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I. Introduction

In the last few months there has been rapid progress in determining
exact multimonopole solutions of the Yang-Mills-Higgs theory in the limit
ishing Higgs potential. Ward's two-monopole solution [1] triggered
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the search for more explicit general amalytic results. This search culm-

S.A. Brown inated in the construction of superimposed axisymmetric multimonopoles

Department of Physics of arbitrary nrmnwm [2] (later reproduced by different and independent
M.K. Prasad methods by various authors) and in the proof that separated multimonopole

Department of Mathematics i
.w R - : - solutions can be actually constructed (at least in principle) and possess
. Rossi ; j
Center for Theoretical Physics
- e ted ber of degrees of freedom [3].
Laboratory of Nuclear Science and Department of Physics the wxvmn ed numbe gree (3]
Massachusetts Institute of Technology In thi to di ts of this probl

Cambridge, Massachusetts 02139 n s paper we want to discuss a-number of aspects o problem

that have emerged by careful consideration of the previous results, with

the aim of achieving a better understanding of the methods involved and
Abstract

their generality. We have specifically addressed two different Amun
We present a class of real solutions that do not fit into the recent .

analysis of the general n-monopole solution. We also present some somevwhat orthogonal) questioms:
perturbative results on a one-parameter family of separated monopoles -
lying on a plane. a) Is the space of real static solutions completely described by

‘v% the formalism used in ref. [3}? (A brief introduction to
this formalism is nolnmﬁpmn in Appendix A which mwwm establishes
our notational conventipns.)

+ b) What do the known separated solutions look like, at.least for
On leave of absence from the Scuola Normale Superiore, Pisa, Italy

small values of the parameters and in a region where a Taylor
* This work is supported in part through funds provided by the National

Science Foundation grant NSF 7807450-PHY and by the U.S. Department of

series expansion of the solutions is reliable?
Energy (DOE) under contract DE-AC02-76ER03069.

Our answer to the first question is that it is possible to identify at
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May, 1981 least oné new class of real static solutions, possessing axial symmetry,
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II. Real axi-symmetric solutions

In this section we want to analyze the reality condition and show
that a class of real solutions may be constructed, such that it cannot

be described in the framework presented by Corrigan and Goddard [3].

The request of axial symmetry is easily implemented by the condi-

tion that
A, (x) = mu.xb 0 (s,x,) . (2.1)
2 L7230 *

This condition in turn implies that

8
-2 wqHw
QW;,0,,8) = T8, 2 = e 1 2Fw) (2.2)
1’72 I3
==
up to equivalence transformations. It is easy to identify the most

general generating function { that is consistent with Eq. (2.2) and

with reality within Corrigan-Goddard's scheme:

witly P4 (P o
e ;s P (w)= n (w-q,) (2.3)
2P, (W) n N

o

wlrere q, are parameters, independent of %. Eq. (2.3) in turn is exactly
the generating function for general static and axisymmetric self-dual

gauge fields that was derived in ref. [2].

We want to analyze the properties of this class of solutions. Let

us first of all notice that

m M B oo Where B, = H: 7 (2.4)
: k=1 wtwn—n %

- 5-
such that
BT 8 pcc. (2.5)
where
A
(k) IlEl,. ;14
D N.:H* 2(w- aw z? (2.6)

and the contour integral may be explicitly evaluated to give:

N - - IH -
NONNE A k X379 T k xu 4t VJ LN c i
)

Nn s Nn 4
nx ..Mn -q 2.7)
ix -126 [ek X3 Td o'k qu T2 T e R o
Te te T ¢ ) |« 5 ),
k
X3 Ty
where the + signs correspond to the regions where mw 1, respectively.

It is apparent that DM_O is in general discontinuous and the only way

to make it continuous is the request that F(w) be an entire function,

such that -
9 B q -q
k n k k n k
e + (-1 - (-
Amvlmlluo. e HNC e " l.1 (2.8)
In general, however, DME is continuous on the X3 axis.
ix, &3+ (- ne . ~*3
= = 4 & Z
i Qs=0) = e 2 (x ..nwv (2.9)
) _ 1% 3+ D" (x)
>o 2(x ...,:a >p = 0. (2.10)

The norm of the Higgs field on the xw axis is easily evaluated to be

TC: H . ..
Q..m:#xv l , (2.11)
3 M %579, .

and by dropping exponential terms one also ownmu.bm

h=1-J+ Em-J-ﬂf. (2.12)
. k
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as was first realized by Narain [7], Eq. (2.20) again defines real solu-
tions, whose reality is proven by explicitly finding the gauge trans-

formation that removes all the imaginary components.

We have proven the following fundamental property (see Appendix B).

- 2ix, TIm
nimxntm _ |N~= 2 e 4

=2

m“nsxnla (2.24)
2om" 2
0x0
where mw|n = 1 by convention. The special case for m = 1 of the ident-
ity Eq. (2.24) is the sufficient condition for reality of these solu-

tions, as shown in ref. [8].

