)
(k) = 5 (kI (K) | (2.16)
AGK) = 2 (na () ~ (k) (2.17)

The coefficients ¥, ; of eq. (2.14) can be expressed in terms of the quantities that appear
in eq. (2.9), but this is unimportant here. A typical situation is where:

lM<k+1) = lM(k?)-i-l, (2.18)
In(k+1) = ln(k) -1, (2.19)
so that:
cs(k+1) = cs(k), (2.20)
clk+1) =c(k), (2.21)
Ak+1) = A(k)+1, (2.22)
whence:
oo A(ko)+p
Y(as,a) = o (Fo) elho) Z Z Yhotpq astkoltP=aqa (2.23)
p=0 ¢g=0

where the Born and NLO contributions correspond to p = 0 and p = 1 respectively. Note
that eq. (2.23) is the most general form of the observable ¥(as, «v) if one allows the pos-
sibility of having Yy, 450 = 0 or Xy ) A(ke)+p = 0 (or both) for p > ko, since this renders
egs. (2.18) and (2.19) always true. Equation (2.23) has the advantage of a straightforward
interpretation of the role of NLO corrections.

An example may help make the points above more explicit. Consider the contribution
to dijet production due to the partonic process uu — wu; the corresponding lowest-order
t- and u-channel Feynman diagrams feature the exchange of either a gluon or a photon (or
a Z, but we stick to the pure-U(1) theory here). The Born matrix elements will therefore

be the sum of terms that factorise the following coupling combinations:
a2, asa, o?, (2.24)

which implies kg = 2, A(2) = 2, and ¢5(2) = ¢(2) = 0. Therefore, according to eq. (2.23),
the NLO contribution p = 1 will feature the following coupling combinations:

ol 2o, asa? ol (2.25)
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Figure 1. QCD (blue, right-to-left arrows) corrections and QED (red, left-to-right arrows) correc-
tions to dijet production. See the text for details.

From the procedural point of view, it is convenient to identify QCD and QED corrections
according to the relationship between one coupling combination in eq. (2.24) and one in
eq. (2.25), as follows:

aga™ Rasit o™ (2.26)
ED
aga™ QR ata™tt (2.27)

which has an immediate graphic interpretation, depicted in figure 1. Such an interpretation
has a Feynman-diagram counterpart in the case of real-emission contributions, which is
made explicit once one considers cut-diagrams, like those presented in figure 2. Loosely
speaking, one can indeed identify the diagram on the left of that figure as representing QED
(since the photon is cut) real-emission corrections to the a? Born contribution. On the
other hand, the diagram on the right represents QCD (since the gluon is cut) real-emission
corrections to the aga Born contribution. This immediately shows that, in spite of being
useful in a technical sense, QCD and QED corrections are not physically meaningful if
taken separately: in general, one must consider them both in order to arrive at a sensible,
NLO-corrected result. This corresponds to the fact that a given coupling combination in
the bottom row of figure 1 can be reached by means of two different arrows when starting
from the top row (i.e., the Born level). Therefore, figure 1 also immediately shows that
when one considers only the Born term associated with the highest power of ag (), then
QCD-only (QED-only) corrections are sensible (because only a right-to-left or left-to-right
arrow is relevant, respectively): they coincide with the NLO corrections as defined above
(see the paragraph after eq. (2.10)). It also should be clear that the above arguments have a
general validity, whatever the values of ¢s(ko), c¢(ko), and A(ko) in eq. (2.23) — the former
two quantities never play a role in the analogues of figure 1, while by increasing A (ko)
one simply inserts more blobs (i.e., coupling combinations) in both of the rows of figure 1.
Finally, note that reading eqs. (2.26) and (2.27) in terms of diagrams, as has been done
for those of figure 2, becomes much harder when one considers virtual contributions. For
example, the one whose O(a2a) cut-diagram is shown in figure 3 (and its analogues) can
indeed be equally well interpreted as a QED loop correction to a QCDxQCD O(a?) Born
cut-diagram, or as a QCD loop correction to a QCDxQED O(asa) Born cut-diagram.
MaDGRAPH5_AMC@NLO has been constructed by having eq. (2.23) in mind; although
the majority of the relevant features are not yet available in the public version of the code,
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Figure 2. Real-emission contributions to dijet production at the NLO and O(a2«a). The saw-
shaped lines represent Cutkosky cuts.

Figure 3. Virtual contribution to dijet production at the NLO and O(a?a). The saw-shaped line
represents a Cutkosky cut.

all of them have already been thoroughly tested in the module responsible for computing
one-loop matrix elements (see sects. 2.4.2 and 4.3), which is by far the hardest from this
point of view, and the checks on the real-emission part are also at quite an advanced
stage. The basic idea is that of giving the user the choice of which coupling combinations
to retain either at the Born or at the NLO level; this corresponds to choosing a set of
blobs in the upper or lower row of figure 1, respectively. MADGRAPH5_AMCQNLO will
then automatically also consider the blobs in the row not involved in the selection by the
user, in order to construct a physically-meaningful cross section, compatible with both
the user’s choices, and the constraints due to a mixed-coupling expansion (the arrows in
figure 1). It should be stressed that, although the results for the coefficients ¥y, 4 can be
handled separately by MADGRAPH5_AMC@NLO, such coefficients are not (all) independent
from each other from a computational viewpoint, because a single Feynman diagram (an
amplitude-level quantity) may contribute to several ¥y, ,’s (the latter being amplitude-
squared quantities). For this reason, as far as the CPU load is concerned the choice of which
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coupling combinations to consider can be equivalently made at the amplitude level. Indeed,
this is the only option presently available in the public version of MADGRaPHS_AMC@NLO;
more detailed explanations are given in appendix B.1.

2.4.1 NLO cross sections and FKS subtraction: MadFKS

In this section, we briefly review the FKS subtraction [10, 12] procedure, and emphasise the
novelties of its implementation in MADGRAPHS5_AMC@NLO w.r.t. its previous automation
in MADFKS [61], the dedicated module included in AMC@NLO.

We shall denote by n the number of final-state particles relevant to the Born con-
tributions to a given cross section. The set of all the partonic 2 — n subprocesses that
correspond to these contributions will be denoted by R, ; each of these subprocesses can
be represented by the ordered list of the identities of its 2 + n partons, thus:

r=(Ti,... Tny2) € Ra. (2.28)

The first operation performed by MADGRAPH5_AMC@NLO is that of constructing R,,, given
the process and the theory model. For example, if one is interested in the hadroproduction
of a WTZ pair in association with a light jet

pp — WTZj (2.29)
as described by the SM, MADGRAPHS5_AMC@NLO will obtain:
Rs={(w,d W*. Z,g),...(w,gW",Z,d),...}. (2.30)

Since the processes in R, are tree-level, MADGRAPHS5_AMC@NLO will construct them very
efficiently using the dedicated algorithms (see section 2.3.1). Beyond the Born level, an
NLO cross section receives contributions from the one-loop and real-emission matrix ele-
ments. As is well known, the set of the former subprocesses coincides? with that of the
Born, R,. Real-emission processes are by nature tree-level, and can therefore be obtained
by using the very same algorithms as those employed to generate the Born contributions.
This is achieved by making the code generate all tree-level processes that have the same
final-state as the Born’s, plus one light jet — using the example of eq. (2.29), these would
correspond to:

pp — WHZjj. (2.31)

Such was the strategy adopted in the original MADFKS implementation [61]. There is
however an alternative procedure, which we have implemented in MADGRAPHS5_AMC@NLO
because it is more efficient than the previous one in a variety of ways. Namely, for any
given ry € R, one considers all possible a — bc branchings for each non-identical a € rg
with a strongly-interacting (i.e., ¢ — gg, g — qq, and ¢ — qg, but also Q@ — Qg, with
@ a quark with non-zero mass). For each of these branchings, a new list is obtained

9This is because we are considering here only those cases where one-loop matrix elements are obtained
by multiplying the one-loop amplitudes times the Born ones. Loop-induced processes, in which the LO
contribution is a one-loop amplitude squared, are not to be treated as part of an NLO computation.

— 21 —



by removing a from rg, and by inserting the pair (b,c) in its place. By looping over rg
one thus constructs the set'® of real-emission processes R,,1. As a by-product, one also
naturally obtains, for each r € R, 1, the pairs of particles which are associated with a
soft and/or a collinear singularity of the corresponding matrix element (which we denote
by M@+10)(1:)); by definition [61], these pairs form the set of FKS pairs, Ppgs(r), which
is central in the FKS subtraction procedure. We point out, finally, that regardless of
the type of strategy adopted to construct R,+1 and Prks, it is immediate to apply it in
MADGRAPH5_AMC@NLO to theories other than QCD, such as QED.

After having obtained Ppks(r), MADGRAPH5_AMC@NLO constructs the S functions
that are used by FKS in order to achieve what is effectively a dynamic partition of the
phase space: in each sector of such a partition, the structure of the singularities of the
matrix elements is basically the simplest possible, amounting (at most) to one soft and one
collinear divergence. The properties of the S functions are:

Sij(r) — 1 i,j collinear, (2.32)

> Sy(r)—1 i soft, (2.33)
(i) EPrrcs ()

Sij(r) — 0 all other IR limits, (2.34)

> Sy =1. (2.35)
(.5)€Prks (r)

One exploits eq. (2.35) by rewriting the real matrix elements as follows:

M (n+1,0) (r) = Z S; ,(T)M(nJrLO) (r) = Z Mg‘“’o) . (2.36)

(1,3)€Pris(r) (4,3)€Pris(r)

Thanks to egs. (2.32)—(2.34), M E;-LH’O) has the very simple singularity structure mentioned
above. Furthermore, the terms in the sum on the r.h.s. of eq. (2.36) are independent of
each other, and MADGRAPH5_AMC@NLO is thus able to handle them in parallel.

The FKS method exploits the fact that phase-space sectors associated with different S;;
functions are independent of each other by choosing different phase-space parametrisations
in each of them. There is ample freedom in such a choice, bar for two integration variables:
the rescaled energy of parton i (denoted by &;), and the cosine of the angle between partons
i and j (denoted by y;;), both defined in the incoming-parton c.m. frame. The idea is that
these quantities are in one-to-one correspondence with the soft (¢, — 0) and collinear (y;; —
1) singularities respectively, which renders it particularly simple to write the subtracted
cross section. The (n + 1)-body phase space is then written as follows:

A1 = 00 (K () dxh (2.37)

where X;Zi)l collectively denote the 3n — 1 independent integration variables, with

{&i yij} C Xgi)l ) (2.38)

0The exceedingly rare cases of non-singular real-emission contributions can be obtained by crossing; one

example is ¢q§ — Hg, which is the crossed process of qg — Hg.
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and where

,Cn+1 = {k37 k47 e kn+3} (239)

is the set of final-state momenta. Given eq. (2.38), MADGRAPH5_AMC@NLO chooses the

(n+1)

other 3n — 3 integration variables and thus determines <I> and the functional depen-

dence ICnH(X;i)l) according to the form of the mtegrand, gathered from the underlying

Feynman diagrams. In general, this implies splitting the computation in several integra-
tion channels, which are independent of each other and can be dealt with in parallel. Such
multi-channel technique is irrelevant here, and will be understood in the following. More
details can be found in refs. [152, 153] and [61]. Implicit in eq. (2.37) are the maps that al-
low one to construct soft and collinear kinematic configurations starting from a non-special
configuration (i.e., one where no parton is soft, and no two partons are collinear). This we
shall denote as follows. Given:

Kﬁfr)l = {ks, k4, - kny3}  mon special (2.40)

MADGRAPHS_AMC@NLO constructs its soft, collinear, and soft-collinear limits with:

S
K& = kP& =0, (2.41)
IC£1+)1 = K£z+)1( =1), (2.42)
KCY = K6 =0,y =1). (2.43)

Furthermore, all the phase-space parametrisations employed by MADGRAPHS5_AMC@NLO
are such that:!!
S SC
K =k =k5S (2.44)

which is beneficial from the point of view of the numerical stability of observables computed
at the NLO, and is necessary in view of matching with the parton shower according to
the MCQNLO formalism. As is usual in the context of NLO computations, we call the
non-special and the IR-limit configurations (and, by extension, the corresponding cross-
section contributions) the event and the soft, collinear, and soft-collinear counterevents
respectively.

Given a real-emission process 7z € R,+1 and an S;; contribution, the FKS-subtracted
cross section consists of four terms:

doii* (rg) «— {daﬁw’“)(m)}a:]ﬂ s (2.45)

(47)

where dXBj is the integration measure over Bjorken z’s, £(®) is the corresponding parton-

luminosity factor,!? and the short-distance weights Wi(]q) are reported in refs. [61, 125].

"Equation (2.44) holds for all particles except the FKS-pair partons; for the latter, it is the sum of
their four-momenta that is the same in the three configurations. This is sufficient owing to the underlying
infrared-safety conditions.

2Whose dependence on « is a consequence of eq. (2.44) when j = 1,2 — see ref. [26] for more details.
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In ref. [61], in particular, an extended proof is given that all contributions to an NLO
cross section which are not naturally (n 4 1)-body ones (such as the Born, virtual, and
initial-state collinear remainders) can be cast in a form formally identical to that of the
soft or collinear counterterms, and can thus be dealt with simultaneously with the latter.
The fully differential cross section that emerges from eqgs. (2.45) and (2.46) is:

do ") (rg)

) 73,(19)

—5(Kk-x® o (i) g
K ( n+1> D ax ), Xpj PXni1
(S) do; "% (re) ), i)
+0 (lC — ICn+1> g SN dX; dXpih s (2.47)

a=S,C,SC dx Bj dXp i1

where we have understood the complete integration over the measures on the r.h.s.. MaD-

GrAPH5_AMC@NLO scans the phase space by generating randomly {ng.), Xgi)l}- For each
(E)

of these points, an event kinematic configuration K, and its weight, and a counterevent

(5)
n+

of (IR-safe) observables can be constructed. As can be seen from eq. (2.47), the weight

kinematic configuration K/, and its weight are given in output; with these, any number
associated with the single counterevent kinematics is the sum of the soft, collinear, soft-
collinear, Born, virtual, and initial-state collinear remainders contributions, which reduces
the probability of mis-binning and thus increases the numerical stability of the result.

In order for the results of eq. (2.47) to be physical, they must still be summed over
all processes 1 € Rp4+1 and all FKS pairs (i,7) € Peks(rr). As far as the latter sum is
concerned, it is easy to exploit the symmetries due to identical final-state particles, and
thus to arrive at the set [61]:

fFKS C Prxs (2'48)

whose elements give non-identical contributions to the sum over FKS pairs. Therefore:

do"" (rg) do" (1)
ij (n+1) “%ij R
— DA L 2.4
> X pre > 2 S (249
TRERnt1 (1,§)EPrks(TR) TRERn+1 (i,§)EPrKs(TR)
with gi(fﬂ) a suitable symmetry factor. The sum on the r.h.s. of eq. (2.49) is obviously more

convenient to perform than that on the l.h.s.; it is customary to include the symmetry factor
in the short-distance weights (see e.g. ref. [125]). The number of elements in Ppys(rz) can
indeed be much smaller than that in Prks(rz). For example, when 7 is a purely gluonic
process, we have #(Prks(rr)) = 3 (i.e., independent of n), while #(Ppks(rz)) = (n+1)(n+
2). While the former figure typically increases when quarks are considered, it remains true
that, for asymptotically large n’s, #(Prks) is a constant while #(Ppxs) scales as n?.

The sum on the r.h.s. of eq. (2.49) is what has been originally implemented in MADFKS.
It emphasises the role of the real-emission processes, which implies that for quantities which
are naturally Born-like (such as the Born matrix elements themselves) one needs to devise
a way to map unambiguously R, onto R,41. The interested reader can find the definition
of such a map in section 6.2 of ref. [61], which we summarise here using the Born cross
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section do™©) as an example:

Ao (rp) = > 8,z.Si(& = 0)do (), (2.50)
(1,))€Prks(TR)
where
TR:(Il,...IZ‘,...Ij,...In+3> - 74?-2:(Ila---Xia---Ija---In—i-?») . (251)

In other words, through the r.h.s. of eq. (2.50) one is able to define a Born-level quantity
as a function of a real-emission process. In MADGRAPHS_AMC@NLO we have followed the
opposite strategy, namely that of defining real-emission level quantities as functions of a

Born process. The proof that this can indeed be done is given in appendix E of ref. [61];
(NLO,E)

here, we limit ourselves to summarising it as follows, using the event contribution do, j

to the NLO cross section as an example. One has the identity:

Z Z gi(;l+1) do_l(';ILO,E)(T»R) — Z dO'(NLO’E)(T'B) ) (252)

TRERn+1 (i,§)EPrKs(TR) rBERn

Here we have defined:

do™VOE) (1) = Z Z ) (7’37 ré@i’y‘) CZ(@+1)(TR) daﬁLo’E) (rg), (2.53)

TRERn+1 (1,5)EPrrs(TR)

where the generalised Kronecker symbol (.. .) is equal to one if its arguments are equal,
and to zero otherwise, and

T%@i,i = (Il, .. .Xi, . .Ij@i, .. .In+3) . (254)

Although the first sum in eq. (2.53) might seem to involve a very large number of terms,
MADGRAPHS_AMC@NLO knows immediately which terms will give a non-zero contribution,
thanks to the procedure used to construct R,; which was outlined at the beginning of
this section. On top of organising the sums over processes and FKS pairs in a different way
w.r.t. the first version of MADFKS, MADGRAPHS_AMC@QNLO also performs some of these
(and, specifically, those in eq. (2.53)) using MC techniques (whereas all sums are performed
explicitly in ref. [61]). In particular, for any given r5 € R,,, one real-emission process and
one FKS pair are chosen randomly among those which contribute to eq. (2.53); these
choices are subject to importance sampling, and are thus adaptive. In summary, while the
procedure adopted originally in MADFKS takes a viewpoint from the real-emission level,
that adopted in MADGRAPHS_AMC@NLO emphasises the role of Born processes. The two
are fully equivalent, but the latter is more efficient in the cases of complicated processes,
and it offers some further advantages in the context of matching with parton showers.

2.4.2 One-loop matrix elements: MadLoop

Both MADGRAPHS_AMCQ@NLO and its predecessor AMC@NLO are capable of computing
the virtual contribution to an NLO cross section in a completely independent manner (while
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still allowing one to interface to a third-party one-loop provider if so desired), through a
module dubbed MapLoop [68]. However, there are very significant differences between
the MabpLoop embedded in AMC@NLO (i.e., the one documented in ref. [68]), and the
MabpLoopP currently available in MADGRAPHS5_AMC@NLO; hence, in order to avoid confu-
sion between the two, we shall call the former MapLooP4, and the latter MapLoor5. The
aim of this section is that of reviewing the techniques for automated one-loop numerical
computations, and of giving the first public documentation of MapLoOP5.

As the above naming scheme suggests, core functionalities relevant to the handling of
tree-level amplitudes were inherited from MADGRAPH4 in MADLOOP4, while MADLOOPS uses
MaADGRAPHS. This was a necessary improvement in view of the possibility of computing
virtual corrections in arbitrary renormalisable models (i.e., other than the SM). More in
general, one can identify the following three items as strategic capabilities, that were lacking
in MabpLoop4, and that are now available in MabLoop5:!3

A. The adoption of the procedures introduced with MADGRAPHS, and in particular the
UFO/ALOHA chain for constructing amplitudes starting from a given model.

B. The possibility of switching between two reduction methods for one-loop integrals,
namely the Ossola-Papadopoulos-Pittau (OPP [18]) and the Tensor Integral Reduc-
tion (TIR [154, 155]) procedures.

C. The organization of the calculation in a way consistent with the mixed-coupling
expansion described in section 2.4, and in particular with eq. (2.23).

It should be clear that these capabilities induce an extremely significant broadening of the
scope of MapLoopP (in particular, extending it beyond the SM). As a mere by-product,
they have also completely lifted the limitations affecting MapLoor4, which were described
in section 4 of ref. [68]. It is instructive to see explicitly how this has happened. Item A.
is responsible for lifting MapLoor4 limitation #1 (MAaDLOOP4 cannot generate a process
whose Born contains a four-gluon vertex, because the corresponding Ro routines necessary
in the OPP reduction were never validated, owing to the technically-awkward procedure
for handling them in MaDGRrAPH4; this step is now completely bypassed thanks to the
UFO/ALOHA chain). Limitation #2 (MapLoopP4 cannot compute some loops that feature
massive vector bosons, which is actually a limitation of CurToors [156], in turn due to
the use of the unitary gauge) is now simply absent because of the possibility of adopting
the Feynman gauge, thanks again to item A. Limitation #4 (MapLoopr4 cannot handle
finite-width effects in loops) is removed thanks to the implementation of the complex
mass scheme, a consequence of item A. Finally, item C. lifts MaDLooP4 limitation #3
(MapLoop4 cannot generate a process if different contributions to the Born amplitudes do
not factorise the same powers of all the relevant coupling constants).

The advances presented in items A.—C. above are underpinned by many technical
differences and improvements w.r.t. MapLoopr4. Here, we limit ourselves to listing the
most significant ones:

13Some of them are not yet public, but are fully tested.

— 26 —



MabpLoop5 is written in Python, the same language which was adopted for Map-
GraPHS (MaDpLooP4 was written in C++).

The UV-renormalisation procedure has been improved and rendered fully general
(that of MADLooP4 had several hard-coded simplifying solutions, motivated by QCD).

An extensive use is made of the optimisations proposed in ref. [24] (OPENLOOPS).

The self-diagnostic numerical-stability tests, and the procedures for fixing
numerically-unstable loop-integral reductions, have been redesigned.

More details on these points will be given in what follows. Before turning to that, we shall
discuss the basic principles used by MapLoopr5 for the automation of the computation of
one-loop integrals.

Generalities. Given a 2 — n partonic process r (see eq. (2.28)), MaDLOOP computes
the quantity:

Vi)=Y 2 {AmD () A0 (2.55)

colqur

spin
with A™9 and A1 being the relevant tree-level and UV-renormalised one-loop ampli-
tudes respectively; the averages over initial-state colour and spin degrees of freedom are
understood. The result for V(r) is given as a set of three numbers, corresponding to the
residues of the double and single IR poles, and the finite part, all in the 't Hooft-Veltman
scheme [157]. In the case of a mixed-coupling expansion, each of these three numbers is
replaced by a set of coefficients, in the form given by eq. (2.23). There may be processes
for which A9 is identically equal to zero, and A(™1) is finite; for these processes (called
loop-induced), MapLoop computes the quantity:

)2 (2.56)

Vialr) = Y [AD()

colc?ur
spin
Only eq. (2.55) is relevant to NLO computations proper, and we shall mostly deal with it in
what follows. In the current version of MADGRAPH5_AMC@NLO, the loop-induced Vi(r)
cannot be automatically integrated (for want of an automated procedure for multi-channel
integration), and hence in this case the code output by MapLoor5 must be interfaced in an
ad-hoc way to any MC integrator (including MADGRAPH5_AMC@NLO — see e.g. ref. [127]
for a recent application).
The basic quantity which MabpLoop needs to compute and eventually renormalise in
order to obtain A1) that enters eq. (2.55) is the one-loop UV-unrenormalised amplitude:

AV =3 ¢, (2.57)

diagrams

where C denotes the contribution of a single Feynman diagram after loop integration, whose
possible colour, helicity, and Lorentz indices need not be specified here, and are understood;
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they will be re-instated later. A standard technique for the evaluation of C is a so-called
reduction procedure, pioneered by Passarino and Veltman [154], which can be written as
follows:

C=Red[C] => c(C)T ™Y + R(C). (2.58)

7

The quantities Ji(RCd) are one-loop integrals, independent of C. The essence of any reduction
procedure is that it is an algebraic operation that determines the coefficients ¢; and R
(which are functions of external momenta and of masses, and some of which may be equal
to zero); the intricacies of loop integration are dealt once and for all in the computations
of the J"*?’s (which are much simpler than any C). As the leftmost equality in eq. (2.58)
indicates, from the operator point of view Red[] is the identity; its meaning is that of
replacing C with the linear combination in the rightmost member of eq. (2.58). As the
notation {ji(Red)} suggests, different reduction procedures can possibly make use of different
sets of one-loop integrals.

Equation (2.58) is basically what one would do if one were to compute C in a non-
automated manner. In automated approaches, however, additional problems arise, for
example due to the necessity of relying on numerical methods, which have obvious diffi-
culties in dealing with the non-integer dimensions needed in the context of dimensional
regularisation, and with the analytical information on the integrand of C, which is ex-
tensively used in non-automated reductions. In order to discuss how these issues can be
solved, let us write C in the following form:

c— / Picw, o= -9 (2.59)
[[:Z0 D
where d = 4 — 2¢, and we have assumed the diagram to have m propagators in the loop
and have defined:

D; = ({+p)* —m7, 0<i<m-—1, (2.60)

with m; the mass of the particle relevant to the i** loop propagator, and p; some linear
combination of external momenta. For any four-dimensional quantity x, its (4 — 2e¢)-
dimensional counterpart is denoted by z, and its (—2¢)-dimensional one by . The fact
that p;, rather than p;, enters eq. (2.60) is a consequence of the use of the 't Hooft-Veltman
scheme. The loop momentum is decomposed as follows:

=0+ with ¢0=0, (2.61)

with similar decompositions holding for the Dirac matrices 4# and metric tensor g*”. One
can thus define [158] the purely four-dimensional part of the numerator that appears in
eq. (2.59):

N(l) = lim N({ = ; 3* = 4H, g = g, (2.62)

e—0

from whence one can obtain its (—2¢)-dimensional counterpart:

N(,0) =N() - N(). (2.63)



The quantity defined in eq. (2.62), not involving non-integer dimensions, can be treated by
a computer with ordinary techniques. By using eq. (2.63) in eq. (2.59) one obtains:

C =Chon—nR, + R2, (2.64)
where
7 N
d

Cron—Ry = /d eﬁa (2.65)

_ N(t.7
Ry = [att N0 (2.66)

[z D

Both integrals in eq. (2.65) and eq. (2.66) still depend on (4—2¢)-dimensional quantities, but
they do so in a way that allows one to further manipulate and cast them in a form suitable
for a fully numerical treatment. In particular, one can show [158] that the computation
of Ry is equivalent to that of a tree-level amplitude, constructed with a universal set of
theory-dependent rules (see ref. [159], refs. [160-162], and refs. [163-165] for the QCD,
QED+EW, and some BSM cases respectively), analogous to the Feynman ones and that
can be derived once and for all (for each model) by just considering the one-particle-
irreducible amplitudes with up to four external legs [166]. On the other hand, eq. (2.65)
is still potentially divergent in four dimensions. The details of how this is dealt with may
vary, but the common characteristic is that all of them are entirely defined by a reduction
procedure. In other words, we shall use the following identity:

C = Red [Chon—R,] + Rz, (2.67)

which is a consequence of eqs. (2.58) and (2.64). The general idea is that all things that
are inherently (4 — 2¢)-dimensional in Red[Cpon—rg,] can be parametrized in terms of the
one-loop integrals \Z(R“U, so that any piece of computation that would require an analytical
knowledge of the integrand and an analytical treatment of the (—2¢)-dimensional terms is
indeed treated analytically, but in a universal manner through ji(Red).

We emphasise that, although the decomposition of eq. (2.64) is inspired by the OPP
reduction method, it is universal, in the sense that the operator Red[] in eq. (2.67) does
not need to be OPP-inspired, and that the definition of Ry has nothing to do with the OPP
procedure as such, but rather with the interplay of (4 —2¢)-dimensional quantities and their
four-dimensional counterparts. There are of course several alternative approaches, but the
majority of them do not lend themselves to the numerical computation of the rational
part R(Chon—R,) + R2. The two methods which have been used for complicated numerical
simulations are bootstrap [17] and D-dimensional unitarity [19, 20, 23]. However, they
also involve rather non-trivial issues, such as the presence of spurious singularities (for
bootstrap), or the necessity of performing additional computations in 6 and 8 dimensions
(for D-dimensional unitarity). The latter problem can be bypassed by means of a mass
shift [167], which however might imply additional complications in the case of axial cou-
plings in massive theories. In summary, while it is true that there are advantages and
disadvantages in each of these approaches, we point out that Rs must not really be seen
as an extra issue in the context of a complete calculation, simply because one has to carry
out UV renormalisation anyhow, which is similar to Rs but more involved.
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Integral reduction in MadLoop. We now turn to discussing the way in which the
previous formulae are handled by MapLoop. In order to do so, we shall re-instate in the
notation the dependence of the amplitudes on the relevant quantities; in particular, we
work with scalar sub-amplitudes that have definite helicities (i.e., all Lorentz indices are
contracted away, and all Dirac matrices are sandwiched between spinors), and that factorise
a single colour factor. The latter condition implies that, in general, our sub-amplitudes are
not in one-to-one correspondence with Feynman diagrams (typically when these feature at
least a four-gluon vertex), but that they can be written as follows:

Alm0) Z AVB,, (2.68)

for the Born amplitude. Here, h denotes a given helicity configuration, and b runs over all

(0)

possible single-colour factors. The quantity A;” is one such colour factor, that collects all
the colour indices, which are understood. Hence, By is a scalar quantity which does not
contain any colour index. In the case of one-loop diagrams, we shall use a similar notation,

thus replacing the quantities that appear in egs. (2.65) and (2.66) with:

N (@) — AIN(0), (2.69)
D; — Dy, (2.70)
Ry — Ropy . (2.71)

The quantity )\l(l) in eq. (2.69) has the same meaning as )\20) in eq. (2.68), but is relevant
to one-loop amplitudes rather than tree-level ones, hence the different notation. Since
the index [ unambiguously identifies a single-colour-structure subamplitude, and the latter
has a non-trivial kinematic dependence, different I’s may correspond to different one-loop
Feynman diagrams, and thus the necessity of inserting a dependence on [ on the r.h.s. of
eq. (2.70). Finally, we did not factor out the colour structure in eq. (2.71), since this will
not be relevant in the following. We remark that decompositions such as those on the
r.h.s.’s of egs. (2.68) and (2.69) are easily handled by MADGrRAPH5_AMC@NLO, which has
inherited the treatment of the colour algebra from MADGRAPHS5 (see section 2.3 of ref. [38]).
It should be stressed that such a treatment is symbolic and that, although introduced to
deal with tree-level quantities, is perfectly capable of computing one-loop ones such as
)\l(l). Furthermore, the colour algebra is internally decomposed in terms of colour flows (for
which several different representations are available); although this information is presently
not used in the integral-reduction procedure, it will be trivial to exploit it in the future,
should this need arise. By using egs. (2.68)—(2.71) one obtains:

*
AGD A0 = ; zh: (Z)\ 7 Hf\nfl“l u +ZR2hl> (zb:Ag‘”Bh,b)
(2.72)

As was already mentioned, the Ry term gives rise to what is effectively a tree-level compu-
tation; therefore, we shall drop it in what follows, and just deal with:

_ZZZ/ d'l /thzl_ A B4 (2.73)

7

A(Unal)A(n 0)*

non— Ry
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A= 3 AT (2.74)

colour

The integral-reduction procedure of MapLooP4 [68] can be read directly from eq. (2.73),

—ZZZR d /dde fnfl“l 2

where Red = OPP, since in MabpLoopr4 only OPP reduction has been considered. Equa-

and is as follows:

Agn"l) A(n,o)*

A By s (2.75)

non—Ra

z,l

tion (2.75) is not particularly satisfactory from an efficiency point of view, for two reasons,
both of which have to do with the fact that the integral-reduction operation is quite time-
consuming. Firstly, the Red[] operator is called #h x #I number of times (we recall that,
by construction, # is equal to or larger than the number of loop diagrams). Secondly, each
of these calls involves the recomputation of N, ;(¢) a large number of times (determined
by the OPP procedure), but which involve only changing the numerical value of ¢, without
affecting any other quantity entering it. The first issue is solved by reducing the number
of integral-reduction operations, while the second by rendering more efficient the compu-
tation of N, ;(¢). The strategies adopted in MabLoop5 are the following. One begins by
observing that the operator Red[] acts on the “space” of one-loop integrals. Therefore,
Born amplitudes must be seen as c-numbers as far as this operator is concerned. One can
thus exploit the fact that Red[] is linear. Furthermore, what really drives integral reduc-
tion is the structure of the denominators (numerators are just numbers computed with
suitable values of ¢, specific to the given Red[] operator). Hence, one can organize loop
integrals in sets of topologies, the latter being defined as subsets of integrals with the same
denominator combinations:

ml—l mpfl

H D, = H D, Vi,pet, t € topologies. (2.76)

By exploiting eq. (2.76), one can rewrite eq. (2.75) as follows:

= Z Red /ddg Zh Zlet Zb Nh,[(e) Ap B;;b
t

1 9y
for any I, € t. Eq. (2.77) is optimal from the viewpoint of reducing the number of calls to

AlD pm0)* (2.77)

non—Ro

my,—1 =
Hi:O Di,lt

Red[], and thus addresses the first of the issues mentioned before. As far as the second of
those issues is concerned, MADLOOPS makes a systematic use of the fact that any numerator
N1 () admits the following representation:

Tmax

N0y =S" ¢ e (2.78)

M1 fors
r=0
where the coefficients C(") are independent of the loop momentum; when r = 0, we un-

derstand that no Lorentz indices and no loop momenta appear on the r.h.s. of eq. (2.78).
The quantity rmax is the largest rank in N, and in the Feynman gauge in renormalisable
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theories is always lower than or equal to the number of loop propagators. However, since
different Aj,; functions appear in the inner sums in eq. (2.77), it is actually convenient
(just for the sake of using the present simplified notation) to regard it as the largest rank
in the whole one-loop amplitude; for a given N}, this simply implies that some of the
C") coefficients will be equal to zero. Equation (2.78) can be exploited in two ways. One
starts by determining the C")’s once and for all. Then, in the context of the OPP reduc-
tion, the numerical computation of Nj;(¢) becomes much faster, as suggested originally
in OPENLOOPS (see ref. [24]), because for each new value of ¢ generated within the OPP
reduction one simply needs to perform the sums and multiplications explicit in eq. (2.78),
without recomputing the C'")’s. Furthermore, when eq. (2.78) is symbolically (as opposed
to numerically) replaced in eq. (2.77), the structures of tensor integrals naturally emerge.
Thus, eq. (2.78) paves the way to performing a Tensor Integral Reduction (TIR) as well.
Therefore, regardless of whether an OPP or TIR procedure will be applied, the inputs to
the Red[] operator in MADLOOP5 are the sets:

o thr fmax
{/ddgw, Sy el Ale}*L’b} . (2.79)
IL=6 Dix "% e v r—0

Then, when using OPP the Lorentz indices of the two members of these sets are contracted
in order to give OPP the scalar functions it needs. On the other hand, when using TIR the
first members in eq. (2.79) are all that is needed for this type of reduction to work. It is
clear that the practical success of the decomposition in eq. (2.78) relies on the capability of
a fast and efficient computation of the coefficients C("). MapLoop5 has a fully independent
implementation of the recursion-construction procedure presented in ref. [24] (thanks to a
dedicated treatment by ALOHA), and its own internal system of caching and retrieving
the C(")’s. At variance with what is done in ref. [24], MADLooP5 does not assume ryax
to be less than or equal to the number of loop propagators, i.e. it admits the possibility
that the contribution of any given vertex to the rank of N, ;(¢) be larger than one. This
is useful, for example, in the context of the computation of QCD corrections to processes
stemming from a Higgs EFT Lagrangian. See appendix C.3 for more details.

We conclude this part with a few diverse observations. Firstly, given the advantages
of an efficient caching and recycling of the coefficients C")| in the case of a mixed-coupling
expansion MADLooOP5S starts from determining all of the coefficients that will contribute
to Xgy+1,0 (we recall that we always associate the largest power of the dominant coupling
constant, as defined by the hierarchy of the model, with the terms g = 0: see section 2.4).
Some of the C'")’s thus computed will also contribute to Yko+1,1, for which MapLoor5 will
only calculate those C(")’s not yet found, and just recycle the others. This procedure is
then iterated till necessary, in the sense that it can be stopped when reaching the largest ¢’s
among those selected by the user; it is maximally efficient when the smallest user-selected ¢
is equal to zero, which is justified from a physics viewpoint given the coupling hierarchy of
the model. Secondly, in general the kinematic configurations which are potentially unstable
in TIR are rather different than with OPP; therefore, the possibility of using TIR as an
alternative to OPP before turning to quadruple-precision calculations (see below) is very
beneficial for reducing the overall computing time when numerically-unstable situations
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are encountered. Finally, since TIR essentially performs integral reduction at the level
of amplitudes, rather than at that of amplitude squared as OPP, it allows one to use
efficiently the decomposition of eq. (2.78) and its caching-and-recycling system also in the
case of loop-induced matrix elements, eq. (2.56).

