€1699000d-WD

MM A

VAANAD ‘SHIAVIAIT NYAD

* (I9y3z0 yoes burtyoeoadde safodouow 3iede IeI OM3I JO
butaszjeoss ‘°6-3) [11] soTodouow om3 jo sotweulp oyz Hurpueisispun
03 3UeASTdX ST uInl} ur YoTym sorodouow om3 103 ooeds zajswexed ay3l

Jo a2anjeu aul AF1aeTd disy prnoys xaded STY3 JO sS3TnSaI oyl

*suotjexedss obael pue Tlews Iojy pIaT3F sbHTH @Yz 3O
s8019z 3y} 93ndwod oM uorssaiadxs STY3} WOIJ °S2019Z OM3 dY3z bur3zosu
-uod sIXe ¥yl uo PISTF sHBHTH 9yl 103 uoTssaadxa TeoTjATeue 3o0eXs ue

sT 1aded STY3l JO 3I[NSSI uTew 8YyJ - (soTodouocw SY3 JO UOTIBOOT oU3I

9q O3 paUTISp SI° YOTyMm) PISTF SOOTH oyl Jo sS20I19Z OM3 Y3 93BO0T
o3 ‘zerndorized UT ‘pue UOTIONIISUOD NWHAY 943z ut sarodouow poje

-aedss ATT1aeI3TqI® OM3} Apn3ys o3 sT xoded sTy3 3Jo asodand ayg

rsuoTinyos sTodouocuT3iTnw 3Yy3z o punoxbioeq ay3z ur burjebedoad
so7oT3aed I0JF SUOTIOUNI S,USSIH JO UOTIONIISUOD JOBXD 8Y} SMOT
-Te 3T (q) pue {(Z)As puoiaq sdnoxb obneb o3 paztTeisusb ATTses
ST 3I (e :axe yoeoxdde NWHAVY @Yl JO sobejueape 19Yyjo oM] °OTjeu
-o3ne ST uOTINTOS Y3l JO A3TIRINnHSI Syl ‘UOTIONIISUOD NWHAY SUI
Ul °UOT3IONIISUOD NWHQV 9Y3} Se 3T O3 I9FaI [TIM oM pue ‘wsrqoad
sTodouow 3yl 03 [QT] suojuezsur IOF UOTIONIISUOD (WHAY) UTUBRKH
-UTYO3ITH-PTOIUTIQ-YRATIV Sy3 paidepe sey [6] wyenN ‘AT3usosy

ruoTjeredss abiel 103 [g] ATTedoTIsunu 10 uorjeiedss TTeWS IOF
[¥] ATsaT3eqanixsd I9y3Te® uoT3InTOs arodouow pajexedss OM3 oYyl KApnas
03 sey auo ‘zerndriaxed ur -yoeoadde My ay3z ut warqoxd usdo ue
TTT3S ST STY3 3o jyooad Texsusb e 3ng ‘xernbax aq 03 UMOYs u2aq 2aey
SuoT3INTOS 9saY3 ‘STqrssod IdAdI9YM °[L] -FoI 99s satiosyz obneb
uetTaqeuou ut saTodouow dOr3subew Jo Ax09Y3z SY3 UT S3ITNSSI 30®
-X® JO MOTASI 3uS091 ® 104 °[9-T] z3jesue (My) paem-yelI3v o2y3z JoO
suesw Aq pauTe3lqo UISQ DAY S3ITNsSdI ITOTTdX® ©Yy3z JO 3ISOW *IeTIuszod
sobTH butysTuea Jo FTWIT 9yl ut AI109Yy3l sBHTH-STTTW-Buex (z)ns =ya
3o suorinios aTodouowtinu (pojeiedss pue pasodutaadns) 3oexs but
-uTWI939p Ul ssaixboad prdex ussq sey axayl aesak 3sed oyl ugl

uoT3ONpPOoIzUI °I

7861 TTady a meTA9Y TedTsAyd o3 pe33Tugng
Z86# dILD

*AHd-F6€L0T8 ASN 3IUERIH UOTIPPUNOJ DOUDTOS TRUOTIEN
oyl Aq peptaoad spuni ybnoayz 3zed ur pozxoddns ST IOM mﬂseﬁ

