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1 Introduction

The LHC has discovered a Higgs-like boson with properties consistent with Standard Model
(SM) predictions. In addition, the SM provides a successful description of experimental data
up to energies v = 246 GeV, the scale of electroweak symmetry breaking, and there is no
evidence thus far for any additional particles beyond the SM. It is important to study the
properties of the Higgs boson to high precision, and to increase the energy at the LHC to
search for additional particles or phenomena at higher energy. A widely used approach to
studying new physics in light of the current experimental situation is to generalize the SM to
an effective field theory (EFT) by adding higher dimensional (non-renormalizable) operators
constructed out of SM fields to the SM Lagrangian. This approach implicitly assumes that
SU(2)r, x U(1)y is a linearly realized symmetry in the scalar sector, which is an assumption
we adopt in this work. The non-renormalizable operators are suppressed by an energy scale



A > v, and they parametrize the low-energy effects of new physics at energies above A. In the
effective field theory approach, higher dimensional operators yield effects which are ordered
in a power series expansion in E/A. Operators of mass dimension d in the SM EFT yield
effects which are order (E/A)?*. Thus, the largest effects for E < A arise from the non-
renormalizable operators of smallest mass dimension.

The leading operators which preserve lepton number first arise at dimension six, and
have been classified in Refs. [1, 2]. There are 59 independent dimension-six operators which
preserve baryon number after redundant operators have been eliminated by field redefinitions,
or equivalently, by using the equations of motion (EOM). These 59 operators divide into eight
operator classes, labelled by their field content and number of covariant derivatives. Denoting
gauge field strengths by X = G, W,,, B, the Higgs doublet scalar field by H, fermion
fields by 1 = ¢, u,d, [, e, and covariant derivatives by D, the eight operator classes are 1 : X3,
2:HS 3:H'D? 4: X?2H? 5:¢?H3, 6 :¢?XH, 7 :¢?>H?D and 8 : *. Since we make
extensive use of these operators, we list them again in Table 1.

The anomalous dimensions of the dimension-six operators enter into Higgs phenomenol-
ogy. In Ref. [3], we computed the anomalous dimension matrix of the eight X2H? operators
which contribute to h — vv, h — vZ and gg — h, which are crucial processes for precision
Higgs experiments, and in [4] an exactly solvable model was constructed that generates pre-
cisely these operators. In Ref. [5], we embarked on the calculation of the complete one-loop
anomalous dimension matrix for the 59 independent dimension-six operators. In addition, we
calculated all contributions to the running of the d < 4 SM parameters from the 59 inde-
pendent dimension-six operators. The contributions to the running of SM parameters from
dimension-six operators is order v? /A2, which is as important as the tree-level contribution of
dimension-six operators.

The present paper continues our computation of the one-loop anomalous dimension matrix
of the dimension-six operators. This matrix, with 59 x 59 = 3481 entries, can be broken into
block submatrices v;; where 4,5 = 1,---,8 label the eight operator classes. In this paper, we
present the Yukawa terms, leaving the gauge terms for a subsequent publication. The Yukawa
terms contribute to flavor-changing processes. The anomalous dimensions we compute can
give flavor-changing Higgs couplings to fermions, and they can lead to rare decays such as
i — ey. The anomalous dimension calculation involves a large number (~ 100) one-loop
diagrams, a selection of which are shown in Fig. 1. Each graph is simple to compute, but
computing the full flavor dependence is tedious. For example, a single graph in Fig. 1 for
the ¢* — ¢* mixing of four-fermion operators into themselves leads to a set of anomalous
dimensions that occupy seven pages of the appendix.

Some aspects of operator mixing of dimension-six operators due to Yukawa couplings has
been previously calculated in Refs. [6-11]. In particular, Ref. [11] recently studied operator
mixing from a different viewpoint, and calculated, for a single flavor, some entries in rows 3,5
and 6 of the anomalous dimension matrix, including the gauge dependence.



1: X3 2: HS 3:H*D? 5:w2H3+h.c.
Qc | FABCGAGBrGSr  Qu | (HYH)®  Quo (HTH)O(HTH) Qenr | (HTH)(lpe, H)
Qg | fAPCGHGErGSr Qup | (H'D,H) (H'D,H) Quu | (HTH)(gyu,H)
Qw | eVEW W oW Qan | (H'H)(gpdH)
QVT/ EIJKWJVWVJpW;@
4: X2[? 6: 92X H + h.c. 7:Y2H?2D
Que | HIHGAGY  Quw | (o™e, )T  HW], a (H'i'D . H)([,7"1,)
Que | HHHGAGA  Qup | (0" e)HB,, @ (H' D LH) (1, M)
Quw | HIHWI wimw Que | (@™ T4u,)H G, QHe (H'i'D . H) (e er)
Quiy | HHHWLW™  Quy | (g0 u,)r HW}, Qi (YD W H) (30" ar)
Qus | HVHB,,B" Qus | (G0 u,)H B, QY (H''DLH)(g,7v"q,)
Quz | H'HB,,B» Quc: | (@o"" TAd)H G4, Qtin (H'i'D H)(a pqu)
Quws | HIFTHWLB®  Quy | (@0 d,)r HWI, Qra (H'i'D  H)(dyy"d,)
Quip | HiTTHWL, B Qus | (Gpo"d,)H B, Quua + hec. | i(H' D, H)(t,y"d,)
8:(LL)(LL) 8: (RR)(RR) 8: (LL)(RR)
Qu Lyl ) Ty 1) Qee (epyuer)(@syter) Qie (Lpyulr) (€7 er)
W @) @) Quu | () (@ u) Qu | (yule) (v uy)
@ @ a) @) Qaa | (dyyuds)(diytdy) Qua (I yule) (¥ dy)
QW | )@ e) Qe | (Epvuen)(@ytue) Que | (@0a)(Es7"er)
QY | G 1)@V a)  Qea | (Epyuer)(diydy) Wl @) @)
QW | (pyuun)(deydy) W | @wT ) @ Tuy)
Q) | (@ T ur)(d*TAd) QY | (@) (dinde)
Q4 | (@ Tq,)(dy TAdy)
8:(LR)(RL) +h.c. 8:(LR)(LR) +h.c.
Queaq | Be)(dsay) QU0 | @un)esn(@bdy)
QW oy | (@T ur)en(@TAdy)
Qe | Heen(ghu)
QD | Bower)en(@to ™ uy)

