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Abstract
We investigated the reverse engineering method (REM) for constructing the
potential of the scalar field in cosmological theories based on metric f(R) grav-
ity and Friedman Robertson Walker (FRW) metric. Then transposing the new
field and Friedman equations in an algebraic computing special library (in
Maple + GrTennsorII platform) we graphically investigate the shape of the
potentials in terms of the scalar field in at least two type of cosmology with
exponential and linear scale factor expansion. Some perspectives and conclu-
sions relating these results with tachyonic cosmology theories are noticed.

1 Introduction
The reverse engineering method (REM) was proposed [1] in order to reconstruct the shape of the scalar
field potentials, including tachyon-like, in cosmology starting with a certain time behavior of the scale
factor. Recently we studied REM in cosmologies with minimally and non-minimally coupled scalar field
[2] for Friedmann-Robertson-Walker metrics. We extended our study for higher order metric theories of
gravity (generically called f(R) theories [3–6]).

This time we are mostly focused on a lagrangian of the theory having the form L = R+αR2+Lφ

, where R is the Ricci scalar and Lφ represents the lagrangian of the scalar field (minimally coupled with
gravity). The field equations (modified Friedmann equations in FRW metric) will contain second order
derivatives of the scale factor. It is hard to find analytical solutions for this type of field equations and
thus a numerical investigation is necessary. For this reason we developed a series of Maple+GrTensorII
programs, organized in a special library, using the symbolic computation and graphical facilities for
processing REM in several cases: exponential, linear or sinusoidal expansion of the Universe. The
shape of the potential as a function of the scalar field is graphically investigated in order to establish a
convenient theory producing the respective time evolution of the universe.

We also present the classical behavior of several tachyon-like scalar-field potentials [1] which are
still good candidates for describing a realistic scale factor of the Universe, in particular for describing
inflation, with accent on its early phase on archimedean and nonarchimedean spaces. This approach
applied in [7] on classical and quantum dynamics for a tachyonic field with exponential potential, here
is briefly extended applied on a model with V (T ) ∼ cosh−1(T ). Possibility for its generalization and
quantization is pointed out in Section 4.

2 Scalar field cosmology in metric f(R) gravity
We are dealing with cosmologies based on Friedman-Robertson-Walker (FRW) metric

ds2 = c2dt2 − a(t)2
�

dr2

1− kr2
+ r2

�
dθ2 + sin2θ dϕ2

��
(1)
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where a(t) is the scale factor and k = −1, 0, 1 for open, flat or closed cosmologies. The dynamics of
the system with a scalar field minimally coupled with metric f(R) gravity is described by the following
action [4, 6]

S =

�
d4x

√−g

�
1

2

M2
P

8π
f(R) +

1

2
∇µφ∇µφ− V (φ)

�
+

�
d4xLM (gµν ,ψM ) (2)

where f(R) is in principle an arbitrary function of the Ricci scalar R, V (φ) is the potential of the scalar
field and LM represents the Lagrange density for regular matter (dust, radiation, etc).

As in the Starobinsky model [5] (known to be an excellent model of chaotic inflation) we choose
for f(R) the following expression

f(R) = R+ αR2 (3)

where we consider α to be a real constant (inversely proportional with the rest mass of the scalar particle
in the Starobinsky model).

Varying the action S with respect to the metric gµν we get the new field equations

(1 + 2αR)Rαβ−
1

2

�
R+ αR2

�
gαβ − 2αgµν (∇α∇β − gαβg

στ∇σ∇τ )Rµν =

= −φ,αφ,β + gαβ

�
1

2
gµνφ,µφ,ν − V (φ)

� (4)

3 Algebraic computing, "Cosmo" library and some graphical results
As reported previously [1] we composed a new library (called generically "Cosmo") for use in cosmology
embedded in Maple+GrTensorII algebraic computing platform (see at http://grtensor.org ). GrTensorII
is a free library (developed by a community of users) which incorporates a Riemannian geometry in a
Maple symbolic computation environment. The Cosmo library defines the main cosmological functions
and operators (Hubble constant/function, deceleration, scale factor etc.) producing the main Friedman
equations from Einstein eqs. in FRW metric. This time for our purposes we cannot use the predefined
(in GrTensorII) Einstein equations, thus we have to define new tensor components for the field equations
above mentioned by introducing a sequence of GrTensorII commands as

> grdef(‘Ec{a b} := (1+2∗alpha∗Ricciscalar)∗R{a b}−(1/2)∗g{a b}∗(Ricciscalar+
alpha ∗Ricciscalar2)− s{, a} ∗ s{, b}+(1/2) ∗ g{a b} ∗ ((1/2) ∗ g{∧i ∧ j} ∗ s{, i} ∗ s{, j}−V )‘);

where s represents the scalar field and Ec{a b} is a tensorial object having as components the main
field equations here replacing the Einstein equations.