*690€£09d9L-Z00¥-dd 3IDOBIJUOD I9pun (JOd) ADYIANIT J0 INIWIIVLEAA °"S°0
oy3z Aq peprtaoad spuny ybnoayl 3aed ut poa3zxoddns ST qIoMm mﬂsa+

*suotjeaedss abael pue

ITews I03J PISTI sSBHTH oy3z Jo soox9z oYz o3ndwod am uorssaadxe STYI

,woxg -~soTodoucw 3Yy3j JO SUOTILDOT 9Y3l 39 OIF pPOUTISP oI YOTUyM

S20192 oM} S3IT HBUTIODUUOD STXe BY3z uo PISTF sBHTH oYyl I0F UOTS

-saxdx® TedT3}ATRUR 30BX® UR UTE3qOo oM ‘xefnoi3laed Ul °UOT3IONIAIS

-Uod (NWHQAVY) WYeN-UTUePW-UTYOITH-PTSIUTIA-YRATIV¥ 9Yy3 ur sarodoucu
sbOTH-STTIN-DbueXx (Z)NS po3leaedss ATTaieajrqae om3 Apnis oM

3oei3sqy

¥Sn 6£T1Z0 VW ‘sbpraqued
KboTouyosl JO 93INITISUI S3IIOSNYORSHER

' soTjewsylen Jo 3juswixedaq
pesexd 3 ‘W
*

sot1siyg 3o 3juswixedaq

soTnodobeueg °*H ‘umoag °'y¥ °S
+

uoT3ONIFSUOD NWHAV 9Y3l Ut
soT7odouon SbHTH-STTTW-DBbuex (z)nsS po3jeaedas om]




II. Statement of Problem

Let us define in four-dimensional Euclidean space nxw~x-xw~x%
the matrix valued fields ﬁut = v\thv"

A and m:c = 93 A

H piv T wcb

u t AR (w,v =1,2,3,4) . (2.1)
For SU(2) Yang-Mills gauge theory, wt (the gauge potentials) and

mtc (the gauge field strengths) are 2x2 antihermitian traceless
matrices. ’

The problem, simply stated, is to solve the self-duality
equations

Mtc m%mtcyowwa (2.2a)

for Pt subject to the following requirements:

1) In all gauges A are static (independent of x

u bv"

m»wt =0 (2.2b)
In this case wp is referred to as the Higgs field.
2) In some gauge vr are non-singular functions of
AxH.xN.xwv. (2.2c)

3) The gauge invariant scalar function

H

[-4rral)* . (2.2d)
has the following asymptotic form

2

n 2. %
—_— ~+xuv > (2.2e)

2
2r )

H+>c - + o as r = Axw+x
where c¢>0 1s an arbitrary constant and n is a posi-
tive integer called the topological charge which, in
appropriate units, is also the magnetic charge of

the solution.

Motivated by considerations from differential topology [12], one

can define the location of the monopoles as the zeroes of the

functior H. In particular, for n=2, the two separated monopole
solution will be defined to be the one where H has exactly two
distinct (simple) zeroes. The limit where the two distinct zer-
oes of H degenerate into one (double) zero corresponds to the axi-
symmetric configuration of two superimposed monopoles [1].

III. ADHMN Construction for n=2

Following ref. [9], the ADHMN construction for n=2 begins by
defining three real functions mw. MN and mu of a real variable z
satisfying the equations:

mmw mmw &mu
Iz T 5ty gp = f1f3 g = £if,. (3.1)

We then define the 4x4 matrices

\xunwxh anwxw 0 0 \ mw 0 0 mwlmJ
‘ . - s - £ 0 ]
:uuxw+pxu x3-ix, 0 0 - { 0 mu mw+:~ !
X= 7o 0 ®q-ix, xy-ix, [ "% 0 £ +f, -f o (3-2)
4 3 4 1 2 172 3 :
v O 0 xH+Mxm |xu|wxb4 .mw|mw 0 0 mw /

and consider the moHHotwbm linear matrix differential equation
(I=4x4 identity matrix):

H%MH+M+3.I\u 0 (3.3)

o<mﬂmm<aamﬁﬂwnw=ﬁmn<ww ~“2g<z<tz_. Equation (3.3) will have
four linearly independent (4x1 column vector) solutions w~ and we

require that only two of them be orthonormalizable in the sense
that
+Nm:+z
-mm Valgdz = 6 o o,8=1,2. (3.4)