UV renormalisation and Ry contribution. In order to obtain V(r) as defined in
eq. (2.55), MapLoop must sum to the result of the integral-reduction procedure, eq. (2.77),
the R (see eq. (2.72)) and the UV-renormalisation contributions. Both of these can be
cast in the form of a tree-level-like amplitude A™X) times the Born amplitude, whose
contribution to eq. (2.55) will therefore be:

3 o {AWX) (1) A0 (r)*} ., X=R,, UV. (2.80)
colour

spin

(":X) may be performed in the same man-

In an automated approach, the computation of A
ner as that of A9 provided that the usual Feynman rules are supplemented by new UV
and Ry rules, and by imposing that A contain one and only one UV- or Ra-type ver-
tex.! This was indeed the procedure adopted by MapLoop4 for the Ry computation. As
far as UV renormalisation was concerned, the fact that MapLoor4 was limited to consider-
ing QCD corrections to SM processes allowed significant simplifications, and eq. (2.80) was
effectively computed in a simpler way, by taking the Born amplitude squared multiplied
by suitable UV factors. Mass insertions cannot be accounted for in this way; however,
their structure being identical to that of the Rs two-point vertex, the two could always be
treated together (see ref. [68] for more details).

The above solution is not tenable when considering an arbitrary renormalisable theory,
and therefore MAapLoopr5 must explicitly compute eq. (2.80) for both the UV and Ry con-
tributions. This is not the only significant difference between MapLoor4 and MADLOOPS.
According to the general philosophy of the current MADGRAPH5_AMC@NLO approach, the
UV and Ry rules are part of the NLO theory model'® chosen by the user, and that Map-
Loor adopts when performing a computation: they are not (as opposed to what happened
with MapLoopr4) hard-coded UV or Rs computer routines corresponding to n-point coun-
terterms, but a set of instructions in UFO, that ALOHA will dynamically translate into
the latter routines.

After including the UV and Ry rules into a UFO model (an operation that, we remind
the reader, has to be performed once and for all per theory and per type of corrections, and
which FEYNRULES will soon be able to perform automatically), it should be clear that the
computation by MADGRAPH5_AMC@NLO of A(™X) becomes identical to that of a regular
tree-level amplitude for which only Feynman rules are relevant; thus, we shall call this a
tree-matching construction. In order to increase the flexibility of MADLooP5, in particular
for what concerns the exclusion of the contributions of certain loop integrals, and to allow
developers more freedom when debugging, an alternative but fully equivalent procedure

M Note that in this context a “vertex” can have two external legs.
15n fact, it is their very presence that tells NLO and LO models apart. See also section 2.1.
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has been implemented, which we shall call loop-matching construction. The tree-matching
and loop-matching constructions (an explanation of which will be given below) can be
understood by considering the physics contents of the generic UV and Ry counterterm G,
which we shall denote as follows:

_I7@ 2@V 7w ) Feer
G {{Il LTl },{Il A }kzl W, LA e, X 5 (2.81)
The quantity X determines the kind of counterterm one is working with — UV wave-

function, or internal n-point UV and R, functions; it also allows the builder of the model
to specify whether G will be used in the context of a tree-matching or loop-matching
construction. In other words, and in order to stress this point again: MAaADLooOP5 can
handle both types of construction, which are simply seen as attributes of the model used
for the computation. This flexibility is important for example because models constructed
“by hand” are set up in a different way w.r.t. that adopted by FEYNRULES. The quantity ¢
is symbolically (i.e., not numerically) set equal to a coupling constant, with that implying
that G is a counterterm relevant to NLO corrections in the theory whose perturbative
expansion is governed by that coupling. Note that in a model there may be several subsets
of counterterms, each associated with a different type of correction; in the example of the
mixed QCD-QED case discussed at the beginning of section 2.4, when ¢ = «ag one has
counterterms for QCD corrections (eq. (2.26)), and when ¢ = « one has counterterms for
QED corrections (eq. (2.27)). The quantities L and A in eq. (2.81) denote the Lorentz and
colour structures of G respectively. The set {IF), .. .Ir(,f;)} is the list of “external” particle
identities associated with G. For example, if G is the contribution to ag renormalisation
due to the guu vertex, then this set is equal to {g,u,a}; if G corresponds to the mass
insertion for the top quark, then one has'® {¢,#}. The counterterm G in general receives
contributions from ki, > 1 different types of loop diagrams, and {Iy’“), .. .I,(Ll,f)} is called
the k' loop topology, i.e. the set of the identities of the particles circulating in the k**
type of loop.!” When counting these loops, one needs to take into account the physical
meaning of G. By using again the example of the guu vertex, one may be tempted to
conclude that koo, = 1, which corresponds to the triangle corrections to such a vertex.
This would be incorrect: in fact, since GG is a contribution to ag renormalisation, it must
include wave-function renormalisation factors; therefore, in the k;,,, types of loops one
must include the bubble diagrams relevant to the g, u, and u external legs. Thus, in this
example one will need to consider both {g,u} (for triangles and the u self-energy) and
{g}, {q}, {b}, {t} (for the gluon self-energy; ¢ is a massless quark, and b and t are heavy
quarks). It should be clear that this complication (there are more loop topologies that
contribute to G' than the list of its external particles would suggest) is basically due to
wave-function renormalisation, which physically corresponds to the fact that renormalised

16 A mass insertion is treated in a similar manner as vertices; therefore, all external particles must be
outgoing, whence the .

7 The term “set” implies that two or more identical particles contribute one particle identity to this set,
as opposed to the case of external particles, which are all explicitly present in the list {I{a, .. .L(,f)}. Note
that, when circulating in a loop, a quark and its antiquark can be identified. Furthermore, it should be
clear that the present “topology” has nothing to do with that introduced in eq. (2.76).
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couplings are defined in terms of renormalised Green functions. When this is not the case,
and notably for mass insertions, and for Ry contributions (because the latter are directly
defined in terms of specific loop integrals — see eq. (2.66)), loop topologies are indeed in
one-to-one correspondence with those naively deduced from the list of external particles.
Finally, in eq. (2.81) W represents the actual value of the counterterm G. By following
the usual textbook procedure which makes use of renormalised coupling constants, and by
ignoring the Lorentz and colour structures, one may e.g. have:

coupling

Wl = Zotitine = 1= Zoaex | | Zovti W=0, (2.82)

for coupling and internal 2-point (bubble) renormalisation respectively, and
W x 5771, W WRg,vertex s (283)

for UV mass insertions and an Ry correction, respectively. From the discussion presented
before, it follows that the Z and dm terms in egs. (2.82) and (2.83) will be related to the sets
{Ifl’“), . .I,(Ll,f)}. On the other hand, MapLoop5 leaves the model builder the possibility of
implementing coupling-constant renormalisation by directly working at the level of vertex
renormalisation. This can be simply done for example by adopting:

W l— 2]} Wocl — Zygi, (2.84)

vertex ?

instead of the settings of eq. (2.82). One may (slightly improperly, since the physics
contents are exactly the same) refer to the procedures induced by eq. (2.82) and eq. (2.84) as
coupling-constant and vertex renormalisation respectively. The latter is the current method
of choice for the extension of FEYNRULES to NLO. Note that, when working with vertex
renormalisation, wave-function factors for external legs need not be included (as opposed
to the usual case of coupling-constant renormalisation), which can be easily specified in
the model definition. Again, no assumption is made in MADLooP5 on the treatment of
external legs, and full flexibility is maintained by reading the relevant information from
the model.

Now we suppose that an NLO model is given, and thus eq. (2.81) is fully specified
for all counterterms relevant to all types of corrections dealt with by the model. We
shall now discuss how MabpLoopr5 exploits such information. First of all, one may want to
exclude some loops from the calculation (this can be motivated by physics requirements, for
example when leaving out heavy-flavour contributions, or done for debugging purposes); we
call this operation loop-content filtering (not to be confused with diagram filtering, which
discards over-counting L-cut diagrams at generation time — see section 3.2.1 of ref. [68]).
This filtering is basically trivial in the generation of diagrams: one simply does not include
the undesired particles in the list of L-cut particles. The presence of {I{l’“), .. .I,gl,f)} in
eq. (2.81) allows one to do the same when computing the UV and Rs contributions: if
this set contains the particle(s) to be discarded, the corresponding contributions are not
included in egs. (2.82)—(2.84). Apart from loop-content filtering, eq. (2.81) can be exploited
in the context of the tree-matching construction in the same way as all other elementary
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building blocks derived from ordinary Feynman rules, by using the information on external
particles, and Lorentz and colour structures. As far as the loop-matching construction
is concerned, one starts from a given loop integral C, and determines what we call its
associated tree topology:

¢ — 10 = ({Tl,...TT(C)},{Iflc),..zgc)}) . (2.85)

The notation understands that there are T/(C) trees 7T, attached to the loop!® (see figure 2
of ref. [68] for a graphical example of such trees); {ch)’ . .L(,,ZC)} is the set of particles
that flow in the loop. Since different loops can have the same associated tree topology,
MabpLoopr5 first collects all of the different tree topologies relevant to the computation
being performed. Next, for each of these, all counterterm vertices G (that have survived
loop-content filtering) are found that fulfill the following equation:

{79, T} = {R(T),.. R (Tr0))} - (2.86)

where by R(7.) we have denoted the root of the o' tree T, (the root being obviously the
single particle that stems from the loop, and branches into the tree); note that eq. (2.86)
implies m = T'(C). Among the counterterms thus found, one further considers the UV
mass insertion and Ry ones, and discards those that do not fullfil the equation:

{Z,. 2} = {zl),.. 7o} . (2.87)

<Ly, n

Equation (2.87) guarantees a rather strict correlation between a generated diagram and
its UV and Ry counterterms, which is quite useful for example when establishing the cor-
rectness of a model. It should be pointed out, however, that such a correlation can never
be turned into a one-to-one map, because of coupling-constant or vertex renormalisation,
in which case eq. (2.87) cannot be imposed (since vertex corrections and wave-function
renormalisation are always strictly related, and this is true also when carrying out a vertex-
renormalisation procedure). Finally, for each counterterm G selected as explained above,
MaDpLooP5 builds the corresponding tree amplitude by attaching to G the off-shell currents
relevant to the tree structures {71, ... TT(C)}. When performing coupling-constant renor-
malisation, MADLoOP5 also constructs additional tree-amplitude counterterms by multi-
plying each Born amplitude by the suitable combination of external wave-function factors.

We conclude this part by re-iterating its main message: MapLoopr5 has a fully-flexible
structure that allows it to handle on equal footing several different strategies, such as tree-
matching vs loop-matching construction, or coupling vs vertex renormalisation, thanks to
its capability of obeying the relevant instructions encoded in the model. This includes the
prescription for the renormalisation scheme, which now must be simply seen as one of the
model characteristics.

8 A four-gluon vertex, with two gluons belonging to the loop, gives rise to two trees, both of which are
attached to the loop at the same point.
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Checks, stability, and recovery of numerically-unstable integral reductions.
MabpLoor4 featured many self-consistency checks, that served to establish the correct-
ness of any one-loop matrix element generated by the code; they are described extensively
in section 3.3 of ref. [68], and all of them are inherited by MapLoopr5. On top of those, in
MabpLooP5 we have included two new checks: firstly, we verify that the matrix elements are
Lorentz scalars, by recomputing them using a kinematic configuration obtained by boosting
and rotating the original one; and secondly, in the case of QCD corrections we test whether
the matrix elements computed in the unitary gauge are identical to those computed in the
Feynman gauge.'® The experience with MapLoor4 and MapLoop5 has shown that there
is a vast amount of redundancy in all of these checks; therefore, in MapLoopr5 we have
decided to perform only one of them before proceeding to integrate the matrix elements.
We have chosen the most complete one, namely that on the residues of the infrared poles
(where the numerical values of such residues as returned by MapLoop are compared to
those known analytically from the subtraction of real-emission singularities), which has the
virtue of being an indirect test on the UV-renormalisation procedure as well. The other
checks can still be performed if need be, by simply executing a single command from the
MADGRAPH5_AMC@NLO interactive shell.?°

Integral-reduction procedures are fairly involved, and some kinematic configurations
may give rise to numerically-unstable results. Any automated approach must therefore
have solid self-diagnostic and recovery strategies: those of MapLoor4 have been presented
in section 3.4 of ref. [68]. In view of the extended scope of MapLoor5 w.r.t. that of
MapLoor4, both of these strategies have been completely redesigned, for the technical
reasons which we shall now discuss. Firstly, MabpLoopr4 based the instability diagnostics
on the results of tests performed within CurTooLs, on a loop-by-loop basis. Therefore,
the capability of MapLooP5 to exploit both the OPP and TIR methods has forced us to
set up a CurTooLs-independent diagnostic tool. Furthermore, a loop-by-loop method is in
any case not ideal, because it is never trivial to determine the threshold that decides when
a computation is flagged as unstable (e.g., a single loop integral may be unstable, but give
a totally negligible contribution to the full amplitude). This problem is exacerbated when
increasing the final-state multiplicity, and indeed suggests to use an “inclusive” (i.e., at the
level of the amplitude, rather than of the individual loop integral) type of test in MADLOOP5,
which can handle more complicated processes than MapLoopr4. Secondly, the recovery
strategy used by MapLoop4 (which involved a small deformation of the kinematics) is on
the one hand related to the loop-by-loop diagnostic (because when one considers two or
more integrals simultaneously, the deformation of the kinematics that renders stable an
unstable integral can turn a stable integral into an unstable one), and on the other hand
not particularly satisfactory when increasing the process multiplicity (because it becomes
more difficult to obtain a stable result out of the deformed kinematic configuration).

The diagnostic procedure of MapLoor5 works as follows. Let us write the result
of eq. (2.55), obtained by MapLoop after integral reduction and UV renormalisation, as

YTncidentally, these tests can also be performed in the context of tree-level matrix-element computations.
20 Apart from that on the dependence on the mass of an heavy quark, which is still available but too
process-specific to be worth automating.
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follows:
Vir)= nglm_)l) <g12;>6 (CE;; + % + Co) . (2.88)

For any given kinematic configuration, the coefficients ¢; of eq. (2.88) are evaluated 1 + nyes
times (in a way specified below), which we denote as follows:

¢; — &) =0, e, for j=-2,-1,0. (2.89)

These coefficients are used to define the following quantities:

1 i es . i Ntes
¢ = 2 (max{’cg.) }Zot —i—mm{‘cg.) }i:tot> ’ (2.90)
o (7,) Ntest _ . ‘ (’L)‘ Ntest
Ac; max{‘c] }i:O mln{ ¢ }izo ; (2.91)

which in turn enter the definition of the relative accuracy of the MapLoor evaluation:

0
o Acs
y = Zim2 84 (2.92)

0 _
Zj:*? Cj
A computation is deemed unstable, and the corresponding kinematic configuration called
an Unstable Phase-Space point (UPS), when:

X > €, (2.93)

with e a quantity which can be defined by the user, but whose default value is 1073.
The ng‘:o) results in egs. (2.89)—(2.91) are those obtained by applying the OPP reduction
with the given kinematic configuration. The c§i>0) are obtained in two different ways,
by performing again the integral reduction either: a) by using a kinematic configuration
obtained by rotating the original one (hence, by following the same procedure as is used in
one of the self-consistency checks previously discussed); or b) by using a different ordering of
the loop propagators D; as input to OPP (this changes the inner workings of the reduction
procedure, and is thus numerically different from, although physically completely equivalent
to, what one does with the original ordering). These two re-computation procedures are
called Lorentz test and Direction test respectively. By default, MADLOOP5 sets njest =
2, and performs one Lorentz test and one Direction test. Both n.s and the type of
tests performed can be controlled by the user. Note that any Direction test re-uses the
coefficients C'(") of eq. (2.78) computed in the context of the first evaluation (cyzo)), and is
thus less time-consuming than Lorentz tests, despite the fact that both require the integral
reduction to be performed from scratch. In the case of a mixed-coupling expansion, each
of the cgi) is expanded as is done in eq. (2.23), so that it will correspond to a set {c%} By
fixing ¢ (which is associated with a given combination of coupling constants, see section 2.4),
one defines y, as in egs. (2.90)(2.92); a kinematic configuration is a UPS if, following
eq. (2.93), x4 > € for any q.

When a UPS is found, MapLoopr5 has two main methods for recovery, which are

attempted in turn. It starts by changing the integral-reduction procedure, from OPP to
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TIR. The results of TIR depend on the specific TIR library MapLoop5 is linked to. In
principle, any library might be used; in practice, so far we have considered IREGI [168]
and PJFRY++ [169, 170]. A given TIR library has a maximal number of propagators it
can handle (presently, up to hexagons for IREGI and up to pentagons for PJFRY++);
in the case one particular loop integral exceeds that number, OPP is used again for it
and only for it.2! More than one TIR library can be linked to MapLoOP5 at the same
time. After having found a UPS with OPP, MapLoor5 switches to the first of such TIR
libraries, and repeats the diagnostic tests mentioned above. If the result is again classified
as a UPS, the next TIR library is used, and so forth. If none of the available TIR libraries
is able to give a numerically-stable reduction, MapLoop5 resorts to the second method
of recovery, namely the OPP integral reduction with all relevant quantities (N} and the
internal CurTooLs algebra) computed in quadruple precision. This is usually extremely
effective, but has the disadvantage of being extremely slow. In the case when the recovery
in quadruple precision fails as well, MADLoOP5 gives up, sets ¢y = 0, and proceeds to the
next kinematic configuration; the user is warned when this happens. We emphasise that
the order in which the various integral-reduction procedures are used in the context of UPS
recovery (OPP, TIR library #1 to TIR library #n) can be controlled through an input
card. So in the present public version of MADGRAPH5_AMC@NLO, where TIR reduction is
not yet included, only OPP and quadruple-precision calculations are employed.

2.4.3 Integration of one-loop contributions

The way in which the virtual contributions are integrated by MADGRAPH5_AMC@NLO in
either an fNLO or an NLO+PS computation is quite different w.r.t. what was done in
AMC@NLO. In the latter, one-loop matrix elements were integrated separately from the
other contributions, and eventually combined with them at the level of either distributions
(in the case of fNLO), or unweighted events (in the case of NLO+PS); on the other hand,
in MADGRAPHS_AMC@NLO all contributions are integrated simultaneously. The original
strategy of AMCQ@QNLO had been adopted because it allowed one to control, in a very
direct manner, the number of phase-space points for which the virtual corrections were
computed, and by doing so to reduce such a number, without this implying a degradation
of the overall accuracy of the physical results.?? The fact that the accuracy of the final
result does not change significantly despite the reduction mentioned above stems from the
following two observations. a) n-body phase-space integrals are significantly simpler than
(n 4+ 1)-body ones, and therefore require to be sampled a smaller number of times than
the latter. b) Virtual corrections are usually smaller than the Born, which implies that
a smaller number of phase-space points has to be used to integrate the former than the
latter, in order to obtain the same absolute precision for the two resulting integrals. The

21'This being a single integral, it should be clear that this procedure will not necessarily result again in
being classified as a UPS — the original UPS was due to all integrals being reduced with OPP.

*2The reduction of the number of evaluations of the one-loop matrix elements was (and still is) highly
desirable because virtual contributions are typically the numerical bottleneck in our NLO computations
(owing to the efficiency of the FKS subtraction, which leads to a relatively fast convergence of the real-
emission contributions).
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possibility of exploiting observation a) in a flexible manner was the main reason why in
AMCQ@NLO the virtual contributions were integrated separately. In fact, without a separate
integration, n-body matrix elements were previously evaluated the same number of times
as (n + 1)-body ones (see eq. (2.50) for an explicit example, relevant to the Born). This
could of course be bypassed in several ways, none of which however is simpler than a sep-
arate treatment, and better suited to an adaptive multi-channel integration. As explained
in section 2.4.1, MADGRAPH5_AMC@NLO combines n- and (n + 1)-body contributions in
the opposite way w.r.t. that of AMC@NLO, taking an n-body viewpoint. This is what
allows MADGRAPH5_AMC@NLO to naturally use observation a) while integrating one-loop
matrix elements together with all other contributions.

The simultaneous versus separate integration is only one of the differences between
the current treatment in MADGRAPH5_AMC@NLO and what was done previously. While
the former has several advantages over the latter,?® if applied straightforwardly it implies
that the same number of evaluations are performed for the one-loop as for the Born matrix
elements, which is not ideal in view of observation b). In order to amend this situation, and
thus to increase the speed of MADGRAPHS_AMCQ@QNLO without a loss of accuracy, several
solutions have been devised. They are based on the properties of the following quantity:*

R A(n,l)A(mO)*
‘A;‘))‘Q _ 2 { ’;27170) ’I; ! ’ (2.94)

where A,(ln’o) has been introduced in eq. (2.68), and V}, can be obtained e.g. from eq. (2.72)
by not performing the sum over h there (and similarly for the corresponding UV countert-
erms). The ratio in eq. (2.94) is a slowly-varying function over the phase space (behaving
essentially as logarithms or dilogarithms), and is to a good extent independent of the he-
licity configuration h (note that the same helicity configuration h is used in the numerator
and in the denominator): in other words, one-loop and Born matrix elements have very
similar dependencies on helicity configurations and, in particular, there are no helicity

)

configurations for which Al(ln’o is null while V}, is not. This also implies that the ratio of

eq. (2.94) is numerically of the same order as its helicity-summed counterpart:
Vv 1%
T Zh( "0) - (2.95)
n, s
AT = 3, )

In MADGRAPH5_AMC@NLO we exploit the behaviour w.r.t. to h of eq. (2.94) by performing
the sum over helicities implicit in V' by means of MC methods: for each phase-space point,

2
a single helicity configuration is chosen, according to the relative weights of ’A;Ln’o)’ . What

20n top of item a) discussed above: all other things being equal, two or more contributions integrated
together lead to a better accuracy than when integrated separately, in the case of cancellation among them,
as it often happens with NLO cross sections; also, a smaller number of integration channels implies a
reduction of negative-weighted NLO+PS events.

24With some abuse of notation, V here denotes only the finite part of the one-loop contribution, i.e. the
coefficient ¢o of eq. (2.88) up to overall factors, which are irrelevant for the present discussion.
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has been said above guarantees the efficiency and the fast convergence of this procedure, as
well as a reduction of the time spent in computing the one-loop contribution (see eq. (2.79)
— such a reduction is due to the fact that the numerator is simpler and therefore less
time-consuming: the time spent carrying out the integral reduction is not affected).

Let us finally see how the fact that the quantity in eq. (2.95) is a slowly-varying function
of the kinematics helps reduce further the CPU load necessary to compute the integral of
V. In order to shorten the notation introduced in section 2.4.1, we symbolically write the
integral of the NLO cross section as follows:

/ dom (Ey +V) | (2.96)

where Ey denotes all contributions other than V' (the integration over the extra degrees of
freedom relevant to the real matrix elements plays no role here, and is understood). Inte-
grals such as that of eq. (2.96) are performed by adaptive methods, which entail successive
estimates (called iterations) of quantities relevant to the integrals. For the generic integral:

/ donF (2.97)

we shall denote by

I(F),  on(F), (2.98)
the results of the k" iteration for the mean (i.e., the integral itself) and the standard
deviation. One expects that:

lim I;(F) = / dpn F lim o (F) =0. (2.99)
k—o0 k—o0

It will be convenient for what follows to have an eXp].iCit eXpI'eSSiOIl for the mean:
_1 Epk (k.7) (ki)
I (F) = P, (qbn]“ ) F ((ﬁnk’l ) . 2.100
k’( ) i P ( )

Here, we have denoted by ¢£ﬁ’“ the i*" phase-space point, generated at random during the
course of the k" iteration; a total of p;, points are considered. The quantity ®,, collects all
normalisation and jacobian factors. We point out that, when applying eqgs. (2.97)—(2.100)
to the case of interest, eq. (2.96), one is able to obtain not only the integral of the sum
Ey +V, but also those of Ey and V individually, by keeping track of I} (Ey) and I (V)
respectively (despite the fact that the two terms are still integrated simultaneously). This
is useful in view of the following manipulation: we introduce an approximant of V', that
we denote by ‘7}6, which we use in the identity:

/dgan - /dqbn [f/k + (V - Vk)} . (2.101)

As the notation suggests, the approximant sz is a function of the adaptive-integration
iteration, where it is used according to the following formula:

(V) =~ pzlcb (89) T (6) + — pi; @ (o) [V (o87) Wi (07)] -

(2.102)
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A number 0 < fr <1 has been introduced in eq. (2.102), which implies that the difference
V — Vj is computed only in a fraction f; of the total number of point thrown.?® For an
explicit evaluation of eq. (2.102), we need to define what enters it. We have:

: (2.103)

~ 2
Vk = CL ‘A(n’o)‘

with ¢ a quantity to be determined iteration-by-iteration, similarly to what happens for
fr. The initial conditions are:
f1 = 1, 1 = O, (2104)

and for £ > 1 we define:

grid {I,_1(V)}

grid { Iy (A0 )}

fr = fr_1 max {min { 2041V = Vi) , 2} , 1} . (2.106)

C —

(2.105)

O'k—l(EV + V) 4
The value of fj obtained from eq. (2.106) is further constrained to be in the range
0.005 < fr < 1. (2.107)

A few explanations are in order. Firstly, ¢, and f; are dynamically constructed, using
the information that the numerical integrator (we use a modified version of MINT [171])
has gathered during the previous iteration. One such piece of information is a grid, which
among other things stores the averages of the function that is being integrated in non-
overlapping phase-space regions which cover the whole phase space. Therefore, ¢ as defined
in eq. (2.105) is a piecewise-constant function. Because of the properties of eq. (2.95), we
expect it to be close to an overall constant, and V defined in eq. (2.103) to be a good
approximant of V. Secondly, if indeed V is an increasingly (with k) good approximant of
V', we expect the quantity o;_1(V — Vk,l) that appears in eq. (2.106) to decrease faster
than the estimated error on the integral of Ey + V| thus inducing the values of f; to
decrease. On the other hand, eq. (2.106) prevents the series of fi’s to be fluctuating:
w.r.t. the preceding value fr_1, fr can be at most a factor of 2 larger, or a factor 1/4
smaller — these values are simply sensible, but can of course be changed, as the absolute
minimum for fj given in eq. (2.107).

The rationale behind egs. (2.101)—(2.107) should now be clear, and it has to do with
the fact that one can compute Vk much faster than V. One starts in the first iteration
by always computing V; while doing so, MADGRAPHS5_AMC@NLO gathers the information
that will allow it to construct the approximant ‘72 to be used in the next iteration. While
this procedure is iterated, the relative?® number of times V' (Vk) is computed is decreased
(increased). The procedure is exact, being based on the local identity (2.101). Furthermore,

25 Although eq. (2.102) literally implies that these are the first py fr points, in the actual computation
they are chosen randomly in the whole set of the pj points, so that biases are avoided.

ZMADGRAPHS_AMCQ@NLO, following MADGRAPH, starts with a relatively small number of points
p1 ~ 80Ng4im, and doubles it at each iteration.
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the code is protected against any pathological behaviour: if, for example, TN/;C does not turn
out to be a good approximant of V', one will have f, ~ 1 for all k’s, so that Vj will not
play any role (see eq. (2.102)). In practice, this situation has not been encountered so far.

2.4.4 Matching to showers: MCQNLO

In this section, we review the MC@QNLO formalism [26] and its implementation in MAD-
GrarPu5_AMCQ@NLO, making extensive use of the results given in section 2.4.1. We start by
considering the formulation where the short-distance cross sections are defined for a given
real-emission process rp € Ry11, which also allows one to symplify the notation, since the
dependence on ry can thus be easily understood. We shall eventually arrive at expressions
which lend themselves to the same manipulations as those carried out at the end of sec-
tion 2.4.1, which MADGRAPH5_AMC@NLO exploits in order to deal with MCQNLO cross
sections defined at given Born processes, precisely as for their NLO counterparts.

In essence, MC@QNLO defines two short-distance cross sections, associated with real-
emission-type kinematics (i.e., (n + 1)-body) and Born-type kinematics (i.e., n-body),
dubbed H- and S-event contributions respectively. Their forms are written as follows:

do™® — Z dO_E;ILO,E) o dU(MC)7 (2.108)
(4,J)€Prks
do® = do™O 4 Z Z do (2.109)

(i7j)6PFKS Oé:S,C,SC

where dagLO‘E) and dU%\ILO’O‘) are ezactly the same quantities (egs. (2.45) and (2.46)) that
appear in the NLO cross section (eq. (2.47)). The only new (w.r.t. the NLO) ingredient
in MCQNLO is thus do™® | which is the cross section one obtains from the parton shower
Monte Carlo (PSMC) one interfaces to by truncating the perturbative expansion at O(a%™)
(the Born matrix elements being of O(a%)), in the case of resolved emission (eq. (2.108))
and of no resolved emission (eq. (2.109)) — indeed, as is implicit in the notation these
two cases result in the same cross section, up to a sign. The crucial point is that, since
the leading IR behaviour of any PSMC must be the same as that resulting from an exact
matrix-element computation in QCD, eqs. (2.108) and (2.109) are locally finite.2” This is
the reason why the do™ terms are called the MC counterterms, and the MC@QNLO cross
section, contrary to the NLO one, can be unweighted.

The definition of the MC counterterms immediately implies that their actual expres-
sions depend on the specific PSMC one interfaces to. These expressions have therefore to
be worked out case-by-case, which has been done for the following PSMCs, whose matching
with NLO calculations has been fully validated in MADGRAPH5_AMC@NLO: PyTHIAS [123],
HerwiG++ [121, 122], HERWIG6 [142, 143], and PyTHIiA6 [141] (in the case of py-ordered
PyTHIAG, only processes with no strongly-interacting particles in the final state are sup-
ported). The details of the construction of the MC counterterms for some of these PSMCs
are given in refs. [26, 172-175]. On the other hand, the general structure of the MC coun-
terterms is actually PSMC-independent, and it is easy to convince oneself that they can

2TIn fact, this locality property may be spoiled by certain approximations inherent in the PSMC. Tt is
not difficult to restore it [26], as we shall briefly discuss later.
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always be written in the following way:

do™9 = " do?, (2.110)
(,5)€EPrKs

since FKS pairs are in one-to-one correspondence with IR singularities, which in turn are
at the core of the shower mechanism. It is important to bear in mind that this implies
that eq. (2.110) is therefore valid not only for those PSMCs based on a 1 — 2 branching
picture (such as those just mentioned), but more generally for any PSMC consistent with
QCD (in particular, those that adopt a dipole picture [34, 176-182]). The functional form
of the terms dag;/{c) is the same for all of the PSMCs considered here,?® and we shall briefly
describe its construction in what follows. One starts with the PSMC cross section that
results from a single branching:?*

o0 =3 "N "do oY (2.111)
c lec
P @
do S 0 — [MO) (x(l)) 6i@jel Qg LiLigy (Zz‘j )
1,2

(n,0) o (MC)
ij,cl Ni@j o g(l) M © df
]

dy
Y gdon - (2.112)

'L

As the notation suggests, although da( 9 does not necessarily coincide with dO’<MC) (the
possible differences between the two W111 be explained below), it does fully 1nclude its
physics contents, which we now turn to describing.

The sums in eq. (2.111) run over all possible planar colour configurations (c¢), and the
individual colour lines belonging to them (7). In MADGRAPH5_AMC@NLO we represent a
colour configuration as a list, ¢ = {l, ...l }, where the individual colour line is represented
as an ordered pair, [, = (s(k), e(k)), whose meaning is that of a connection between particle
Tk (the starting point of the line) and particle Z.() (the end point of the line). This
implies that, for any given ¢, a quark or an antiquark will belong to a single colour line
(through its colour or anticolour respectively), while a gluon will belong to two colour lines
(one for colour and one for anticolour). This is the reason for the factor Njg; in eq. (2.112),
which is equal to 1(2) if i@ is a quark or an antiquark (a gluon). MADGRAPH5_AMC@NLO
constructs the colour configurations during an initialisation phase, by gathering the relevant
information from the underlying matrix elements. 52-(;-) and ZZ(JZ) are the PSMC shower
variables; as the notation indicates, in general their forms depend on the branching particle
i @ 7 (in particular, on whether it is in the final or initial state), and on the colour line
(which determines the colour partner of i @ j). The actual shower variables are very
PSMC-dependent, and they are coded in MADGRAPH5_AMC@NLO for all the PSMCs one
may match with. The colour connections in general also determine the choice of Bjorken
z’s made by the PSMC (see e.g. ref. [26]), which is the reason for the dependence on [ in the

ZDifferent classes of PSMCs may be conceived, for example dipole-shower-based or by going beyond the
leading-N. approximation (see e.g. refs. [183-186]), which could induce a different form. However, the idea
of MC counterterms in general, and of eq. (2.110) in particular, would still be valid.

29Tn order to simplify the notation, we understand the universal, azimuthal-dependent part of the branch-
ing (see e.g. appendix B of ref. [10]).
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argument of the luminosity factor LM in eq. (2.112). Pp,(z) is the Altarelli-Parisi one-
loop kernel [187], for parton b emerging from the branching of parton a¢ with momentum
fraction z. ME"’O) is the Born matrix element multiplied by a factor determined by the
colour configuration ¢, according to the prescription of ref. [188]. Finally, @™ symbolically
denotes all kind of kinematics constraints, such as generation-level cuts (an n-body Born
must have n well-separated partons), possible dead-zone conditions, and so forth.

Implicit in eq. (2.112) is the choice of a shower scale, which roughly speaking sets
an upper bound for the hardness of each branching. Since PSMCs are based on a small-
scale approximation, it is clear that the larger the shower scale, the worse the description of
physics by any PSMC. While in the context of standalone-PSMC simulations it may be nec-
essary to consider shower scales that stretch that approximation (simply to fill phase-space
regions otherwise inaccessible), such an attitude is not justified when PSMC are matched
with NLO computations, since the latter provide a much better description of hard-emission
regions. Note that in MCQNLO these undesirable large-shower-scale effects are indeed re-
moved completely at O(a%™) by the MC counterterms (see egs. (2.108) and (2.109)).
5%

However, at O(« and beyond the PSMC may still radiate in the hard regions, poten-

tially giving effects which are simply not sensible from the physics viewpoint. Furthermore,
even at (’)(agﬂ) it does not make much sense to allow the PSMC to produce radiation
only to eventually remove it. Fortunately, it is possible to give the PSMC an external mass
scale in input; during the course of the shower, the PSMC will generate branchings after
choosing the smallest between this external scale and its internally-generated shower scale.
In MADGRAPHS_AMC@NLO, we exploit this possibility in the following way.?? Firstly, we

introduce a function of a mass scale p:

1 I
D(p) = < monotonic < p < o, (2.113)
0 > 2,

with p1 < po two given mass scales. While we typically regard D as a smooth function, it
is perfectly fine to consider its sharp version:

D(p) =0 (pg — 1), HQ=H1 =2, (2.114)

which is a particular case of eq. (2.113). Secondly, on an event-by-event basis we determine
a mass scale by using:
tr = D7(r), (2.115)

with r a flat random number (note that with eq. (2.114) one obtains y, = pg). Thirdly, we
give p, in input to the PSMC, where it acts as an upper bound to the internally-generated
shower scales as explained before. The physical meaning of yu, (be it a relative transverse
momentum, a virtuality, or whatever else) depends on the specific PSMC chosen, but is
irrelevant here and need not be specified. The crucial thing is the following: by means of
this procedure, we are effectively changing the shower w.r.t. what the PSMC would do if

39This technique has been used sparingly in MC@QNLO v3.3 and higher.
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left alone. This change must therefore correspond to a change in the MC counterterms,
because of the very definition of the latter. This amounts to:

o' = D (u(Kni1)) do 0 (2.116)
Note that the argument of D in eq. (2.116) is computed by using the underlying kinematic
configuration (after having taken into account its PSMC-specific form: p, \/@, and so
forth), and must not be generated randomly. Equation (2.116) can always be used in place
of eq. (2.112), the latter being a particular case of the former, which one can formally
obtain by setting pu; = us = oo.

As was discussed before, the function D controls perturbative effects higher than NLO;
hence, its variations can be used to assess the NLO+PS matching systematics (which is,
by definition, the size of terms beyond the formal accuracy of the computation) of the
MC@NLO method. Although this is expected to be small,3! its actual size is observable-,
process- and (especially) PSMC-dependent,?? and it is therefore convenient to be able to
study it in a straightforward way. This is the case in MADGRAPHS_AMC@NLO, where one
can control the values of the scales p; of eq. (2.113) through the external parameters f;,
with p; = fiv/30, and 3g the Born-level partonic c.m. energy squared.