Table 1. The 59 independent dimension-six operators built from Standard Model fields which conserve

baryon number, as given in Ref. [2].
Operators with +h.c. in the table heading also have hermitian conjugates, as does the 12 H?D operator
Qprud- The subscripts p,r, s, t are flavor indices.
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The operators are divided into eight classes:

X3

HS, etc



Figure 1. A selection of graphs contributing to the one-loop anomalous dimension matrix. The solid
square is a £ vertex, and the dots are SM vertices. Some graphs containing gauge fields contribute
to the anomalous dimension matrix in the limit g2 — 0 in the rescaled operator basis used for power
counting. The first graph leads to anomalous dimension contributions seven pages long when all flavor
combinations are evaluated.



2 Formalism
The Lagrangian of the SM EFT is given by

L=Loy+ Y LD, (2.1)
d>4

where

1 1 1 "
Loy = =G GMY — JWLWW — 2B, B + (D,H)DMH) + Y §ildu
w:q7u7d7l7e

1 .\2 _ .. .
- (HTH — §v2> —~ [H”de g+ HYaY, ¢; + HPe Y, 1; + h.c} : (2.2)

and £ denotes terms in the effective Lagrangian of mass dimension d. In this work, we
restrict our attention to the dimension-six Lagrangian

L9 =3>"CQ;, (2.3)

where the sum is over the 59 + h.c. independent operators ); given in Table 1. Each inde-
pendent operator (); appears in the sum with a corresponding operator coefficient C;, which
is proportional to 1/A2.

The one-loop anomalous dimension matrix of the dimension-six operators has entries
which are proportional to gauge couplings g, the Higgs scalar doublet self-coupling A and
Yukawa couplings y. The coupling constant dependence of the anomalous dimension entries
simplifies if the operators are normalized using naive dimensional analysis (NDA) [12], and a
factor of g is absorbed into each field-strength tensor X and a factor of y is absorbed into the
single chirality-flip operators ¢2H? and ?X H. In terms of these rescaled operators @i, the
anomalous dimension entries have the form

g2 Ng A ny y2 Ny
T (167T2> <16772> <16772> 7 N =mng+nx +ny, (2.4)

where N is the perturbative order of the anomalous dimension. The form Eq. (2.4), and a

formula for N in terms of NDA weights w; of the rescaled operators, was derived in Ref. [13].
At one-loop order, N =0, 1,2, 3,4, so that entries in v range from perturbative order N = 0,
i.e. effectively “tree-level order,” to perturbative order N = 4, i.e. effectively “four-loop order.”
The form of the one-loop anomalous dimension matrix for the rescaled operators is given in
Table 1 of Ref. [13].

The rescaled operators QVZ give the simple form Eq. (2.4) for the coupling constant depen-
dence of v, which is useful to classify the terms in . However, the actual results given below
are for the original unrescaled operator basis @Q; of Ref. [2|. Ref. [3] calculated the complete
result for v44. Ref. [5] performed a complete classification of the entire anomalous dimension
matrix, giving the allowed values of ng4,ny,n, for all possible terms. There are non-zero en-
tries in « for which no one-particle irreducible graph exists, arising from operator conversions



using the EOM. Ref. [5] calculated the order A, A2 and Ay? terms of the one-loop anomalous
dimension matrix, i.e. entries with ny > 1 and ny = 0. These anomalous dimensions had
either n, = 0 or n, = 1. In this paper, we calculate the order y? and y* terms, which are
the remaining terms with n, = 0. The terms with ng, # 0 will be discussed in a subsequent
publication.

3 Discussion

The anomalous dimensions are lengthy, and are given in the appendix. Here, we briefly
comment on some of the results.
The dimension-six operators alter the formulae of SM observables at tree level. For
example, the Higgs doublet coupling to leptons in the SM EFT involves the Lagrangian terms
L=~V sHYe g+ Coy(H H)HVE, I3 + h.c.

ST

1 1
=~ MR Wy ene 55 (04 1) Ofprens ens o e (3.1)

where the second line has been evaluated in the spontaneously broken theory. Consequently,
the charged lepton mass matrix

5o (Wi - gy ) (32)

and the Higgs-charged lepton coupling matrix

= ([Ye]m R H) (3.3)

depend on different combinations of the usual SM d = 4 Yukawa matrix Y, and the dimension-
six terms UzCz - The two combinations are not simultaneously diagonalizable in general,
which can lead to flavor-changing Higgs couplings to fermions. Keeping only the top-Yukawa
coupling contributions to the C.z anomalous dimension Eq. (A.18),

Corr = 4CH) N[V VIVl + ... (3.4)

lequ
rstp

where C' is defined in Eq. (A.1), we see that flavor violation from the four-fermion operator
Ql(elgu = (l_g;er)ejk(q_gut) can feed into the lepton Yukawa couplings. Similar flavor-mixing terms
are also present in the quark sector. These flavor-mixing effects, which depend on the flavor
structure of the dimension-six operator coefficients, need not be suppressed by SM Yukawa
couplings, and could be phenomenologically interesting. For some recent phenomenological
studies of bounds on such Higgs related flavor violation, see Refs.[14, 15].