Thus, egn. (3.3) must have two non-normalizable solutions, and
this can only happen if the matrix F diverges at Nuwum. The
ADHMN construction then states that the solution of our problen

(eqn. (2.2)) for n=2 is given by
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V. Discrete Symmetries of H

We begin by proving covariance of eqgn. (3.7) under space in-
version (parity operation P):

P: Nw = =%, xw = =Xy 0 X3 = -X5 . (5.1)
In the space inverted system egn. (3.7) will look like:
d v _ _ -
P: [ grozy * X -Flv( Xy1=Xy,"X3,2) = 0. (5.2)
From egn. (4.2) we have
muﬁnuv = |mwﬁnv. mHAnnu = mHANV. muﬁluv = mnnnv~ (5.3)
and if we define the following constant orthogonal matrix:
0100
D = 1000 ’
0001 (5.4)
0010/
then it is easy to show that
0 (20 = -F(-2) , 27 lxp = x . . (5.5)
From egn (3.7), (5.2) and (5.5) it follows that
P: c.ﬁle~|xm.|xu.Nv = G<Axw~xw.xw.|uv ’ (5.6)
and egqn. (3.8) implies
P: wwalxw.lxm.lxwv = |v»AxH.x-xuv (5.7)

where vm is some gauge transform of A, (see egn. (3.10)).

Squaring both sides of egqn. (5.7) and taking the trace, we obtain
the gauge invariant statement

mAuxH~|xN.|xuv = H(x),%,,x5) Am.mN

which is our first discrete symmetry of H.

Let us now consider rotations wp~ww.xu of 180° about the X0
Xy and X3 axes respectively:

. (-
wH. X3 3 X

N
1]
|

]
9
"

wmn xm = x = -x; xw = X5 (5.9)

-

2 X

Ryt x3 = x5 x] = X x5 = -X, .

If we define the following constant orthogonal matrices

/=10 0 o/ “100 o0\ 21 0 00

.. 0100 {010 0 {0 -1 00
aw-“...ooupo\.cw-oopo\.uu-cowox;w.::

\0 00 1/ 0 00 -1, 0 0 01

then it is easy to show that
Ry: <.AxH.|x-|xw.nv = athxH~xN.xw.Nv
u.bwﬁxu~|xw.|xuv = wuﬁxw~xw.xuv
Ry: <.A|xw~x-|xw~nv = QNQA%H~N~.xu.Nv (5.11)
nv>mﬁlxw.x-|xuv = whAxH~xN.xuv
Ry: c.alxw~|xm~xw.nv = uw<ﬁxu.xm.xu.uv

= A, (%=X, ,X,) = A (xy,%5,%5)

We thus arrive at the following discrete symmetries of H:

mAxH.xn.xuv = mauxw.-xw.xuv = mgxw.nxm.ungn mA|xH~xN.|xuvkm.wmv

Equations (5.8) and (5.12) prove that if H b :s exactly two
zeroes, then those zeroes must necessarily be on cne of the coor-

dinate axes AxH. X, or xuv and located symmetrically about
xHuxwuxwuo. If H has exactly one zero, then it must necessarily
be at xwuxunxwuo. These results were originally found in the

AW approach by O'Raifeartaigh and Rouhani [13].

VI. Exact Expression for mhxwuo~ Xys X3=0)

We will now compute the function H on the X, axis: X1=X5=0,

for, as it turns out, the zeroes of H are precisely on this axis.

In this section H and A, will stand for mAxHuo.xm~xuuov and

>Aﬁan°.xm.xwuov respectively. It will be useful to define a veri-
able u by

Uz%u-K =45 -K -K<u<o0 (6.1)

Zs o _
so n:mﬁlm dz+2k'/ du , etc.
s -K
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It is a fortunate fact that, with A defined by egns. (6.7)
and (6.10), all of the integrals in eqn. (6.4b) can be evaluated

exactly -- some of the details can be found in Appendix B. 1In
order to present the result we now define the function S(t) by
\ -
S(t) = ﬁmlﬁ“ = ﬁ:msmsi tanh[KZ (t)] . (6.11)
—l du meu..lx

The exact expression for vauHH is found to be

2k’ 2

das
-i[a = k'K + s - 2(B+1+k%)38; |
(B+1+k2-52) aB

aln (6.12)

HNXw:W the absolute value of eqn. (6.12) we obtain
maxwuo~xw~xuuov.