Equation (2.116) would give the desired MC counterterms if the corresponding PSMC
behaved as expected in the IR regions, namely if it gave exactly the same result as a QCD
matrix-element computation in both the collinear and the soft limits, whence the local
cancellations in egs. (2.108) and (2.109). Unfortunately, this is not the case in the soft
limit, at least for HERwiG and PyTHIA, where this deficiency is basically a consequence of
the necessity of having a Markovian shower. What is true, however, is that the amount of
soft radiation predicted by the PSMCs is correct; in other words, only its angular pattern
is not consistent with the one required by QCD. Fortunately, such an undesirable feature of
certain PSMCs will not have dramatic consequences on physical observables, because of the
infrared-safety of the latter (the interested reader can find a fuller discussion of this issue in
section A.5 of ref. [26]). The technical problem of the local finiteness of the MC@QNLO short-
distance cross sections can be solved by the following definition of the MC counterterms:

o' = (1= G) dog; " + G do i " |rea - (2.117)

Here, G is a smooth function defined so that G — 1 in the soft limit, and G = 0 outside
(NLO,S)
i

only the real-emission matrix element contribution is kept.33

of the soft region; do real 18 the soft part of the NLO cross section, eq. (2.46), where

A few comments concerning eq. (2.117) are in order. Given that what the PSMC is

supposed to do is dagm’D), while what MC@NLO assumes the PSMC does is do™ of

31The main reason being that MC@NLO short-distance cross sections have no contributions of O(a%"?)
or higher; terms of these orders in the physical cross sections can only be generated through MC radiation.
320n top of being, obviously, matching-method dependent. We stress that the results of D variations in
MADGRAPH5_AMC@NLO can not be used, even as a mere indication, of the matching systematics that
affects other matching methods, such as POWHEG.
33 An analogous solution is adopted when the azimuthal part of the PSMC branching kernel does not

agree with that predicted by the matrix elements.

— 46 —



eq. (2.117), there is a mismatch of O(a%™) between the two. This mismatch, however, is
utterly irrelevant for several reasons. Firstly, because of the properties of G, it is confined
to the soft regions, where effects of all orders in ag are equally important. Secondly, in
(MC,D)
j

fully inclusive sense, since the PSMC is unable to handle emissions below the IR cutoffs,

practice in the soft region the PSMC does not even correspond to do if not in a
which are of the order of the typical hadron mass (and this for a very fundamental reason:
QCD does not have infinite resolution power). Thirdly, because of the previous point all
NLO+PS matching schemes are liable to have (’)(agﬂ) effects in small-scale regions which
are not in formal agreement with fixed-order results at the NLO, even if the second term
on the r.h.s. of eq. (2.117) were not present (see appendix B.3 of ref. [26] for a discussion
specific to the MCQNLO formalism). Ultimately, then, the differences driven by the G
function are power suppressed (see e.g. ref. [189]); eq. (2.117) is nothing but a formal trick
to render the O(a%™) MC@NLO cross sections non-divergent (which is important in view
of their numerical integration) in a region where not even the perturbative predictions of
PSMCs are sensible, let alone those of fixed-order computations.

Equation (2.117) also gives us the opportunity of commenting briefly on the alternative
implementation of the MC@QNLO method presented in ref. [36]. There, the function G
does not appear, for the simple reason that the two short-distance cross sections on the
r.h.s. of eq. (2.117) coincide in the soft limit and, as explained above, this is a sufficient
condition for not having to introduce G. In turn, this situation occurs because the shower
used in ref. [36], and in subsequent papers, in the context of NLO-matched simulations
is constructed to have the same soft behaviour of the matrix elements (see, in particular,
eq. (2.5) of ref. [190]). Once this is done, the form of the MC counterterms is uniquely
determined, lest one has a mismatch of O(a%™!) (everywwhere in the phase space). One
may opt (as is done in ref. [36]) to see this as a choice made at the level of short-distance
cross sections (the soft behaviour of the MC counterterms), that forces one to modify
the shower in order to preserve the perturbative accuracy. While the point of view of
ref. [26] and of this paper is the opposite one (namely that it is the chosen PSMC which
determines the MC counterterms), the fundamental idea is just the same, and therefore the
MC@NLO subtractions of ref. [36] do not differ in any significant way from those that had
been adopted in MC@QNLO and are now used in MADGRAPH5_ AMC@NLO. What has been
changed in the approach of ref. [36] (w.r.t. the previous default) is the shower adopted in
conjunction with the NLO matching performed there (which happens not to be the same as
that used in simulations which are not matched to NLO results). We point out that should
a version of the PyTHIA or HERWIG showers become available with a matrix-element-type
soft behaviour, the relevant MC counterterms would be constructed without a G function.
Furthermore, we stress that the NLO accuracy of the MC@QNLO method (including, in
particular, the whole 1/N, expansion) is maintained, and that the O(a%t?) results are thus
in agreement with those of the corresponding matrix elements (up to power-suppressed
effects, as explained above), regardless of the behaviour of the PSMC and thus of the
presence of a G function. On the other hand, if some aspect of the PSMC is deficient (for
example the treatment of subleading-colour contributions), the MC@QNLO method itself
cannot provide an improvement in the MC-dominated kinematic regions — any issue of
this kind must be addressed at the level of the PSMC itself.
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Equation (2.117) is the final form to be used in eq. (2.110); when the latter is in turn
replaced in egs. (2.108) and (2.109), one immediately realises that it is convenient to define
the H- and S-event contributions at fixed FKS pair:

dojy) = doi;" " —doy;'”, (2.118)
dol) = dol9 + Y doliPOY. (2.119)
a=S5,C,5C

It is easy to see that these quantities are locally finite (by construction of the shower
variables fl-(]l-) and zl-(;-)), precisely as their summed counterparts of eqs. (2.108) and (2.109).
Egs. (2.118) and (2.119) can now be used to define the MC@QNLO generating functional. In
order to do that we also introduce, for consistency with the standard notation and in view

of the discussion to be given in section 2.4.5, the H- and S-event kinematic configurations:

KB =" k® =K, (2.120)

so that the generating functional finally reads as follows:

P =YY e (k) (o), (x©) _doj(rr)_

MC@NLO — N MC n dX(U)d (Z]) MC n dX( )dX(Zj) 5

TRERn+1 (1,7)€PrKs Bj “An+1

(2.121)
where Fyc is the generating functional of the PSMC one interfaces to, and its argument
indicates the parton configuration to be adopted as the starting condition for the shower. In
eq. (2.121) we have reinstated the formal dependence of the short-distance cross sections on
the real-emission process r. In this way, the complete similarity between the MC@QNLO
and NLO cross sections in terms of sums over partonic processes and FKS pairs (i.e.,
between the r.h.s. of eq. (2.121) and the Lh.s. of eq. (2.49)) is evident. Thus, as was
anticipated at the beginning of this section, all the manipulations performed at the end of
section 2.4.1 apply to the MC@QNLO case as well. In particular, the formulation where the
MC@NLO short-distance cross sections are defined by fixing the Born-level process is the
one adopted in MADGRAPH5_AMC@NLO. Among other things, this renders it particularly
easy to obtain S events by integrating over §; and y;; before unweighting (which is expected
to reduce the number of negative-weight events, as advocated in ref. [26] in the context
of the MCQ@QNLO formalism; the same idea, dubbed “folding”, has been independently
proposed and implemented in POWHEG).

Before concluding this section, we present two variants of what was discussed so far,
that we shall want to consider for future MADGRAPHS_AMC@QNLO developments. The first
one concerns the definition of the MC counterterms. The advantage of using eqs (2.118)
and (2.119) is a one-to-one correspondence between the shower variables ( Zi; ,5 ) and the
FKS integration variables (&;,v;;). Apart from a transparent way of 1dent1fy1ng the IR
singular structure (which in turn is related to dag.ﬂ) and dag) being locally finite at fixed
(,7)), this implies that, when the integration measure over the MC variables is expressed
in terms of dXSi)p as it must according to eq. (2.121), one can factorise the jacobian

0(=67)
(éjyij) : (2.122)
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in the current version of MADGRAPH5_AMC@NLO, this jacobian is computed analytically.
The definitions of eqgs. (2.118) and (2.119) might however have a numerical drawback, due

(NLO,a)
(4]
erms could induce differences in the damping of singularities not due to the FKS pair (i, j),

to the presence of the factor S;; only in the terms do . Its absence in the MC countert-

that in turn could result in an unnecessary large fraction of events with negative weights.
This situation can be amended as follows: by using eq. (2.35) one obtains the identity:

TECED DRI CED DEND DS L EREs)

(i,5)€PrKs (i,5)€Prks (k.p)EPFKs
which implies
do™ = >~ dgl'?, (2.124)
(i,5)EPFKs
o' =Sy Y dop?. (2.125)
(k,p)EPFKs

By using d&gm) in place of da%m) in egs. (2.118) and (2.119), one can factor out a term

Si;j. The disadvantage of course is that the pair (Z](JIZ, 5122) is not in one-to-one correspon-
dence with (&, yi;) any longer, which implies that the relevant jacobians will be much more
involved than that in eq. (2.122). However, this is clearly only a technical problem, which
can be overcome by giving up the requirement that jacobians be computed analytically.
With modern routines for the numerical evaluation of derivatives this appears definitely
feasible, and it would also pave the way for a leaner interface to new PSMCs.

We now turn to the second variant, which concerns the MC@NLO formulation proper.
A good feature of the MCQNLO cross section is that it gives a clear separation of matrix
element and Monte Carlo effects. A drawback is that one is forced to ignore the fact that in
the MC-dominated region (i.e., at small scales) real-emission matrix elements do not give a
good description of the underlying physics, which implies that the contribution of H events
there is important only in terms of total rate, but not in terms of shapes, which indeed
are dominated by showered S events. From the viewpoint of final (physical) results this is
irrelevant, but it entails a loss of efficiency, since typically H events have negative weights
in the MC-dominated region. A possible way to address this problem is the following.
Consider a function A with the properties:

A = 1+0(as), (2.126)
A —0 IR limits. (2.127)

It is immediate to see that the following definitions:

a0 = (Aol — doy ) A, (2.128)
dol) = doA+ Y doMOY 4 doYOP (1 A) (2.129)
a=S,0,5C

result in a generating MCQNLO functional with the same formal accuracy as that of
eq. (2.121). Tt is clear that, while this conclusion holds regardless of the form of A, provided
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that the conditions in egs. (2.126) and (2.127) are satisfied, from the physical viewpoint
one would identify A with a suitable combination of Sudakovs, whose explicit forms would
ideally be extracted from the same PSMC one interfaces to. Although at present there is no
straightforward way to obtain (numerically) the Sudakovs from a PSMC, there is no reason
of principle which prevents the implementation of such a possibility in future versions of
modern PSMCs. In the meanwhile, MADGRAPHS_AMC@NLO will have the means to test
egs. (2.128) and (2.129), by using the analytical expression for the Sudakovs which are
currently used in the context of the FxFx NLO merging method (see section 2.4.5).

2.4.5 Merging samples at the NLO: FxFx

In this section, we present a brief review of the FxFx procedure [191], whose aim is that
of improving, by systematically including PSMC matching at the NLO, the multi-leg tree-
level merging techniques established in the course of the past decade, such as CKKW,
CKKW-L, and MLM (see refs. [145-148, 192-197]). The key word here is merging, which
identifies the following problem. If one obtains hard events from the processes:

7, +Zy — S+ partons, (2.130)

where S'is a set of p particles which does not contain any QCD massless partons, how does
one match them to PSMCs when different ¢ values (i.e., different final-state hard-process
multiplicities) are simultaneously considered? The core of the problem is the avoidance
of double counting; note that this is on top of, and more complicated than, the double-
counting problem that one faces when fixing 7 in eq. (2.130), and which is a matching (not
a merging) issue. While the formulation of the problem of merging is independent of the
perturbative order (i.e., of the accuracy to which the cross sections of the processes in
eq. (2.130) are computed), its solution is not, being strictly connected with the adopted
matching strategy. NLO (and beyond) mergings are thus inherently more complicated than
LO ones, because LO-matching is basically trivial; they have attracted a significant amount
of attention lately [184, 191, 198-207]. The quickest way to realise this is that of considering
the tree-level matrix element associated with the process in eq. (2.130); this will give the
Born contribution to that process, but at the same time it will also be needed at the NLO
as real-emission contribution to a process whose Born features a S + (¢ — 1) partons final
state. Such a double role of a given matrix element is specific to an NLO merging, and is
absent at the LO.

This example of the tree-level matrix-element double role suggests a way to tackle
the NLO-merging problem. In particular, in view of the fact that, in the context of a
given calculation, the perturbative accuracy of the prediction for an observable is larger
the more inclusive the observable, one wants to use as much as is possible an i-parton
tree-level matrix element as a Born, rather than as a real-emission, contribution. The
role of hard emissions will thus be mainly played by the Born’s associated with processes
with larger multiplicities, while for any given multiplicity the real-emission contributions
will mostly provide the correct (NLO) normalisation. Because the MCQNLO formalism
is designed to perturb in a minimal way both the underlying matrix-element description
and the PSMC one uses for showering events, the above scheme essentially corresponds to
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limiting the hardness of H-event emissions. Technically, this can be achieved by simply
exploiting the D function introduced in eq. (2.113), and by applying analogous conditions
at the matrix element level. In order to do so, it is convenient (and particularly sensible
physics-wise) to re-interpret the parameters p; of eq. (2.113) in the following way:

< soft (MC — dominated),
w1 < p < po intermediate,
> o hard (ME — dominated).

Note that in the case of a sharp D function, eq. (2.114), the intermediate region collapses
to a zero-measure set. Once one has defined hard and soft mass scales, one needs to define
a way to measure the hardness; because of the fact that NLO corrections will be computed,
it is mandatory that such a measure be IR-safe. The easiest way to achieve this is that
of employing quantities that arise from a jet-reconstruction algorithm. We denote by d;
the scale (with canonical dimension equal to one, i.e. mass) at which a given S+partons
configuration passes from being reconstructed as a j-jet one to being reconstructed as a
(j — 1)-jet one, according to a k; jet-finding algorithm [144] (in other words, there are j
jets of hardness d; — ¢, and (j — 1) jets of hardness d; + ¢, with ¢ arbitrarily small). In
general, for n final-state partons one will have

dp <dp-1<...<dy <dj. (2.131)
It will also turn out to be convenient to define
di=Vv3s,  j<O0, (2.132)

with v/§ the parton c.m. energy, i.e. the largest energy scale available event-by-event. Since
the function D determines rather directly the way in which the various partonic processes
of eq. (2.130) are combined, the results of variations of the parameters that enter into it can
be associated with the systematics of the merging procedure (and not of the matching one,
as is the case for the unmerged cross sections discussed in section 2.4.4). This is particularly
straightfoward, and totally analogous to what is typically done at the LO, when one chooses
a sharp D function, in which case ;¢ has to be seen as the merging scale.

We now limit ourselves to reporting the final forms of the short-distance cross sections
necessary to implement the FxFx merging scheme; the interested reader can find more
details in ref. [191]. We denote by N the largest light-parton multiplicity at the Born level
that we consider (therefore, N is the largest value that i can possibly assume in eq. (2.130)).
The cross sections given below are the analogues of those in egs. (2.118) and (2.119), i.e.,
at fixed real-emission process and FKS pair; in the present section, we understand these
quantities, lest we clutter the notation with unnecessary details. On the other hand, each
H- or S-event contribution or short-distance cross section will carry an index, equal to the
number of final-state particles in the corresponding hard process (at the Born level), this
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information being crucial in all merging procedures. We have:

doy); = [ Yo doi +d0$if’°)D(dz~+1(/Cﬂ)i))} (2.133)
a=8,C,SC

x (1= D)) © (dia(KS) — pa)

do), = o (1= D(KSD)) ) © (dima (K5 = o) (2.134)
S S H
—do190 (1= D)) © (dia (K5 — ) | D(disa (KSD).
oy =] X dopR® 4oy’ (2.135)
a=S5,C,SC

S S
x (1 . D(dN(/c;jN))) o (dN_l(/c;QN) - ug) ,
_ H H
dol)y = doo® (1 . D(dN(/c;QN))) o (dN,l(/c;jN) - uz) (2.136)
S S
~do 5P (1= Dldn(KED)) © (d-a(Ky) — ne) |
where in eqgs. (2.133) and (2.134) one has 0 < ¢ < N, and in writing the MC countert-
erms we have understood the G dependence as given in eq. (2.117), which is irrelevant for
the sake of the present discussion. The MC@NLO cross section defined by eqgs. (2.133)
and (2.134) (egs. (2.135) and (2.136)), and its analogue that we shall introduce later, is

called the i-parton (IN-parton) sample. With the cross sections above, one defines the FxFx
generating functional:

p+N
.FFXFX — Z flgzlz‘x? (2137)
n=p
— (H) 5
() _ ) __don” c®) __don” 2.138
‘FFXFX FMC ( n ) dXB]an+1 + fMC < n ) dXB]an+1 . ( . )

Note that eq. (2.138) and eq. (2.121) are formally identical (as was said above, the sums
on the r.h.s. of eq. (2.121) are understood here), the difference being in the form of the
short-distance cross sections. Equation (2.137) implies that the FxFx generating func-
tional is the incoherent sum of MC@NLO generating functionals, each of which incorpo-
rates FxFx-specific type of cuts but that are otherwise fully analogous to their non-merged
counterparts. This renders it straightforward to implement the FxFx merging prescription
into MADGRAPH5_AMC@NLO.

As was discussed in ref. [191], the formulation of FxFx according to eq. (2.138) can be
supplemented by a Sudakov suppression, in keeping with what is done at the LO in the
CKKW(-L) and MLM methods. The modifications of the short-distance cross sections are
in fact rather minimal, and amount to what follows:

~ _ A S S

do’z(i)-z = |:d0-](i)-z + do’z()—l-z} A’ (Mg,n)ﬂn’ 'U‘z(’,rzlax) ’ (2139)
A _ H H

dO‘;Ti = da-g«ﬂk)i Al (Mz(,rrzin’ ME,rrZax) ’ (2140)

with dc?’f_f_i and d&;ﬂfi defined in eq. (2.133) (for i < N) or eq. (2.135) (for i = N), and in

eq. (2.134) (for i < N) or eq. (2.136) (for i = N) respectively. A; is a suitable combination
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of Sudakov form factors, the construction of which follows closely the CKKW prescription.
Further details, including the definition of the hard scales that enter these formulae can be
found in ref. [191]. Here, we limit ourselves to stressing the following fact: while for the
processes studied in ref. [191] the flavour structure of A; had been worked out by hand, it
has now been fully automated in MADGRAPHS5_AMC@NLO. The term dal(ﬁz is necessary in
order not to spoil the formal NLO accuracy of the formalism:

dO'(A) _ _dO.(NLO,S)’Bom (1 o D(dl(lC(S) ))) s} (dz—l(K(S)Z) . M?) Az(l)( (S) (S)

p+i pti p+i P+ H4 min» Mimax )
(2.141)
where da;TiO’S>|Bom is the soft part of the NLO cross section, eqs. (2.45) and (2.46),

where only the Born matrix element contribution is kept. By Agl) we have denoted the
O(ag) term in the perturbative expansion of A;. It should be clear that A; satisfies
egs. (2.126) and (2.127); therefore, a by-product of the Sudakov-improved FxFx merging
procedure (which we regard as our “best” FxFx scheme, and is thus the default in Map-
GRrAPH5_AMC@NLO) is the possibility of testing the alternative (non-merged) MCQNLO
formulation presented in egs. (2.128) and (2.129).

We conclude this section by discussing two arguments of general relevance to NLO-
merging techniques, and which may have significant bearings on their phenomenological
predictions: unitarity, and merging systematics. In the context of merging, imposing a
unitarity condition means that the fully-inclusive merged cross section (i.e., the sum over
all i’s of the i-parton-sample predictions) is equal to the total rate of the unmerged 0-
parton sample.?* In FxFx unitarity is not imposed, for the reasons we shall now explain.
One of the advantages of unitarity is the fact that the merging scale pg can be chosen
in an arbitrarily-large range, whereas in non-unitary approaches this is not possible, and a
sensible choice (which takes into account the hardness of the process, and the fact that g
must itself be hard) is always arbitrary to a certain extent. Such a benefit of unitarity has
however a less-pleasant side. Namely, in the general context of resummed computations
matched with fixed orders, constraints on total rates contribute to significant modifica-
tions of matrix-elements predictions, in shape and absolute value, also in regions where
one would expect large-logarithms effects to be suppressed (the Higgs p; spectrum is a
spectacular example of this phenomenon — see e.g. figures 1 and 2 of ref. [208]). This is of
course acceptable, and actually constitutes a defining prediction of a matched formalism,
if all contributions to the latter are perturbatively consistent: an example is that of an
)

MC@NLO unmerged cross section, where the total rate is of O(« , which is the same

perturbative order to which both S and H events contribute. When unitarised-merging is
considered, the total rate is still imposed to be that of (’)(agﬂ); however, S- and H-event -
parton samples (and their analogues within any merging formalism) are of O(a%"T1); this
mismatch of perturbative orders present for any ¢ > 1 might result in a bias (uniquely due
to the total-rate constraint) at the level of shapes, the stronger the larger i. Note that one

could impose the unitarity constraint using an NNLO total-rate prediction (O(a%?)), were

34We neglect here possible complications due to heavy-flavour thresholds, and to contributions to i-parton
samples that cannot be shower-generated starting from a lower multiplicity.
35In principle; in practice, there may be efficiency issues, which are however not of concern here.
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that available. This would marginally alleviate the problem above, but not solve it: firstly,
it merely shifts it to ¢ > 2, and secondly one still uses NLO-matched (and not NNLO-
matched) i-parton samples which thus require, at the very least, to be re-normalised. The
counter argument is that, although a bias might indeed be present, it appears at pertur-
bative orders which are in any case beyond accuracy. This is correct, but does not have
any implications on the presence of large logarithmic terms, that could enhance such con-
tributions. More importantly, it is also an argument that can be used in the context of a
non-unitary approach, where it would apply chiefly to total rates (and, by construction, in
non-unitary approaches there is no bias due to total-rate constraints). In fact, the depen-
dence on pg of inclusive results can be used effectively in non-unitary mergings as a way to
arrive at a sensible pg range, to be employed to assess the merging systematics of differen-
tial distributions. Examples of this, and of the fact that FxI'x exhibits a rather small ;¢
dependence, will be given in section 4.2. In conclusion, the arguments above can be argued
in different ways; it should be clear, however, that regardless of whether a merging approach
imposes or not unitarity, in those phase-space regions where matrix elements and PSMCs
will be vastly different the ;i dependence is bound to be large. In order to be able to study
such effects as locally as is possible, we prefer not to use unitarity arguments in FxFx.

For what concerns the study of merging-scale systematics, we emphasise that the dis-
cussion presented above by no means justifies the practice of not being conservative with
the choice of pg in non-unitary approaches. There is a particularly common misconception,
relevant when the physics one wants to study features a threshold for jet hardness (that we
shall denote by py ut) henceforth): such a misconception entails choosing g < p(TCHt). The
(implicit) argument for this choice is that a tagged jet is by definition a hard quantity, and

by setting ug > pg ") one might spoil the underlying NLO accuracy®® for the correspond-

ing jet cross section. Several observations are in order here. Firstly, the use of p(TC %) s a

criterion to determine pq is a contradiction in terms: by definition, a merging prescription
is what allows one to use samples of hard events without knowing a priori for which observ-
ables they will be employed, in particular which minimal jet hardness will be imposed. The
fact that the merging is not perfect (i.e., it does not have zero systematics) just implies that

both pg < pg: ") and Ho > pg ) are not particularly sensible, and nothing else. Secondly,

a criterion based solely on p(TCUt) misunderstands the meaning of hardness, which is not abso-

lute, but relative. For example, a jet with p(TC ") — 40 GeV can rightly be defined to be hard
in inclusive W production; the same jet is less hard in Higgs production, basically soft in ¢t
production, and certainly soft in the production of a 1-TeV Z’ resonance. Indeed, it should
be obvious that it is always a ratio of mass scales (one of which is of the order of the intrinsic
hardness of the production process, essentially defined by the masses of the final-state par-
ticles, and the other of the order of p(TC llt)), and never the absolute value of one such scale,
that matters: the argument of a logarithm is a dimensionless quantity. Thirdly, and related
to the previous item. When choosing g > pg: ") one might indeed spoil some underlying

NLO description, and for a very good reason: such matrix-element-driven prediction may

360r the tree-level matrix element accuracy in the case of LO mergings, where this argument is also
applied.
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simply be irrelevant in the case of a strong scale hierarchy where p(TC ") is much smaller

than the intrinsic hardness of the process, because there one believes the correct type of
prediction for jet observables to be rather a PSMC-dominated one. Even if the presence
of Sudakov suppression factors in the merged matrix elements may allow one to employ a

merging scale which is smaller than what naive expectations would suggest, still by choosing

g < pi

multiplicity sample. In conclusion, given that a merging-scale choice necessarily represents

one runs the risk of spoiling the underlying PSMC description of the lowest-

a non-perfect compromise between a matrix-element- and a PSMC-dominated prediction,
for processes where a scale hierarchy is not overwhelmingly clear (i.e., when pgf " s a
non-negligible fraction of the hardness of the production process), one must not decide be-
forehand whether it is either a matrix-element or a PSMC description which is suited best:
they are in principle both valid alternatives, and a sufficiently large range of j¢ in the sur-
rounding of p(TC %) ust be probed, lest one underestimates the merging-scale systematics.

A final technical remark: given that the work of ref. [191] has used HERWIG6 as
PSMC, and that the FxFx formalism naturally matches a p;-ordered shower, its use with
PyTHIA8 and HERWIGH+ does not pose any conceptual problems. In fact, a fully automatic
FxFx interface with PyTHIA8 has now been achieved, but is not part of the current public
MADGRAPH5_AMC@NLO release (the related, specific routine inside the PyTH1A8 code has
become available starting from v8.185). For this reason, the sample FxFx-merged results
which will be presented in section 4.2 will make use of HERWIG6. The FxFx-PyTHIiA8
interface also paves the way for a fully analogous procedure, that will be carried out with
HerwIG++. We also remind the reader that the FxFx method has so far been formulated
only for processes that do not feature light jets at the Born level of the lowest-multiplicity
sample, and that the merging of b-quark production processes has not been explicitly
studied. Although we believe that these cases can be treated with only minor modifications

(if any) w.r.t. the present implementation, we postpone their discussion to a future work.

2.5 Spin correlations: MadSpin

In both SM physics and BSM searches the role of unstable particles, that are not directly
observable but (some of ) whose decay products may be seen in detectors, is very prominent.
Let us consider the production of p unstable particles uy (k =1, ... p; for example, uy = Z,
upy = t, ug = t, and so forth), each of which decays into ny particles dy g, ...dp, k, in
association with [ stable particles sy, ... s;:

r4+y —u(=dig+.. .dp1+ X))+ oup(—=dip 4. odpy,p + Xp) +
81+...S[+X0. (2142)

It is convenient to regard eq. (2.142) as a parton-level quantity, so that x, y, and all the
particles in the sets X} are gluons or light quarks; the contents of X depend on the
perturbative order considered,” and need not be specified here. Equation (2.142) does not
properly define a process, but has the following intuitive meaning: it corresponds to the

37And, in general, on the type of corrections. In order to be definite, we consider here the case of QCD.
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contributions to the process

r+y —dig+..dyit+.diptody,ptsi s+ X (2.143)
p

X = |JXu, (2.144)
k=0

whose Feynman diagrams feature an s-channel propagator for each of the p unstable parti-
cles ug, with one end of the propagator attached to a subdiagram that contains at least the
decay products dj g, . ..dy,  (such a subdiagram is a tree at the leading order). These di-
agrams may be called p-resonant diagrams and, by extension, any diagram that features n
such propagator-plus-subdiagram structures will be called n-resonant (so that, by including
the case n = 0, all diagrams contributing to eq. (2.143) can be classified in this way). This
implies that it would be natural to associate with eq. (2.142) the matrix elements obtained
by considering only the p-resonant diagrams in their computations. Unfortunately, this is
not straightforward, since in general it violates gauge invariance. So the only possibility
is that of an operative meaning: thus, eq. (2.142) stands for the matrix elements relevant
to the process of eq. (2.143), subject to selection cuts whose purpose is that of forcing
the p-resonant diagrams to be numerically dominant. While this approach is the cleanest
possible from a theoretical viewpoint, it has an obvious problem of efficiency: the non-p-
resonant contributions to eq. (2.143) might swamp the p-resonant ones; furthermore, the
matrix elements of eq. (2.143) are usually very involved. The difficulties mentioned above
can be overcome by observing that a computation that uses only p-resonant diagrams is
formally correct in the limit where all the widths of unstable particles vanish, I',, — 0, V&
(narrow-width approximation, which can be systematically improved in the context of a
pole expansion [101, 209, 210]). An immediate consequence of the narrow-width approxi-
mation is that the amplitudes associated with parton emissions (i.e., beyond leading order)
from the decay products d;, . do not interfere with those associated with emissions either
from di; i, for any k" # k, or from any particle which is not a decay product. Hence,
higher-order corrections factorise, and can thus be sensibly considered separately for pro-
duction and decay. This results in a significant simplification of the calculation, since in
the narrow-width approximation one can therefore write:

r+y —ur+...up+s1+...5+ Xo, (2.145)
U — dl,k+~--dnk,k+Xk k=1,...p. (2.146)

As this notation suggests, the particles uy in eqs. (2.145) and (2.146) are regarded as final-
and initial-state objects respectively, rather than as intermediate ones as in eq. (2.143). The
calculation of amplitudes in the narrow-width approximation can be done by employing
well-established spin-density-matrix techniques, which allow one to account for all spin
correlations (we remind the reader that the process of eq. (2.143) is said to have decay spin
correlations if its matrix elements depend non-trivially on the invariants d; j-d; . for some k;
production spin correlations are present in the case of non-trivial dependences on dik,kdi; e
for any i), and 4), with &’ # k, or on d;, i-sq, di, -2, d;y, 1y and d;, -Xo for some iy, and k).
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When spin correlations effects are small or can be neglected, a further simplification
can be made, where one replaces the squared amplitudes associated with the p-resonant
diagrams relevant to eq. (2.143) with those relevant to the production (eq. (2.145)) and
decays (eq. (2.146)) separately.®® Despite being a priori rather crude, such a simplification
is very widely used in the context of PSMCs, since the narrow-width approximation is
more difficult to automate already at LO, and more so beyond LO. Besides, unweighted-
event generation is significantly more efficient for the process of eq. (2.145) than it is for
that of eq. (2.143). The procedure is therefore that of generating (unweighted) events that
correspond to eq. (2.145), and then let the PSMC decay the unstable particles according
to eq. (2.146) (with X = 0, i.e., at the leading order) during the shower phase. Note that
the PSMC must know how to handle these decays, which sometimes involve non-trivial
matrix elements (e.g., in top decays, or for H® — 2¢2v). If this is not the case, decay spin
correlations are also incorrectly predicted.

In order to retain the advantages of the separation of production from decays at the
level of squared amplitudes, such as efficiency and ease of automation, without losing
the capability of predicting spin correlations, MADGRAPHS_AMC@NLO uses the method
introduced in ref. [211],3? and studied there for top and W decays in the SM, which has been
fully automated and extended to generic models in ref. [213]; the corresponding module in
the code has been dubbed MapSPIN.4® The method is based on the following identity:

i M@E+y—dig+...dyptsit+...5+X
11
Ty }»0 M@4+y—=u+.. . up+si+...5+X)

) T2, < u({u),), (2147)
k=1

where U is a universal factor, and the matrix elements at the numerator and denominator
on the Lh.s. are the tree-level ones relevant to the processes of egs. (2.143) (with p-resonant
diagrams only) and (2.145) (with Xy = X)) respectively, and:

Al_tkl = (pik - mik)2 + (mukruk)2 . (2.148)

Note that the factors A;kl in eq. (2.147) cancel exactly the denominators of the unstable-
particle propagators, so that the limit is indeed a finite quantity. The fact that the set X
of radiated partons is the same at the numerator and denominator in eq. (2.147) implies
that the two matrix elements are computed at the same relative order w.r.t. the leading
one; this allows one to correctly take into account the effects of hard radiation at the pro-
duction level. Finally, the factor & depends only on the identities of the unstable particles
(and possibly on the decay kinematics), but is independent of the production process. It
is computed by considering the decays of eq. (2.146) at the LO (i.e., with X; = ), in a
fully numerical manner by MADSPIN.

38In other words, the narrow-width approximation allows one to get rid of the non-p-resonant diagrams,
whereas the simplification mentioned here gives a prescription for the actual computation of the p-resonant
diagrams where one does not use spin-density matrices.

39For an alternative method, based on the knowledge of the polarization states of the unstable particles
and on spin-density matrices, and which is adopted in HERWIG++, see ref. [212].

40When working at the LO, production spin correlations can be recovered not only by using MADSPIN,
but also by adopting the so-called decay-chain syntax — see appendix B.1 for more details.
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Equation (2.147) is used within a standard hit-and-miss procedure, that determines the
kinematics of the decay products d;, ;. given that of the unstable particles u. In practice,
unweighted events are first obtained for the process in eq. (2.145); then, for each of these
the phase-space of the decay products is sampled, and through hit-and-miss unweighted
events for the process in eq. (2.143) are obtained. It should be clear that the latter events
thus correctly incorporate the information on both production and decay spin correlations.
Furthermore, there is evidence that, at the NLO, eq. (2.147) gives a general better descrip-
tion of the exact result for eq. (2.143) than that of an NLO narrow-width prediction, in
spite of the LO-only treatment of the decays in the former. This has to do with the fact
that, in the narrow-width approximation, configurations where the virtuality of an unsta-
ble particle (as reconstructed from final-state objects) is larger than the particle mass are
suppressed both by ag (being due to hard NLO corrections) and by a kinematical factor —
for a recent discussion relevant to top physics, see section 3 of ref. [214]. Furthermore, the
NLO origin of these configurations implies that, in the case of the production of more than
one unstable particle, such off-shell effects can be possibly included only for one particle at
a time in the NWA. On the other hand, eq. (2.147) trivially allows one to include off-shell
effects without any kinematics suppression, already at the leading order, and for all unsta-
ble particles simultaneously. In particular, one starts by generating the virtualities of wuy
according to a Breit-Wigner distribution (rather than using the pole masses), and employs
those in the generation of the momenta of the decay particles that enter the hit-and-miss
procedure mentioned above. In so doing, one may introduce back into the problem gauge-
violating terms formally of O(T',, /m,, ), i.e., within the accuracy of the method. So the
only potential issue might result from the numerical coefficients in front of such terms not
being of O(1). However, one can use eq. (2.147) to check that this is not the case; indeed,
the bound of that equation is a fairly good one, even for configurations where the virtuality
of some unstable particle is more than ten widths away from the pole mass.

We have so far tacitly assumed to deal with the most common and numerically-relevant
case in the SM, namely that of QCD corrections to the production of weakly-decaying
unstable particles. When one starts considering EW NLO effects, one may face a self-
consistency problem, due e.g. to the fact that the loop propagators relevant to EW vector
bosons would have to feature non-zero widths (through the complex mass scheme prescrip-
tion), while the same particles would have to be treated as on-shell (owing to the Iy, — 0
limits) when appearing in the final state. Hence, in the context of a mixed-coupling expan-
sion, or in general when width effects are induced by the same type of interactions which
are responsible for higher-order corrections, the method discussed in this section has to be
employed by carefully considering the characteristics of the production process.

The MaADSPIN module included in MADGRAPH5_AMC@NLO features a number of up-
grades w.r.t. that presented in ref. [213]. The most important of these is that the phase-
space generation is now handled by the Fortran code (rather than by a Python routine).
The determination of the maximum weight has been fully restructured as well; on top of
that, it has been noticed that using more events, but less phase-space points per event,
is more efficient (the defaults have changed from 20 and 10* to 75 and 400, respectively).
These two major improvements have resulted in a dramatic decrease of the running time
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(by a factor of about 10). Furthermore, the former one has paved the way for lifting the
present limitation that restricts the code to dealing only with (a succession of) 1 — 2
decays. From the phenomenology viewpoint, two important novelties are the following.
Firstly, MADSPIN now always writes the information on the polarization of final-state par-
ticles, gathered from the matrix elements, onto the LHE files. This implies, in particular,
that PSMCs, if equipped with a suitable module, can handle 7 decays including exactly
all decay spin correlations, and also the production ones due to the diagonal terms of the
spin-density matrix. Secondly, one can now use a UFO model in the determination of the
decays which can be different from the one adopted in the computation of the short-distance
undecayed matrix elements.

3 How to perform a computation

The theoretical background discussed in section 2 can be ignored if one is only interested
in obtaining phenomenological predictions. This is the attitude that will be taken in this
section, whose aim is that of giving the briefest documentation for the basic running of the
code, and thus to show its extreme simplicity and level of automation.