Fortunately we still can use the Riemannian environment defined by GrTensorII (Riemann and
Ricci tensors, Christoffell symbols for covariant derivatives, the Ricci scalar - called Ricciscalar in the
above command line, etc.). Finally after loading the FRW metric (using qload GrTensorII command)
and a sequence of gralter, simplify and subs commands we obtain the new Friedmann equations as

V (φ) = 3Ḣ(t) + 6H(t)2 + 3
k

a(t)2
+ h1(k,α, Ḣ, Ḧ..) (5)

φ̇2 = −2Ḣ(t)2 + 2
k

a(t)2
+ h2(k,α, Ḣ, Ḧ..) (6)

where H(t) = ȧ(t)/a(t) is the Hubble function. We arranged the equations to resemble the form of eqs.
(12)-(13) in [1] and we collected in h1 and h2 the terms containing higher order time derivatives of H(t).
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4 Concluding remarks and the connection with tachyonic cosmological theories
Our investigations proved that the REM is feasible even in non-Einsteinian gravity cosmologies when
no analytical solution of the REM is possible to obtain. Actually the graphical solution we applied and
processed can show the shape of the potential of the scalar field providing good information for building
an interaction theory in non-standard cosmologies.

Besides several possible approaches to include tachyonic potentials in cosmology, first of all in its
inflationary phase, we will notice here an approach triggered by Sen‘s conjecture on tachyonic matter in
context of D-brane dynamics [8]. In short, he proposed the following lagrangian

Ltach = Ltach(V, ∂µT ) = −V (T )
�
1 + gµν∂µT∂νT (8)

For a spatially homogenous (tachyon) field T (t), a simplified lagrangian and the corresponding
equation of motion are respectively

Ltach = Ltach(T (t), Ṫ (t)) = −V (T )
�
1− Ṫ 2 (9)

T̈ (t)− 1

V (T )

dV

dT
Ṫ 2(t) +

1

V (T )

dV

dT
= 0 (10)

There are numerous interesting potentials that can be incorporated in Lφ, either motivated by string
theory or by its solvability in context of inflation theory and “Friedmanology“. For instance

V1(T ) = e−αT V2(T ) =
Vm

cosh(β T )
(11)

One gets, up to some unimportant constants, equations of motion for these potentials

T̈ (t) + α Ṫ 2(t)− α = 0 (12)

T̈ (t) + β tanh(β T )Ṫ 2(t) = β tanh(β T ) (13)

However, this form of lagrangian (action), as well equation of motion, is highly nonlinear and
quite unsuitable for analytic solutions of Friedman equations, and in particular for quantization of any
particular potential, i.e. model. However, as it was shown in [7] in case of exponential potential it is
possible to find a locally equivalent lagrangian in the standard form producing the same equation of
motion. In case of the later of of above mentioned potentials it can be shown [9] that

L1(Y1, Ẏ1) =
1

2
Ẏ 2
1 (t) +

α2

2
Y 2
1 (t) (14)

L2 =
1

2
cosh2(β T )(1 + Ṫ 2(t)) =

1

2
Ẏ 2
2 (t) +

β2

2
Y 2
2 (t) +

1

2
(15)

where
T → Y1 = α−1eαT T (t) → Y2(t) = β−1 sinh(β T (t)) (16)

A generalization of this approach for a wide class of tachyonic potentials and quantization of the
corresponding models with quadratic lagrangians via path integral technique will be presented elsewhere
[9]. These results, as well as our REM approach to f(R) theories and (non)minimally coupled tachyonic
fields with gravity [2] are a good point for testing string-theory motivated potentials and scale factor
obtained from this approach, in least complicated solvable models and shape of potentials obtained from
rather realistic models using REM methods [10].
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