The lepton dipole operators also get contributions from 1% operators,

CeW = _292N00l(3) [Yu]tp 4 ... 5

equ
rspt
Cen = 491 Ne(yu + o) Ol Yaltp + - - (3.5)
s rspt



Such a mixing of “tree-generated” into “loop-generated” operators was recently argued to vanish
in general, but it is non-zero by explicit computation. (See Refs. [5, 16] for more discussion

on related issues.) The linear combination

1 1
Cey = —Cop — —Cow (3.6)
rs g1 rs g2 rs

is the coefficient of the electromagnetic dipole operator
e Cer Fl.o" e H , (3.7)
TS

which gives flavor transitions such as y — ey, when H is replaced by its vacuum expectation
value v/y/2. It has the anomalous dimension

lequ
rspt

Cey = [ANe(yu +Yq) + 2N OO, Vilip + - (3.8)

The current bound on the y — ey branching ratio from the MEG experiment [17] is 5.4x 10713,
with an order of magnitude improvement in sensitivity expected with a future MEG upgrade.
As these sensitive probes of BSM flavor violation increase in precision, incorporating the RGE
effects presented in this work will be crucial in correctly interpreting future limits or deviations
from SM predictions. Furthermore, if deviations are not found, the non-trivial flavor mixing
effects present in the RGEs puts strong constraints on the flavor structure of the SM EFT.
One possible interpretation is that it implies the idea of a symmetry-based solution, such as
minimal flavor violation [18-20], if BSM physics is not simply decoupled.

4 Conclusion

We have computed the Yukawa terms in the 2499 x 2499 one-loop anomalous dimension matrix
of the baryon number conserving dimension-six operators in the Standard Model effective
field theory. The anomalous dimension matrix of the dimension-six baryon number violating
operators have been computed in Ref. [21|. The anomalous dimensions mix the eight different
operator classes of dimension-six operators, and the resultant expressions are lengthy. Most of
the complications arise from the 25 four-fermion operators (class 8 : ¥*). There are interesting
non-trivial flavor effects which can occur from the flavor structure of the renormalization
group evolution equations. Incorporating these RGE effects refines the interpretation of the
increasingly strong bounds derived from the many searches for flavor violation beyond the
SM.
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A Results

The renormalization group equations are given in this appendix. These equations are to be
added to Egs. (4.3), (4.4), (6.1)—(6.4) of Ref. [5]. Eq. (5.6) of Ref. [5], which does not depend on
the A\(HTH)? coupling, is included as part of the results of this paper in Sec. A.6, and should
not be added again. The invariants cp3 = (N2 — 1)/(2N.) and ca3 = N, are the SU(3)
quadratic Casimirs in the fundamental and adjoint representation, respectively; N. = 3 is the
number of colors, and yq ;. 4 denotes the U(1) hypercharges of the fermions. We use the
notation

: d
= 2 —_
C =16n udﬂc (A1)

in the renormalization group equations given below. The wavefunction renormalization con-
tributions proportional to Yukawa couplings are written in terms of

1
10 = Yo, ve ! = Vil oy = Tr [Ny + NYJYa + VY, |,
1
’7(¢1Y) - §[YJYH + YdTYd]rsy '79/) = [Yuyj]rsa V(dY) = [Ychgr]Ts’ (AQ)

which are 1672 times the field anomalous dimensions. The gauge contributions to wavefunction
renormalization will be included with the gauge terms for the anomalous dimension matrix,
since only the total combination is gauge invariant.

To simplify later expressions, it is useful to define the constants 11_5 and & 4. 71,2 Were
already used in Ref. [5].

m =5 NeCan [Vl + %NCO;ZI;, Vil + 5 NeCunt[Vilor + %NCG;E[YJ b+ 5CernlVelor + 5 V)
e = = 2NVl Ya + Y[ Yilar + NeCrpualVa¥,flir + NeCirualYa¥ or = 203 V[ Vel
s =NCy [ViYa — YiVilor + 3NCRYI Yo+ Y Vilor + NeCrrul¥uY,flar = NeCira VoY e
= NeCrualYa¥{lsr = NeGipualYu¥flsr + (8C5g) + Ci) Y0 Yelar = Crrel¥e ]
m =ANCgy Y] Ya = Y [Yilor + ANCral Y flor — ANeCralYaY flor + 2NeCrtualYa¥ flor
+ 2NeCpalYaY flar + 40 VYl — ACH[YeY .y

rs

1 1 1 1 1 1
N5 = — §iNchH [Yd]sr + §ZNcCc>lkH [YdT]rs + §ZNcCuH [Yu]sr - §ZNCC;:H [YJ]TS - §iCeH [YG]ST + 51 :H [YeT]T’S

rs 2 rs

(A.3)



ge =2C o [ e] Ncledq[ ] C’l(elq)u [ u]rs

prst ptsr ptsr
1 8 *
gdt - 2(C(qgl + CF,3C(q2l )[YJ]TS ( C(uzd + 20(5’!12](1 + 5 3C(u21d)[ ] - C’ledq [Yj]sr
p prst prst srpt prst prst sritp
eu = 2(CH +ersCE )il — (MO + 2o 4 Lepio® NWals + €O, Vil
pt prst prst ptsr 2 stpr 2 stpr srpt

(A.4)

The Yukawa contributions to the one-loop renormalization group equations of the 59

dimension-six operator coefficients are listed by operator class in the following eight subsec-

tions.
A1 X3

Cq =0, Cz=0, Cw =0, Cy =0. (A.5)
A2 HS

Cr = —AN,Coun Y YV, ]er — AN.C H[YT Yo Ydlrs = ANCap[YaV ) Yalsr — AN Cop [YIVaY 1,5

— 4Gy [Y.Y Y]y — 4CHy [YJYeYe Jrs + 675 ' Cly (A.6)
A.3 HD?
Cuo = —2n3 + 472/)01{5 Cup = —2n4 + 472/)01{1) (A7)
A4 X2H?