The MADGRAPH5_AMC@NLO package is self-contained (third-party codes are included
in the tarball — see appendix D for their complete list). The local directory where its
tarball is unpacked is called main directory; there is a miniminal (and optional) setup
to be done, as described in appendix A. In essence, the computation of a cross section
by MADGRAPH5_AMC@NLO consists of three steps: generation, output, and running. All
three steps are performed by executing on-line commands in the MADGRAPHS5_AMC@QNLO
shell,*! which can be accessed by executing from a terminal shell in the main directory the
following command:

./bin/mgb5_aMC
The prompt now reads:
MG5_aMC>
which signals the fact that one is inside the MADGRAPH5_AMC@NLO shell. The three steps
mentioned above correspond to the following commands:
MG5_aMC> generate process
MG5_aMC> output
MG5_aMC> launch
respectively; here, process denotes the specific process one is interested into generating (see
appendix B.1 for full details on the syntax).

When generating a process, one must decide whether he/she is interested in including
or not including NLO effects. In fact, although by definition an NLO cross section does
include an LO part (the Born contribution), if NLO effects are not an issue it does not
make much sense to include their contributions only to discard them at run time, especially
in view of their being much more involved than their Born counterparts. Furthermore, the
majority of physics models (see section 2.1) have not yet been extended to include NLO
corrections, and in these cases the whole procedure could not even be conceived.

41 As in MADGRAPHS, scripting commands is of course possible.
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For these reasons, we talk about LO-type and NLO-type generations, and we note
that these two types of generation give access to different running options. We shall discuss
their different merits in the following sects. 3.1 and 3.2 respectively. Before going into that,
we point out that an LO-type generation produces the same short-distance cross section
code (and hence the same type of physics) as that one would have obtained by running
MADGRAPHS. All possibilities that were available in MADGRAPH5 are still available in
MADGRAPH5_AMC@NLO; at the same time, it should be clear that, even in the context of an
LO-type generation, MADGRAPH5_AMC@NLO has a much wider scope than MADGRAPH5.

3.1 LO-type generation and running

¢ Generation

In the generation phase, MADGRAPH5_AMC@NLO constructs the cross section relevant
to the process given as input by the user, and thus performs the operations sketched in
section 2.1. For example, if one is interested in W™ production in pp collisions at the
LO, one will need to execute the following command:

MG5_aMC> generate pp > t t7 w+t

When generating a process, MADGRAPH5_AMC@NLO assumes the model to be the SM
(with massive b quarks); a different model can be adopted, by “importing” it before the
generation (see appendix B.1). For example, the generation of a pair of top quarks in
association with a pair of neutralinos (the latter denoted by n1) can be achieved as follows:
MG5_aMC> import model mssm

MG5_aMC> generate p p > t t7 nl nil

¢ Output

When the process generation is complete, the relevant information is still in the computer
memory, and needs to be written on disk in order to proceed. This is done by executing
the command:

MG5_aMC> output MYPROC

where MYPROC is a name chosen by the user?? that MADGRAPH5_AMC@NLO will in turn
assign to the directory under whose tree the cross section of the process just generated
is written. We call such a directory the current-process directory, which is where all
subsequent operations will be performed. For more details on this and for an overview of
the structure of the current-process directory, see appendix A.

¢ Running

The running stage allows one to accomplish a variety of tasks, the most important of
which are the production of unweighted events, and the plotting of user-defined physical
observables. Regardless of the final product(s) of the run, MADGRAPH5_AMC@NLO will

42Quch a name may be omitted; in this case, MADGRAPH5_AMC@NLO will choose one. On the
other hand, there are a few names which are reserved, since they are interpreted as options of the output
command. See appendix B.6 for more details.
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start by integrating the cross section generated and written in the two previous steps. In
order to run MADGRAPH5_AMC@NLO, one executes the command:

MG5_aMC> launch

What is prompted afterwards opens an interactive talk-to (which, again, can be scripted)
that allows the user to choose among various options. This looks as follows:

The following switches determine which programs are run:

1 Run the pythia shower/hadronization: pythia=0FF
2 Run PGS as detector simulator: pgs=0FF

3 Run Delphes as detector simulator: delphes=0FF
4 Decay particles with the MadSpin module: madspin=0FF

5 Add weight to events based on coupling parameters: reweight=0FF
Either type the switch number (1 to 5) to change its default setting,
or set any switch explicitly (e.g. type ‘madspin=0N’ at the prompt)
Type ‘0’, ‘auto’, ‘done’ or just press enter when you are done.

[0, 4, 5, auto, done, madspin=0N, madspin=0FF, madspin, reweight=0N,...]

We would like to emphasise that the structure of the above prompt will evolve in the near
future, and be made more similar to its NLO counterpart (see section 3.2); however, the gen-
eral idea that underpins its use will remain the same, so that what follows has to be regarded
as an exemplification of the general features of the MADGRAPH5_AMC@NLO talk-to phase.

By entering 1, 2, 3, 4, or 5 at the prompt one toggles between the two values ON and OFF
of the corresponding feature. For example, by entering 1 one is prompted again with the
display above, except for the fact that pythia=0FF has now become pythia=0N. By entering
1 again, one gets back to pythia=0FF. By entering O, or done, or by simply hitting return,
the talk-to phase ends, and MADGRAPH5_ AMC@NLO starts the actual run. The defaults
shown above imply that MADGRAPHS_AMCQ@QNLO will simply limit itself to integrating the
cross section, and to producing the required number of unweighted events. On the other
hand, by turning the various switches above to ON, one enables the following features.

pythia=0N: with such a setting MADGRAPHS_AMC@NLO will steer the showering of
the hard events previously generated, by employing PyTHiA6. However, it is crucial to bear
in mind that the same hard events can be showered with PSMCs other than PyTHia6, but
in this case MADGRAPH5_AMC@NLO is not capable of steering the shower®? (the steering
of PyTHIA8 will soon become available). The user may have an independent installation of
PyTHIA6, but also install the code using the MADGRAPH5_AMC@NLO shell, by executing
the command install pythia-pgs.

pgs=0N: in this case, MADGRAPH5_AMC@NLO will also steer the run of the Pretty
Good Simulator (PGS) [215] after that of PyTHIA6 (i.e., first all events are showered and
hadronised, and next they are passed through the basic detector simulation as imple-
mented by PGS). For this reason, when pgs=0N MADGRAPH5_AMC@NLO automatically
sets pythia=0N. Note, also, that when the MADGRAPH5_AMC@NLO shell is used to install
PyTrHIA with the install pythia-pgs command, PGS is installed too.

43This is not the case for NLO simulations — see later.

— 61 —



delphes=0N: this allows one to steer the run of DELPHES 3 [216] for a fast detec-
tor simulation. DELPHES can also be installed through the MADGRAPH5_AMC@NLO shell
with the command install Delphes.** As for switch number 2, when delphes=0N MAD-
GRrAPH5_AMC@NLO sets automatically pythia=0N.

madspin=0N: by doing so, one includes production spin correlations by means of MAD-
SPIN (see section 2.5). Note that the decay-chain syntax (see appendix B.1) is actually
faster and features a better approximation of the exact cross section than MaDSPIN, which
is thus more conveniently used in the context of NLO simulations.

reweight=0N: instructs MADGRAPHS_AMC@NLO to store in the LHE file informa-
tion to be used later within the matrix-element reweighting procedure, for example rel-
evant to assessing the impact of different theoretical assumptions (see section 2.3.3 and
appendix B.5).

When switches 1-5 are set as desired by the user and 0, or done, or <return> are
entered, MADGRAPH5_AMC@NLO proceeds with the run, whose first stage is that of giving
the user the possibility of modifying the various inputs relevant to the options selected
above. Such inputs, and the *_card.dat files where they are stored, have a self-explanatory
meaning, and we will not discuss them in detail here.

3.2 NLO-type generation and running

¢ Generation

The generation phase of an NLO-type generation has the same conceptual meaning of that
relevant to the LO case, described at the beginning of section 3.1. The syntax is also very
similar: adopting again the example of t{WW* production in pp collisions, one will need to
execute the following command in order to include QCD NLO effects:

MG5_aMC> generate p p > t t~ w+ [QCD]

As one can see, the only difference w.r.t. the case of the LO-generation is in the presence
of the keyword [QCD] here. Fuller details on the syntax for NLO-type generation are given
in appendix B.1.

¢ Output

There is no conceptual or technical difference w.r.t. the case of an LO-type generation in
the output phase. Specifically, the command one will need to execute is the same as that
described in section 3.1:

MG5_aMC> output MYPROC

The same comments concerning the choice of MYPROC as made for LO simulations apply
here (see footnote 42).

¢ Running
Also in the case of an NLO-type generation, the running phase begins by integrating the
cross section generated and written in the two previous steps. There is an important

“0Or install Delphes2, if one wanted to use the older DELPHES 2 [217] version.
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difference w.r.t. the LO case that must be stressed here. Namely, at the LO the short-
distance cross sections relevant to LO+PS and to fLO computations are identical. This
is not the case at the NLO: the MC@QNLO cross sections used in NLO+PS computations
are different from the fixed-order ones used in fNLO computations (the former contain the
MC counterterms, the latter do not; the former can be unweighted, the latter cannot —
see section 2.4.4 for more details). However, when MADGRAPH5_AMC@NLO generates and
outputs a process, it writes both cross sections, and in so doing allows the user to choose
at runtime which type of computation to perform. In other words, after having generated
a process and used it to obtain (say) fNLO results, there is no need to re-generate it to
obtain NLO+PS results: it is sufficient to run MADGRAPH5_AMC@NLO again.

In order to run MADGRAPH5_AMC@NLO, one executes the same command as that relevant
to the LO-type generation:

MG5_aMC> 1launch

However, what is prompted afterwards opens an interactive talk-to which is different from
the one of the LO-type generation. In particular, one now obtains what follows:

The following switches determine which operations are executed:

1 Perturbative order of the calculation: order=NLO

2 Fixed order (no event generation and no MCQ@[N]LO matching):
fixed_order=0FF

3 Shower the generated events: shower=0N

4 Decay particles with the MadSpin module: madspin=0FF
Either type the switch number (1 to 4) to change its default setting,

or set any switch explicitly (e.g. type ‘order=L0’ at the prompt)

Type ‘0’, ‘auto’, ‘done’ or just press enter when you are done.

[0, 1, 2, 3, 4, auto, done, order=L0, order=NLO,...]

By entering 1, 2, 3, or 4 at the prompt one toggles between the two values of the cor-
responding feature (which are NLO and LO for 1, and ON or OFF for 2-4). For example,
by entering 2 one is prompted again what is displayed above, except for the fact that
fixed_order=0FF has now become fixed_order=0N. By entering 2 again, one gets back
to fixed_order=0N. By entering 0, or done, or by simply hitting return, the talk-to phase
ends, and MADGRAPH5_AMC@NLO starts the actual runs.

It is the combinations of the values of the switches 1 and 2 that control which kind of
computation the program will perform. More explicitly, we have:

(order=NLO,fixed_order=0FF) — NLO+PS and FxFx-merged®®
(order=NLO,fixed_order=0N) — fNLO

(order=L0,fixed _order=0FF) — LO+PS
(order=L0,fixed_order=0N) — fL.O

One need not be suprised by the fact that LO+4-PS and fLLO results can be obtained following
an NLO-type generation, since all the LO information is obviously there, being part of the

45We remind the reader that i-parton samples, the contributions to an FxFx cross section of a given
multiplicity, are nothing but unmerged NLO+PS samples with some extra damping factors, which are
included by MADGRAPH5_AMC@NLO through a parameter (ickkw) in an input card.
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NLO cross section. Rather, one may wonder why these options are not disabled, since they
lead to the same physics as a run that follows an LO-type generation. A discussion on this
point will be given in section 3.3; here, we limit ourselves to giving the shortest answer,
which is the following: the access to both LO and NLO results within the same generation
procedure (i.e., in the same current-directory process) guarantees an extremely easy and
swift comparison between them.

Switch 3 controls whether one employs MADGRrRaPH5_AMC@NTLO to steer the showering
of hard-subprocess events previously generated (shower=0N) or not (shower=0FF). We shall
give a more extended discussion about this point in section 3.2.1. Here, we would like to
stress one crucial point: if the hard events are relevant to an NLO-+PS run, they do not
have any physical meaning unless they are showered. Hence, one is free to use or not use
MADGRAPH5_AMC@NLO for showering them, but shower them he/she must. Note that
this is not the case for LO+PS hard events, although of course shower or not shower them
leads to different types of physics (in particular, observables constructed with unshowered
LO+PS hard events are the same as those resulting from an fLO computation).

Finally, switch 4 allows one to decide whether to include production spin correla-
tions by means of MADSPIN (see section 2.5). Since the method works starting from un-
weighted events, MADSPIN is disabled when a fixed-order run is selected (in other words, the
inputs fixed order=0N and madspin=0N are incompatible, and MADGRAPH5_AMC@NLO
will automatically prevent the user from making such a choice; this is not necessary when
order=L0, but it is done anyway in order to simplify things).

As in the case of an LO-type generation, after setting switches 1-4 to the desired values
and entering 0, or done, or <return>, MADGRAPH5_AMC@NLO proceeds with the run by
giving the user the possibility of modifying the various input cards relevant to the options
selected.

3.2.1 (N)LO+PS results

The aim of this section is that of giving some details on the (N)LO+PS runs that fol-
low an NLO-type generation. We recall that (N)LO-+PS results are obtained by setting
fixed_order=0FF, and the perturbative order is assigned according to the value of the
switch order (see section 3.2).

There are two types of objects® that may be obtained with an (N)LO+PS run:

1. One or two files of unweighted events at the hard-subprocess level.

2. One file that collects results at the end of the shower, be them in the form of his-
tograms, or n-tuples, or events; we call it MC. output.

The first of the files in 1 is the result of the integration of the short-distance partonic cross
section performed by MADGRAPHS_AMC@NLO. The second file is present only in the case
when MADSPIN is used (madspin=0N), and results from feeding the former file to MADSPIN.
These two files will be found under the current-process directory tree:

46There are actually several other auxiliary files produced by MADGRAPH5_AMC@NLO, whose role
is however not important here. See appendix A for more details.

— 064 —



MYPROC/Events/run nn/events.lhe.gz

MYPROC/Events/run nn decayed mm/events.lhe.gz
Although of course MADSPIN may not be used (or it may simply be not relevant, if the
generated process does not feature particles that decay), the above structure is the most
general, and hence we shall discuss it so as to encompass all cases. We shall call the two
files above the undecayed and decayed (hard-subprocess) event files, respectively; both files
are fully compliant with the recent Les Houches Accord v3.0 [218].

The undecayed event file will contain events whose particle content is the same as that

given as input during the generation step (up to one final-state parton at the NLO), i.e.,
using the example of section 3.2:

Ty —t+t+WT(+2), (3.1)

where z, y, and z are quarks or gluons.*” The integration of the cross section that results in
the actual events is performed once the values of the relevant parameters (such as particles
masses, collider energy, PDFs) are given in input by the user. The two primary input cards
are:

MYPROC/Cards/run_card.dat

MYPROC/Cards/param card.dat
One can obtain an undecayed event file with some parameter settings, then change these
settings, integrate the cross section again, and obtain a second event file; the procedure
can be iterated as many times as one likes. Each run is identified by an integer number,
chosen by MADGRAPH5_AMC@NLO, which unambiguously names the directory where the
event files will be stored. So, in the example given above, we shall have nn=01 for the first
run, nn=02 for the second run, and so forth.

Each undecayed event file can be fed to MADSPIN in order to obtain a decayed event
file. In order to do so, the user is expected to give in input to MADSPIN the actual decay(s)
he/she is interested into, which can be done by means of the input card:

MYPROC/Cards/madspin_card.dat
Using again the generation example given before, and supposing that one wants to study
the decays:
t — betv,, t — be D, Wt = uty,, (3.2)

then the decayed event file will contain events of the following kind:
z+y —bte +vet+bte +ve+ut +uv,(+2). (3.3)

It is possible to run MADSPIN multiple times, by feeding it with the same undecayed event
file and by changing the type of decays considered (e.g., semileptonic top decays after the
di-leptonic ones of eq. (3.2)). For each MADSPIN run, MADGRAPH5_ AMC@NLO will store
the decayed event file in a different directory — this is the reason for the integer number
mn in the example above, which is automatically assigned to each new run: so mm=1 will
identify the first MADSPIN run, mm=2 the second, and so forth.

“TThe parton z is present in the case of H events, and absent in S events [26].
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In summary, directories that contain undecayed event files are identified by an integer
nn, which roughly speaking corresponds to a given choice of settings in run_card.dat
and param_card.dat. On the other hand, directories that contain decayed event files are
identified by a pair of integers (nn,mm), which correspond to a given choice of settings in
run_card.dat, param card.dat, and madspin_card.dat.

Both undecayed and decayed hard-subprocess event files are non physical (at the NLO),
and must be showered in order to obtain physical results. Such a showering can be done
without using MADGRAPHS5_AMC@NLO, since it is nothing but the nowadays typical PSMC
run starting from an external (to the PSMC) LH-compliant event file. On the other hand,
MADGRAPHS_AMC@NLO can steer PSMC runs: this is convenient for a varienty of rea-
sons, among which the most important are probably those of ensuring a full consistency
among the parameters used when integrating the cross section and those adopted by the
PSMC, and the correct setting of a few control switches in the PSMC itself.*® As was
explained in section 3.2, MADGRAPH5_AMC@NLO will steer the shower when shower=0N:
in this case, several of the features of the PSMC run can be controlled through a MaD-
GRrRAPH5_AMC@NLO input card:

MYPROC/Cards/shower_card.dat
The parameters not explicitly included in this card must be controlled directly in the
relevant PSMC, in the same way as one would follow in a PSMC standalone run.

The steering of the PSMC by MADGRAPHS_AMC@NLO also guarantees that the PSMC
adopted is consistent with that assumed during the integration of the short-distance cross
section. Indeed, it is important to keep in mind that NLO+PS events obtained with the
MC@NLO formalism are PSMC-dependent, and for this reason one of the input parame-
ters in run_card.dat is the name of the PSMC which will be eventually used to shower
the hard-subprocess events. This kind of consistency is the user’s responsibility in the case
of a PSMC not steered by MADGRAPH5_AMC@NLO. Finally, we point out that the most
recent versions of the source codes of the Fortran77 PSMCs (HERWIG6 and PYTHIAG)
are included in the MADGRAPH5_AMC@NLO tarball.? On the other hand, the modern
C++ PSMC (PyTHiA8 and HERWIG++) must be installed locally prior to running MAD-
GRAPH5_AMC@NLO. The paths to their executables/libraries have to be included in the
setup file mg5_configuration.txt (see appendix A).

When steering of the PSMC by MaDGRrAPH5_AMC@NLO one will obtain, at the end
of the PSMC run, the file MC. output mentioned in item 2 at the beginning of this section.
By default (i.e., if the user does not write his/her own analysis) this file will contain the
full event record of each showered event (in StdHEP format for Fortran MCs, and in HepMC
format for C++ PSMCs), and it will be named as follows:

MYPROC/Events/run_*/events MCTYPE_11.hep.gz

8See http://amcatnlo.cern.ch — Help and FAQs — Special settings for the parton shower.

“9These codes are essentially frozen, so we expect no or very minor changes in the future. Should the
need arise to use versions different w.r.t. those included here, copy them to MYPROC/MCatNLO/srcHerwig
and MYPROC/MCatNLO/srcPythia, and write their names in MYPROC/MCatNLO/MCatNLO_MadFKS. inputs. In
the case of PYTHIAG, the routines UPINIT, UPEVNT, PDFSET, STRUCTP, and STRUCTM need also be commented
out of the source code.
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Here, the run_* directory is one of those introduced before; MC. output is moved to the same
directory where one finds the hard-subprocess event file fed to the PSMC during the course
of the run. MCTYPE is a string equal to the name of the PSMC used, and 11 is an integer,
chosen by MADGRrRAPHS_AMC@NLO, that allows one to distinguish different files obtained
by showering the same hard-event file multiple times (for example by changing the shower
parameters). Any other output created by the PSMC (such as its standard output, which
would be printed on the screen during an interactive run) will be found in the directory:
MYPROC/MCatNLO/RUN_MCTYPE _pp

with pp an integer that enumerates the various runs."

While StdHEP full event records may be analysed off-line, they have the disadvantage
of using a very significant amount of disk space. It is very often more convenient to analyse
showered events on-the-fly, using the event kinematics and weight to construct observables
and fill the corresponding histograms. This can be done in a very flexible manner in the
PSMC runs steered by MADGRAPHS_AMC@NLO. The user’s analysis can be stored in one
of the directories®!

MYPROC/MCatNLO/XYZAnalyzer
where the string XYZ depends on the PSMC adopted. The name of such an analysis, and
those of all its dependencies (be they in the form of either source codes or libraries) can be
given in input to MADGRAPH5_AMC@NLO at runtime, as parameters in shower_card.dat.
It is clear that it is the user’s analysis that determines the format of MC. output. Since MAD-
GrarPH5_AMC@NLO cannot know it beforehand, it will treat MC. output as any other stan-
dard file produced by the PSMC, which will thus be found in the directory RUN_MCTYPE pp.
An exception is that of the topdrawer format (which is human readable); in this case,
MC.output will be named as follows:

MYPROC/Events/run_x/plot_MCTYPE kk_*.top
with again kk an integer that allows one to distinguish the outputs relevant to different
showering of the same hard-event file.

We conclude this section by mentioning the fact that when the launch command is
executed with madspin=0N and shower=0N (i.e., both undecayed and decayed events are
produced, the PSMC runs immediately follows the integration of the cross section, and it is
steered by MADGRAPH5_AMC@NLO) only the decayed event file will be showered. In order
to shower the undecayed event file, or to perform other shower runs, one needs to use the
MADGRAPH5_AMC@NLO shell command shower. Please see appendix B.1 for more details.

3.2.2 f(N)LO results

As was discussed in section 3.2, fixed-order results can be obtained with MAaD-
GRrAPH5_AMC@NLO by setting fixed_order=0N, with the perturbative order assigned ac-
cording to the value of the switch order.

We remind the reader that an NLO computation not matched to a parton shower
cannot produce unweighted events, since the matrix elements are not bounded from

*Note that in general pp#11: for example, a PSMC run may not create an StdHEP event record, in
which case pp would be increased, while 11 would not.
5'Which contain several ready-to-run templates.
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above in the phase space; unweighting events would require the introduction of unphysical
cutoffs that would bias predictions, and must therefore be avoided. The only thing one can
do is that of considering weighted events, namely parton-level kinematic configurations
supplemented by a weight (which is basically equal to the matrix element times a
phase-space factor). Such events, which are readily obtained when sampling the phase
space in the course of the integration of the cross section, can be either stored in a file or
used on-the-fly to predict physical observables. While we choose the latter option as our
default, we remark that the former can be easily implemented by the interested user, as
it will become clear in what follows.

The input parameters relevant to f(N)LO runs can be found in the same cards that
control NLO+PS runs, namely run_card.dat and param_card.dat. Since observables will
be plotted on the fly, the user is expected to write his/her own analysis (which is a trivial
task, in view of the rather small final-state multiplicities of parton-level computations).
This analysis must be written in Fortran (or at least it must include a Fortran front-end
interface to the user’s core analysis, written in a language other than Fortran) and stored
in the directory:

MYPROC/FixedOrderAnalysis

which contains several templates, meant to be used as examples. As the templates show,
MADGRAPH5_AMC@NLO at present supports two output formats for user’s analyses —
Root and topdrawer (see appendix. A for more details about this). The analysis name and
the format of its output must be given in input to MADGRAPH5_AMC@NLO, which is done
by including them in the input card:

MYPROC/Cards/FO_analyse_card.dat

where the user will also be able to specify any other source file or library needed by the
analysis. Upon running, MADGRAPHS5_AMCQ@NLO will produce the final-result file:
MYPROC/Events/run_nn/MADatNLO.root
if the Root format has been chosen, and:
MYPROC/Events/run nn/MADatNLO.top
for the topdrawer format; these will contain plots for the observables defined by the user. As
in the case of NLO+PS runs, the integer nn will be chosen by MADGRAPHS_AMC@NLO in
a non-ambiguous way (it should be obvious that both (N)LO+PS and f(N)LO simulations
can be performed any number of times starting from a given generation, and nn will
allow one to distinguish their results). By default, if the user does not write an analysis,
MADGRAPHS_AMC@NLO will produce a file which will contain the predictions for the total
rate (possibly within the cuts, as specified in run_card.dat and cuts.f).

In essence, the user’s analysis will have to construct the desired observables, given
in input the pair composed of a kinematic configuration and its corresponding weight,??
which are provided by MADGRAPHS_AMC@NLO. These pairs can be read from eq. (2.47):
for each choice of the random variables {ng) , ngi)l} that scan the phase space and Bjorken

®2Such a weight becomes an array of weights when the user asks MADGRAPH5_AMC@NLO to compute
scale and PDF uncertainties. See section B.3 for more details.
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x’s, MADGRAPH5_AMC@NLO will call the user’s analysis three times, with input pairs:

) do_gNLo,E)
S p— — (3.4)
n+1> i i ?
dX(Bjj)dX’EL—JI—)l
dO_(NLO,a) | _
(9) ij non—Born
ICnJrl ’ § (ij (i5) ) (35)

a=8,C,5C dXé]j) dXni1

(NLO,S)
(S) dUij |Born

nL G ) (3.6)
XBj @Xn+1
where
NLO, NLO,
daz(j a)|n0n—Born = dgzgj . a=0C,5C, (37)
NLO,S NLO,S NLO,S
do’ij )‘Born + do’éj >|n0n—B0rn = dO';j ) )

and daﬁLO’SWBom is the contribution of the Born matrix elements to the soft-counterevent
weight. The user’s analysis must treat eqs. (3.4)—(3.6) precisely in the same way: this is an
essential condition which guarantees that infrared safety is not spoiled. In particular, to
any given histogram all of these weights must contribute (obviously, to the bins and subject
to the cuts determined by the respective kinematics configurations, Kfﬁ)l and ICSr)l), if the
NLO accuracy is to be maintained. Note, also, that the weights (3.4)—(3.6) are correlated,
and thus cannot be individually used in a statistical analysis as they would if they had
been the result e.g. of an unweighted-event procedure.

Thanks to the fact that the Born weight, eq. (3.6), is kept separate from the other
contributions to the NLO cross section, MADGRAPH5_AMC@NLO allows the user to plot,
during the course of the same run, a given observable both at the NLO accuracy (by using
egs. (3.4)—(3.6)) and at the LO accuracy (by using eq. (3.6) only). In order to allow the
user’s analysis to tell eq. (3.6) apart from egs. (3.4) and (3.5), MADGRAPH5_AMC@NLO will
tag these weights with an integer, equal to 3, 1, and 2 respectively. For explicit examples,
see one of the template analyses in MYPROC/FixedOrderAnalysis.

We conclude this section by pointing out that the writing of weighted events can be
seen as a special type of analysis. The flexibility inherent in the structure sketched above
should easily allow a user to write and exploit such an analysis. In this case, we also
note that, rather than associating a single weight with each event, one can use all of the
scale- and PDF-independent ones defined in ref. [125] (which are available as variables in
a common block) in order to be able to compute scale and PDF uncertainties through
reweighting. These uncertainties can obviously be included when plotting observables on
the fly — see appendix B.3.

3.3 Possibilities for LO simulations

As was mentioned in section 3, MADGRAPH5_AMC@NLO offers two ways to obtain LO
results. One is through an LO-type generation, where when executing the command
generate one does not include the keyword [QCD]; this is completely equivalent to
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what one would do if using MADGRAPH5. The other is accessed through an NLO-type
generation, by using order=L0.

We stress once again that all of the capabilities of MADGRAPHS are inherited by
MADGRAPHS_AMC@NLO. Therefore, if one is interested only in LO physics, there is no
reason to simulate it within an NLO-type generation (which in that case would simply
be a waste of time). This is also in view of the fact that many of the options available in
the context of an LO-type generation are disabled when an LO process is computed after
an NLO-type generation. The idea of LO runs in the context of NLO-type generation is
that of rendering the comparison between LO and NLO a completely trivial affair. Note,
for example, that the input cards relevant to LO- and NLO-type generations are different:
many of the cuts that are present in the former would simply not make sense in the latter
(owing to the necessity of being compliant with infrared safety). Also, one should bear in
mind that the functional form of ag used by MADGRAPH5_AMC@NLO (i.e., at one or two
loops) is determined by the set of PDFs employed in the runs. Therefore, when working
with an NLO-type generation, and assuming that fLO (or LO+PS) results are obtained
during the same run as their fNLO (or NLO+PS) counterparts, the former will be based
on NLO PDFs and two-loop ag (which is of course fully consistent with perturbation
theory, and actually the best option if one is interested in assessing the perturbative
behaviour of the partonic short-distance matrix elements).

In summary, both options for LO runs lead to exactly the same physics. However, by
running the code at the LO with its default inputs one generally does not obtain exactly
the same numbers, since the relevant input cards are tailored either to LO-type or to NLO-
type generations, which have different necessities and emphases. Hence, we recommend to
consider fL.O and/or LO+PS results obtained through NLO-type generation mainly in the
context of studies that feature fNLO and/or NLO+PS simulations as well.

4 TIllustrative results

4.1 Total cross sections

In this section we present benchmark results for total rates (possibly within the cuts which
will be specified later), at both the LO and the NLO. These are fLO and fNLO results
respectively, with the former computed in the context of an NLO-type generation (see
section 3.3). On the one hand, the aim of this section is that of showing the extreme
flexibility and reach of MADGRAPHS_AMC@NLO: in keeping with our general philosophy;,
no part of the code has been customised to the computation of any of the processes below.
The code has been run as is extracted from the tarball (apart from the occasional necessity
of defining some final-state cuts in cuts.f, in some cases relevant to (b-)jet production,
which are explicitly mentioned in the captions of tables 1-11). We stress that several of
these cross sections have never been computed before to NLO accuracy.

We summarise here the main physics parameters used in our runs; the complete list
of inputs, in the form of the input cards of MADGRAPHS_AMCQ@NLO, can be found by
visiting http://amcatnlo.cern.ch/cards_paper.htm, which should render it particularly easy
to reproduce the results that follow.
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e my =125GeV, m; = 173.2GeV.

e MSTWnlo2008 [219] PDFs with errors at 68%CL, ny = 4,5. Note that these PDFs
are used to obtain the fLO results as well, and that they set the value of ag(myz).

e Central scale choice: pyg = Hp/2, with Hp the scalar sum of the transverse masses

/P2 + m? of all final state particles.

e Scale variations: independent, 1/2ug < g, iy < 2.
e Diagonal CKM matrix.
Final-state objects are defined as follows:
o Jets: anti-k, algorithm [220] with R = 0.5, py(j) > 30 GeV, |n(j)| < 4.
e Photons: Frixione isolation [221] with R = 0.7, pr(y) > 20 GeV, n(v)| < 2.

While MADGRAPH5_AMC@NLO can handle intermediate resonances by using the complex
mass scheme, in this section we consider W’s, Z’s, and top quarks as stable, and thus
set their widths equal to zero. Furthermore, although matrix elements for loop-induced
processes (e.g. such as gg — ZZ), can be obtained with MabpLoop, they have not been con-
sidered in this section. Apart from reporting the absolute values of the total cross sections,
the following tables also show (as percentages) scale and PDF uncertainties. These are
computed exactly but without re-running, by exploiting the reweighting method presented
in ref. [125]. Following ref. [68], Yukawa’s are renormalised with an on-shell scheme.

We tag the processes for which we are not aware of any fNLO result being available
in the literature with an asterisk. We stress that, in those cases where an fNLO prediction
had been previously obtained, the corresponding matching to PSMCs might not neces-
sarily have been achieved; this is the typical situation for several of the high-multiplicity
reactions. On the other hand, for all processes presented in the tables below the corre-
sponding NLO+PS event samples can be obtained with MADGRAPH5_AMC@NLO. Some
non-exhaustive examples will be given in section 4.2.

The following results are organised into broad classes of processes that share some
defining characteristic. In hadroproduction (with a c.m. energy of 13 TeV), we have con-
sidered vector bosons plus up to three light jets (table 1), vector boson pairs plus up to
two light jets (table 2), three vector bosons plus up to one light jet (table 3), four vector
bosons (table 4), light jets, b-jets, and top quarks, possibly in association with each other
(table 5), vector bosons in association with top or bottom quarks and light jets (table 6),
single top quarks in association with b quarks (four-flavour scheme®?) and vector bosons
(table 7), Higgs and double-Higgs in association with (possibly multiple) light jets, vector
bosons and heavy quarks (tables 8 and 9). In ete™ collisions (with a c.m. energy of 1 TeV),
we have considered light jets, possibly in association with heavy quarks (table 10), and top
quark pairs in association with (possibly multiple) vector or Higgs bosons (table 11).

®3Throughout this paper, we adopt standard definitions for the four- and five-flavour schemes. See
e.g. section 1 of ref. [222] for a recent short review.
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Process Syntax Cross section (pb)

Vector boson +jets LO 13TeV NLO 13TeV

al pp—oW* pp > wpm 1.375 £0.002 - 10> T12-4% T20% 1 773 £0.007 - 10> T3 0%
a2 ppoWEj pp > vpnm ] 2.045+0.001 - 10* F197% +14% 9843 4 0.010 - 104 F39% +13%
a3  pp—WEjj pp>wpm j j 68050015 103 T2L5% FO8E 7786 +£0.030 - 103 T2 % TO-9%
ad  pp— WEjjj pp>upm j j j 1821+0.002- 103 L% +05% 9005 +0.008 - 103 TO-9% +0.6%
a5  pp—Z pp>z 4.248 £0.005 - 101 TR0 F2O0% 5410 £0.022 - 101 TR0 9%
a6 pp—Zj pPpP>zj 7.209 +0.005 - 103 1230 1269742 4 0.035 - 103 FOEL 412
a7 pp—Zjj PP>z3j 2.348 £0.006 - 103 T223% 06T 9,665 +0.010 - 103 T20% 0T
a8  pp— Zjjj pp>z3jjj  6314£0008 10> T80 0% 6996 +0.028 - 102 TLL% 0%
a.9  pp—j pp>alj 1.964 +0.001 - 10*  T31-2% +1T% 5218 +0.025 - 100 T2RO% 1A%
a.10  pp—jj pp>aijj 7.815£0.008 - 103 T3L5% T0-9% 1004 £0.004 - 10* TE0% 05

Table 1. Sample of LO and NLO rates for vector-boson production, possibly within cuts and in association with jets, at the 13-TeV LHC; we
also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. Where relevant, the notation understands the sum
of the WT and W~ cross sections, and wpm is a label that includes both WT and W, defined from the shell with define wpm = w+ w-. All
cross sections are calculated in the five-flavour scheme. Results at the NLO accuracy for W/Z plus jets are also available in MCFM for up to
two jets [223-225], including heavy-flavour identification [226-230], and in POWHEG [231-233]. NLO cross sections for W plus three jets have
appeared in refs. [234, 235]. The BLACKHAT+SHERPA collaboration has provided samples and results for up to Z plus four jets and W plus five
jets at the NLO [236-240]. NLO+PS merged samples for W plus up to three jets are also available in SHERPA [241]. v plus up to three jets
calculations have been presented in refs. [242, 243]. We do not show cross sections for EW-induced V' plus two jets processes with V = v, Z, W*,
which are available in VBFNLO [244] and have been studied in ref. [245].