In terms of the parameterization (6.8), eqn. (6.12) be-
comes

- k'K + 2k’ [s - _snt__ds

-ifa el
nrmm=wn _ mwv cnt dnt dt

411 (6.13)

As we will show, it is sometimes useful to make the following
change of parameterization:

/2
t = t' + iK' where K's % dy (6.14)
1- w.mmwbww

o

Egn. (6.8) and (6.11) in terms of t' become

2
B=ak'?x2 - 1+%%) = -1+ ﬁ (6.15a)
sn t
1] 1, ]
s(t) = - ﬂn\samqnaﬁ. coth({k[z(t') + SEEARE )y, (6 15p)
and egn. (6.12) becomes
2

. _ 2k'sn“t’ snt' &5

leybuu.H = -k'K + a - MNMDNH.V [s + ont'dnt’ &= 1 . (6.16)

VII. Zeroes of H

We begin by evaluating H at the origin xwuxwuxuuo. In terms
of the parameterization (6.8), we see that xmno corresponds to
t=0. To evaluate egn. (6.13) in the limit t*>0, we need the fol-

lowing Taylor series expansions around t=0:

snt = t+... , S(t) = -t2(K-E)+... , ﬂnm&mmui.: s

/2 (7.1)
2

where E = % 1 -k mw:m% dy N
o

Substituting eqn. (7.1) into egn. (6.13) we -obtain

L
. _ - _ 2 -
|w~>hAxH = Xy = x4 oquH = MM_AH + k'“)K 2E] . (7.2)
Expanding eqn. (7.2) around §=0 we find
-3 = - - _om .2 4
Hﬁwnﬁxw =Xy = %y = ovHHH = Te §“+0(87) (7.3)

so that §=0 corresponds to the axisymmetric configuration of two
superimposed monopoles with H vanishing at only one point, namely
xwuxwuxuuo. For §=0 we can use the parameterization (6.15) to
evaluate mﬁano.xw~xwuov as follows. For §=k=0 the elliptic
functions become trigonometric functions:

For §=k=0: snt'=sint', cnt'=cost', dnt'=1, Z(t')=0, K=1/2 .(7.4)
Substituting eqn. (7.4) into egn. (6.16) we obtain

m : ™ ™ T
|.H+~00mrAMbvHmpsrawovlwonomvawovu
12 2

pl-p

o= /\»xw-p ,

-i[A, (x,=0,%,,%x,=0,6=0)]
4TS 1 +sinh? (Zp)1
2 (7.5)
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APPENDIX A: Normalization
From eqn. (3.1) it follows that

d
H QNHﬂaH +hwv » MN 3z uﬂam +f v ) mulmH.nwam Nv (A.1)
so that any equation of the form
99 = (e f, + c £, + cfl) (a.2)
az 151 2t2 T G3t3)9, :

where c;, c, and c3 are constants , can be integrated (within
a constant factor) to give

€1, 2 \C3
= (£, + muv (£, + £5) AmH + £, 0. (A.3)
Let us now consider eqn. (3.7) at the origin xHuxmuxuuo"
10 i o/ nmo+m 0 0 0 )
dafo1 3¢ -f +f 0 0 .
|dz} 0 0 &tmﬂ * ot 45,8, 0 [7=0- e
l 00 0 0 |mwlmmlmw _

Equation (A.4) has the following four linearly independent solu-
tions:

- 16 -
v /0N -
7 NH/, \m, Ui \m/ v \m/ (A.5)
V, = o\.v._\uu_,ow..m._\uu,mu\.fu,w\ :
0 /O /O\ /Sh
where
%2 = -k'sni cnd dnd | W= -w.mé%
dn~u (A.6)
ﬂwu _x+Snu wmww , mm - - Hu cnu wmm .
cn” (u) k' sn u
=2 =2 =2

Note that ASH.£-£u~s»vvo for -K<u<0. Since cn(-K)=sn(0)=0,
only QH and <N will be normalizable. Now on the X, axis the

normalizable solutions of eqn. (6.2) must become <H and <m as
xw+o. Thus, one can search for normalizable solutions of egn.