Cre = —293(Cuc[Yulsr + [YilrsCric) — 293(Cac[Yalsr + [Yi]rsClic) + 272/)0110 (A.8)

CHé:293(iCug[Yu]sr—Z[YT]TSCu(;)—|—2gg(szg[Yd] iY1sCic) + 295 Cha (A9)

rs

CHW = _92(CeWD/e]sr + [Y;T]T‘SC:W) - 92Nc(CuW[Yu]sr + [YJ]TS :W)

rs T8 rs T8

- g2Nc(CdW [Yd]sr + [Yj]rsosw) + 272/)CHW (AlO)

CHW = 92(iCeW[Ye]sr - Z[YT]T’SCeW) + 92N (ZCUW[ ] o i[YJ]TS ZW)

rs T8 TS

+ 92 Ne(iCow Yalar — LY, ]TSCdW)—FQ’y(Y)C — (A.11)



CHB - _291 (YI + Ye)(CeB [Ye]sr + [YT]rsCeB) - 2glN (yq + Yu)(Cu [Yu]sr + [YJ]T’S ;B)

s TS rs

— 201 No(yq + ¥a) (Can[Yalsr + [Y1:sCip) + 298 Crr (A.12)

CHE = 291(y1 + Ye) (iCen[Ye]sr — i[}/eT]rsC:B) + 291 Ne(yq + Yu) (1CuB[Yu]sr — i[YJ]rs uB)

rs

+ 201 Ne(yq + ¥a) (iCap [Yalsr — iV 1rsCli) + 200 C s (A.13)

CHWB - _QZ(CEB[}/E]ST + [YeT]rsC:B) + g2Nc(CuB[Yu]sr + [YJ]T’ C ) 92N (CdB [Yd]sr [ J]T’SC;B)

rs rs

- 291(Yl + ye)(CeW[Ye]sr + [}[QT]T’SC::W) + 2glNc(YQ + yu)(CuW[Yu]sr + [YJ]TS uW)

rs

— 291 Ne(yq + ya) (Caw [Yalr + V) 1sCiy) + 29 Crrw (A.14)

C.’HWB = 92(iCep[Ye]sr — Z'[YeT]r Cip) — gaNe (ZCuB[ ulsr Z[YT]rsCuB) + g2 N, (ZCdB[Yd] — 1Y, ]rstB)
+ 291(Yl + ye)(iCeW[}[e]sr - Z[YeT]rsCeW) - 2glNc(YQ + Yu)(ZCuW[ u]sr - Z[YJ]T’S uW)
+ 201Nl +Ya) (Cay Yalor = 1Y {1rsCliw) + 27 Co (A.15)

A5 2H?

cuH =20+ m2 — i) [Vl s + [V Ya Yo (Crp — 6CHp) — 205 VIV Y i + 60}5”;
rt

oYy, y! A Cip 2V YY) ]rtCHud +8(CY) + ersCO VIV Y

rpts T’pts

YIvyies

—202N.CcY 10 4epsc® )[Yde Yalpt +4C0 [V Y3V + ACu [V s + SV YulreCun

qugd qugq quqd lequ
rstp tsrp tsrp tprs

- 2[YdT]rtC;1kH [YJ]us —Can [YdYuT]ts - 2[YdTYd]rtC%H + 372/)CuH + ’Y(q )CuH + CuH’Y(u )

ut rt S TV rv  vS
(A.16)
cdH = 201 + m2 + i15)[Y,] s + [V Ya¥,1rs(Crip — 6CH0) + 205 1Y YaY fTis + 6C VY Y ] lis
rt r

2y, Y,y ]rtCHd — 2y v,y ]rtCHud + 8(0(;21 + cr3C (2[)1 VY YaY ot — ACT 4, [V VY ]

rpts rpts ptsr

— 2(2NeC g + Cliga + CraCopog) VYol + 4Can Va Jlus + 5(¥] Yalu i

q quqd
tprs rpts rpts
= 2 )Gl flus — Cuntl¥u¥ flus — 2V YilriCapr + 3y Cam ++ ) Cart + Carry”?
ut rt TV vS ™  ps

(A.17)

— 10 —



Cott =20 + 12+ i05) [V rs + VIVYro(Crip = 6Ch) + 2035 VIVY T = 2V V¥
S

+8C 1o VIYY I — 4C1qg N Y YY1 + 40 N, [Y,, YTY ot + 406H .Y,

rpts rspt lresz%z;
+ 5[Y;T}/6]Tt06H + 3’72/)0611 +’7(IY)CGH + CeH'V(e ) (A18)
ts TS ro TV VS
A6 Y’XH
C.’eW —2goN, Cl(eq)u[ ]tp + CeW[Y Y ]ts + 71(11 )CeW + ’Y(IY)CeW + CeW'V(e ) (Alg)
rs rspt T8 rv TV VS

CeB = 4glNc(yu + yq)C(3) [ ]tp + CeB[Y YT]ts + 2[YTY]rtCeB + ’Y§{ )CeB + ’Y(lY)CeB + CeB’Y(e )

lequ
rspt ro rv VS
(A.20)
Cue = —gs [0 = L 0® Yy oty - VIVICue — CaalVaV s + Cuc VoY
uG gs qugd — 9N, quqd [ d]tp + [ wlu d d]rt utG d?[ d u]ts + u%‘[ U u]ts
s psrt psrt s r r
+ ’YS/)CuG + 7(¢1 )CuG + CuG’Y(J/) (A.Ql)
. 1
Curs = —2g9 Cl(iq)U[ eltp + 492 (Céuzg + cp Céu)q?> Yalep + 2[Y Yd]rtCuW CdW[YdY Jts
pirs psr psT
+ CUIQV[YUYJ]ts + Vg)CuW + V(QY)CuW + CuW’Y(u ) (A.22)
. 1
CQ;B = 491 (Ye + yl)Cl(c;])u[ ] - 591 (Yd + Yq) (C(uzg +cr C&Lg) [Yd]tp + Q[YJYu - YJYd]rtC%SB
pirs psr psT
- C’dB [YVoVil]ss + CuB (VoY is + WI(LI )Cup + 7([1 )Cup + C’uBy(uY) (A.23)