Process Syntax Cross section (pb)

Vector-boson pair +jets LO 13TeV NLO 13 TeV

bl  pp—WTW~ (4f)  pp > wt w- 7.355 £ 0.005 - 10t To0% T20% 1.028 £0.003 - 10> T39% +1.9%
b2  pp—ZZ pp>zz 1.097 £0.002 - 101 T25% F19% 1415 £0.005 - 100 T30 e
b3 pp— ZWE pp >z wpn 2.777+0.003 - 10t T36% +20% 4 487 +0.013 - 100 T4k 1T
bd  pp—y pp>aa 2.510 +£0.002 - 10t T2210 24 6503 +£0.021 - 100 FITEE 0%
b5 pp—Z pp>az 2.523 +£0.004 - 100 FOP% F20% 3.695+0.013 - 100 TOHE 1A%
b6 ppryW*E pp>awvpn 2.954 +0.005 - 100 TO°% 200 71244+ 0.026 - 100 TOTE Lo
b7 pp—WTWj (4) pp > w u-j 2.865 +0.003 - 101 TIEEE FLO% 3730 £0.013 - 100 T1o% TLIE
b8  pp—ZZj Pp>zzj 3.662£0.003 - 100 T10.0% TLO% 4830 +£0.016 - 100 F50% 11
b9  pp— ZWEj pp >z wpn j 1.605 £ 0.005 - 101 TH6% H0-9% 9,086 +£0.007 - 101 T49% T0-9%
b.10  pp—yyj pp>aaj 1.022 £0.001 - 100 T20-5% 2% 2992 4+ 0.010 - 100 7% f} %g
b11*  pp—~Zj pPp>az] 8.310 £0.017 - 100 T12-5% +10% 19220 £0.005 - 101 T 09
b.12*  pp—yWHEj pp>awpmj 2.546 +0.010 - 10t 1370 H00% 3713 4£0.015 - 100 FT2L H09%
b.13  pp— WTWtjj pp>wuwrjj 14844£0.006 -10-1 TI-IE FRIE 9951 £0.011 -10°1 0% T22%
bld  pp—W- W jj pp>w-w-jj 6.752+£0.007 1072 FTE-E 2L 003 £0.003 - 1071 TI0-1% T2A
b.15  pp—WFTW™jj (4f) pp >wrw-jj 114440002 -100 FHEEHOTE 1396 +0.005 - 101 TR0% FOTE
b.16  pp— ZZjj Pp>z2zij]j 1.344 £0.002 - 100 200 +0-1% 1706 +£0.011 - 100 FOE% +08%
b.17  pp— ZWEjj pp>zupmj j 8.038+£0.009 100 T FCTE 9139+£0.031 -100 FEI% 0T
b.18  pp—yij pp>aaij]j 5.377£0.029 - 100 T20.2% +0-6% 7501 +£0.032 - 100 TEEE O-0%
b.19*  pp—~Zjj pPp>azij 3.260 +£0.009 - 100 T2 HOCE 4942 4 0.016 - 100 TOE TO-0%
b.20*  pp—AW*jj pp>awpmjj 12334£0.002 10" T2ETE FOCE ] 448 4 0.005 - 100 TEO% TO0F

Table 2. Sample of LO and NLO rates for vector-boson pair production, possibly within cuts and in association with jets, at the 13-TeV LHC;
we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning of wpm. All cross
sections are calculated in the five-flavour scheme, except for processes b.1, b.7, and b.15, which are obtained in the four-flavour scheme to avoid
resonant-top contributions. NLO results for V'V production have been known for some time [246-254, 256], are publicly available in MCFM and
in VBFNLO [244], and are matched to parton showers in MCQNLO [26] and POWHEG [257]. NLO results for V'V with up to an extra jet have
been made available in POWHEG [258, 259]. NLO corrections to 4y plus up to three jets are also known [260-264]. Other available results are:
WHW =344 [255, 359], WEW 55 [265], WEW 35 (EW+QCD) [266], Zvj [267], Wjj [268], W Zjj [269], W~j [270, 271], W Zj [272]. We do not
show results for NLO corrections to EW-induced production of V'V plus two jets, such as WEWTjj [273], W Zjj [274], and ZZjj [275], which can
also be obtained with POWHEG and VBFNLO.



Process Syntax Cross section (pb)
Three vector bosons +jet LO 13TeV NLO 13TeV
cl  pp—WHW-W=* (4f) pp > wt w- wpn 1.307 £0.003 - 10~1  F00% #20% 5109 +0.006 - 10-1  FHIE 10
c2  pp—ZWEW (4f) pp>zutw- 9.658 £ 0.065 - 1072 TO8% F21% 1,679 £ 0.005 - 1071 O 0%
c3  pp—ZIZIW*E pp>zzuwpn 2.996 £ 0.016 - 10-2  F1O0% +20% 5550 +£0.020 - 102 FEEL 0%
cd 2727 pPp>zzz 1.085 £0.002 - 1072 F09% F19% 1417 £0.005 - 1072 FZT0 1%
5 ppoAWEW (4f) pp>awtw- 1427 £0.011 - 1071 1% F20% 9581 £0.008 - 10~ ThA0 1A%
c6  pp—oyWE pp>aaupn 2.681£0.007 - 102 TELE 419% 8951 4£0.032 -1072 FTCL +10%
7 ppoyIWE pp>azupn 4.994£0.011 - 1072 FOEL 1% 19174£0.004 - 1071 FT20 L2
c8  pp—ovZZ pp>azz 2.320£0.005 - 102 T2O% 1% 31184£0.012 -1072 FIEE 1A%
c9  ppoZ pp>aacz 3.078 £0.007 - 102 T2C% 1% 46344£0.020 - 1072 TEO% LT
c10  pp—yyy pp>aaa 1.269 £0.003 - 10-2  T98% 2% 3441 +0.012 - 102 8% T4
cll  pp—>WHW-W*j (4f) pp > wr w- wpm j  9.167+£0.010 -10~2 T30 TLO% 1797+ 0.004 - 1071 F22E TLO%
cl12* pp—ZWHW=j (4f)  pop >z w u-j 8.340 £ 0.010 - 102 F15:0% FLO% 1 066 £ 0.003 - 1071 FEo TLO%
13" pp— ZZW*j pp>zzupn j 2.810 +£0.004 - 102 T51% TL0% 3,660 +£0.013 - 1072 TAEE TLOE
cl4* pp—ZZZj pp>zzzj 4.823£0.011 - 1073 F13% 1A% 6341 +0.025 - 1073 TR LA
c15* pp—yWHIW—j (4f)  pop > a wt wu- j 1.182+0.004 - 1071 T33% +05% 1933 +£0.004 - 10> T59% 110%
c16  pp—yyWEj pp>aawupn j 4107 £0.015 - 1072 IS0 HOE% 5807 £0.023 - 1072 F2E% 0T
17 pp—yZWHEj pp>azupn j 5.833+£0.023 - 102 T130% 010 7764 +£0.025 - 102 FOLE 08
18 pp—yZZj pp>azz]j 9.995£0.013 - 1073 F125% T13% 1371 £0.005 - 1072 F26% 1.2
19 pp—yZj pp>aaz]j 1.372 £0.003 - 1072 TI09% +1.0% 9051 +£0.011 -10-2 FTO% +1.0%
c.20*  pp— ) pp>aaaj 1.031 £0.006 - 10~2  T12-8% T0-9% 9020 £ 0.008 - 102 T128% T0-5%

Table 3. Sample of LO and NLO rates for triple-vector-boson production, possibly within cuts and in association with one jet, at the 13-TeV LHC;
we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning of wpm. All cross
sections are calculated in the five-flavour scheme, except for processes with at least two W bosons, where the four-flavour scheme is adopted to
avoid resonant-top contributions. Triple-vector-boson cross sections at the NLO have been computed in: Zvvy [267, 276], yyW* [277], yvZW* [278],
WWe and ZZ~ [279], ZWW [358], ZZW and WWW [280, 358], vy [281, 282], ZZZ [283, 358]. The complete set of triple-vector-boson cross
sections at the NLO is also available in VBFNLO [244]. Except for yyW*j and WTW =W that have appeared in ref. [284] and ref. [285]
respectively, VV'Vj cross sections at the NLO have been computed here for the first time.



Process Syntax Cross section (pb)
Four vector bosons LO 13TeV NLO 13TeV
c2l* pp>WHW-WHW~ (4f) pp > wh w- wt w-  5.721£0.014 - 1074 FETO 29959 +0.035 1071 FTo% 1T
22" pp—WHW-WHEZ (4f)  pp > w+ w- wpm z  6.391£0.076 - 1074 TR A% 11884 0.004 - 1073 T LT
23" ppoWHW - WHy (4f)  pop > wkw- wpma 8115+£0.064 -107* F2ER TR 1 54640005 - 1073 FTIE 1A%
c24* pp—WHTW~ZZ (4f) pp>wtu-zz 4.320£0.013 - 10~1  T41% 2% 7907 £0.020 - 1071 7% 18
c25%  pp— WHTW™Zy (4f) pp>utu-za 8.403 +£0.016 - 10~* T3O0% +28% 1 483 +0.004 - 1073 FT2E 0%
.26 pp— WHW "y (4f) pp>wtu-aa 5.198 £0.012 - 104 T0-0% F21% 9381 +0.032 - 1074 THT% 1A%
27" ppW*Z2Z pp>wpnzzz 5.862£0.010 - 107 T5LE +24% 1 940 £ 0.004 - 10 FYO% LT
.28 pp—W*ZZy pp>wpmzza 1.148 £0.003 - 10~4  T3E% +22% 9,945 +0.008 - 1071 FL%H 15T
c.29%  pp— WEZyy pp>upmz a a 1.054 £0.004 - 1074 17 F21% 3,033 £0.010 - 1071 TG00 TLLT
.30 pp— WEyyy pPp>vwpnmaaa 3.600 £0.013 - 1075 F0-4% F20% 1 946 +0.005 - 10~ T35 T0-9%
c31* pp—ZZZZ pp>zzzz 1.989 +0.002 - 107> T38% +22% 9 699 + 0,008 - 1070 T35 T22%
.32 pp—ZZZy pp>zzza 3.945£0.007 - 107 TLO% 21% 59944 0.016 - 107°  T3IE 2%
¢33 pp— ZZvy pp>zzaa 5.513+£0.017 - 107 FOO% +24% 7518 £0.032 - 107° T4k +20%
c.34*  pp— Zyyy pp>zaaa 4790 £0.012 - 1075 F2% F20% 7103 £ 0.026 - 107> T3 0%
.35 pp— Yy pp>aaaa 1.594 £0.004 - 107> A% F19% 3389 £0.012 - 1070 9% T18%

Table 4. Sample of LO and NLO rates for quadruple-vector-boson production, possibly within cuts, at the 13-TeV LHC; we also report the
integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning of wpm. All cross sections are calculated
in the five-flavour scheme, except the processes with at least two W bosons, where the four-flavour scheme is adopted to avoid resonant-top
contributions. For all processes in this table NLO QCD corrections have never been computed before.



Process Syntax Cross section (pb)

Heavy quarks and jets LO 13TeV NLO 13TeV

A1 pp—jj PP> 3 1162 £0.001 - 106 F2L9% F08% 1580 £0.007 - 106 F5% FO-T%
42 pp—jjj PP>Jj] 8.940 £0.021 - 10* FO30F 0% 7.791+0.037 -10* *RU% iod
43 pp—bb (4D) pp>b b 3.743£0.004 -10° TH2EFLIE 6438 £0.028 - 103 FI3OE F1OE
d.4*  pp—sbbj (4f) PP>bbej 1.050 £0.002 - 10> T31% +10% 1397 +0.007 - 10% TOST 1o
d.5*  pp—bbjj (4f) pp>bb~jj 1.852 £ 0.006 - 102 TSLE% +20% 9471+ 0.012 - 102 2% 20%
d.6  pp—> bbbb (4f) pp>bb~bby 5050400071071 TOLTE A2 8736 40,034 1071 T2 T2
47 pp—tt PP>t t~ 4.584£0.003 - 102 F20% FIEE 6741 £0.023 - 102 TS0 TIEE
d.8 pp—tij PP>tte j 3.135£0.002 - 102 TIo-LE T22E 4106 £0.015 - 102 FE T2
4.9  pp—iijj PP>tte ] 1.361 £ 0.001 - 10> +S14% +20% 1795+ 0.006 - 102 +95% F24%
d.10  pp—titt pp>tt~tt~  4505+0.005 1073 TEIEE AOLE 9901 £ 0,028 1073 TIO8% 00
d.11  pp— tibb (4f) pp>tt~bby  6119+£0.004 -100 TE2IEF29E 1 4524 0.005 - 100 T50E F2OF

Table 5. Sample of LO and NLO total rates for the production of heavy quarks and/or jets, possibly within cuts, at the 13-TeV LHC; we also
report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. Processes d.1 and d.2, as well as processes involving
at least a top pair, are computed in the five-flavour scheme. Processes that explicitly involve b-quarks in the final state are calculated in the
four-flavour scheme. For processes d.3—d.6 we require 2 (or 4) b-jets in the final state with || < 2.5. For processes d.1-d.6, we require the (b)-jets to
have p; > 80 GeV, with at least one of them with p, > 100 GeV. Calculations of cross sections at the NLO for this class of processes are available
in the literature as well as in public codes: from the seminal results for the hadroproduction of a heavy quark pair [286-290], to their NLO+PS
implementation in MC@QNLO [172] and POWHEG [291], to ¢tj [292] (also including top decays [258, 293] and parton shower effects [294, 365]),
to the computation of ¢j;j [295]. Merged NLO+PS results for ¢ plus jets are also available [191, 296, 297]. NLO results for three jets [298], four
jets [74], and up to five jets [299, 300] have been published. Two- and three-jet event generation is available in POWHEG [301, 302]. Calculations

for bbbb [303, 304], ttbb [305-307, 362], and tftt [308] production have appeared in the literature.




Process Syntax Cross section (pb)

Heavy quarks+vector bosons LO 13TeV NLO 13TeV

el pp— WEbb (4f) pp > wpm b b~ 3.074£0.002 - 102 TI230 FLO% 8162+£0.034 - 102 2350 LT

e2  pp— Zbb (4f) pp>zbhb~ 6.993 +£0.003 - 102 T532% FLO% 1935 +0.004 - 103 F129% F1O%

e3  pp—ybb (4f) pp>ab b~ 1.731£0.001 - 10%  T5-9% TL0% 4171 £0.015 - 103 T3 {Z‘; iy

ed*  pp— WEbbj (4f) pp>wpmbb~j  1.861+0.003 102 TI22% FOTE 3.957+0.013 102 TZTO% 0T

e5*  pp— Zbbj (4f) pp>zbb~ j 1.604 £0.001 - 102 T324% T0-9% 2,805 £0.009 - 102 200 TO-8%

e.6*  pp—ybbj (4f) pp>abb~j 7.812+£0.017 - 102 TEL20 F10% 1 933.4£0.004 103 T80% 10

e7  ppottWE pp>t t~ wpm 3.777+0.003 - 10-1 F2O% F2UE 5662 £ 0.021 - 101 LR LR
e8  pp—ttZ pPp>ttez 5.273 £0.004 - 101 T30-2% T186 7508 +0.026 - 1071 T 1%
e  pp—tiy pp>tt~a 1.204 +0.001 - 100 T206% +16% 1744 +0.005 - 100 T8 LT

e10* pp—tEWEj pp>tt~upmj 2352+0.002 1070 FOOE TISE 3404+ 0.011 1070 FLEE LT
ell* pp—tlZj pPp>ttezj 3.953£0.004 - 1071 T30 F2IH 5,074 £0.016 - 1071 FTO% 2%
e12*  pp—tivj pp>tt~alj 8.726 £ 0.010 - 10~1  TI540 F23% 1 735 £0.004 - 100 7% T22%

el3* pp—tW-WT (4f)  pp >t t~ wku-  6.675+£0.006 1073 TI00% F2IE 9904 +0.026 - 1073 TI0-9% T2
eld* pp—tHW*rZ pPp>ttewpmz 2404£0.002 1073 P00 F2O% 3595 £0.010 - 1073 )00 2%
e.15* pp—ott Wty pp>tt~wpma 2718£0.003 1073 TR0 F2IE 3927 40,013 1073 080 +20%
el6* pp—ttZZ pp>ttvzz 1.349 £0.014 - 1073 T209% +17% 1,840 +0.007 - 1073 jg gi?;; T
elT* pp—ttZy pp>tt~za 2.548 £0.003 - 103 F30LE LI 3656 +£0.012 - 1073 T 1A%
.18 pp—ttyy pp>tt~aa 3.272 +£0.006 - 1073 F284% LI 4 402 +£0.015 - 1073 TSR LA

Table 6. Sample of LO and NLO total rates for the production of heavy quarks in association with vector bosons, possibly within cuts and
in association with jets, at the 13-TeV LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties.
Processes that explicitly involve b-quarks in the final state, and process e.13, are calculated in the four-flavour scheme, while all of the others are
in the five-flavour scheme. Results are available in the literature for Wbb [68, 309-312], Zbb [68, 311, 313], tty [314], t1Z [68, 315, 316, 363, 364],
ttW [68, 316, 317] production. For the majority of the processes in this table, NLO corrections are calculated in this work for the first time.



Process Syntax Cross section (pb)
Single-top LO 13TeV NLO 13 TeV
f1  pp—tj (t-channel) Pp>ttj$$ wt w- 1.520 £ 0.001 - 102 J_r?f?% fg:égg 1.563 = 0.005 - 102 iégﬁ tgéé
f2  pp—tyj (t-channel) pp>ttaj$swrw- 9.956 +0.014 - 107! igj;“;fj f?gg; 1.017 £ 0.003 - 10° igé fg:gg{;
£3  pp—tZj (t-channel) pp>ttz]$swr w- 6.967 £ 0.007 - 10~1  TE2E 09 6,993 £ 0.021 - 1071 6% HO-0%
f4  pp—tbj (t-channel, 4f)  p p > tt bb j $$ w+ u- 1.003 +0.000 - 102 T38% +04% 1319+ 0.003 - 102 F25% +04%
£5* pp—>thjy (t-channel, 4f) p p > tt bb j a $$ wt w- 6.293 +0.006 - 101 1585 HOEE 861240025 - 1071 FEEE 0K
£.6* pp—tbjZ (t-channel, 4f) p p > tt bb j z $$ w+ w- 3.934+£0.002 - 1071 FITE 0% 5657 £0.014 - 1071 FTI H00E
£7  pp—tb (s-chanmel, 4f)  pp>wr >t b, pp>w- >t~ b 7489 £0.007 100 T55% FL9%T T 001 £ 0,004 101 FST% TL9%
£8°  pp—>tby (s-channel, 4f)  pp > wr >t bva, pp>w- > tvba 149040001 1072 TI2% A% 9594 0007 1072 F20% H17%
£.9°  pp—tbZ (s-chanmel, 4f) pp > wt > t bvz, pp > - >t~ bz 1LOT240.001 - 1072 FL3% +20% 153940005 . 1072 +39% +1.9%

Table 7. Sample of LO and NLO total rates for the production of a single top, possibly in association and within cuts, at the 13-TeV LHC; we also
report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. The notation understands the sum of the ¢ and ¢ cross
sections for all processes, and tt is a label that includes both ¢ and £, defined from the shell with define tt
bb). Processes that explicitly involve b-quarks in the final state are calculated in the four-flavour scheme, while all of the others are in the five-flavour
scheme. Being an EW-induced process, single-top production requires special care for the MADGRAPHS_AMC@NLO generation syntax: $$ means
excluding particles in the s-channel, while the > w+ > (> w- > ) forces a WT (W ™) to be present in the s-channel (see appendix B.1). Total
NLO cross sections for t- and s-channel single-top production have been known for some time [318, 319]. All single-top channels are also available
in MCFM [320-323], MC@NLO [173, 324], and POWHEG [325, 326]. An NLO calculation for ¢tZj production has appeared in ref. [327].

t t~ (and analogously for the label




Process Syntax Cross section (pb)
Single Higgs production LO 13TeV NLO 13TeV
g1  pp— H (HEFT) pp>h 1.593 £0.003 - 100 T348% F12% 3961 £0.010 - 10" F2-2% TLIE
g2  pp— Hj (HEFT) pp>h j 8.367+0.003 - 100 T394% +120% 499 40,006 - 100 F135% +11%
g3  pp— Hjj (HEFT) pp>hjj 3.020 +£0.002 - 100 TEOLE FLAE 5194 4+0.020 <100 20T T8
g4  pp— Hjj (VBF) pp>hjj8swrw-2z 19870002100 TL7 Y% 1.900+0.006 -10° TOEE T20E
g5  pp— Hjjj (VBF) pp>hjjj$$wrw-z 2824+0005 1070 FITE L% 30854£0.010 107" T20% 1%
g6  pp— HW? pp > h wpnm 1.195 +£0.002 - 100 T35% F19% 1419 £0.005 - 100 2% O
g7  pp— HW=Ej pp>h wpn j 4.018 £0.003 - 1071 TEOTE TLAE 4 840 +0.017 <1071 TRO% T2
g8 pp— HW=jj pp>hupnj j 1198 £0.016 - 10~1  F20-000 T0.8% 1 574 40,014 - 10~1 20k 0%
g9 pp—HZ pp>hz 6.468 +0.008 - 10~1 T L% 7674 £0.027 <1071 FZO% L%
g10 pp—HZj pp>hzj 2.225+0.001 - 107" %22%; zééé 2.667 £ 0.010 - 10~ ;ggé ;ééé

* . . PR -2 2% 7% -2 8% N
gl pp—HZjj pp>hzjj 7.262 £0.012 - 10 : _(1)9047% ‘2%5"7% 8.753 £ 0.037 - 10 _g_gg) _3'8?
g.12*  pp— HWTW ™ (4f) pp>hwtw- 8.325 +£0.139 - 1073 jo;gzg jl;ﬁz‘; 1.065 + 0.003 - 102 jl;gzg jl;%‘;
g.13*  pp— HWHy pp>hvwpma 2.518 +£0.006 - 1073 FOTE 419% 3309 +0.011 -107° T2 LT
gl4* pp— HZW* PP >h z wpm 3.763 £0.007 - 1073 fiégz t?:g;‘j 5.292+£0.015 - 1073 fg?g; t}:i;‘j
g15" pp— HZZ pp>hzz 2.008+0.003 - 10- L% H19E 2.538+0.007 -10° 10 20K
g.16  pp— Hit PpP>ht t~ 3.579 £ 0.003 - 10—+ f%ﬁéﬁg %é/ 4.608 +0.016 - 10~ fg;ég t?g;
g 17 pp— Htj pPp>htt] 4.994 +0.005 - 1072 T30 fljgi,g 6.328 +0.022 - 1072 f1:§?g e
g.18  pp— Hbb (4f) pp>hbb~ 4.983£0.002 - 1071 0 T2 6,085 +£0.026 - 101 TTE 16%
g19  pp— Htlj pp>htt~ j 2.674 £0.041 - 10-1  TIO% F2E% 3944 4+0.025 - 1071 TR FZOE
g.20*  pp— Hbbj (4f) pp>hbb~ j 7.367 +£0.002 - 102 TICH T18% 9034 +0.032 1072 T 150

Table 8. Sample of LO and NLO total rates for the production of a single SM Higgs, possibly in association and within cuts, at the 13-TeV

LHC; we also report the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning of wpm, and
table 7 for the meaning of tt, bb, and the generation syntax. Processes that explicitly involve b-quarks in the final state are calculated in the
four-flavour scheme, while all of the others are in the five-flavour scheme, except for g.12. A complete set of references relevant to NLO rates for
Higgs production can be found in refs. [328-330, 360, 361]. The W-boson width is set equal to 2.0476 GeV for process g.17. Cross sections at the

NLO for HVjj and HV'V production appear in this work for the first time.




Process Syntax Cross section (pb)
Higgs pair production LO 13TeV NLO 13 TeV
h.l1  pp— HH (Loop improved) p p > h h 1772 £0.006 - 1072 F299% T21% 2,763 £0.008 - 1072 F114% T21%
h2  pp— HHjj (VBF) pp>hhjj8swrw-z 6.503+£0019 1071 T2 6820 +£0.026 - 1071 o5 T2
h3  pp— HHW® pp>hh wpn 4.303£0.005 - 1071 FO9% F20% 5002 +£0.014 - 1071 F15% +20%
h4*  pp— HHW*j pp>hh wpn j 1.922 £0.002 - 1074 F142% T15% 9218 £0.009 - 10~*  F2TE 16K
h.5*  pp— HHW*y pp>hhuwpna 1.952 £0.004 - 1076 F30% #2236  34740.007 - 1076 T2k 2 1%
h6  pp—HHZ pp>hhz 2.701 £ 0.007 - 10~* TO9% +20% 3130 +0.008 - 10-* 5% T20%
hT* pp— HHZj pp>hhzj 1.21140.001 - 107+ F1R1% +14% 1 304 4 0.006 - 107+ T2 F10%
h8*  pp— HHZy pp>hhza 1.307 £0.003 - 1076 F24% +22% 1 604 £0.005 - 1076 TLTA +23%
h9*  pp— HHZZ pp>hhzz 2.309+0.005 - 1076 F39% +22% 9754 40,009 - 1076 F23% +23%
h.10*  pp— HHZW* pp>hhz wpm 3.708 £0.013 - 1076 480 F23% 4904 +0.029 - 1076 FETE +22%
h11*  pp— HHWHW = (4f) pp>hh utu- 7.524£0.070 - 1076 F3S% 4285 9968 +0.030 - 1076 T2 +23%
n12  pp— HHIE pp>hht te 6.756 £ 0.007 - 104 +30-2% +L8% 7301 £0.024 - 1074 HlA% +22%
h.13  pp— HHtj pp>hhtt]j 1.844 £0.008 - 107°  FT09% T18% 2444 +£0.009 - 1075 TA% 2%
h.14*  pp— HHbD pp>hhbbe 7.849+£0.022 - 1078 TEASE FR1% 084 +0.012 1077 A% R

Table 9. Sample of LO and NLO total rates for Higgs-pair production, possibly in association and within cuts, at the 13-TeV LHC; we also report
the integration errors, and the fractional scale (left) and PDF (right) uncertainties. See table 1 for the meaning of wpm, and table 7 for the meaning
of tt. All cross sections are calculated in the five-flavour scheme, except for process h.11 which is obtained in the four-flavour scheme to avoid
resonant-top contributions. Processes h.1, h.2, h.3, h.6, h.12, and h.13 have appeared in ref. [127] as NLO+PS results; some of these were already
known at the NLO [331]. The W-boson width is set equal to 2.0476 GeV for process h.13. Previous to the release of MADGRAPH5_AMC@NLO, the
only available public code for Higgs pair production was HPAIR [332, 333], relevant to process h.1 (see ref. [127] for more details on the different
approach adopted by MADGRAPH5_AMC@NLO). Process h.2 has been recently added to VBFNLO.



Process Syntax Cross section (pb)

Heavy quarks and jets LO 1TeV NLO 1TeV

Ll efe —jj et e- > J j 6.223£0.005 - 10~1 T00%  6.389 +£0.013 -10°1 0%
12 efem —jjj et e- > j 3 j 3.401£0.002 - 1071 *98% 3166 £0.019 - 1071 9%
L3 etem —jjjj ete- >3 ijj 1.047 £0.001 - 101 T200% 1,090 £ 0.006 - 10-1  *90%
4 eTem —jjjjj et e->3 333 J 2.211+0.006 - 10-2 T34% 2771 £0.021 - 102 A%
L5 ete —itt et e= > t t~ 1.662 +£0.002 - 10-1 T00% 1,745 +£0.006 - 10-1  FO4%
16 etem —ttj et e- >t t~ ] 4.813+0.005 - 1072 2% 5276 +£0.022 .10 15
L7 ete —tljj ete- >t t~jj 8.614+0.009 - 1073 T194% 1,094 £0.005 - 1072 F29%
1.8 ete” —ttjjj et e- >t t~ j j i  1.044£0002 1073 F30% 1546 4+0.010 - 1070 F0-0F
1.9*  etem —titl et e- >t t~ t t~ 645620016 -1077 F191% 1221 4+0.005 1070 )32
L10*  ete” —titl) et e- >t t~ t t~ j  2.719£0.005 -107% 2990 5338 +0.027 -10°% T8
11 ete” —bb (4f) et e- > b b~ 9.198+£0.004 - 10-2 T00% 99282 +0.031 -10-2 0%
.12 efe™ —bbj (4f) e+ e- > b b~ j 5.029+0.003 - 102 T90%  4.826+£0.026 - 1072 0%
i.13*  ete™ —bbjj (4f) e+t e- > b b~ j ] 1.621£0.001 - 1072 T209%  1.817+£0.009 - 1072 +99%
L.14*  ete” —bbjjj (4f) et e->bb~jjj  3.641£0.009 1073 A% 4936 +0.038 1070 TLE%
1.15%  ete™ — bbbb (4f) et e~ >b b~ bbb~  1644£0.003 1074 TI2%% 3.601+£0.017 -107* T152%E
L16*  ete™ — bbbbj (4f) et e- > b b~ b b~ j  7.660+0.022-107° T30 1537£0.011 -107* TITO%E
17" etem — tibb (4f) et e- >t t~ b b~ 1819£0.003 -10-F FI%% 9993+ 0.011 - 104 F32%
118 ete” —tibbj (4f) et e~ >t t~ b b~ j 40450011 -107° T30 7049+£0.052 1075 TI3TE

Table 10. Sample of LO and NLO rates for the production of light jets in association with heavy quarks, possibly within cuts, at a 1-TeV eTe™
collider; we also report the integration errors, and the fractional scale uncertainties. Cross sections for processes i.1-.10 are calculated in the five-
flavour scheme. For processes 1.11-1.18 we use the four-flavour scheme, and require the presence of at least two (four in 1.15-1.16) b-jets in the final
state. b-jets are clustered with the same parameters as light jets. Results at NLO accuracy for up to seven light jets can be found in refs. [9, 70, 334~
338], and for a heavy-quark-pair plus up to one jet in refs. [339-345]. All other processes are computed here for the first time at the NLO.



Process Syntax Cross section (pb)
Top quarks +bosons LO 1TeV NLO 1TeV
P q

i1 efem —ttH et e- >t t~h 2.018 £0.003 - 1073 T00% 1,911 +£0.006 - 1072 1%
j2° etem —ttHj e+t e- >t t~ h 2.533£0.003 -10~* T22% 2658 £0.009 - 1071 2%
i.3* etem —ttHjj e+ e- >t t~h jj  2663£0.004-107° FI93% 3278+0.017 -10°° A0
j4r etem ity et e- >t tvoa 1.270 £0.002 - 1072 F09%  1.335+£0.004 - 1072 TO5%
j5* efem = ttyj et e- >t t~ a 2.355 +£0.002 - 1073 T23% 2617 +£0.010 -107% F15%
j.6*  ete —tiyij et e- >t t~ajj 3.103 £0.005 - 10=%  T95% 4002 £0.021 - 1074 A%
T efem —»ttZ et e- >t tvz 4.642£0.006 - 1073 *00% 4949 +0.014 - 1072 5%
i8* etem —ttZj et e- >t t~ z j 6.059 £ 0.006 - 10~* T23% 6,940 £0.028 - 1071 2%
j.9*  etem —tiZjj et e- >t tvz j j 6.351£0.028 - 1075 T194% 8439+ 0.051 -107° 5%
310 ete —HWEjj e+ e- >t t~ wpm j j 2.400£0.004 -1077 F198% 3723 +0.012 1077 0%
j11* ete —ttHZ ete->ttvhz 3.600 £0.006 - 1075 T00% 3579 £0.013 - 10> O 1%
j12*  etem —ttyZ e+t e- >t t~ az 2.212£0.003 - 10~* T00%  2.364 £0.006 - 10-* 0%
313 etem —tivH et e->tt~ah 9.756 +£0.016 - 107> T0-0% 9423 £0.032 - 1070 FO5%
j14* etem —ttyy et e- >t t~aa 3.650 £0.008 - 10~* T0-0%  3.833+£0.013 -10* 4%
i15*  etem wttZZ ete->ttvzz 3.788 £0.004 - 1075 TO0% 4007 £0.013 - 1070 O3
j.16*  etem —tHH ete- >t tvhh 1.358 £0.001 - 10-° T50%  1.206+£0.003 - 1075 *99%
jAT* etem S HWHTWT e+ e- > t t~ wk w-  1.372+£0.003 - 1071 0% 1,540 +0.006 - 101 0%

Table 11. Sample of LO and NLO rates for the production of top quarks in association with bosons, possibly within cuts and in association with
jets, at a 1-TeV eTe™ collider, and the fractional scale uncertainties. Cross sections are calculated in the five-flavour scheme; see table 1 for the
meaning of wpm. Results at NLO accuracy for ttH production can be found in ref. [346]. All of the other processes are computed here for the first
time at the NLO.



4.2 Differential distributions

In this section we present sample results for differential observables relevant to several
processes, which we have simulated at the 8, 13, or 14 TeV LHC. While some of these have
never been computed before at the NLO+PS accuracy (or even at fNLO; see section 4.1),
and appear here for the first time, we do not aim to present a series of phenomenological
analyses, which would be out of the scope of this work, but rather at showing yet again
the flexibility of MADGRAPH5_AMC@NLO, and the type of results that one can obtain
with it. For this reason, the various PSMCs which we shall use have been run with
their default parameters, and no underlying events have been generated. Having said
that, some of the predictions given here are motivated by recent measurements by ATLAS
and CMS. Furthermore, the present section constitutes a complement in particular to
section 2.4.5, since we shall discuss, using explicit examples, several features of the FxFx
merging procedure which have been outlined before in a general fashion. We shall be mainly
concerned with (N)LO+PS results, but we shall also consider f(N)LO ones where necessary.
As was the case for the total rates presented in section 4.1, the computation of scale and
PDF uncertainties has been carried out by using the reweighting procedure introduced
in ref. [125] (see also appendix B.3). NLO+PS results that have never appeared in the
literature are: six-lepton, t#W W ~, and SM Higgs in VBF+1; production; furthermore,
double-Higgs production in association with either a tf pair or a Z boson has been solely
computed with MADGRAPH5_AMC@NLO, in ref. [127]. Finally, FxFx-merged results for
77 and He"v, production are also presented here for the first time.

¢ Six-lepton production. We start by studying the (N)LO+PS production of six lep-
tons:
+

pp — ete ptv, o, (4.1)

which we have computed by using the complex mass scheme; the 77 lepton is set stable,
and its mass is kept at the physical value, while the electron and the muon are treated as
massless. On top of the computation carried out with the exact six-lepton matrix elements
of eq. (4.1), we have also considered the production of the ZWTW ™~ triplet, with the
subsequent decays of the vector bosons performed with either MADSPIN or by the PSMC
(in this case, HERWIG6):

pp — Z(=ete ) WH (= pTv) W (=17 0,). (4.2)

While MaADSPIN multiplies the undecayed matrix elements by the branching ratios of the
relevant decays, so that the rates resulting from eq. (4.2) are in absolute value directly
comparable to those of eq. (4.1), the PSMC does not; in that case, we have therefore
manually included such an overall factor. To all samples, we have applied the following cut:

M 0"7) > 30 GeV, (4.3)

on all opposite-charged lepton pairs; given the lepton flavours considered here, not
surprisingly the vastly dominant effect of such a cut is that due to the ete™ pair. We
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Figure 4. Transverse momentum (left panel) and invariant mass (right panel) of the six-lepton
system, for the processes of eqs. (4.1) and (4.2). See the text for details.

shall call eq. (4.3) the generation cut.>* On top of eq. (4.3), we have also imposed (also
at the analysis level):

|M(ete™) —myz| <20 GeV, (4.4)
|M(pFv) — mw| <20 GeV,
|M (77 ;) —mw| <20 GeV, (4.6)

which we shall call V-reco cuts. Since eq. (4.2) features only 3-resonant contributions (see
section 2.5 about the notation used here for resonant and non-resonant diagrams), the
results of the MapSPIN- and PSMC-decayed samples are basically the same if one considers
only the generation cut, or the generation and V-reco cuts together; for this reason, we
shall discuss only the latter scenario. On the other hand, one of the reasons for comparing
eqs. (4.1) and (4.2) is precisely that of assessing the importance of non-3-resonant
contributions to six-lepton matrix elements; hence, in this case we shall present both the
generation-cut-only and the generation-plus-V-reco cuts results.

In figure 4 we show observables relevant to the six-lepton system, i.e. obtained by
summing the four-momenta of the leptons: the transverse momentum (left panel) and the
invariant mass (right panel). Both the NLO+PS (solid histograms) and LO+PS (dashed
histograms, rescaled as indicated in order to fit into the layout) are displayed. The green his-
tograms are the results of eq. (4.1) with only the generation cut (denoted by “(N)LO ME”);
the results for the generation-plus-V-reco cuts are shown as yellow (eq. (4.1), denoted by
“(N)LO ME V-reco”), red (eq. (4.2) with MADSPIN, denoted by “(N)LO MS V-reco”), and
blue (eq. (4.2) with PSMC decays, denoted by “(N)LO PSMC V-reco”) histograms respec-
tively. In the middle insets, the ratios of all the NLO results over the NLO ME V-reco ones

*Despite the fact that it has been imposed at the analysis level, and the true generation cut is marginally
lower so as to avoid biases.
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Figure 5. Cosine of correlation angles for the p*7~ pair, in six-lepton production, egs. (4.1)
and (4.2). See the text for details.

are presented. Finally, in the lower insets each LO prediction is divided by its NLO coun-
terpart (so these are essentially the inverse of the K factors). The plots show clearly the
large impact of non-3-resonant contributions, which induce dramatic shape modifications
for M (6¢) < 500GeV and 10 < pr(6¢) < 250 GeV (the very small p; region being domi-
nated by PSMC radiation effects). On the other hand, by imposing V-reco cuts the three
predictions agree rather well with each other, which is the signal that spin correlations are
unimportant for these observables (and, more importantly in view of the aim of this paper,
that all is fine from a technical viewpoint, in the context of a very involved production pro-
cess). We have performed similar comparisons for a large number of observables; here, we
limit ourselves to reporting the results for the cosine of the angle defined by the directions
of flight of the ™ and 7~ leptons, which we denote by Y+ (left panel of figure 5) when
it is computed in the laboratory frame, and by x,+,- (right panel of figure 5) when it is
computed by first boosting the four-momentum of the p+ and 7~ leptons to the rest frame
of the v, and 77, systems respectively (i.e., to the virtual-W™* and W™ rest frames in
the case of resonant contributions); the latter observable is known to be particularly suit-
able for the study of spin-correlation effects. The same conclusions as for the observables
of figure 4 apply here, bar for the x,+,- NLO PSMC V-reco one that is fairly different
from both the NLO ME V-reco and NLO MS V-reco predictions, which in turn agree with
each other quite well. As it was expected, this is a manifestation of the importance of spin
correlations for such an observable, and a direct validation of the MADSPIN procedure.
The overall messages that one can obtain from the present study are the following.
Firstly, we did verify that the conclusions reached above are not qualitatively modified
if one replaces the (N)LO ME results with those obtained by imposing the generation
cut and eq. (4.4) only — in other words, it is the simultaneous action of the three cuts
of egs. (4.4)—(4.6) that brings the predictions for eq. (4.1) in agreement with those for
eq. (4.2) and MADSPIN; this is obviously because it is important that all three vector
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bosons be near their respective mass shell. Secondly, the effects of NLO corrections are
non negligible, in both rate and shape; however, the patterns of comparison among the
various calculations are to a large extent independent of the perturbative accuracy of the
latter. Thirdly, production spin correlations are present, that can be properly described
only by the full six-lepton computation, and by MADSPIN as well if one limits oneself to the
3-resonant region. It is clear that the cuts of egs. (4.5) and (4.6), and the definition of the
observables considered here, bar v+~ cannot be achieved experimentally, owing to the
presence of the neutrino four-momenta. However, they have helped us reach conclusions
which have a general validity, and in particular in the case of a fully realistic analysis:
namely, that non-resonant effects in six-lepton production may be quite large and that,
for all those cuts that render the 3-resonant contributions dominant, the undecayed-plus-
MADSPIN simulation provides one with a very good approximation of the exact calculation.