(6.2) in the form of eqn. (6.3).

APPENDIX B: Derivation of Eqn. (6.12)

In this appendix integrals will be indefinite. 1In order to
compute Hw»HHH defined by egn. (6.4b), one must know how to com-
pute the integrals

~ .2 2 2 - J2 2 2
I, = xN%ASH + _Sb_ )az , I, = xm‘ASH + _S»_ )2dz (B.1)
where
T an
= MWE| FE;,w, = Ba(f, + £)0 + & (B.2)
ix, 2

where A\ satisfies eqn. (6.7). If we substitute egn. (B.2) into
eqn. (B.l), repeatedly integrate by parts and use egqn. (6.7)
we find
= - 2 aA
HH = Amw + muv_wﬁmw + mu m~v> + >mn_ + I

3 J (B.3)

I, = (£ + £){2[4(f) + £, - £ ZN + > _ - yA2) 1, (8.4)

where



*(z1°9) -ubs ur

pajonb 3nsax ayz o3 Hurpee] paemrozjybieazs Aro3s1dwood ST ‘snoTp
-23 ybnoy3 ‘YSTYM ‘M-=n pue Q=n SITWTT oy3 3e Cr pue LT sjenyess
03 sutewax Afuo 3T .NH pue AH pPa3ndwod AT730®Xs SNU3l aaey oM

(€T°8) mc\mv mvmv~
€1°d vo \yp |<'N0<%HW@N<%

:Teabsjut paxrssp 9yl
ute3qo o3 (z1-d) ‘ubs Jo sOPTS yzoq U0 0«3 ITUTT oy3 93je3 mou apm

[ mp np 1,
etra) - MAMMﬂmﬂm +d)y - AM!HIm%ﬂmﬁmv<w I =re@EVEe + mv<%

-~ 4

saATH burjeabsjzuTr usyz pue burjoeil
-qns ‘(g9)y &9 (q11°€9) -ubs pue (3+d)y Aq (e11-°d) °ubs BburATdT3Tnm

np

. . = el

(a1T°9) (3 + @) VIR Uz + 3 + 8] = 3 VP
=P

(e11-9) (@)Vin,us sz + €] = (@v,p

:suotjenbe HutmolToF oy3z AFsties TITM (3+9)V
pue (d)V Usyl °dg JO UOTI3OoUNy ® S | ISPTSUOD pue (L°9) -uba
ut I93swered 9913 ® se g paebax am mH 93enTeas 03 I9pIO ul

. . -
(ot-9) mvm<hnwx + T + mvﬂ =1
aI9yM
np\ ~ np
q) S =) _ Sy — e
(6-9) "I + N<ﬁwmnmnx~ + mw + hm<v\ w (I + ng) 1 7BV T =1
ute3qo

03 (8°g) pue (L°g) °subs asn pue s3jaed Aq vH 93ex693UT MOU ued °OM

n
o,
VP

r 1 Amvvq_
(874) = 0P oviBpusgieE] + ¢ \VP “

utejqo oM ‘sjzaed
Aq @3eabajur pue V Aq (L°9) -ubs jo sopTs yzoq Ardratow om II

/
(L-a) - _ vinus.siz + g + e N S A np nuUp nuo nus
NN -C T J N/<© R T ~ =P =t 2Pl N<
ap\
ute3jqo o3 sjaed Aq sjeabsjur pue wm

Aq (L°9) -ubs Jo sspTs yzoq ATdriTnu =am mH @3enTeA® 03 I9pIo ul

. mcummammx~+ﬁmx+av-uN<ﬁﬁwlmc nup nuo m:mﬁx+mmvm<%pm-u
(9°8) {. . i L ! y
zp ‘i C3z-F3413 4 muHM|Amu+ou|HmvNu.nvAHu+mqu<—x|uvH
! ‘ ;
(¢*€)‘np nup nuo m=m~<_mww-umummmﬁu-Amu+Nu|Huvmu_ﬁau+mmvm<ﬁw|umu

4

|FH|