: 1 I s

Cic = —gs (qg?{]d - 2—]\[60;?21[1) Yol — 20V, Y, — V] YaliCac - C%ng;[Yqu b + Cug Va1
rtps rtps

(v)

+40 (Y) )

C’dG +74¢ 'Cac + Cacyy (A.24)

rv vs ™ ps

CdW = 2[Y,}Y,], tC'dW + 92 (C(uzd + FSC(uLd> Yalip — CuI;V[YuYJ]ts + CdVX[YdYJ]ts

4 rtps rtps
+ ’Y}; )CdW + ’Y(q )de + CdW’Y(d ) (A.25)

: 1
Cas = =501 (Yu +Yq) (C v+ CE 30;@) YVl — 2[Y, Y, — Y] YalriCap — Cu?[Yqu Jts

rtps rtps
+ CdB[YdY lts + ’Y}; )CdB + ’Y(q 'Cap + CdB’Y(d ) (A.26)

— 11 —



A7 2H?D

: 1
qﬁ}; = 5 VY =YYl (Cuio + Cuap) = Vil CrtaValer = [V lpsCrrglYalir +2C ae [Ve¥Tlus - 20D (.1, s

stpr
3 3 9 9
+ ¥ Ya+ YIYuluCly + SCIYYa+ YVl + S V] Ya = YiVuluClp) + SOV Ya — YVl
tr pt tr pt

— (2N.CY4) +2N.CG) +CY) + G +30%) +3C% ) VaTYa - Vi Valis

prst stpr ptsr srpt ptsr srpt
—2NOG) VaYalles +2N.C) [¥a¥allis + 20 ’0},; +74 iy + Cirgr (A.27)
prs prst p tr pt tr

. 3 3
C) =~ [YTY + Y Yalpr O + 5[V Ya = YY) Clgy + 5Ol [V Ya = YV
T tr pt

+ §[Yij + Y Yl Clp) + ZCSQ[YTY LYV
tr

N 12N 40 400 08— O WY+ Y Vil — 209 (Yo

prst stpr ptsr srpt ptsr srpt stpr
+ 27”’0(3) +190C8) v oDy (A.28)
pt ¢ pt tr

Cra = [Ya¥]lpr (Croy + Crp) — Q[Yd]psCS; i + 3[YdeT]ptCHd - 3CHd[YdeT]tr - [YdYJ]ptCHud
pr

- CHud[Y Yt +2(NeC ag + NeCgg +Caa +C aa )[Yde Jts +2C cq [YoYe s — 2C 1 [YIYe]is
prst stpr ptsr srpt stpr stpr
- 2Nco(u25 [YuYuT]ts - 2Ncc(q) [YdTYd -Y, A% ]ts + 2'7§{ )CHd + ’7(d )CHd + CHd’V(d )
stpr stpr pr pt tr ot tp
(A.29)

Ctiw = ~[YuYlpr (Co + Cup) — 2[Yulps Ol Yl Tr + BVl Crr + 3CuaYuY e + VYl Ca
pr st r P rt

+ CHud[YdYJ] (N Cuu + N, Cuu 4+ Cuu + Cuu )[YuYuT]tS + 20 eu [YeYeT]tS —2C 1, [YeTYe]tS
pt

ptsr stpr

+ 2N.CW Vvl — 2N Yal Yy — ViVl + 27( O + 7Y ’oHu + Cray
prst stpr pr pt tr pt tr

(A.30)

Chiua = [YuY, pr 2CHo — Cup) — 2[Y..Y, ]ptC'Hd + ZC'Hu[Y YT]tr + 4(0(131 +cr3 C(uZl )Y Ya'lss
pr ptsr ptsr

[Y Y, ]ptCHud + 20Hud[YdY ]tr + 2’7]('—[ )CHud + VgL )CHud + CHud’y(d ) (A31)
pt ¢
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3
2

1 3 (3)

Cip) = —§[YJYe]pr (Cuo+ Cup) — [Yj]psCHteD/e]tr + 5[}/;}/6];016(0%2 + 3Cftﬂ) + () + 308N ViYL
pr S r r

pt pt
+20 1 VoY + (-20 5 —2C 5 —C y —C 4 ) Vel Vel — 2NCY) Vol Vg - Vo1V

prst prst stpr ptsr srpt prst
—2NC 1y [YaYullie + 2N.C 1 [YaYallis + 295 440 4 )4 (A.32)
prst prst pr pt tr pt tr

- 1 1 1
Clit = —5 Wil Circs + 5[V Yeln(3CH + Clay) + 5 (3031 + c}f}) VY]
T T T P

—(Cu +Cy )YV — 2Nc0(2 V]V + Y] Va)es + 272/)021) +yVcf) + e

ptsr srpt prst pr pt tr pt t?“

(A.33)