¢ titW - W™ production. We now turn to considering the process:
pp — t(—=eTvb) (= e vb) W (= p v,) WH= uty,), (4.7)

which we have simulated at the (N)LO+PS accuracy, by only considering the undecayed
matrix elements with t(W W™ final states, and by using PyTnia8 as PSMC and either
MADSPIN or the internal PyTHiA8 routine (which correctly accounts for decay spin correla-
tions) for the decays of the top quarks and W bosons. In figure 6 we present the transverse
momentum of the t#W W~ system, which is the typical observable whose small-p; be-
haviour is dominated by MC effects (whose systematics will not be studied here), and
which is thus unreliable if computed at fNLO accuracy. Both the NLO+PS (solid his-
tograms) and LO+PS (dashed histograms) results are displayed, with the respective scale-
uncertainty bands (in dark and light shades respectively). The very significant reduction
of such theoretical systematics when higher-order corrections are included is evident in the
whole range considered (see also entry e.13 in table 6 for its total-rate counterpart). While
for asymptotically-large transverse momenta one expects the NLO+PS scale dependence to
be of LO type (because in that region the computation is dominated by tree-level contribu-
tions), for such a massive system these p;’s are confortably in the TeV-range. In figure 7 we
show the transverse momenta of the four-hardest charged leptons in the events; the leptons
are required to have p;(¢) > 20GeV and |n(¢)| < 2.5. At variance with those of figure 6,
these plots include the branching ratios of the decays reported in eq. (4.7). The LO+PS
results in the main frames are rescaled so as to fit into the layout. Each plot displays
four histograms, that correspond to NLO+PS (solid, with MapSpIN decays; dashed, with
PyTHIA8 decays) and to LO+PS (dot-dashed, with MaDSPIN decays; dotted, with PyTHIAS
decays) results. The ratios of these predictions over the NLO+PS, MapSpPiN-decayed ones
are shown in the insets. The radiative corrections are large, but relatively flat in the p,
ranges considered here; as in the case of the p; of the system, their inclusion reduces the
scale uncertainty in a dramatic manner. Production spin correlations are sizable, so much so
that MADSPIN- and PyTHiA8-decayed results have shapes which are barely within, or slightly
outside of, the theoretical systematics bands. This is true at the NLO; at the LO, the two
predictions are compatible within uncertainties, but this is solely due to the fact that the
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Figure 6. Transverse momentum of the system of the four primary final-state particles in ttW W~
production.

LO scale dependence is rather large: in fact, the pattern of the inclusion of production spin
correlations is basically independent of the perturbative order at which one is working. This
is nothing but another manifestation of the benefits inherent to the increased predictive
power of simulations that include both NLO and production spin correlation effects.

¢ Double-Higgs production. We now consider double-Higgs production in the SM at
the 14 TeV LHC. This process has been investigated recently with MADGRAPH5_AMC@QNLO
in ref. [127], where all the six dominant channels at the LHC have been computed up to
NLO+PS accuracy, some of them for the first time. For all channels, the results of ref. [127]
have improved what was available in the literature in at least one respect. In ref. [127]
we have only presented (N)LO4PS distributions. Here, we amend this by showing also
f(N)LO spectra; we use the transverse momentum of the Higgs pair, and the ttHH and
Z HH channels, as a definite example; as PSMCs, we adopt PyTHIAS and HERWIGG6. The
results are shown in figure 8, as solid (for NLO-accurate) and dashed (for LO-accurate)
histograms. The main frames display the NLO predictions in absolute value, while the
LO ones are rescaled in order to fit into the layout; the K factors can be read from the
insets, where we present the ratios of all results over those at the NLO+PS obtained with
PyTHiAa8. The common feature of the two plots is that NLO results are mutually closer
than the corresponding LO ones; the two NLO+PS predictions are extremely similar for
both processes, while the fNLO spectrum in ZH H production is only marginally softer (an
overall effect smaller than 20%). It is interesting to see that this stabilisation due to the in-
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Figure 7. Transverse momentum of the hardest four charged leptons in ¢/ TW ™ production —
see eq. (4.7). The LO+PS results that appear in the insets have not been rescaled.

clusion of higher-order corrections follows different patterns for the two channels considered
here. ZH H is predominantly a gg-initiated process: therefore, the difference between the
two standalone PSMCs (i.e., LO+PS) is expected to be smaller than in the case of ttHH
production, which mainly proceeds through gg fusion. This is precisely what we see in fig-
ure 8 (compare the purple and red histograms in the insets). On the other hand, at fLO the
Higgs pair recoils against a Z boson and a tt-system in ZH H and ttH H production respec-
tively; the kinematics of the ¢t pair being non-trivial (at variance with that of a single Z)
implies that the fLLO prediction for p;(H H) is farther away from the corresponding LO+PS
ones in the ZHH channel than in the t¢H H channel (see the green dashed histograms in
the insets, and compare the position of the peaks of the fLO and fNLO results).

¢ Single-Higgs production. We now turn to discussing the production of a single
SM Higgs at the 13TeV LHC. The aims of figure 9, where we show the Higgs trans-
verse momentum, are twofold. Firstly, we compare LO+PS with NLO+PS predictions;
secondly, we present results for all PSMCs which are matched to NLO calculations in
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Figure 8. Transverse momentum of the two-Higgs system in t/H H (left panel) and ZHH (right
panel) production. (N)LO+PS and f(N)LO results are shown. We have used PYTHIA8 and
HERWIGG.

MADGRAPH5_AMC@NLO.? The comparison between the two panels of the figure shows
the two expected behaviours: at large p;’s, all NLO+PS predictions coincide (and are just
on top of the corresponding fNLO result, not displayed here), while the LO+4PS are vastly
different; on the other hand, at small p;’s, the relative behaviour of the various PSMCs
is the same, regardless of the perturbative order of the underlying matrix-element com-
putations. We point out that all PSMCs are treated on equal footing, i.e. they are given
the same numerical values as shower-scales parameters (such scales are equal to my at the
LO, and controlled by the D function at the NLO); so while different scales for different
PSMCs could bring them in better agreement at the LO, this is actually a negative im-
plication of the loss of predictivity at this perturbative order, and it is unnecessary when
NLO corrections are included in the simulations; a further example of this pattern will
be given below, in the study of Higgs production through VBF. We conclude this part by
showing, in figure 10, the Higgs p, that results from the five dominant production channels
at the 13 TeV LHC (whose total rates are reported in lines g.1, g.4, g.6, .9, and g.16 of
table 8, where one can also find the MADGRAPH5_AMC@NLO shell commands relevant to
their generation); the thickness of the bands represent the combined scale and PDF uncer-
tainties; all the predictions are obtained at the NLO+PS, with the use of PyTHia8. This
plot is another demonstration of the flexibility of the MADGRaAPH5_AMC@NLO framework.

¢ Higgs production in VBF. As a further example of the stabilisation of the pre-
dictions that result from including higher-order matrix elements (which in turn serves as
a validation exercise for the whole NLO+PS machinery in MADGRAPH5_AMC@NLO), we
consider Higgs production in VBF, which we compute in two ways: by considering the pro-
cess whose Born is of O(a?) (which we denote by VBF+05 [347], and whose final state at

%We remind the reader that PYTHIAG(pr) is available for ISR-only processes.
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Figure 9. Higgs p, spectrum in gg fusion (HEFT), for various PSMCs, at the LO+PS (left panel)
and NLO+PS (right panel) accuracy. Note the larger pr range in the right panel.
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Figure 10. Higgs p, spectrum for the five dominant production channels at the LHC, at the
NLO+PS accuracy with PYTHIAS.

the Born level thus features a Higgs-plus-two-parton system), and the process whose Born
is of O(aas) (which we denote by VBF+14, and whose final state at the Born level thus
features a Higgs-plus-three-parton system). These are the processes reported in lines g.4
and g.5 of table 8, where the interested reader can also find the MADGRrAPH5_AMC@NLO
shell commands that one must use in order to generate them. The only analysis cuts we
impose here are on the transverse momenta of the (anti-k,, R = 0.5) jets, by requiring
that p;(j) > 20 GeV. The only observables for which a direct comparison between VBF+05
and VBF+17 is sensible, and allow one to assess the impact of perturbative corrections,
are those related to the third jet, where one expects to have an effective LO and NLO
description respectively. In figure 11 we present predictions for the transverse momen-
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Figure 11. Third-jet observables in Higgs VBF+0j and VBF+1j production, both at the
NLO+PS, with PyTHIAS, HERWIG6, and PYTHIAG(Q?).

tum spectrum of the third-hardest jet, and for the rate as a function of the transverse
momentum of the veto jet:
) o0 do
Oveto (pT (jveto)) = / dpr df . (48)
pr (jveto) pT
The veto jet is the hardest jet which is not one of the two tagging jet (which are defined
to be the two hardest ones overall, and which we denote by j; and js respectively), and
whose rapidity obeys the condition:

min (yjlaij) < y(jveto) < max (yjl’ij) . (4'9)

The quantity defined in eq. (4.8) is related to Pyeto, defined e.g. in eq. (41) of ref. [330], by
a simple normalisation factor, oyeto = ONLO Pyeto- For both VBF+0; (dashed histograms)
and VBF+1;5 (solid histograms) the results for three PSMCs (PyTHIAS (red), PYTHIAG(Q?)
(green), and HERWIG6 (black)) are displayed, with the VBF+075 ones rescaled by a factor
1/5 in order for them to fit into the layout. The ratios of the PyTHIA predictions over
the HERWIG6 ones are presented in the insets. In the inset relevant to VBF+1j, we also
report the ratio of the HERWIG6 VBF40j result over the VBF+1j one (black dashed
histogram), which is related to the inverse of the K factor — for both observables, the
latter is of the order of 1.05-1.15. In the insets we also display the scale uncertainties
as gray bands: it is evident that the inclusion of the contributions of relative O(ay) in
VBF+1j significantly reduces the theoretical systematics. Apart from this, the most
striking consequence of such an inclusion is the fact that the three PSMCs in VBF+1j
are fairly close to each other; this is not the case in VBF+0j, where PyTHia8 has a
much softer shape than either PyTnia6 or HERWIG6. We point out that this is a feature
of quantities related to the third jet: other observables which have an NLO nature in
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VBF+0j are much better behaved, with the three PSMCs in good agreement already at
O(a3(1 + ag)). Therefore, although one could possibly find settings for the PSMCs that
would bring the predictions for the pr(j3) and oyeto VBF+0j spectra in better agreement
than in figure 11, this would simply be the signal of an unsatisfactory predictive capability,
which is restored by considering these observables in VBF+175 production.

¢ Top-pair production. While differential distributions relevant to t¢ production mea-
sured at the LHC by the ATLAS (at 7TeV in lepton+jets events [348]) and the CMS (at
7 and 8 TeV, in lepton-+jets and dilepton events [349-351]) collaborations are generally
in very good agreement with theoretical predictions, the CMS data for the reconstructed
transverse momentum of the top quark (p(t)) are visibly softer than NLO+PS predictions,
and in disagreement with those of ATLAS for p,(t) < 200 GeV (ATLAS data are harder).
Given this inconsistency between measurements it is premature to speculate on the origin
of a possible discrepancy between data and theory; it is however of some interest to discuss
the theoretical systematics that affect the NLO4PS spectrum. Among these, those due to
scale, PDFs, and choice of top-quark mass have been studied by the experimental collab-
orations, and shown to be smaller than the disagreement between data and theory [349].
Here, we therefore concentrate on other sources of systematics. One of these is due to miss-
ing higher orders, since the NLO+PS predictions used by the experiments include only up
to O(a?) terms, namely ¢+ 05 samples at the NLO. While the impact of missing higher or-
ders in perturbation theory is estimated by scale variations, an important and independent
check of this assessment may be obtained by considering NLO-merged prections. In the
left panel of figure 12 we thus compare the unmerged ¢t + 0j prediction with the FxFx one,
where the ¢t 4+ 0j and ¢ + 1j samples are combined with ;g = 100 GeV. Both merged and
unmerged results have been obtained with HERWIG6, by setting the collider energy equal
to 8 TeV; the latter curve has been rescaled® in order for its visible integral to coincide
with that of the former (since in this case we are specifically interested in a shape compar-
ison: in absolute values, the two cross sections differ however by only 2.5%). As one can
gather from the plot, the two predictions are close to each other; the FxFx prediction is
sightly softer than the unmerged one, but this does not appear to be sufficient to bring it in
agreement with the CMS measurement. The variation of the merging scale in a large range
(30-155GeV) does not induce any significant change. It therefore appears that the sys-
tematics due to higher-order corrections are fully under control, since scale variations and
NLO-merging give consistent results for this observable, and we thus confirm the previous
findings that it cannot explain the discrepancy between theory and CMS data. Another
source of theoretical systematics in NLO+PS predictions is that due to the choice of the
PSMC. This is presented in the right panel of figure 12, where we compare the (¢t + 05
unmerged) predictions obtained with PyTnia8 (cyan), HERWIG6 (red), and PyTHIA6(Q?)
(grey); the lower inset presents the bin-by-bin ratios of the latter two predictions over that
of PyTnia8. It is clear from the plot that the three PSMCs are amply consistent with
each other; this is expected, since the pure-NLO result for p;(t) must not be dramatically

°01f visually that may not seem to be the case, it is because the bin widths are not equal: note that the
cross section is differential.
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Figure 12. Transverse momentum of the top quark in #f production. Left panel: comparison
between FxFx-merged (blue) and unmerged (red) predictions; the binning is the same as that of
ref. [350]. Right panel: NLO+PS predictions obtained with different PSMCs, compared to the
fNLO result.

modified by shower effects; such an expectation is confirmed by the fNLO prediction, also
reported in the right panel of figure 12 as the dashed histogram overlaid with full circles,
which is in fair agreement with all the other curves. We therefore conclude that it does not
seem possible to get NLO+PS predictions to agree with CMS data by changing the PSMC
used in the simulations. We also point out that this statement by no means implies that
acceptance corrections, which we do not compute here, are PSMC-independent; a careful
investigation of these may be necessary should the discrepancy discussed here persist, given
that p,(t) is not a quantity that can be measured directly.

Inclusive quantities that stem from either or both tops in ¢t events are an ideal testing
ground for NLO+PS predictions, which should give a good description of the data for ab-
solute normalisation as well as for shapes. On the other hand, ¢f events are characterised
by large c.m. energies which imply a large amount of QCD radiation (only a tiny fraction of
which originate from the top quarks, owing to their being very massive). The study of such
radiation and of its topological properties is an interesting subject, particularly in view of
the large statistical accuracy that can be obtained at the LHC. At variance with the case
of inclusive observables, there is no reason to expect that all radiation-related observables
will be well described by NLO+PS ¢t + 05 predictions. In particular, those for which large
jet multiplicities are important should be sensibly compared only to merged results, or at
least to unmerged samples whose underlying matrix elements feature a sufficiently large
number of hard partons — the most obvious example is that of Nj¢;. On the other hand, for
radiation-related observables which are also inclusive enough, NLO+PS simulations should
do relatively well. One such case is that of the so-called gap fractions, which have been
measured in the dilepton channel by both ATLAS (at 7TeV [352]) and CMS (at 7 [353]
and 8 TeV [354]), and compared to various theoretical predictions — MC@QNLO with HER-
WIG6, POWHEG with both HERWIGG6 and PyTHia, MADGRAPH with PyTHIA, ALPGEN
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with HERWIG6, and SHERPA. There are different levels of agreement among generators
and with the data, whose discussion is outside the scope of this work; here, we concentrate
on MC@NLO, since the relevant formalism is the same as that used in NLO+PS simulations
in MADGRAPHS_AMC@NLO. Before going into the details, let us define the main quantity
that we shall study, namely the gap fraction for the p; of the hardest jet. In order to be defi-
nite, we shall use the same setup as in ref. [354] (which is CMS’s at the 8 TeV LHC): jets are
reconstructed with the anti-k; algorithm with R = 0.5, and the following cuts are imposed:

pr(€) > 20 GeV,  [n(0)] <24, pe(js) > 30 GeV,  [n(j)| < 24, (4.10)

on both charged leptons, and on the two hardest b-jets. Other type of cuts (e.g. lepton
isolation) are seen to be unimportant, and are not imposed here. We then define:

GFy3)(Q) = [ 400 (@~ prlin) G2 (4.11)

dd’
where o is the cross section within the cuts of eq. (4.10), and for the notation of the
argument of the gap fraction we adopt one similar to that of ref. [352], which is not liable
to generate confusion. We have also introduced:

N pr(J pr(j1) = 30 GeV and Mmin < [1(J1)] < Mmax
pmﬂ:{ﬂﬁ r(51) win < [7(1)| < (412)

otherwise,

with j; the hardest jet which is neither of the two b-jets on which the cuts of eq. (4.10)
are applied. Note that if there is no jet harder than 30 GeV in the pseudorapidity interval
(Mmins max), €q- (4.12) implies that the © function in eq. (4.11) is identically equal to one.
Therefore, GFpT(jl)(Q) is a constant for Q < 30 GeV, equal to the fraction of events which
do not have any jet harder than 30 GeV in the relevant pseudorapidity interval: for this
reason, gap fractions are not displayed in this range. The quantity pr(j1) in eq. (4.11)
can be replaced by a function, defined analogously to what is done in eq. (4.12) in terms
of any observable O with mass dimension equal to one; in this way, one constructs a
different type of gap fraction, GFp(Q). The transverse momentum of the second-hardest
jet [354], and Hy [352, 354] have been considered in the literature; they are rather strongly
correlated with pr(j1), and will not be investigated any further here.

We now aim to compare the NLO+PS predictions of the MC@NLO program (v4.09)
with those obtained with MADGRAPH5_AMC@NLO (both NLO+PS and FxFx-merged),
which is interesting in two respects. Firstly, the unmerged NLO+PS results of the two
codes would be identical, were it not for the fact that in the latter we have included the
effect of the function D (see eq. (2.113)); therefore, any difference between the two is the
signal of matching systematics.’” Secondly, the comparison between unmerged tf + 0j
and FxFx simulations helps assess the impact of the inclusion of matrix elements of
higher order in the latter. We have adopted HERWIG6 as PSMC, and the FxFx-merged

®TThere may be other very tiny differences between MC@NLO and MADGRAPH5_AMC@NLO
NLO+PS predictions, owing to possibly non-identical choices of parameters, which are negligible for all
purposes.

— 94 —



1 1
0.9 — Fx-Fxiig =30 GeV — —
E Fx-Fx pg = 155 GeV

- E MC@NLO = E

2 08 FE aMC@NLO --- -

Tl E I E

o E ¥ E

0.7 mG)l<24  F m)l<08 3

06

Eoonin | A | A | A ... | A | A | A E

1.02 '_ over aMC@NLO T ]

1 — e T T mme N

0'9?-_. ..... Losvunn iy [ [T TR Losvunn iy [ L
1o
S|
= [ 1z
£ 09 1
> [ 15
0] 15
0.8<(jy)l<1.5 1.5<mn(y)<2.1 14
08 [ tilproductior? atthe 8 'II'eV LHC | | | 1z

1o | ;

I e - y

098: ..... Loy oy a i Lo vy v a0 RN SN Loy oy a i Lo vy v a0 ||||||||||_'
100 200 300 200 300 400

Q[GeV] Q[GeV]

Figure 13. Gap fraction for the p; of the hardest jet, in four different pseudorapidity intervals,
as predicted by FxFx-merged, unmerged (labelled AMC@NLO), and MC@QNLO simulations. The
setup follows closely that of ref. [354]. See the text for details.

simulations have been performed for two extreme choices of the merging scale, g = 30
and 155 GeV. The results for the hardest-jet gap fraction are presented in figure 13, for the
same four pseudorapidity intervals (7min, max)=(0, 2.4), (0,0.8), (0.8,1.5), and (1.5,2.1) as
in ref. [354]; the insets display the ratios of the MC@QNLO v4.09 and FxFx-merged results
over the unmerged MADGRAPH5_AMC@NLO ones. We first observe that all predictions are
quite close to each other, the largest deviation being about 3%. Interestingly, some of the
largest relative differences are between the two unmerged predictions, which implies that
the matching systematics is not negligible. In general, MADGRAPH5_AMC@NLO predicts
more jet activity (i.e., a lower curve) at NLO+PS than MC@NLO v4.09 in the central
and widest pseudorapidity regions, this difference decreasing with increasing nmyi,. This
appears to be fairly consistent with what is seen in the 8-TeV CMS data (compare the
upper left corner of figure 13 with figure 7 in ref. [354], and the other panels of figure 13
with the upper row of figure 8 in ref. [354]), whose analysis we have followed here. A
similar trend as NLO+PS of MADGRAPH5_AMC@NLO is seen in the FxFx-merged result
with pg = 155GeV, while that obtained with ug = 30GeV follows a slightly different
pattern. Although these findings are encouraging, it is certaintly too early to draw any
firm conclusions; preliminarly, we can observe that the inclusion of more matrix-elements
results into matched predictions seems to be beneficial (be either through an NLO-merging
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pQ=20GeV  ug=30GeV  pg=50GeV pg="70GeV
. FxFx 14.47(-0.6%) 14.56 14.77(+1.5%)  14.78(+1.5%)

no cuts
ALPGEN 8.84(—0.9%) 8.92 9.08(+1.8%) 9.07(+1.7%)
. FxFx 1.65(+0.8%) 1.63 1.60(—2.4%) 1.55(—5.4%)

two jets
ALPGEN | 1.27(+13.2%) 1.12 1.01(=9.5%)  0.92(—18.4%)

Table 12. Total rates (in pb) for single-Higgs production in gluon-gluon fusion in HEFT, resulting
from FxFx-merged (with up to two extra partons at the NLO) and ALPGEN (with up to three extra
partons at the LO) samples. Fractional differences w.r.t. the corresponding results obtained with
1o = 30 GeV are also reported.

procedure, or because the D function limits the impact of the HERWIG6 shower to smaller
scales than it happens in MC@NLO). Furthermore, even by choosing an extremely large
range for the merging scale, the FxFx systematics is smaller than that of the MLM-type
merging in MADGRAPH5_AMC@NLO (see the results labelled MADGRAPH in ref. [354]).
We shall in fact see below another clear example of the pattern of the reduction of the
merging systematics when going from the LO to the NLO.

¢ Multi-parton merged predictions. We now turn to illustrate some results of the
FxFx merging which are directly relevant to the unitarity and the merging-scale-choice
arguments which have been discussed in general at the end of section 2.4.5. We shall do
so by using an example which one expects to be critical from these viewpoints, namely
Higgs production in gluon-gluon fusion (in HEFT) at the 8 TeV LHC, since such a process
is characterised by very large higher-order corrections and by a very significant amount of
radiation in PSMCs. As was done in ref. [191], we shall also compare to the predictions
obtained with ALPGEN, which we shall take as a benchmark for the typical behaviour of LO
merging procedures; we have used HERWIG6 as PSMC. We start by presenting in table 12
the results for the fully inclusive rates, both in the absence of cuts (upper two rows), and
by imposing the presence of at least two jets (lower two rows): the latter are defined by
means of the anti-k; algorithm with R = 0.4, and have to obey the following conditions:

pr(j) 225 GeV,  [n(j)] <5. (4.13)

The rates have been obtained by considering four different values for the merging scale,
which cover the very large range pg € (20,70) GeV. In order to be definite, we shall
take ug = 30 GeV as our central value; in table 12, we report in parenthesis the fractional
difference of all results obtained with pg # 30 GeV w.r.t. those obtained with pug = 30 GeV
that appear in the same row. The rates in absence of jet cuts are seen to be extremely stable
against merging-scale variations. LO results have an only marginally-larger ;1 dependence,
which is in any case much smaller than the scale uncertainty (not shown here); the same
applies to NLO predictions. The NLO fully-inclusive rate for the unmerged H + 05 sample
is 13.40 pb: it is therefore from 8% to 10% lower than the FxFx-merged results. Thus,
despite the fact that FxFx does not impose any unitarity condition, the merged predictions
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Figure 14. Higgs transverse momentum in single-Higgs production (gluon-gluon fusion in HEFT),
as predicted by FxFx (left panel) and ALPGEN (right panel), for various choices of the merging
scale puq.

are ‘“naturally” quite close to the unmerged one. They are not equal, nor they should be
— at the end of the day, we are including here contributions up to O(a2). The increase in
the cross section when passing from unmerged to merged results is rather consistent with
expectations based on perturbative scaling, and the known large NNLO/NLO K factor
that characterises the Higgs-production mechanism we study here. We stress that this
feature is not an accident of this process, since we have observed it in all cases studied
so far (see later for further examples). When considering rates obtained within the cuts
of eq. (4.13), we see that the NLO results are still quite stable, while the merging-scale
dependence of the LO ones becomes sizable. In order to further investigate this matter,
we present in figure 14 the Higgs transverse momentum spectra, obtained with FxFx and
ArpcEN for the same four merging scales as before; the insets display the ratios of the
various curves over the g = 30 GeV corresponding ones. Obviously, the jp-dependence
pattern reflects that of table 12. However, it is interesting to see that when no jet cuts
are applied there is a significant compensation in terms of rates in the ALPGEN curves (this
can be clearly seen in the ratio plot, with the presence of a crossing point at a pr(H) of
about 70 GeV) — in other words, the very small ;1o dependence of the LO total rates is
partly an artifact, since locally in the phase space the various predictions differ by a larger
amount. To some extent, the same is true for the FxFx-merged results, but the effects
are much more modest there. Note that, when jet cuts are applied, this phenomenon does
not occur any longer, and local and global merging-scale dependences are quite similar:
in particular, one sees how all the NLO curves are close to each other also within these
cuts. The significance of this (in)dependence is tightly related to the range chosen for the
merging scale variation. The function log(ug/mp), which one may take as an indicator of
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,ug) ,u(c) ,ug) unmerged

pp— etve | T059(—0.9%) 7121 7160(+0.5%) | 7067(—0.8%)
pp— ZZ | 7.383(—0.01%)  7.384  7.387(+0.04%) | 7.355(—0.4%)
pp — Hetw, | 0.05180 (+0.9%) 0.05131 0.05117(—0.2%) | 0.05066(—1.3%)

Table 13. Total rates (in pb) for three processes, computed with FxFx by using three different
merging scales (whose values are process-dependent, see eqs. (4.15)—(4.17)), and with the unmerged
lowest-multiplicity samples. Relative differences w.r.t the FxFx results obtained with the central
merging scales are also reported.

the typical quantity relevant when the merging scale is varied, changes by a factor of 3.16
in the range (20,70) GeV considered here; we believe that this is a sufficiently-large range
to give a sensible indication of merging-scale systematics. As the results presented here
clearly show, the supposed spoiling of some underlying NLO accuracy that occurs when
“large” values of ug are adopted is simply not an issue if NLO and MC predictions are
properly merged, and are reasonably consistent with each other. The latter is in fact a key
point: we have observed that, by imposing VBF-type cuts, e.g.:

Mj1j2 > 400 GeV, ‘ijlh‘ > 2.8, (4.14)

the mild dependences shown in table 12 become huge (of the order of 80% and 70% at the
LO and NLO respectively). It is clear that the invariant-mass cut of eq. (4.14) introduces
a third scale in the game which renders its treatment a complicated matter. Given that
such a large merging-scale dependence is basically driven by the largest ji’s, the problem
is likely due to intrinsic differences between the PSMC and matrix-element descriptions of
the VBF region. However, we are able to immediately notice this only because we have
considered a relatively large range of pg, which does not give any issues for sufficiently
inclusive quantities, but it does when VBEF cuts are applied. We conclude by pointing out
that the uncovering of this issue by means of merging-scale systematics does not imply
its most naive solution, which would be that of restricting, to small values, the range of
pg in this kinematic region, thus relying on a matrix-element-dominated description: in
fact, such a description is not necessarily better than a PSMC one in the context of the
multi-scale dynamics induced by eq. (4.13) and (4.14).

In order to further the previous arguments, and as a way to validate the FxFx merging
procedure with a special attention to cases where the construction of the Sudakovs that
enter egs. (2.139)—(2.141) is involved owing to the flavour structure of the hard process, we
consider here three different final states, namely eTv,, ZZ, and He"v,, which we simulate
at the 8 TeV LHC. In FxFx we include the 0-, 1-, and 2-parton samples for the former
process, and the 0- and 1-parton samples for the latter two. In all cases, the unmerged
0-parton results are also presented. All merged and unmerged samples are showered with
HERWIG6. We start with the fully-inclusive rates, reported in table 13; the values of the
three merging scales are as follows:

(s 1) 1)) = (15,25,45) GeV > €, (4.15)
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Figure 15. One-jet rate in e*v, production. The main frame presents the three FxFx-merged
predictions as well as the unmerged one. The lower inset displays the ratios of these curves over the
central FxFx-merged one. The insets to the right show the separate contributions of the unphysical
0- (long-dashed), 1- (dashed), and 2-parton (dotted) samples, for the three merging scales.

FxFx merged e*v,+0,1,2j production i E
'-_ __ 1023
£ 3 =
1 1 =5
2 < 10'3
=10 3 i ©
=3 3 1.0
< ] :
] | 3
3 £ + 1028
Q 4nl _E E =
© 10 E ] s
] 3108
] ] o
] 5 10°
10° F E: E
[ 1 4 2%
12 | I E A
1.1 N - Th ] el
s ] Wl A 108
09 - I R B
- =+ i E
08 [ M| e c Wl i el 10°
1 10 100 1 10 100

d, [GeV]

Figure 16. As in figure 15, for the two-jet rate in eTv, production.
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Figure 17. As in figure 15, for the one-jet rate in ZZ production. Only the 0- and 1-parton
samples have been considered here.

= (45,65,105) GeV pp = 47, (4.16)
= (50, 75,100) GeV pp — He' v, , (4.17)

which cover quite wide ranges. The message emerging from the table is analogous to
that relevant to Higgs production, which we have discussed previously: the merging-scale
dependence is very small. Furthermore, the unmerged results are extremely close to the
merged one, in fact much closer than in the case of gg — H; this is a natural consequence of
the relatively small (compared to Higgs) K factors for the present processes. Again, this
fact emerges naturally, without the need to impose any unitarity condition in the merging.
We conclude by showing some selected differential distributions, and in particular the j-jet
rates of the kr algorithm (denoted by d;, see eq. (2.131)); these quantities are known to
be critical in the context of merging procedures, since they are very sensitive to artefacts
of the latter, which show up as discontinuities in the spectra. Our results are presented in
figures 15-18, where the main frames display the predictions in absolute values. The lower
insets display the ratios of the FxFx-merged and unmerged predictions over the FxFx one
obtained with the central merging-scale values. The insets at the right of the figures show
the way in which the i-parton samples combine in order to give the physical curves. All
results for all processes behave as expected.

4.3 One-loop SM and BSM results: a look ahead

All the results presented in sects. 4.1 and 4.2 exploit the one-loop computations performed
by the public version of MapLoopr5, which amply demonstrates the reach and flexibility
of this code. The aim of this section is on the other hand that of showing that the
current, still-private MapLooOP5 program has a much larger scope, being able to handle
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computations of very high complexity also in the context of a mixed-coupling expansion
(see section 2.4), and in theories other than the SM. As was already discussed, while the
corresponding capabilities on the real-emission side have not yet been fully validated in
MADGRAPH5_AMC@NLO, they do not pose any problem of principle, and only minor ones
from the technical point of view; therefore, the results presented below constitute the proof
that the major obstacles have been cleared which prevent MADGRAPH5_AMC@NLO from
performing NLO computations in arbitrary renormalisable theories.

We shall give here benchmark results for given phase-space configurations. They will
be presented in the form of the coefficients ¢, j = —2,—1,0, introduced in eq. (2.88) for
V', the colour- and helicity-summed virtual amplitude contracted with the corresponding
Born one (see eq. (2.55)). We shall also denote by ag the Born amplitude squared:

we 3 a0

colour
spin

2
‘ , (4.18)
where, similarly to V', the averages over initial-state colour and spin degrees of freedom
are understood. Throughout this section, we have set u = Q = ur = pr = /s, and all
particles widths equal to zero for simplicity; the leptons that circulate in the loops are
taken to be massless. In order to maximize the numerical accuracy, the computations
reported here have been performed by using quadruple-precision arithmetics; the stability
tests described in section 2.4.2 have shown that these results are numerically stable
beyond the seventeen digits quoted below. The coefficients c¢; are computed in the 't
Hooft-Veltman scheme and, in the case of the pole residues c_s and c¢_q, compared to
their analytically-known forms (see e.g. eq. (B.2) of ref. [61], whose generalisation to cases
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other than QCD is straighforward). Units for quantities of canonical dimension equal to
one are understood to be GeV. The CKM matrix is diagonal. The integral-reduction OPP
procedure has been adopted in all cases; processes C) and D) have also been computed
with TIR (using IREGI), and perfect agreement with the OPP results has been found. We
point out that processes A) and B) feature 8- and 7-point rank-5 loop integrals respectively,
and are therefore beyond the present capabilities of any TIR library. Further technical
details relevant to the calculations presented in this section are given in appendix C.2. We
emphasise that the one-loop results shown here have never been presented in the literature,
and can serve as benchmarks for comparisons with future independent computations.