CHe = [YeY! (Cro + Cup) - 2[n]psc§§2 Y lor + 3[YeY T Cre + 3CH VoY
r p

—2C 1o [YVoTYo]ss + 2(0 ce +Cec + c ce +C ee )[YeYeT]ts — 2NCC eu [YuYuT]ts

stpr stpr ptsr ST
+ 2NeC ea [YaYalles = 2NeC e [YaYa = Y 'Yulis + 29 Crre + 4 ’0H6+0Hev(y)
prst stpr 7” pt tr pt tr
(A.34)
A8
A.8.1 (LL)(LL)
. 1 3 1 3
¢y =5l Yol Ciyl - SIYIYaOl) + SV O} 4 S 1YY Ol
prst pr st pr
V1Yo - VIV C® - Lyt il C e = 2 (V] [Vilun C
[ ]sr Hli [ ]pt Hl [ e]SU[ e]wt le [ e]pv[ e]wr le
pt sr 2 prow 2 stvw
( ol +’Y(l 'Cy +Cy ’Y(l '+ Cy ’Y(IY) (A.35)
pv vrst sv prut pust gy prsv ot
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. 1
0(;;t : ~[VIY, - YTYd]pTC’g; [YT Y, — YTYd]stCé()
prs
1
i ([ o Waur CGt + ¥ Vi €' ) N ([Y oo Waluor CG + 1w [Yhun O3 )
stvw TVW stow prow
1 1
g ( Yu wt (Et;])u + [YJ]SU [Yu}wr C(EL > - g ([YdT]pv [Yd]wt C(i)d + [YdT]sv [Yd]wr C(Ej])d )
Srvw ptow Srow ptow
1 8 1 8)x 8)*
16Nc <[Yd]wt [Yu]vr Clég)gg =+ [Yd]wr [Yu]vt Cégi?g;) 16N ([YT]sw [Yqu]pU Cégzlg + [Y;]pw [ ] Cég:qi)l)
1 1
| Vot [Yador C) 4 Waluor Vot Cob o ) (Yoo (¥l oo Gl 4 (VT [Yif ] o,
16 svpw PUSW 16 tvrw rotw
1 1 1 1 1
= 51 Wdur €5 = 5 1Vl Walar O = 5001w Widun G = 5 1Vl ¥l €
stvw stow prow prow
1 1 ne 1 1 *
— < Vot Yalor Ol = S 0¥dLow 1Yl Ol = 5 Ve Vit Cls = 5 0¥l V1w Cln
8 pUSW 8 rotw 8 Svpw 8 tvrw
9y 'Clig +y Clig +Clan oy + Clay " (A.36)
pv vrst sV prot pust vr prsv vt
1 1
C;?St = 5y, + YTYd]pTCg; - sl + YTYd]stCé()
1 1
- 5 (0 e O+ 1701 idar O )~ 5 ([YJ I Walat ©) -+ Lo Walar € )
sTVw ptow Srvw ptow
1 8 8 1 8)x 8)*
(P D g 3 g )~ i (1 D s + 8 )
1 1
Yaluwt [YaJor C )+ Wl Yalot %) o | = — (¥ Tsw Vil oo €0 4 (¥ [Vl ),
16 svpw PUSW 16 tvrw rotw
1)* 1 *
_[Yd]wt [ u]vr C(u)qd + 5 [YT]sw [YJ]pv C(gu)qd + g[Yd]wr [ u]vt C(u)qd +3 [YT]pw [YJ]SU Cf,i)qd
pUSW rotw Svpw tvrw
Yy 'Cln +yCl + Clan oy + Cly (A37)
pv vrst sV prot pust vr prsv vt
. 1 1 *
¢y =~ Cliy + V1Yo = VYl & Vidur [Velur Clage + 3 Willow [V Clly,
prst pr pvsw rotw
- [YJ]SU [ U]wt Cprliu}w - [Yj]sv [Yd]wt pr{gw - [YeT]pv [Ye]wr ngfw
1 t t « (3) t i (3)
+ 4 [Yd ]sw [Ye]vr Cledqt + [Ye ]pv [Yd]wt Cledq -3 [Ye]vr [Yu]wt Clequ + [Ye ]pv [Yu]sw Clequ
prvw rows pvsw rotw
+100ch) +48700Q) + QA+ ) AP (A.38)
pv  wrst SV prot pust vr prsv vt
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. 1 1 %
0<§>t _ [yfy]prcg; iy, +y*yd]st0§2 7 [Yalue [Yelor o, - 7 Vil V1o cg%u
prs pvsw rotw
1 . .
+4 ([Y; Jow [¥elur Cieag + ¥ Tpo [Vl Gledq) +3 ([mw Yalur Clig + ¥ [V C§§3u>
pow rows pvsw rotw
+10¢®) 1380D + 0D A+ B 4P (A.39)
pv  wrst SV prot pust vr prsv vt
A.8.2 (RR)(RR)
Cpee - [Y Y ]prCHe D/e}/eT]stCHe - [Yj]wr D/e]pv c le . - [Yj]wt [Y;]sv c le
st VWS vwpr
( )C ee —l—’y( )C ee + C ee ’Y(e ) + C ee 7(@3/) (A40)
v vrst SV prot pust g prsv ot
Cp%}; - _[YuYJ]prC]zu [Y Y ]stCHu [ T]wr [Yu]pv C(tl])ut - [Yj]wt [Yu]sv 01()11%)?77’
1 (8) 1 o o® Ly ® _ Ly (®)
+ 2 N [Yu]pv [Yu]wr vast 2N, [Yu]sv [Yu]wt Cvglg)r 2 [Yu]wr [Yu]sv Cvgz};)t 92 [Yu]wt [YU]pv CvZ}ér
Cddt = [YaY,] ]prCHd +[Yay) ]stC'Hd — [V Tuor [Yalpo C(,l]zi — [Vt [Ya)so C’(Z)d
prs vwst vwpr
8 8 1 8 1 8
+ o N Yoo (Ylur Cp + 5 N [Yaoo (YT Cig)%r = ¥ ur Yalso Cii*:i,t = 50 hut il €
()Cdd +’Y( 'C +C'dd’Y(d)+Cdd’Y() (A.42)
pv vrst sv prut pust gy prsv ot
C eu = 2[Y Y ]prCHu - 2[Y Y, ] tCHe + [Y;]pv [Yu]sw Cgi)u + [Yj]vr [Yj]wt Cg)z
prst pr m«zut vpgus
2 (Yo [Vl Jur C g —12 ([Ye]pv Yol Oty + VT Tor (¥ Oﬁiiu)
vws vrwt vpws
—2[Volso Y]t C ae +78C cu +4YC eu +C eu ’y( ) 4+ C eu ALY (A.43)
vwpr pv vrst sv  prut pust g prsv gt
€ e, = 20YeXlpr Crra + 2¥a¥ 1ot Cire = 20l ¥ hur € 10 = 20¥ilew VTt C g
prs VWS vw,
+ D/e]pv [ d]wt C’ledq [Y; ]vr [Yd]sw ledq + ’Y(eY)C ed + '7([1Y)C ed T C ed '7(6 ) + C ed ’751 )
vrsw vptw pv vrst svU prot puvst vr prsv gt
(A.44)
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. 2 2
C(i()j = - [Y Y, ]prCHd + 2[YdY ]stCHu + F[Ydy ]srCHud + N [Y Y ]ptCHud

prst
1 1)* 1 1)*
+ 5 ([Yd]sv[ s Cona + Vd ot [V, G;Jqd> = Yalow Yo Conga = Vflun Y Jur Cp
¢ vrwt VpWS vrwt vpws
N2 -1 ®) t + (8) t 1 f ey
+ 2 N2 [Yd]sv [ ] Cvggucz + [Yd ]vt [Yu]wr ngﬂ - Q[Yu]pv [Yu]wr Cmﬁt - 2[Yd]sv [Yd ]wt Cvguzér
+400Y, + 40, + A0+ A (A.45)
pPv  wyrst sv  prot pvst vr prsv vt
€ = AV fJorCitya + AaY 15 Clpa +2 ([msv Yalow Clupa + [Vt (¥l lur céi’;)
prs vrwt vpws
8 8 1 8)x
= 2[YuJpo (¥l € = 20¥adeo [Vt €5 — <= | Walso [Valpw Ol + ¥ 1ot [Vl s g
vwst vwpr Ne vrwt vpws
- ([msw[ oo Coga + Ve (¥ Lor Céi’qd> O+ 0 + 0+ O Ay
vrwt VpWs pPv  wyrst sv  prot pust VT prsv vt
(A.46)

C 1o = [Velarb e+ [VTlor6e — VIVl Crre + 20¥eX [ Clg) — [Vlow [¥eluor © e, — [Vl [¥elor C e

prst t rs pr wtsv

- 2[Y6T]pv [}/e]wr Cmiest + [YeT]pw [Ye]sv C le — [YeT]wt [ e]sv C i - [YeT]vt [Ye]sw C 1

vrwt pwur pvwr
- 4[Y6T]wt [Ye]sv C u + [Yj]vt [Ye]wr C le T ’Y(lY)C le T+ ’Y(eY)C le + C le 7(;/) +C le 'Y(eY)
prow PUSW pv vrst L prot puvst o prsv vt
(A.47)
. 1 1 1)x
c lu = [Y Y]prCHu - Q[Y YT]stcél) o 5 [Ye]vr [Yu]sw Cget)zu + [YJ]P [ ] CEG;U
prst pr powt rows
1 3 3)*
—2[¥ulow V]t €1 =6 ([Ye]w Yalsw Clopy + ¥ Tpw [V OEGBW) [Yeluor (Yo € en,
prow pvwt rows
pU vrst sv prut pust gy prsv vt
. 1 ¥
C ldt = [Y Y]PT’CHd + Q[YdY ]stcgl) - 5 <[Ye]vr [Yj]wtcledq + [YeT]pv [Yd]sw ledq)
prs pr pUSwW rutw
—2[Yylso [YdT]wt C(llzl — [Yelwr [YJ]va ed +’Y(l Je) ., +’Y(d 1C 1 +C ’Y(l '+ C ’Y(dy)
prow pU ur Ssv prot pust prsv ot
(A.49)
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. 1
C qge = [YJYU - YdTYd]prCHte + Z[n};T]sth; - 5 ([YdT]pw [Y;]sv Cledq + [Yj]vt [Yd]wr C?edq)
s pr

prst vtwr vsSwWp

lq
vwpr 2 vtpw VSTW stow

—ﬂmwmm¢ﬂ>—10mm[46ﬁu[wh[] d&)—mmwﬁmow

lequ

—wQMMU]OﬁtDﬂﬂmmdw>wmmwmcw

stvw
vitpw vSTrw
( o qe —l—’y( Je; ge + C ge ’Y(q e qe ’Y(ey) (A.50)
pv vrst Sv prout puvst or prsv ot
o) _ 1 Ly e i f oo
Cpg,zét = E[Yu]sréput + E[Yu]ptéﬁg + [Yu Yu - Yd Yd]PT’CJ;IZL - 2[YuYu]StCH;1
1 1 1 1 1)«
+ 5\ Dl Yoo ©Gt ¥t [Yaur €t + Wl Yalow Copa + ¥l [V o cé&m>
c vrw vsWw ptow rsvw
1 8 8 8)*
G E N2 [Yj]pw [Yu]sv C(qL + [Yj]vt [Yu]wr’ C(q)u + [Yd]wr [ U]Sv C(u)qd + [Yj]pw [YJ]vt Cc(Iu)qd
2 NC vrwt pvsw ptow rSvw
2
- ﬁ <[YJ]vt [Yu]sw qu)q + [YJ]pv [Yu]wr Cy;‘g%)
c powr
6 3 1 8 8
- _[YJ]vt [Yu]sw C(q)q +5 [YJ]pw [Yu]sv C(qlt + [YJ]vt [Yu]wr C(qzi
Nc pvwr 2 vrwt pUSW

quqd
vtpw vSTW ptow rSVwW

1 *
+ 5 ([Yu]sv [Yd]wr C( ) + [YdT]pw [ ]vt C(u)qd + [Yu]sv [Yd]wr C(u)qd + [Yj]pw [YJ]vt Cf]i?qd)

— AVt Yoo €y = 2000w VaJuor € e — [V Ty [Yaluor €

prow stow
+ ’Y(Y)C(;Z + ,Y(uY)C(;) C(l) ( ) C(qq)j, ’YSLY) (A.51)
pv vrst sV prot pyst vr prsv vt
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: 1 1 .
) = < [Yalsba + = Y] 1p€ + YYu = Y] Vil Cra + 2[YaY, ] CYy)
prst NC pt NC TS st r

Ne vrwt pusw vwpt VWrS

1 *
+ ([YJ]PW [Yd]sv C(;zj + [YT]vt [Yd]wr C(l)d + [Yu]wr [Yd]sv Céi)qd + [Yj]pw [Yj]vt Cé?qd)