A)  High-multiplicity multi-scale QCD process: gg — ddbbtt. This process
involves up to 8-point loop diagrams with three external scales: the top- and bottom-quark
masses, and the partonic c.m. energy. A total of 54614 loop diagrams contribute, and all
pure-QCD UV renormalisation counterterms are necessary, which makes it an excellent
test case for MapLoopr5. The following parameters have been used:

Parameter value | Parameter value

Qg 0.118 nif 4
My 173.0 my 4.7
The kinematic configuration considered is (we use an (E, p,, py,p-) notation):

Py = (500 0 0 , 500 )
py = (500 .0 .0 , -500 )
pa = (1 159.884957663500 , -100.187853644511 , 83.9823400815702 , 92.0465111972672 )
pg = ( 203.546206153656  , -154.329441032052  , -0.512510195103158 , 132.714803257139 )
py = ( 81.9036633616240 , 4.56741073895954  , -80.4386221767117 , 13.9601895942747 )
p; = ( 41.5312244194448 | 6.99982274816896 , 9.96034329509376 , 39.4277395334349 )
pe = (239.961310957973 |, 84.0110736983121 , 18.3862699981019 , -142.325385396572 )
pr = (1273.172637443802 , 158.938987491122 , -31.3778210029510 , -135.823858185543 )

For the O(a%) Born matrix element and O(a’) V coefficients we have obtained:

gg — ddbbtt
ao 1.7614866952133752e-14
co 7.1888721656398052e-14
c_1 -3.8948541926529643e-15
Cc_9 -2.8670389920110557e-15

The relevant MADGRAPH5_AMC@NLO-shell generation command is:

MG5_aMC> generate g g > d d” b b~ t t~ [virt=QCD]

More details on this syntax can be found in appendix B.1. After the generation phase,
the usual output and launch commands are executed. We point out, however, than in
the present context (i.e., when one computes one-loop matrix elements pointwise), launch
allows the user to specify the kinematic configuration for which the said matrix elements
are to be computed.
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B) Mixed-coupling expansion: ud — ddW1tZH. The Born matrix elements
for this process receive contributions at O(a2a?), O(asa?), and O(a®), resulting from
O(g%e?) and O(e’) amplitudes. In the notation of section 2.4, this corresponds to kg = 5,
cs(ko) =0, c(ko) = 3, and A(kg) = 2. We have considered the full set of NLO corrections,
thus obtaining four terms of O(aZa™), with 0 <n <3 and m = 6 —n (see eqgs. (2.22)
and (2.23)). This process features essentially all complications one faces in the case of
a mixed QCD-EW expansion, and in particular it tests fully the UV- and Rs-related
machinery, described in section 2.4.2, beyond the pure-QCD cases considered so far. From
a technical viewpoint, the major challenges are represented by the fact that genuine EW
corrections (as opposed to QCD corrections to processes that may feature EW external
particles) significantly complicate the flavour structure of the diagrams (whose number
therefore grows and which always pose a multi-scale problem), and by the necessity of
keeping separate track of the ¥y 41, coeflicients of eq. (2.23). We have performed our
computation in the Feynman gauge, with an (a(myz), mz, my ) input scheme for the EW
parameters, and adopted the a(myz) renormalisation scheme [355] (we point out that the
G, scheme [355, 356] is also available in MapLoop5). The full set of inputs is thus:

Parameter value Parameter value
Qg 0.118 nif 5
me 173.0 Yt 173.0
mw 80.419 my 91.188
me 125.0 a ! 132.507

pu = (500 , 0 , 0 , 500 )
pa= (500 , 0 , 0 , -500 )
pa = ( 77.3867935143263 , -13.6335837243927 , 33.7255664483738 , -68.3039338032245 )
pa = ( 251.029839835656 , -74.4940380485791 , -235.871950829717 , 42.7906718212678 )
pw+ = ( 139.739680522225 , -81.0565319364851  , -74.5408139008771 , 30.5527158347332 )
pz = (382.164100735946 , 208.038848497860 , 298.200182616267 , -74.3682536477996 )
pu = ( 149.679585391847  , -38.8546947884028 , -21.5129843340470 , 69.3287997950232 )

The corresponding Born results are:

ud — ddW+tZH ao
O(a?a?) 2.8791434190645365e-16
O(aga?) -4.2378807039987007e-17
O(a®) 5.8013051661550053e-18

where the O(aga*) interference term happens to be negative, while at one loop we obtain:
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ud — ddW+ZH O(aa?) O(a?a?)
co -4.9670212643498834e-17 3.5197577360529166e-18
c_1 -1.0437771535958436e-16 1.5619709675879874e-17
Cc_9 -2.8837935481452971e-17 3.9757576347989499e-18
O(asa®) O(ab)
co 2.3220780285374270e-18 -1.4592469761033279e-18
c_1 -1.8146075843176133e-18 -5.0799804067050324e-21
Cc_2 -5.4147748433007504e-19 -5.4195415714279579e-21

The relevant MADGRAPHS_AMC@NLO-shell generation command is:

MG5_aMC> generate u d” > d 4~ w+ z h QCD=99 QED=99 [virt=QCD QED]

where the QCD=99 QED=99 bit instructs MabpLooPr5 to consider the corrections to all Born-
level contributions, and not only to the leading (QCD) O(a2a?) one, while the [virt=QCD
QED] syntax implies that both QCD and QED/EW corrections need to be included. More
details on this extended syntax can be found in appendix B.1.

C) Mixed-coupling expansion: u@i — ddtt. Although the one-loop corrections to
this process feature a smaller number of diagrams than those relevant to ud — ddW+ZH
studied above, owing to the fact that the corresponding Born amplitudes have three
quark lines the mixed-coupling expansion ladder depicted in figure 1 is wider: we have
in fact A(kg) = 4, with kg = 4, cs(ko) = 0, ¢(ko) = 0. The input-parameter and scheme
choices are the same as those adopted in the case of ud — ddW+ZH production, while
the kinematic configuration is:

500 , 0 , 0 , 500
500 , 0 , 0 , -500

,-19.3895923374881  , 35.1636848900680 , -66.5063572263756
,-91.1103505191485  , -264.895455921162 , 67.1112676698377
,-92.8925122931906  , -85.7235692614867 , 43.4702707482150
203.392455149827 | 315.455340292580 , -44.0751811916771

(
(
( 77.6887158960956
(1288.053156184158

(1 218.623451637725
= (1 415.634676282022 |

— — — — — —

Pu
Pu
Pa
Pg
bt
bt

‘We thus obtain at the Born level:

ut — ddtt ao
O(a?) 8.0443110796911884e-10
O(ada)  -4.1964024114099949e-11
O(a?a?)  3.2368049995513863e-11
O(asa®)  -7.9030872133243511e-13
O(at) 1.8667390802029741e-13

while the one-loop coefficients turn out to be:
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uti — ddtt O(a?) O(ata)
co 2.7744575300036875e-10 -6.1309409133299879%e-11
c_1 -2.4891722473717473e-10 5.1973614496390480e-12
Cc_9 -8.0573035150936874e-11 3.1296167547367972e-12
O(a3a?) O(a2a?)
Co 1.2122291790182845e-11 -4.0611498141889722e-12
c_1 -8.6161115635612362e-12 4.3209683736654367e-15
Cc_2 -3.1860291930204890e-12 3.5961341456741816e-14
O(asa?) O(a®)
co -3.8642357648130340e-14 -1.1866388556893426e-14
c_1 -3.6050223887148020e-14 -4.7983631557836333e-16
() -1.7642824564621470e-14 -2.4912793041300221e-16

The relevant MADGRAPHS_AMC@NLO-shell generation command is:

MG5_aMC> generate u u™ > d d” t t~ QCD=99 QED=99 [virt=QCD QED]

D) A BSM case study: QCD corrections to gg — flf’l‘g. While MabpLoop has
been used to compute one-loop corrections to a very large number of processes in the SM,
its applications to other theories have been pretty limited so far. Here, we present the first
MabpLoopr5 results in a fully-fledged BSM model; namely, we compute QCD corrections
to t1t5g production in the MSSM. From the technical point of view, the MSSM UFO
model at the NLO is immensely complicated, and its writing by hand (which has been the
procedure adopted for the SM) is inconceivable: we have therefore obtained it by using a
development version of FEYNRULES. All massive modes are subtracted at zero momentum,
following the same strategy as e.g. in ref. [357]. It should be pointed out that some of
the elementary expressions and structures of such a model (related e.g. to the presence of
Majorana fermions) are not featured in any other UFO model employed so far. For this
reason, we have double checked our MaDLoOP5S results against a completely independent
calculation performed with MaTHEMATICA. This guarantees that the elementary building
blocks are correct, thus rendering analogous tests more and more irrelevant in the future.
We have chosen the input parameters as follows:
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Parameter value Parameter value
ag 0.118 s 4
my 4.75 my 175
myy 79.82901 my 91.1876
mg 607.7137 tan 3 9.748624
M, 561.119 My 549.2593
me, 561.119 ma, 549.2593
m;, 399.6685 | my, 585.7858
mg, 568.4411 mg, 545.2285
ms, 568.4411 ms, 545.2285
my, 513.0652 mp, 543.7267

with a diagonal squark-mixing matrix. By using the following kinematic configuration:

pe = ( 500 .0 0 , 500 )
pe = (500 .0 0 , -500 )
p;, = (1465.457552338590 , 88.1561012782457 , 197.510478842819 , -100.667451003198 )
Py = (1442.275748385439  , -9.53590501776566  , -180.889189039748 , 55.3271680251616 )
pg = ( )

92.2666992759711  , -78.6201962604800 , -16.6212898030706 , 45.3402829780365

we obtain:
99 — titfg
ap 2.839872059757065e-4
co -2.081163174420354e-5
c_1 -1.550338075591894e-4
C_9 -4.800024159745521e-5

The relevant MADGRAPH5_AMC@NLO-shell commands are:

MG5_aMC> import model loop_MSSM

MG5_aMC> generate g g > tl t1” g [virt=QCD]

We point out that, similarly to the version of MapLooP5 used to derive the results presented
in this section, the loop MSSM model used here is not yet public.

5 Conclusions and outlook

The motivation for pursuing this project stems from the fact that all aspects of the
computations of tree-level and NLO cross sections, including their matching to parton
shower simulations, are well understood, in a manner which is fully independent of the
process under consideration. Therefore, the best way to make use of this understanding
is that of the full automation of such computations. Automation has indeed already
proven to be a very successful strategy for obtaining tree-level results, as documented
by the theoretical and experimental activities based on, and spurred by, MADGRAPH. In
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this paper we have presented the successor of MADGRAPHS, a code that we have named
MADGRAPH5_AMC@NLO, which extends the capabilities of the former by giving the
user the possibility of computing NLO QCD corrections, if desired in association with
parton-shower matching. MADGRrRAPH5_AMC@NLO is indeed the successor, and not just
a plugin, of MADGRAPH5, its main virtue being that of treating tree-level and NLO QCD
computations on the very same footing — as far as the user is concerned, the difference
between them is a switch in input. In particular, irrespective of the perturbative order
of the computation, MADGRAPH5_AMC@NLO features the following characteristics: very
lean dependencies, simplicity of use, and flexibility. The information that the user has to
provide is only related to physics, such as values of masses, couplings, and scales, and the
definitions of observables, as well as the hard process one wants to generate.

In the current public version of MADGRAPHS5_AMC@NLO the inclusion of higher-order
effects is restricted to QCD corrections to SM processes. Such a limitation is mostly due
to the fact that, in the context of one-loop computations (performed by MabpLoop or by
any other one-loop provider), one needs to take care of the UV renormalisation procedure
and (typically, but not always necessarily) of that related to the so-called Ry counterterms,
which are in any case just a simpler version of the former. Both procedures are expressed as
a set of rules that can be worked out directly from the Lagrangian, an operation that has to
be done only once for a given theory, and that so far has been performed by means of analyt-
ical computations. However, all obstacles preventing the automatic computation of the UV
and Ry rules have now essentially been cleared, as hinted by the results we have presented in
section 4.3. Given that all remaining obstacles are minor and of technical nature, this will
allow MADGRAPH5_AMC@NLO to evaluate, in the near future, any type of NLO corrections,
starting from the same user-defined Lagrangians that are used in tree-level calculations.

This work shows clearly that automated techniques at the NLO are well past the devel-
opmental phase, and are indeed fully established, as was already the case for their tree-level
counterparts; we believe that this is amply demonstrated by the results of section 4. For the
non-trivial cases now of relevance to collider phenomenology, automated computations are
more robust, faster by orders of magnitude, and less error-prone than analytical, process-
by-process traditional approaches. Furthermore, an increase in complexity generally only
requires more CPU power but no conceptually new solutions, one example of such a situa-
tion being that of the computation of EW or QCD corrections to supersymmetric processes.
As a counterexample, one may mention the calculation of cross sections that feature final
states with a very large number of QCD partons, for which dedicated optimisations (such
as recursive relations and colour reorganisation, which are being investigated by us) will
be needed in order to go beyond what is currently feasible by MADGRAPH5_AMC@NLO.

The ready availability in MADGRAPHS_AMC@NLO of perturbatively-accurate and real-
istic predictions for an extremely large range of processes of significant complexity should
be seen as both solving a few problems, and opening up new and exciting possibilities.
Among the former, we would like to mention explicitly the fact that automated tools help
free experts in perturbative calculations from spending their resources in the increasingly
involved computations necessary to the experiments, thus allowing them to concentrate on
obtaining other, cutting-edge results (such as, to limit oneself to perturbative QCD, cal-
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culations of NNLO accuracy with universal subtraction methods, improvements to parton
showers, and so forth). As far as future possibilities are concerned, one important charac-
teristic of MADGRAPH5_AMC@NLO to bear in mind is its modularity: we shall be happy
to support and help those interested in improving parts of the code and the underpinning
physics strategies (such as recursive relations, alternative matching and merging schemes,
integral-reduction techniques and libraries). From a phenomenological viewpoint, many
different applications of MADGRAPHS5_AMC@NLO can be foreseen. The capability of the
code to assess systematically and in an easy manner the theoretical uncertainties due to
scales, PDF's, and matching and merging methods should be routinely exploited by both
theorists and experimentalists. The fact of having a basically unlimited set of processes
predicted at the NLO accuracy has two immediate consequences: it gives one the chance
of extracting the PDF's by using a much wider set of observables than employed at present,
at the same time possibly including EW and parton-shower effects; and that of finally
achieving PSMC tunings that properly include NLO results. Exploratory studies at future
colliders, such as circular or linear eTe™ ones, or very-high-energy hadron machines, can
also be performed without the need of a dedicated effort. Finally, it is hard to predict
the kind of applications that will be relevant to BSM physics. In any case, extending the
current flexibility of MADGRAPHS5_AMC@NLO for SM processes to new-physics models, be
they renormalisable or effective, and thus being able to readily investigate the implications
of any theory, will certainly be crucial in current and future analyses.
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A Technical prerequisites, setup, and structure

MADGRAPHS_AMC@NLO is being developed and is routinely run on a variety of Linux
platforms and on Mac OS-X systems. The basic requirements for running the code are
the following:

e A bash shell;
e perl 5.8 or higher;
e Python 2.6 or higher, but lower than 3.0;

e gfortran/gcc 4.6 or higher; any other modern Fortran/C++ compiler should work,
provided it supports computations in quadruple precision.

After downloading the tarball, and upacking it in what will be called the main directory
(which will contain several sub-directories, such as aloha, apidoc, bin, and so forth), the
code is ready to run. No installation of external packages is mandatory, thanks to the fact
that the tarball includes copies of the third-party codes listed in appendix D.

Setup. From a terminal shell in the main directory, type:

./bin/mgb_aMC
At this point, one has entered the MADGRAPHS_AMC@NLO shell, which is made evident
by the fact that the prompt now reads as follows:
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MG5_aMC>

A minimal setup phase may take place here, before generating and running the first

process. This phase, that must be done at most once (i.e., it does not have to be

repeated before the generation of any process after the first), consists essentially in

defining configuration variables. For example, in the case where a local installation of

FASTJET were available,?® the path to it must be known by MADGRAPH5_AMC@NLO: this

is achieved by executing the following command:

MG5_aMC> set fastjet /<PATH_TO_FASTJET>/bin/fastjet-config

Likewise, for the local installation of LHAPDF [366] to be found, one should execute the

command:

MG5_aMC> set lhapdf /<PATH_TO_LHAPDF>/bin/lhapdf-config

Each of these commands associates the given value with a variable in the file:
input/mg5_configuration.txt

The user can find a list of all possible configuration variables by visiting that file (or

by auto-completion with the <TAB> key after typing set in the MADGRAPH5_AMC@NLO

shell). We point out that each of these variables can be directly edited in the file, as an

alternative to executing the set command as shown above. More advanced setup options

are described in appendix B.1.

Structure. The various subdirectories of the main directory will be of no interest to the
regular user. The only possible exceptions are
Template/NLO
Template/L0
a copy (with minor differences) of which is created in the subdirectory
MYPROC
of the main directory upon executing the command:
MG5_aMC> output MYPROC
after having executed one of the two following commands:
MG5_aMC> generate a b > c_1...cn [QCD]
MG5_aMC> generate a b > c.1...cn
for the NLO and LO case respectively (see section 3). The minor differences in the copy
alluded to before are due to the fact that, after the generate command has been issued,
the program knows e.g. the number of final-state particles (equal to n in the examples given
here), which is thus explicitly written in some include files in the directory tree of MYPROC.
In any case, these include files and their analogues must not be modified by the user.
The directory MYPROC will be called the current-process directory, and all the operations
relevant to the process whose generation gave rise to it are performed somewhere in its
directory tree. Such operations can roughly be arranged in two classes: input-type, to
be performed by the user before the launch command, and output-type, performed by
MADGRAPHS_AMCQ@NLO after the launch command.
The user may consider input-type operations in the following subdirectory:
MYPROC/Cards

"We point out that FASTJET (CORE) is part of the MADGRAPHS _AMC@NLO tarball.
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which contains the input cards (these are in plain text format, and liberally commented)
that steer the MADGRAPH5_AMC@NLO run (e.g., run_card.dat) or control the physical
parameters of the theory (e.g., param card.dat). Contrary to other input-type operations,
which will be mentioned below, the values of the entries in the input cards can not only
be modified by the user by visiting the appropriate cards before the launch command,
but can also be accessed after the launch command through an interactive talk-to within
the MADGRAPHS5_AMC@NLO shell. Both accessing modes can be used in the same run;
note that the values of the inputs used in the actual run will be those stored in the input
cards at the end of the talk-to phase.

Further input-type operations are specific to NLO-type generations, require a minimal
knowledge of Fortran, and must be completed before the launch command is issued. They
will involve editing files in the following subdirectories:

MYPROC/FixedOrderAnalysis

MYPROC/MCatNLO

MYPROC/SubProcesses
The FixedOrderAnalysis subdirectory will need to contain the user’s fixed-order analysis
file(s) relevant to fLLO or fNLO runs. The MCatNLO subdirectory is used only in the case
when the user chooses to steer the shower phase within the MADGRAPH5_AMC@QNLO frame-
work; when the LHE files produced by MADGrAPHS5_AMC@NLO are showered externally,
such a subdirectory is ignored. If also the showering is steered by MADGRAPH5_AMC@NLO,
the user will be able to access the drivers of the various event generators, and to write
his/her own analysis inside the MCatNLO directory tree (whose structure is analogous to
that of the MC@QNLO package, for those familiar with it). Finally, the subdirectory
SubProcesses contains the codes necessary for the computation of the cross section proper,
and specific to the process that has been constructed in the generation step. Typically, the
user will not need to modify any of these files; exceptions are those of setscales.f, where
one defines the functional forms used for dynamic-scale computations (see section B.2),
and of cuts.f, where one sets any desired parton-level cuts (on top of those accessible
through run_card.dat); both of these files are amply commented.

As far as output-type operations are concerned, these are by definition dealt with by
MADGRAPHS_AMC@NLO; we shall mainly describe in what follows those relevant to an
NLO-type generation. The relevant directories are

MYPROC/Events/run_*
There will be as many run_* subdirectories as number of runs;?® the string * will feature
a run-identification number. These subdirectories will contain the final outputs of the
corresponding MADGRAPH5_AMC@NLO runs, provided that such outputs are in one of the
formats recognised by the code. In particular, one will have:

1. For all types of runs: various plain-text files that summarise the inputs used and the
results of the integration of the short-distance cross sections.

®*Runs may e.g. differ by choices of input parameters, or type of physics simulated, such as f(N)LO vs
(N)LO+PS, or the inclusion of spin correlations as predicted by MADSPIN vs stable-particle production.
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2. In (N)LO+PS runs: the Les Houches event file(s) that contain hard-subprocess un-
weighted events which are to be showered.

3. In (N)LO+PS runs when MADGRAPH5_AMC@NLO is used to steer the shower phase:
the final results after shower, provided that these are either: a) an StdHEP/HepMC
file that contains the event records; or b) a topdrawer file that contains histograms
defined by the user in his/her analysis.

4. In f(N)LO runs: the histograms defined by the user in his/her analysis, provided that
their format be either Root or topdrawer.

There is no problem if the format of the output of the user’s analysis relevant to the shower
phase (when MADGRAPH5_AMC@NLO is used to steer the shower) is not compliant with
either 3.a or 3.b. Simply, such an output will not be moved into MYPROC/Events/run_x,
but will be kept in the directory where the PSMC run has actually been performed. This
directory will be named:
MYPROC/MCatNLO/RUN_MCTYPE nn

with MCTYPE=PYTHIA8 and so forth (depending on the PSMC used), and nn an integer
number increased by one unity for each new PSMC run.

On the other hand, the use of formats other than Root or topdrawer in f(N)LO runs
is deprecated, since it implies some manual operations and the writing of code by the user.
The reason is the following: cross sections are integrated by MapGrapu5_AMC@NLO
through multi-channel techniques — this ensures optimal convergence and high degree of
parallelisation, but each channel is non-physical (only their sum is). Analysis routines
(regardless of the output format) are used by individual channels; hence, their outputs are
to be summed.’0 Summing the results of the individual channels is performed automatically
by MADGRAPHS _AMC@NLO for Root and topdrawer outputs, via dedicated auxiliary codes;
any new format would thus require the user to write a new such code, and a script that
finds all single-channel outputs and feed them to his/her summing code.

We conclude this section by stressing again that the source codes which are compiled
after executing the command launch, and the input cards used throughout the run,
are those in the current-process directory tree, and not in the Template directory tree.
Therefore, any modifications to files in the Template directory tree will have no effect
on the current run. However, they will affect all subsequent process generations, since
as clarified at the beginning of this section it is the files in Template that form the core
of the contents of each current-process directory. Hence, this procedure is reserved to the
very experienced users, and we strongly deprecate it.

B Advanced usage

This section reports on some of the features of MADGRAPH5_AMC@NLO whose understand-
ing allows the user to exploit the full physics potential of the code. It is not meant to be

50This assumes the output is a set of histograms. In case of n-tuples, these will need to be combined,
possibly after having rescaled their weights.
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a usage manual, but only to briefly expand on some of the subjects which have been only
touched upon in the main text.

B.1 Models, basic commands, and extended options

We start with the following general comment: within the MADGRAPH5_AMC@NLO shell,
the <TAB> key plays the same role as in a normal terminal shell: when hitting it, a list
of possible completions (e.g., commands relevant to the current context, or completion of
the command syntax) is printed on the screen. Note that the shell commands help and
tutorial can be used as well, and will provide the user with some minimal guidance.

Models. As was explained in section 2.1, MADGRAPH5_AMC@NLO needs a model in
order to generate a process. When one enters the MADGRAPH5_AMCQNLO shell, the
default is that of assuming the SM: however one can choose to work in another theory by
loading a new model, by simply executing the command:

MG5_aMC> import model ModelName
where ModelName is the name of the desired model. The list of available models (to
which as usual the user can add his/her own) can be obtained by hitting the <TAB> key
after import model. Each of these models is associated with a directory (under the main
directory):

models/ ModelClass
In the directory ModelClass, one collects the definition of all those models which are tightly
connected with each other, for example by having the same Lagrangian and differing by
the choice of some fundamental parameter. To give an explicit example: the default model
for the SM in MADGRAPHS5_AMC@NLO assumes the charm quark to be massless, but there
is a model where the charm quark is massive. For both of these, we have:
models/ModelClass = models/sm
The massless-charm or massive-charm SM is explicitly loaded by typing:

MG5_aMC> import model sm

MG5_aMC> import model sm-c_mass
respectively. Technically, these two commands are in one-to-one correspondence with the
two files:

models/sm/restrict_default.dat

models/sm/restrict_c_mass.dat
The user interested in some non-extensive modification of the SM can thus simply cre-
ate his/her own file models/sm/restrict XXX.dat, which may be eventually loaded
by executing import model sm-XXX. For more details on these matters, please visit:
https://cp3.irmp.ucl.ac.be/projects/madgraph/wiki/Models/USERMOD.

We finally stress again that not all models support the computation of NLO corrections.

In the first public version of MADGRAPHS_AMC@NLO such corrections are restricted to
QCD to SM processes. The relevant models are all found in the directory:
models/loop_sm
Note that, by default, when performing an NLO-type generation (i.e., by using the [QCD]
keyword) the code switches automatically from the LO-type model to the corresponding
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NLO-type one (i.e., in the SM it switches from sm to loop_sm). If the latter is not available,
a warning is issued and the code proceeds no further.

Setup. A short description of the setup procedure has been already given at the beginning
of appendix A. Here, we wish to point out that, on top of the environment variables
found in input/mgb_configuration.txt, the user can also control other options, which
for example affect the physics schemes used by MADGRAPHS_AMC@NLO during the various
computations. All such options can be listed with the following command:
MG5_aMC> display options
which will display all options and their current values. In order to change the latter, one
executes the set command, whose general syntax is:
MG5_aMC> set Option Value
For example, MADGRAPH5_AMC@NLO by default does not use the complex mass scheme
in its computations. In order to change this, it is sufficient to execute:
MG5_aMC> set complex mass_scheme True
Other examples relevant to environment variables have already been given in appendix A.
The operation of computing the widths of the unstable particles present in the imported
model can be seen as part of the setup procedure, being a complement to the model itself,
independent of the generation procedure, and mandatorily performed before the running
phase (see section 2.3.2). Such an operation is carried out by issuing the shell command:
MG5_aMC> compute_widths [{ Options}]
which in turn executes the MADWIDTH module; the possible options of the above command
can be as usual explored by hitting the <TAB> key. We remind the reader that MADWIDTH
works at tree level and in the narrow-width approximation (in other words, the manual
setting of widths in the context of an NLO simulation may be necessary).
Finally, another setup-type operation is the diagonalisation of the mass matrix. This is
only available in a restricted class of UFO models which include the AsPERGE [89] module,
whose inputs are accessible to the user during the interactive talk-to phase.

Generation. The most general form of the generate command is the following:
MG5_aMC> generate Process { AmpOrders} [{{ Mode} Couplings}]
the only mandatory option being Process, i.e. the actual process one needs to generate. We
shall now comment on the four options above in turn.

The option Process is simply the list of initial- and final-state particles, separated by
the conventional > sign:

Process= a b >cl...cn

One can further refine the syntax above in order to include in the computation only some
of the contributions that one would normally obtain. Such refinements are reported in
table 14, and have the following meaning:

s.1 A production process is generated that features x in the final state, with x subse-
quently decaying into the list of particles that follow the “x >” string; more in general,
there may be p primary particles that play the same role as x. Only p-resonant dia-
grams (see section 2.5) are included in the computation. In the example of table 14,
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syntax example meaning
x, x> PpPp>2zj,z>bb" s.1
$ x Pp>ete $z 5.2
/ x pp>ete/ z 5.3
> x > PP >z > et e- 5.4
$$ x pp>ete $$z 5.5

Table 14. Process-generation syntax refinements, also exemplified in the case of various processes
that involve a Z boson. See the text for the explanation of the keywords s.1—s.5. Only syntaxes
s.8—s.5 are supported for NLO-type generations.

s.2

5.3

5.4

$.5

one has the associated production of a Z and a jet, with the Z further decayed into
a bb pair. Spin correlations and x off-shell effects are taken into account exactly, but
the virtuality m of x is forced to be in the following range:

|my — my| < bucutoff Iy, (B.1)

where my is the pole mass of x, I'y its width, and bwcutoff is a parameter controlled
by the user (through run card.dat). Syntax s.1 thus loosely imposes an on-shell
condition; it is called decay-chain syntax, and can be iterated: any decay product
can be decayed itself by using this syntax (e.g. x > y z, y > w s).

If x appears as an intermediate particle in the generated process, its virtuality is
forced to be in the range:

|my — my| > bucutoff Iy, (B.2)

which is the region complementary to that of eq. (B.1), and thus loosely imposes
an off-shell condition. All diagrams are kept. In the example of table 14, one has
Drell-Yan production with the invariant mass of the ete™ pair larger than or smaller
than the Z mass by at least bwcutoffI'z. A consequence of the complementarity
mentioned above is that, while cross sections generated with either s.1 or s.2 are
bwcutoff-dependent, their sum is not (up to interference terms, which are neglected
by the process of discarding non-resonant diagrams in s.1), and corresponds to the
process generated with the simplest syntax. For example:

U > 2)~ T (pp > 2z > et )t pp > et e $2), (BI
for any observable O.
All diagrams that feature (anywhere) the particle x are discarded.

The process is generated by demanding that at least one particle of type x be in an
s-channel.

All diagrams that feature the particle x in an s-channel are discarded.
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We stress that all syntaxes but s.2 produce in general results which are non physical, be-
cause gauge invariance might be violated (although there are exceptions: see e.g. ref. [214]),
and have therefore to be used with extreme caution. The situation becomes more involved
at the NLO, so even more care is required. Syntaxes s.3, s.4, and s.5 are supported; more
refined selections of individual loop diagrams in MADLOOP5 can be imposed by editing the
function user_filter in the source code loop_diagram generation.py.

The option AmpOrders allows the user to specify the upper bounds on the powers
of the coupling constants that enter the scattering amplitudes (i.e., not the amplitudes
squared); therefore, the coefficients ¥y, 4, , are selected only in an indirect manner —
see section 2.4. Furthermore, in the case of an NLO-type generation, such amplitudes
are the Born ones: the couplings of the one-loop and real-emission amplitudes are then
automatically determined according to the type of corrections to be included. The syntax
for this option is the following:

AmpOrders = coupling; = p; couplings =po ... coupling, = p,
where coupling; is the name of the i*" coupling in the model currently used, and p; is
an integer which represents the upper bound mentioned above. It should be obvious that
coupling; is an arbitrary name, chosen by the author of the model in use. In order to see
the list of all coupling names, one has just to type (after having imported the model):
MG5_aMC> display coupling order

For example, by executing this command in the context of the SM, one obtains what

follows:
QCD : weight =1
QED : weight = 2

which implies that the internal names of the SM couplings g5 and ¢y, is QCD and QED
respectively, with the latter being hierarchically suppressed w.r.t. the former. As an explicit
example of the use of the AmpOrders option in the SM, let us consider the case of:

p+p — W+ Jy+ Jignt » (B.4)

where J, and Jijgny are a b- and a light-jet respectively, and the five-flavour scheme is
adopted. Numerically, the dominant contributions to such a process are due to diagrams
whose corresponding amplitudes factorise the couplings g2gy. However, amplitudes of
order g3, are more interesting, since they feature diagrams with one top-propagator
exchange, and are thus identified with single-top production (although of course at the
same order one has non-resonant diagrams as well). By executing the command (after
including the b-quark in the proton)

MG5_aMC> generate p p > w+ b j

one would obtain only the amplitudes of O(g%gy ), the choice being made by the code auto-
matically according to the hierarchy shown above. In order to study single-top production,
one can execute what follows instead [214]:

MG5_aMC> generate p p > w+ b j QED=3 QCD=0

which will force the code to consider only O(g3,) amplitudes. Note that, by entering
QED=3 QCD=2, one will generate both O(g2gw ) and O(g3,) amplitudes. In future version of
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MADGRAPHS_AMC@NLO, the syntax of the option AmpOrders will be extended, so as to
give the user the possibility of selecting directly cross-section-level quantities (X3)4pq’s),
at both the leading and the next-to-leading order.

The option Mode5! allows the user to select which contributions to an NLO cross
section (on top of that due to the Born, which is always present) will be included in the
computation. The possible settings are the following;:

Mode = all= —> both one-loop and FKS-subtracted real-emission
Mode = real= — only FKS-subtracted real-emission
Mode = virt= —> only one-loop

The setting all= is equivalent to omitting the option Mode altogether, and should be
the only one considered by the non-expert user, being the only one that leads to physical
results. The setting real= instructs MADGRAPH5_AMC@NLO to not generate the part of
the code relevant to virtual matrix elements with MabpLoop. In this way, the cross section
can still be dealt with as explained in section 3, but the results will be non-physical, unless
an external one-loop provider is linked to MADGRAPH5_AMC@NLO (such an external OLP
will thus effectively play the same role as MapLoop). Finally, the setting virt= corresponds
to the MapLoop standalone mode. In such a mode, the commands output and launch will
behave differently w.r.t. what is described in section 3, the idea being that of using the code
so generated in order to obtain the pole residues and finite part of the virtual corrections
for user-defined kinematic configurations — see section 4.3 for explicit examples.
The option Couplings allows the user to specify which kind of NLO corrections Mabp-

GrarPu5_AMCQNLO will compute. The general syntax for this option is the following:

Couplings = coupling; couplings ... coupling,
However, in the current version only QCD corrections can be computed, and therefore the
only valid option read as follows:

Couplings =  QCD
as already mentioned several times in this paper. For examples of the more general syntax
that can be used in a still-private MADGRAPH5_AMC@NLO version, see section 4.3.

Output. The most general form of the output command is the following:

MG5_aMC> output [OutputForm| [MYPROC]

As was already mentioned in section 3 (see in particular footnote 42) the target-directory
name MYPROC may be omitted, in which case MADGRAPH5_AMC@NLO will choose auto-
matically a name (and print it out on the screen for the user to know). As the full syntax
above implies, however, there are a few names that are reserved because, if used, the code
will interpret them as one of the (optional) OutputForm keywords. These essentially serve
to create executables (or standalone libraries) which are not those typically used for the
integration of the cross sections and the unweighting of the events. They are described in
appendix B.6.

Running. The most general form of the launch command is the following:
MG5_aMC> launch {ProcDir} { RunMode} {Options}

51The use of which requires the use of the option Couplings as well. The opposite is not true.
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We cannot possibly describe in this paper all possibilities implied by the syntax above,
which we plan to do in a forthcoming user manual; we urge the interested reader to explore
them by either using the on-line tutorial, or executing the help launch command, or
exploiting the <TAB> key.

Here, we limit ourselves to point out that ProcDir, if present, must coincide with one
of the current-process directories previously generated. The implication is that, after the
generation and output phase, a user may not immediately run the process, but rather
generate a second one, or also quit the MADGRAPH5_AMC@NLO shell. Being saved on
disk, the full information of a generated and outputed process can be retrieved at any later
time. In order to do this, one needs simply to execute:

MG5_aMC> launch MYPROC -i

where MYPROC is the name of the current-process directory used throughout this paper.

It should be clear that, upon executing the command above, one is again dealing with a

specific current process. For this reason, many early-stage commands (such as generate)

are disabled. In order to help the user remind this fact, the prompt itself is actually

changed, and reads:

MYPROC>

In short, we shall call the environment accessed by executing the launch -i command

the running mode. One can re-enter the running mode of a given process an unlimited

amount of times. Again, we shall not attempt to give here a full description of the various

implications of this fact. However, it is interesting to discuss a specific usage in connection

to what has been described in section 3.2.1, and namely how to shower hard-subprocess

event files previously generated. For example, we have discussed in section 3.2.1 how, in the

case of a process which features particles whose decay products are dealt with MADSPIN,

one obtains (at least) one undecayed and one decayed hard-event files, for example:
MYPROC/Events/run 01/events.lhe.gz
MYPROC/Events/run_01_decayed_1/events.lhe.gz

only the latter of which is showered by default when MADGRAPH5_AMC@NLO steers the

shower. In order to shower the former, one simply has to execute:

MG5_aMC> launch MYPROC -i

MYPROC> shower run 01

Namely, to access the running mode of the relevant process directory, and then execute

the command shower followed by the name of the subdirectory of the Events directory

where the events to be showered are stored. We point out that the shower command can

be executed any number of times with the same argument, e.g. if one desires to change the

seeds or the parameters in the PSMC.

B.2 Setting the hard scales at the NLO

The short distance NLO(+PS) cross sections in MADGRAPH5_AMC@NLO feature three
hard scales: the renormalisation (pz), factorisation (pr), and Ellis-Sexton (Qgs) scales.
The latter appears only at the NLO and, at variance with the former two, its variations
do not induce any changes in the cross sections. For this reason, Qgs is only useful in the
context of validation studies, performed by developers; regular users are recommended to
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always set it equal to the factorisation scale. In view of the standard way of performing
scale variations, it is convenient to write the hard scales as follows:

Kr = fritrO, pr = fritro, Qrs = fesQrso, (B-5)

where piro, tro, and Qrgo are called reference scales.

Hard scales must be set by the user prior to compiling and running the code. They
can be organised into two categories, typically called “fixed” and “dynamical”; the scales
belonging to the former have constant values, independent of the event kinematics, while
those belonging to the latter depend on the four-momenta of the final-state particles, and
hence have values that change event-by-event during the course of the run. Whether a
scale is fixed or dynamical is determined by an input parameter. For example, in the case
of iy, the following setting in run_card.dat:

T = fixed.ren_scale ! if .true. wuse fixed ren scale
will instruct the code to use a fixed renormalisation scale. Such a fixed value is also given
by the user in input by setting the pre-factor f; and the reference scale upo that appear
in eq. (B.5). For example, the following entries in run_card.dat:

91.188 = muR.ref fixed ! fixed ren reference scale

2 = muR_over_ref ! ratio of current muR over reference muR
set pro = 91.188 GeV and f; = 2 respectively, and hence p,; = 182.376 GeV.

We now address the case of dynamical scales, again using the renormalisation scale to

give definite examples. A dynamical uy is used when:

F = fixed.ren_scale ! if .true. use fixed ren scale
With this setting, one still has f; =muR_over ref. On the other hand, the input
muR_ref _fixed is ignored, and the reference scale is defined as follows:

ftro = muR_ref _dynamic. (B.6)

The quantity muR_ref _dynamic is a function of the four-momenta of the final-state parti-
cles; its body is found in the file MYPROC/SubProcesses/setscales. f, where the user may
include his/her definition of the dynamical scale best suited to the process of interest. Al-
though a few examples of typical dynamical scales are given in the version of setscales.f
which is included in the tarball of the package, we urge the user to study the structure
of that file (which is amply commented — note, in particular, the role of the variable
temp_scale_id in that file, which helps keep track of the functional forms used), and to
change it if need be. It should be clear that setscales.f follows the same rules as all
the other core files of the package (see section A). Hence, in order for any modifications
to it to be taken into account in the current run, one must edit the file before the launch
command is issued.