1
5w ([Y*]pw Valsw CCh + V] 1ot Walur €%+ Yalor [Yalsw Comna + ¥l T [V o cfj}qd)

vrwt pvsw vwpt VWTS
2
o (Wl 4 1 Wil © g )
c pLwr vtsw
6 3 8 8
= e €5 45 (1 ¥l €+ 01 Yidr O,
pvwr vrwt pusw
1 8)*
+ 5 ([Yd]sw [ u]vr C(u)qd + [Yj]pv [ ]wt C(u)qd + [Yd]sv [ u]wr C(u)qd + [Yj]pw [YdT]vt Cf]q)qd)
powt rows vwpt vwrs

- 4[YdT]1Ut [Yd]sv C(%l)q - [YT]pv [Yd]wr C dd — [Yj]pv [Yu]wr C(i)d

prow vwst vwst
+1c) 14500 + oA+ A (A.52)
Pv  yrst sv prvt pvst ur prsv vt
prst pt T8
1 8 8 8 8)%
=y (Pl Dl Ol D0 i O+ Yl Dl G + T [ 0;32%)
(1) () ® L, Lon ot o®
+2 ([Yu]sv [Yd]wr Cgii?ﬁ + [Y ] [Y ]pw Crggg + = 4 [Yu]sv [Yd]wr Cvggwd + - 4 [Yu]vt [Yd]pw ng%)
-2 (2[YJ]M [Yu}sw C;()%)z%r - [YJ]pw [Yu}sv C(}J)ut - [YJ]vt [Yu}wr C;%g})
— 4Vl Yalur C . = 12[Y ot [Yud s cf,?gv
— Yoo Vil € +45C8), +40cC), + €, A0 + 06 4 (A.53)
stvw pv vrst Ssv prot puvst Ur prsv vt
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C(Sc)l = 2[Yd]sr£d + 2[ ]pt&d

prst rs

quqd quqd
vrwt pvsw vwpt VWTS

1 "
- — ([Y Jpw Yalow O+ Lot [Yalur O+ Walur Walso Cob 4 [ Ty [V 1ot O )
Yd svU

u wr qu)qd + [YT]vt [ ] C( > + -

1
O+ 3 Wl YValow O + 7 ¥ Tpo [¥ ] c§i>qd>

vwpt vWTS pvwt rVwWs

pvwr vrwt pvsw

( YJr vt Yd sw C(%])q [Yj]pw [Yd]sv C(}])d - [YJ]W [Yd]WT’ C(z)d )
Y pv

Yilwr C aa = 12[Y ot [Vilow C%),

vtsw pvwr
¥l Dalan € 498205, 49308, +0 10 1 0% 58 A5
vwst Pv  yrst sv prot pvst ur prsv vt

A.8.4 (IR)(RL)

Creag = ~2[¥dlub e —2[Y; ]prfﬁz[y Ipo Valwt C ea = 20Ydlor Yalwt C 10+ 20 Jor [Yalsw C)

lg
prst VT SwW pPUSW powt
61, o Yoo CF = 20¥, ] Vil C g +2¥ilsw [Value Ci,
pth prow
+ ’Y(IY)Cledq + ’Y(dY)Cledq + Cledq’Y(e )+ Czedq’Ygz ) (A.55)
pv vrst SV prut pvst UT prsv vt

A.8.5 (LR)(LR)

lequ —
prst prow pusw

Crogu = 20V Jst6 ¢ + 20V pr €t + 20 {1 [V lur Clcay + 200w [Vl C e 4 20¥r [¥:f]u O

— 61V o Y10t C%) = 20 o Vilew © 1w — 20Ty [0t € ae

pvsw pvwt svwr
Y Y Y
ot +o 0t + o+l A
pv  wrst SV prot pust VT prsv Y
23) _ Lyt Lot i o® 434 vh . o®)
C’lequ - _§[Yu]8w [Y; ]pv Cv%t - 5[}/6 ]vr [Yu]wt C lg + 5[}/6 ]Ur [Yu]wt C lq
prst pUSW pPUSW
1 1
- _[YeT]vr [Yj]sw Cun — _[YeT]pw [YJ]Ut C qe
2 powt 2 svwr
19 Ciggy +7 Clo, + Clip e + Cigg 1 (A57)
pv  wurst SV prot pust VT prsv Y
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e = 2l — 20V
prst st pr

2 8 8 8
o (0 1V €5+ Dt 171 O+ (9100 €' )
c svwt vwr vrwt
4
b o (0 0 €+ 1t 11 Oy = 30 ¥0r €y = 301t [ O )
4
= ([Yj]pw Y01 €+ 1o il Clat [T [0 € )
¢ svwt vwr vrwt

-4 <[YdT]wt [Yqu]vT C(%])q + [YdT]vt [Yj]wr C(%])q > + 12 ([Yj]wt [YJ]UT’ C(%])q + [YdT]vt [Yj]wr C(?t’z)q >

pUSw svpw pUSwW svpw

+2 ([Yd*]pw VTl €+ VTt Villew €50+ Yoo V0 €€ ) — 4V} ]sw [V C2,

svwt pvwr vrwt vrwt
Y 1 Y 1 1 Y 1 Y
40 A0 el 4+ el A (A.58)
p vrst SV prot pust Y prsv vt
(8 4 8 8 8
ity = =35 (0l 1o O + V01t 101w C G+ 1 100 O )
prs c svw vwr vrw

+s<[yj]wt Vo OO+ V0 [V €Y, ) —24 ([Yj]wt YT C% + 1Vt [YJJwrc(i)(])

Svpw pUSwW svpw pUSwW

+8 ([YJ Jow VDo €0+ Tt YT CG + V] Ty 1100 €L, ) — 4[Y o V10 O

svwt pvwr vrwt vrwt
Y 8 Y 8 8 Y 8 Y
pv urst SV prot pvst VT prsv ot
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