What said above for the renormalisation scale applies without changes to the factori-
sation and Ellis-Sexton scales; the relevant parameters and functions in run_card.dat and
setscales.f have self-explanatory names. Note that, in the case of the factorisation scale,
one can in principle assign two different values to the two incoming hadrons — hence, in
the input cards one can find the variables *_ref fixed and *_over_ref, with *=muF1 and
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muF2, which are respectively relevant to the hadron coming from the left and the right.
At the LO, this is unambiguous — the scales only enter the relevant PDFs. At the NLO,
however, there are several ways to write the logarithmic terms whose arguments are ratios
of scales. In order to avoid complications, at the NLO the two factorisation scales must
always be chosen to be equal; when this is not the case, the code stops.

We point out that the structure outlined above will allow the user to choose one scale
to be fixed and another one to be dynamical; however, in the vast majority of cases one will
want the scales to be either all fixed (not necessarily to the same value), or all dynamical.
In the latter case, the functions in setscales.f are such that different functional forms
can be adopted for different scales. Again, this is a somehow infrequent situation. Having
this in mind, the default version of setscales.f sets all *_ref dynamic functions (with
*=muR, muF, and QES) equal to the same function scale global reference, and one can
limit oneself to modifying the latter for a standard usage.

We conclude this section by summarising schematically what has been described above.

1. Decide whether to use fixed (fixed *_scale=T) or dynamical (fixed *_scale=F)
scales. This is done at runtime, either by editing run_card.dat before executing the
launch command, or directly at the prompt after having executed it.

2a. If fixed scales are chosen: the relevant input parameters are *_over ref (these are
the fi factors in eq. (B.5)) and *_ref fixed (these are the reference scales ji. in
eq. (B.5)). Both can be set at runtime in the same way as fixed_*_scale.

2b. If dynamical scales are chosen: the relevant quantities are the input parameters
*x_over_ref as in case 2a., and the functions responsible for defining the reference
scales, to be found in setscales.f. Modifications to the latter file must be carried
out before executing the launch command (i.e., no modifications are possible at
runtime); by default, the reference dynamical scales are set equal to Hy /2.

Note that the situation of FxFx-merged simulations is somewhat different, owing to the
specific prescriptions for the settings of the scales which are inherent to the method; for
more details, the user is encouraged to check http://amcatnlo.cern.ch/FxFx_merging.htm.

B.3 Scale and PDF uncertainties: the NLO case

Among all the dependencies of a cross section, those due to hard scales and PDFs are
special, since it is always possible to write

g = Z wibi s (B7)

where the coefficients w; (typically called “weights”) are independent of both scales and
PDFs, while the “basis” members b; contain all the information on scales and PDFs in
simple forms such as:

D) +G) [ir [
bi:flgifg;a’;z{l,log Q;,log Q;}' (B.8)
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The key point is that, while the weights might be very expensive to compute CPU-wise,
the basis members are straightforward. A convenient strategy is therefore that of first
evaluating the w;’s, and then of using them in eq. (B.7) for all the desired choices of scales
and PDF's; each of these will therefore result in a basically instantaneous evaluation of the
corresponding . In practice, what is done in MADGRAPH5_AMC@NLO is to compute o for
a given choice of scales and PDFs (the “central” or “default” choice), while at the same time
storing the values of the w;’s (if this is required by the user in input — see later), in order
to re-use them at a later stage, typically for the assessment of the theoretical uncertainties.

We stress that eq. (B.7) is exact,%2 and therefore so is the computation of a cross section
starting from the weights for any given scale and PDF choice. A complete discussion, which
includes all the relevant definitions of w; and b; for both fixed-order and MC@QNLO cross
sections, is given in ref. [125] and will not be repeated here. The aim of this appendix is
rather that of giving some details on the way in which eq. (B.7) is exploited when computing
scale and PDF uncertainties in the context of (N)LO+PS and f(N)LO simulations.

The basic idea relevant to (N)LO+PS is the following. In the LHE file and event-by-
event, the values of o will be stored that correspond to all the combinations of scales and
PDFs selected by the user in input (we denote the numbers of these combinations by NN,
and Nppp respectively). These o’s will have to be treated in the same way as the cross
section associated with the central scales and PDFs (which is part of the standard LHE
information, and corresponds to the variable XWGTUP); namely, each of them will constitute
an entry in a histogram associated with that particular combination of scales and PDF's. In
other words, for each observable of interest, one will have to fill 14+ N, + Nppr histograms
(the “1” being for the central choices). At the end of the run, and for each observable, the
envelope of the 1+ N, histograms will give the scale uncertainty affecting that observable,
and the envelope of the 1 + Nppr histograms will be the PDF uncertainty. The precise
definition of these two envelopes is the user’s responsibility. In the case of the scales, one
will typically want to consider the largest and smallest cross sections bin-by-bin, possibly
excluding from the computation of such extremes some of the (ug, pr) combinations (see
e.g. [367] for a discussion on this point). In the case of the PDFSs, the envelope must be
defined following the prescription of the PDF authors.

We now show how the user can choose in input the scales and PDFs that will be used
in the calculation of the uncertainties; we start from the former. In the present version
of MADGRAPH5_AMC@NLO we have fixed N, = 8, which corresponds to the following
combinations:

(Faf2)s  (Fofh),  (Fh D, (B.9)
(i, £2), (s £2), (B.10)
(Fo s (Fofh, (LD, (B.11)

these being the pre-factors introduced in eq. (B.5) to define the renormalisation and fac-

52The dependence on PDFs of the (parton-shower) Sudakovs cannot be accounted for by eq. (B.7).
However, this is expected to be rather small, and particularly so when computing PDF uncertainties. See
ref. [125] for more details.
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torisation scales given the reference scales:

(M%,ufi) = <f§‘uRo,f5uFo) , {a, B8} € {{,e, 1} (B.12)

The combination (fg, f5) missing in egs. (B.9)-(B.11) is obviously that corresponding to
the central scales, which is always computed. Equation (B.12) implies that scale variations
are defined by choosing the reference renormalisation and factorisation scales (which is
done as explained in section B.2), and by varying the pre-factors in front of them. Such
prefactors are defined by means of some input parameters found in run_card.dat. More
specifically, we have:

fﬁ = muR_over_ref X rw_Rscale_down,
fgz = muR_over_ref ,

f; = muR_over_ref X rw Rscale up,
fﬁ = muF_over_ref X rw_Fscale_down,
fr = muF _over _ref

f; = muF_over_ref X rw Fscale_ up.

Given these inputs, MADGRAPHS_AMCQ@NLO will consider all the combinations given in
egs. (B.9)—(B.11), compute the corresponding b;’s of eq. (B.8) using the central PDF's, and
combine them with the weights according to eq. (B.7). The resulting o (which could be
denoted by o) for consistency with eq. (B.12)) will be stored in the LHE file, provided
the user sets:

.true. = reweight_scale ! reweight to get scale dependence
in input.

As far as PDF uncertainties are concerned, we have assumed that one will use
LHAPDF, where all members of an error set are identified by adjacent integer numbers.
Using NNPDF 2.0 [368] as an example to be definite, one will have the following inputs:

lhapdf = pdlabel ! PDF set

90800 = lhaid ! if pdlabel=lhapdf, this is the lhapdf number
90801 = PDF_setmin ! First of the error PDF sets
90900 = PDF_setmax ! Last of the error PDF sets

The first two lines instruct the code to use LHAPDEF and to choose the central NNPDF
2.0 set as the default. The last two lines will set Npprp = 100; for each of these hundred
NNPDF 2.0 error sets, MADGRAPH5_AMC@NLO will compute the b;’s of eq. (B.8) using
the central scales, and combine them with the weights according to eq. (B.7). The resulting
o will be stored in the LHE file, provided the user sets:
.true. = reweight PDF ! reweight to get PDF uncertainty

in input.

For what concerns the storage in the LHE file of the ¢’s computed as described above,
we use a format which is fully compatible with the LHA v2.0 [95], and which is now officially
adopted as v3.0 [218]. In the file header, there will be a part (which we call the reweight
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section) where a description is given of the meaning of the weights that will appear in each
event. Its structure may read as follows:
<initrwgt>
<weight id=’1’> This is the central weight </weight>
<weightgroup type=’scale variation’ combine=’envelope’>
<weight id=’2’> muR=0.5 muF=0.5 </weight>
<weight id=’3’> muR=0.5 muF=1.0 </weight>

<weight id=’9’> muR=2.0 muF=2.0 </weight>
</weightgroup>

<weightgroup type=’NNPDF20’ combine=’gaussian’>
<weight id=’10’> set001 </weight>

<weight 1d=’109’> set100 </weight>
</weightgroup>
</initrwgt>

Thus, each choice of scales and of PDFs is uniquely identified by an ID number. For
example, id="1" will correspond to the central scale and PDF choices, (fz, fr) = (f&, f5)
and PDF number 90800 in the examples given above (this is the same as XWGTUP, and
hence is redundant, but it is convenient to include it in the reweight section as well). As
far as id=’2’ to id=’9’ are concerned, these will correspond to the NN, combinations
given in egs. (B.9)-(B.11), the numerical values reported in the header next to muR and
muF being those of f and f? respectively. Finally, id=’10’ to id=’109’ correspond to
the Nppg error sets 90801-90900.

In keeping with the reweight section in the LHE file header, there will be a reweight
section event-by-event, which contains the actual numbers to be used to fill the histograms
as described previously. Its structure will read as follows:

<event>

<rwgt>
<weight id=’1’> 3.905e+01</wgt>
<weight id=’2’> 4.142e+01</ugt>

<weight id=’109’> 3.876e+01</wgt>
</rugt>
</event>
The presence of the ID numbers in the reweight section of each event facilitates debugging,
does not require the weights to be always in the same order, and is especially convenient
for on-the-fly manipulations (such as discarding some contributions, sorting them, and so
forth).
We conclude this section with some general comments. The condition N, = 8 can be
trivially relaxed (which requires the inclusion of IV, itself in the list of the inputs); we have
refrained from doing so in the first public version of the code since three choices for each
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of the hard scales typically give a good estimate of the uncertainties. A more extended set
of input parameters would also give one the possibility of performing scale variations by
changing the functional forms of the reference scales w.r.t. those adopted for the central
results. Finally, the complete generality could be achieved by storing in the LHE file the
weights w;’s. This would require, however, that additional information be stored as well
(such as the values of the Bjorken z’s — more details can be found in ref. [125]). While
this can be trivially done, it would render the computation of the basis members b;’s of
eq. (B.8), and their subsequent combination with weights according to eq. (B.7), a much
more involved operation than the present one if performed by an external user.%> Such a
possibility is left open for future developments.

In the case of f(N)LO runs, the information on scale and PDF variations is also available
on an event-by-event basis. In keeping with the fact that here one cannot have unweighted
events, MADGRrAaPH5_AMC@NLO will associate to each kinematic configuration an array of
weights (rather than a single weight), each of which gives eq. (B.7) with the basis elements
of eq. (B.8) recomputed for all desired scale and PDF choices. This implies that the second
elements of the pairs in eqgs. (3.4)—(3.6) will be turned into arrays, with dimensionality:

14+ (1+N,)+ Nppr  reweight_scale = .true. reweight PDF = .true. (B.19)
1+ (1+N,) reweight_scale = .true. reweight PDF = .false. (B.20)
1+ Nppr reweight scale = .false. reweight PDF = .true. (B.21)

The first entry thus always gives the value of the weight associated with central parameters.
In the case of scale variations, this weight is present twice (the “1” in (14 N,,)) essentially
for reasons of backward compatibility which should not concern the user. The information
of which weight is which is returned as the array of strings weights_info and made available
to the user’s initialisation routine analysis begin — this is equivalent to the id number
discussed before in the context of LHE files.

B.4 Scale and PDF uncertainties: the LO case

At the LO, the structure of the cross section, eq. (B.7), is trivial — the sum contains one
term i = 1 (see however footnote 8), which corresponds to the single PDF-and-coupling
combination (i.e., to a single basis member, eq. (B.8)) relevant to this perturbative order:
this is the reason for the simplicity of eq. (2.2). Thus here, at variance with the NLO case,
from the user’s viewpoint it is therefore as simple to handle w; as is to handle o. This
suggests the following strategy: when unweighted events are produced, they are stored in
an intermediate LHE file with a non-standard format, that features the weights wy. After
the end of the run, this LHE file is read by a standalone module, dubbed SysCaLc, that
converts the weights w1y into the corresponding cross sections o, and stores them in a new
LHE file, which has this time the standard format already described in appendix B.3. This
procedure is advantageous because it allows one to run SysCALc as many times as desired
using the same intermediate LHE file obtained at generation time; this implies that the

53This not being the case at the LO, in LO-type generations we can adopt a different strategy — see
appendix B.4.
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type of scale or PDF variations need not be chosen before the event-generation phase, as
is the case at the NLO. The SysCaLc module can be installed®* with:
MG5_aMC> install syscalc
from the MADGRAPHS_AMC@QNLO shell. At runtime, MADGRAPH5_AMC@NLO is in-
structed to save the weights w; in the intermediate LHE file by setting

T = use_syst ! Enable systematics studies
in run_card.dat. When this is done, SysCaLc is automatically called at the end of the
run (although, as was said before, it can also be run independently afterwards). The
type of scale and PDF variations considered are determined by the following entries in
run_card.dat:

0.5 1 2 = sys_scalefact # Central scale factors

-1 = sys_scalecorrelation # for renormalization/scale variate
# -1: make all combination
# -2: only correlated variation

0.5 1 2 = sys_alpsfact # \alpha_s emission scale factors

30 50 = sys_matchscale # variation of merging scale

# PDF sets and number of members (0 or none for all members).

CT10nlo.LHgrid = sys_pdf #

The list of values to the left of sys_scalefact collects the multiplicative factors in front
of the reference (fixed or dynamic®) scales, and are thus analogous to the quantities f2
and fg that appear in eq. (B.12); at variance with the current NLO implementation, such
a list can contain more than three numbers. We stress that, when use_syst=T, the value
of scalefact in run_card.dat is ignored. The flag sys_scalecorrelation allows one to
choose which of the renormalisation/factorisation scale combinations are considered. When
“-17 is entered, then all ur and pp values determined by the list sys_scalefact are taken
into account, while with “-2” one restricts to code to dealing with pr = ur. More sophis-
ticated options are also available (allowing one to select only some of the possible (g, fir)
combinations), which will be documented elsewhere. The entry sys_pdf is associated with
the study of PDF systematics; if set equal to a PDF error set, all PDF members in that set
will be considered. Alternatively, one can specify the individual PDF members to be taken
into account. Finally, through SysCALc one can also investigate the systematics relevant
to tree-level merging (see section 2.3.4), with sys_alpsfact and sys_matchscale corre-
sponding to ag-argument and Q),,qtcn variations respectively. More details on SysCALc can

be found at: https://cp3.irmp.ucl.ac.be/projects/madgraph/wiki/SysCalc.

B.5 Other LO reweighting applications

In this appendix we comment in the briefest of manners on some technicalities relevant
to the matrix-element reweighting (eq. (2.3)) and the matrix-element method (eq. (2.5))
discussed in section 2.3.3.

64SySCALC requires that LHAPDF be installed as well.
55Note that the setscales.f code relevant to LO calculations is different w.r.t that used in NLO ones.
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As was already mentioned in section 3.1, the former procedure is straightforwardly
accessed through the MADGRAaPHS5_AMC@NLO shell, by simply setting reweight=0N in
the interactive talk-to phase. By doing so, MADGRAPH5_ AMC@NLO will use the file
reweight card.dat to modify the parameters (found in param card.dat) used for the
benchmark computation (that essentially corresponds to the denominator of eq. (2.3)).
One may enter any number of such modifications, each of which may contain any number
of parameter changes, to be done through the set command (see the comments inside
the file reweight_card.dat). There are currently two main limitations to this procedure.
Firstly, the changes must occur within one given model (i.e., one cannot reweight to matrix
elements computed in a model different w.r.t. that adopted in the benchmark calculation).
Secondly, the accessible kinematical region in the “new” hypothesis must be equal to or
smaller than the original one. The interested reader can find more information by visiting:
https://cp3.irmp.ucl.ac.be/projects/madgraph /wiki/Reweight.

The matrix-element method is handled by MapWEicHT. As was discussed in sec-
tion 3.1, the current version embedded in MADGRAPH5_ AMC@NLO has vastly increased
the speed of the previous version [136]. Such an increase is mainly due to a better combi-
nation of subprocesses, to a Monte-Carlo-type sum over jet-parton assigments (as opposed
to an exact sum), and to the possibility of performing the simultaneous computation of
P(q|e) in the case of multiple choices of the transfer function. The MADWEIGHT executable
specific to the process generated by the user simply corresponds to employing one of the
reserved output keywords (see appendix B.6), namely to executing, after the generation
phase, the command:

MG5_aMC> output madweight MYPROC

After that, one may continue with using the MADGRAPH5_AMC@NLO shell interface by
executing:

MG5_aMC> launch MYPROC

Further details can be found at: https://cp3.irmp.ucl.ac.be/projects/madgraph/wiki/
MadWeight.

B.6 Output formats and standalone libraries

The main purpose of MADGRAPH5_AMC@NLO is that of providing a self-contained frame-
work where to compute cross sections and generate events at the desired level of perturba-
tive accuracy, in both the SM and new-physics theories. On the other hand, the code may
also be used to provide one with only a given ingredient of a calculation (e.g., a matrix
element) which is to be performed elsewhere. This has been one of the defining character-
istic of MADGRAPH, and has been wholly inherited by MADGRrRAPH5_AMC@NLO. Another
example is the computation of a quantity which is not a cross section; a case in point is
the likelihood dealt with by MADWEIGHT (see section 2.3.3 and appendix B.5).

All possible executables, libraries, or more elementary objects that can be produced
by MADGRAPH5_AMC@NLO can simply be seen as outputs of the (meta-)code; they are in
fact in one-to-one correspondence with the optional first keyword of the shell command:
MG5_aMC> output [OutputForm| [MYPROC]
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The possible choices of OutputForm can be readily obtained by using the autocompletion
<TAB> key in the shell after having typed output (or with help output). By doing so,
one will notice that they all apply, bar one case (standalone, see below), to LO-type
generations. Here we shall not list them all, but limit ourselves to commenting on those
which are the most useful from the user’s point of view. These are:

e standalone: self-contained Fortran77 library for the computation of either tree-level
matrix elements (after an LO-type generation), or one-loop matrix elements (after an
NLO-type generation with the keyword virt=coupling; ... — see appendix B.1).
The directory structure thus created contains a simple program (check_sa.f) which
allows one to evaluate the matrix elements pointwise for test purposes.

e standalone _cpp: the same as above, but in C4++ rather than in Fortran77. Works
only for tree-level matrix elements.

e pythia8: self-contained library for the computation of tree-level matrix elements, in
a format which can be directly used in the PyTnia8 PSMC. It includes a simple driver
that one can employ to steer PyTHIA8 sample runs, and a Processes_x directory that
contains the said matrix elements. More details can be found in section 3.2 of ref. [38].

e madweight: this output keyword allows one to set up a computation with MaDp-
WEIGHT (see appendix B.5).

We conclude this appendix by stressing that the above list (supplemented by that of the
other output keywords not explicitly given here) is by no means all-inclusive. The reader
who is interested in a particular output format specifically suited to his/her need is encour-
aged to contact us in order for that to be developed and included in future versions of MaAD-
GrarPu5_AMC@NLO. For instance, dedicated outputs for matrix elements to be used in the
MaTtcuBox [181] framework and by EVENTDECONSTRUCTION [369, 370] are being developed.

C Features of one-loop computations

C.1 TIR and IREGI

The aim of this section is that of presenting the basic procedures used in TIR, and in
particular by the program IREGI;% more details on the latter will be given elsewhere [168].
IREGI computes the integral that appears as first element in the set of eq. (2.79); owing
to the fact that we apply TIR to a given loop topology (see eq. (2.77)), we can exploit
eq. (2.76) to simplify the notation here and drop the dependence on l;. On the other hand,
at variance with what was done in section 2.4.2, in order to make things more explicit it
is convenient to insert in the notation the dependence on the external (four-dimensional,
owing to the 't Hooft-Veltman scheme) four-momenta p; and on the masses m; that circulate
in the loop (see eq. (2.60)), so that the integral we are interested in reads as follows:

IHtr (fpd {mg)}) = ddgigmmgur (C.1)
Diy, if) = H?i_ol DZ . .

56The acronym stands for “Integral REduction with General positive propagator Indices”.
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Lorentz-covariance then guarantees that eq. (C.1) can be re-written as follows:

1t (i}, {mi}) = (©2)
S Aol I L () (i),
2j+i0+i1 4 Fim—1="
for certain scalar integrals Ij;,. i,,_,, and where the symmetric tensor form
{[g)7[po]®® . . . [pm_1]Pm=—1 }#1# is defined in such a way that all non-equivalent permutations
of the Lorentz indices p1, . .. p, on j metric tensors g and i external momenta ps contribute
with weight one. For example:

{[9]2[]?0] [p ]0}H1~~u4 — glHzghaia 4 gHIls ghaia | gHiia gHaps

{[g]l[po] [pl] }ul M4 gmuzpm Ha —i—g‘“’“‘p’” Ha +gu1u4pu2pu3

{[9]°[po] pa] }4 = pi* PP P,

{l91°pol [P} 721 = o pH° + PP P + Db P Pl (C3)
Given eq. (C.2), the computation of the original tensor integral of eq. (C.1) is reduced
to that of the scalar integrals Ij;,. i, ,. One starts by observing that the latter are
independent of the number of dimensions used in the numerator of eq. (C.1), because
the decomposition of eq. (C.2) would hold, with the formal replacement g — g, if one
had replaced ¢ — £ in eq. (C.1). Therefore, since working with the same number of
dimensions in all parts of a computation is algebraically convenient, one determines the
L. iy, directly in d dimensions. This is done by recursively expressing such scalar
integrals in terms of lower-point ones, till only integrals that cannot be further reduced
are obtained — these are just a few and well known: TREGI makes use of those tabulated
in ONELoop [371] and QCDroop [372].

One way of performing such recursive reduction stems from the pioneering work of

Passarino and Veltman [154]: by contracting both sides of eq. (C.1) (in d-dimensions) with

metric tensors and external four-momenta, one relates the I; integrals to lower-rank

Jio---tm—1
tensor or lower-point scalar integrals. This lowering is due to the fact that, when contract-

ing, one obtains the scalar products £2 and ¢-p;, which are then re-expressed as follows:
EQ = Do—f-mg, (04)
-p; = (Di — Do +mi —m§)/2, (C.5)

thus either cancelling some of the denominators or simplifying the dependence on # in
the numerator. The procedure is algebraic, and one ends up with a system of equations
where the unknowns are the scalar integrals, and the coefficients known functions of the
kinematic variables. The solution of such a system is non-trivial, owing for example to
the presence of special kinematic configurations; IREGI implements to a large extent the
strategies proposed in ref. [373].

An alternative and independent way for performing the recursive reduction follows the
work of Davydychev [155]. One introduces the generalised loop-tensor and basic-scalar
integrals:

[H1-pir _ Wy g
[, i Apk tmad) = (2m)1 ! [Tl o

(C.6)
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Io(d, . ek fnap) = L [ gL )

0\@y WVigs \Pif, 1 d 1 =00 .
(2m) [[% Dy

where the scale-dependent prefactor is conventional, and the indices vy, 1, , V1 are

positive integers. By using a Feynman-parameter representation and the d-dimensional
analogue of eq. (C.2):

[t (d, vid piy Ami}) = 7 (dmp?)? 42 (C.8)

( )
x Z {[g]j[p[)]io . [pm_l]im—l}m...ur

2j4io+. . tim_1=r

_ 1
X(_l)zzy'r;_ol w-&-r—jr(zzn 01 Vi — d/2 —J /1 "ﬁ dy; yl/z“l‘Zl
21" T(wy) '

]+d/2 St

m—1 m—1
xa(zyi-l) I PN C I Sy ,
1=0 1=0

1<j

1 — F ,?i_l I/i - d 2 m—1,,
Io(d, {v;}, {pi}, {mi}) = (47)(4@32 d/2 (le_[;lo_ll“(u)/ )( S v
i=0 i
1m—1 m—1
></ I dyivi 6> wi— 1)
0 =0 i=0
m—1 d/2_21‘noll’z
- Zyiyj(pi —pi) + Z yims? , (C.9)
1<J i=0

one arrives at:

P b b dmd) =Y @l e

2j+io+Him_1=r

(dmp2) = (37 T + i7)
R <HO T() )
xIo(d+2(r — j), {vi + i}, {pi}, {mi}) - (C.10)

2)27d/2

By using egs. (C.2) (in d dimensions) and (C.10), one finally obtains the relation:
(n
Ljig...im— ({Pi}, {mi}) = [

1 S et )
(4mp2)r= (1 +4;)
el | (2 (130 o) )
x Io(d+2(r — ), {1 + i}, {pi}s {mi}) gy o - (C.11)

With eq. (C.9) one is also able to derive relationships among scalar integrals in different
dimensions. For instance, eq. (6) of ref. [155] can be easily obtained:

m—1

IO(d -2, {W}? {pi}7 {mz}) = _47['/1/2 Z Vs IO(d7 {Vi + 5i5}7 {pi}7 {ml}) ) (0'12)

s=0
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gg—ddbbtt | uu—ddtt |ud—ddWTZH | gg—titig
# Feynman diagrams 54614 10947 187138 3952
# topologies 8190 811 8098 437
A(ko) 0 4 2 0
# non-zero hel. configs. 128 16 27 8
Generation time 15h 28min 25h 1min 38s
Running time 18.6s (19%) | 895ms (72%) 26.4s (32%) 83.6ms (68%)
Output code size 600 Mb 20 Mb 700 Mb 6 Mb
Runtime RAM usage 3.6 Gb 152 Mb 8.3 Gb 81 Mb
Stability 2.1078 1-1077 4.1077 1-1077

Table 15. Performances of MADLOOPS in the context of the computations presented in section 4.3.
See the text for details.

where by §;s we have denoted the Kronecker symbol. Furthermore, other recursion re-
lations for the scalar integrals Io(d,{v;},{pi},{mi}) can be obtained with the help of
the integration-by-parts method [374, 375], which exploits the fact that integrals are
translation-invariant in dimensional regularization. The practical implementation in IREGI
of the method discussed here follows ref. [375].

IREGI can use either of the two methods presented above for the recursive reduction,
the actual choice being made by the calling code (in our case, MapLoor5). The current
default in MADGRAPHS5_AMC@NLO is the use of Passarino and Veltman; this is straight-
forward to change, since it is simply controlled by a parameter in an input card. IREGI
has a minimal internal stability control: should e.g. Passarino and Veltman procedure be
flagged unstable, the code will turn to using Davydychev’s. We stress that this by no
means replaces the stability control performed by MapLoopr5, described in section 2.4.2.

C.2 Quantitative profile of MadLoop performances

We have already stressed that the results presented in section 4.3 can be used as benchmarks
for the validation of other codes. However, they reveal only one aspect of the performances
of MapLoopr5, which we complement in this appendix by reviewing some quantitative
characteristics of the handling of the scattering processes considered before. A summary
of such characteristics is reported in table 15.

The number of topologies is the upper bound of the sum over the index t in eq. (2.77),
and it corresponds to the number of independent loop reductions (i.e., of evaluations of
the Red[] operator introduced in eq. (2.58)) for one kinematic configuration. As one can
see from the table, such a number is much smaller than the number of Feynman diagrams,
which emphasises the importance of the optimization induced by eq. (2.76). The quantity
A(ko) is equal to the number of coupling-constant combinations, minus one, at the Born
level, which is larger than zero in the case of a mixed-coupling expansion. See the beginning
of section 2.4, and eqgs. (2.17) and (2.22) in particular, for more details. The generation
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time includes the compilation of the source code. The running time corresponds to the
time taken by the code output by MapLoor5 to compute the one-loop squared matrix
element summed over colours but for a single helicity configuration.®” The percentage in
parenthesis specifies the fraction of the running time spent in the loop reduction which,
we remind the reader, is independent of the number of non-zero helicity configurations
considered. The complementary fraction of the time is spent in the computation of the

)

syl
nations. The size of the output code includes external data files (that essentially contain

the colour coefficients Ay) loaded by the library which is in itself much lighter. The RAM
measure reported is the runtime peak of residential memory allocated. The figures given

coefficients C’S; of eq. (2.79), and scales linearly with the number of helicity combi-

in the last row are the relative accuracies estimated by the MapLoopr5 internal stability
tests in the context of double-precision computations that use the kinematic configurations
considered in section 4.3 (however, we stress again that the matrix-element results have
been obtained in quadruple precision); obviously, these pointwise accuracies have only an
indicative value, since the real figure of merit necessitates averaging over a large statistical
sample of independent kinematic configurations.

We conclude this appendix by stressing that the data reported in table 15 can be ob-
tained by the user by using the command check profile in the MADGRAPH5_AMC@NLO
shell. For example, one would have

MG5_aMC> check profile g g > t t~ z [virt=QCD]
in the case of the virtual corrections to t£Z production (i.e., process e.8 of table 6).

C.3 Computation of the integrand polynomial coefficients

We have discussed in section section 2.4.2 how the use of the loop-integrand representation
of eq. (2.78) increases the speed of OPP-based integral reductions, as well as giving one
the possibility of using TIR methods. This appendix elaborates on the techniques adopted

in MapLoopr5 for the computation of the coefficients C’f;) il The key fact is that such
3+r

N
renormalisable theories and in the Feynman gauge the number of loop propagators sets

coefficients are fully symmetric tensors of rank r with only ( ) independent entries. In
the maximal rank in ¢* of that loop-integrand numerator, so that the total number of
coeflicients necessary to express the numerator of any loop of a, say, 2 — 6 process, is at
most Negeff(Tmax = 8) = Z:Z%"ZS (3;”) = 495 which is well within the reach of modern
computers. We start by rewriting the analogue of eq. (2.78) for any polynomial P("max) (/1)
of maximal rank r,,x with the following shorthand and symbolic notation:

Plrmes) (g1 = C’ngax)gk , (C.13)

where k takes values between 1 and N, #f(rmax), and effectively defines a map between
the sets of Lorentz indices p; and integer numbers. The choice of such a map is arbitrary,
and we use what follows:

CO oy <<y o C}g’("lrjl)“) (C.14)

57The timing indicated is for a single core of a 2.7 GHz i7 CPU, with the gfortran compiler v4.8.1 without
optimization flags (which have been shown to have a negligible impact).
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Figure 19. An example of the MADLOOP5 construction of the coefficients Cg‘“‘“). W denotes the
loop currents and V' the vertex polynomials (see the text). The figure depicts an L-cut diagram;
the original box loop is obtained by sewing the two fermion lines at the top.

(i +1—1)!
il — 1) 7

where we define Neoerr(—1) = 0 (relevant to » = 0). To make things more explicit with

k(ﬂla"' 7;“*7") :Ncoeff T_l +Z 50;;,1 (015)

one example, eq. (C.13) reads, with rpax = 2:
CPk = o + P+ P+ o+ Ve
+CPOO 1 P 1 Pt + P e+ o i
+CQ PR+ OB 1+ CR 0+ 06 1 e (C.16)

(Tmax)

The computation of the coefficients C’ with MADLOOP5 is entirely numerical and fol-

lows the MADGRAPH procedure for evaluating Feynman diagrams. At tree level, the internal

(n)

currents of a given Feynman diagram are denoted by w i with the integer n labeling them
and the index j spanning the representation of the particle associated with the current. In
MabpLoopP5 the loop currents are promoted to more general objects embedding polynomials
in /# and they are denoted by W( )kj, with the additional index ¢ specifying the choice
of the external current for the ﬁrsé Locut particle (which is non-physical and whose only
constraint is to reproduce the Lorentz trace when summed over). The index k labels the
coefficients of the polynomial of maximal rank r according to the convention of eq. (C.15).
Figure 19 shows a complete example of the different numerical objects manipulated by
MADLOOP5 in order to construct the polynomial coefficients for the integrand of a box loop
diagram . Note that since the currents w®#) attached to the loop are independent of the
loop momentum ¢#, it is irrelevant to know whether they are external currents or originate

(1)

from larger trees. The starting loop current W, is a polynomial of rank 0 since it does

707k:17
not have any loop momentum dependence; its index k1 can therefore only take the value
0. For all loop diagrams, the starting current is always W( O)k ; = ;5 5k10
1,
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The objects Va(fl , are the representations (polynomials of rank r in the loop momen-
tum) of the vertex plus propagator structures, with a and b the incoming and outgoing loop

current indices respectively. For example, the explicit expression of v for a massless

.7»173.1’k
quark in figure 19 reads:

V’]‘(,}?S'Lkgs.l — ng’)/]piw,gl) ’Yﬁc(gu + plu) ) (Cl?)

vertex propagator

where the denominator of the propagator is removed since it is already accounted for in
the integral-reduction procedure. To be more definite, we show here the expression of each
coefficient of the vertex polynomial of eq. (C.17):

V;q)()k = 19:( M) Vﬁ)slk =1gs (W) for s =1,...,4. (C.18)

In renormalisable theories, the rank of the vertex polynomials is maximally equal to one
as only one power of the loop momentum can arise from either the propagator or the
vertex itself (but not from both). This constraint in not enforced by MADLOOPS5, since
it would make it impossible to compute one-loop diagrams in effectives theories (such as
HEFT). The numerical routines for the evaluation of vertex polynomials are generated
automatically by ALOHA for each process, using the UFO model specifications; this is
what renders the optimisation discussed in this appendix applicable to any model.

Each subsequent loop current W t1) is obtained from the previous one W™ and the
vertex polynomial V(" placed in between via the defining implicit relation:

n+1 . n 3 n §
Wz’(,rii-zg,k’l,jgkl = (Wi(,rl)k%mfb)(Vn(l,ZQ,s‘,jfs)- (C.19)

The r.h.s. of eq. (C.19) is a multiplication of two polynomials and each coefficient of wntD)
is obtained by summing the corresponding terms in the expanded product. This implies
that a symmetrisation of the coefficients is performed after each loop vertex and this step is
crucial in order to limit their proliferation and the resulting computing time. To illustrate
this, eq. (C.19) is rewritten here for the case 1 = ro = 1 with k1 = 9, corresponding to
the term multiplying ¢'¢? which can come either from ko=2 5=3o0rke=3,5=2:
wis =wi, v ew vt (C.20)

i i,1,2,m " m,1,3,5 i m,1,2,5

Note the implicit summation on the index m which spans the representation of the particle
circulating in the loop just before the vertex V(™. Eq. (C.19) is then iteratively used to
compute all loop currents, until the second L-cut leg, which includes the last vertex and
the L-cut propagator, is reached. The coefficients C}, of an n-point loop diagram are then
simply obtained by closing the Lorentz trace:

C; = WJZTZ? (C.21)

In the example of figure 19, this translates into:

4
Cp=w?. gmi=N"w® (C.22)
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with the sum written explicitly for clarity. It is clear that many loop diagrams can share
some of their constituting loop currents; for example the L-cut box diagram of figure 19
can be prolonged to form loops with more propagators. MapLooP5 takes advantage of this
and computes each loop current only once, for the first loop diagram in which it appears.
An algorithm analogous to the one described in ref. [24] is used for choosing the L-cut
location in order to maximise the number of loop currents recycled.

We conclude this appendix by stressing that all of the optimisations inherited from the
integrand representation of eq. (2.78) can be turned off in MADGRAPH5_AMC@NLO via the
option loop_optimized output of the interactive interface and that, when this is done,
the structure of the code output by MapLoop5 is completely different. For this reason
and despite being significantly slower, the non optimized output mode provides a powerful
self-consistency check and is useful for debugging purposes.

D Third-party codes included in MapGraPH5 AMC@NLO

The tarball of MADGRAPH5_AMC@NLO is self-contained, and ready-to-run. This is also
thanks to the fact that several third-party codes are included into it. We list all of them
here: ALOHA [92], CutTooLs [156], FASTJET (CORE) [376], HELAS [91], HERWIG6 [142],
MINT [171], ONELoOP [371], PyTHIAG [141], QCDLOOP [372], RAMBO [377], StdHEP [378],
VEGAs [379, 380].

In the case of FasTJET, what is included in MADGRAPH5_AMC@NLO is a stripped
version of that code (visit www.fastjet.fr for more details). For more extended jet-
reconstruction capabilities, the user might want to install FAsTJET proper (thus including
all the relevant plugins).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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