By performing a formal summation of the series

Q== AN .25)

we have managed to obtain a representation for the generating function

of these solutions:

b.anv . mEH+€~ m wr §(0- nrv - m€~+€~ aAmunEvv. (2.26)
k=1

However Eq. (2.26), while being a compact and especially useful way of

representing these solutions doesn't easily fit into the general

transition-matrix description of self-dual gauge fields where Q is

assumed to be an mumwﬁnwn muannHOl in a proper sense (and moreover

for reguiarity we expect it to be an entire function) and not a dis--

tribution. In turn we could not find any equivalence transformation

consistent with Corrigan-Goddard's general scheme and turning s.ﬁ=v

into a more conventional object.

-9 -

Needless to say, the special choice of parameters making the
solutions regular:
=@l K=

9 Loeown (2.21)

also implies >w = Dp _w_ <n and the mncw<mwm:nm (in a deeper sense

than we now understand) of the corresponding m.Abv and bAuv.
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IV. Multimonopoles close together on a plane

In this section we study multimonopole solutions that are situated
close together on a plane. That the monopoles are actually separated
is verified by ooavcnwﬂw the zeros of the Higgs field which can be
interpreted physically as the "location" of the monopoles in space.
This is to be contrasted with the axially symmetric multimopopoles [1,2]
which represent superimposed monopoles with the rwmmm field vanishing

at only one point, the origin X=X, = xw

The separated n-monopole solution, to be discussed below, depends
continuously on a single real parameter d such that as d -~ 0 we regain
the axially symmetric n-monopole moHanor [2). For d # O the regularity
of the solution can be insured provided d is sufficiently small, because

the d = 0 solution is known to be regular and by continuity this will

be true for d close to zero.

The d = 0 axially symmetric nuBOlovowm solution Higgs field has an
n-th order zero at the origin. For sufficiently small d # 0 we find
that the Higgs field acquires n simple zeros at n distinct points in
space, close to the origin msm on a plane [note that we always use
dimensionless space coordinates where length scales are measured in
units of (gauge nocmwunw constant x vacuum expectation value of Higgs
mwmwavnw_. We will present mwiwnwn perturbative results for the
zeros of the Higgs field to lowest order in d for n = 3, 4. This
perturbative calculation, nropmv conceptually trivial, is in practice
extremely cumbersome and had to be done with the help of the symbol

manipulating computer program MACSYMA.

- 13 -

Motivated by Ward's 2-monopole solution [4]-we take the transition

matrix to be equivalent to:

£ n f
e +(-1) e _qyn ,n -f
— -1)" ¢ e
G(w,z) = : . (4.1a)
nus mum K mwm
2T -1, +1/2
- -1 1+(d/2)(z-¢ :
EEufe, e =gy r Jﬂmn&nawu_‘ W (4.10)
K= 2 1 W-cz), 2. = in[L) -k (4.1c)
I ! z)s 2 & . -1 .

(-1t 7 k=1

Note that' as d > 0, ¢ +1 and we regain the axially symmetrie n-monopole
solution [2]. With respect to the Corrigan-Goddard constraint equations
[3], Eq. (4.1) is the only solution we have been able to construct ex-

plicitly; in particular, (4.1) is the most general solution with f de-

pending linearly on w.

It is easy to see that Eq. (4.1) satisfies Ward's reality require-
ments (A.8d, e), whereas to check that it also satisfies (A.8a, b, c) we
proceed as follows. Considered as a function of the complex parameter Z

1/e is analytic except for branch points at g = 0, o, mnmlww Aw+mlmvw\~_

Therefore 1/e is analyti¢ within an annular region, which contains the

circle _m_ = 1, so that it can be expanded in a Laurent series:
+ - o+ _ 3 tn
l/le = 1+g -g, g muM fum ) (4.2a)
n=1l - S -
2n 2 _ _
a, = [ | +idstny)™V2 gt L [T M4 14 s1ny) L2
“in 2m o 2m Q
(4.2b)

We can now define the variables:

>

dax.
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Appendix A. Multimonopole Formalism

Let us define in four dimensional Euclidean space Axw.xnku‘xbv
the SU(2) gauge potentials >” when a = 1,2,3 and p = 1,2,3,4. The

gauge field strength is defined by:

a _ a _ a abe,b,c . A.1)
m:c H w:)\ w<>t + € >c>< . (

Multimonopole solutions with magnetic charge n = 1,2,3,... may be found
within the framework described in ref. [8]. This means that we want to

solve the self-duality equations:

-

a .= a ,. A.2)
m.tc 2 mccoo m.oo (

(our convention is mwnub = +1) with the requirement that >w be static
(independent of xbv. real and regular. We also require that

a,a _m -2 =2, .2, 21/2 a
>b>\. > 1 - +0(r ") as r = ?H + Xy + xwv + © (note that >b
is just the Higgs field). Provided these conditions are met the

mow:nwoamstwnonummuo:mnomwnwnmmnmnm%ml H\meu F2 mux ‘uﬁ:..

HV BV
magnetic monopole ‘solutions with magnetic charge n.

Yang [11] has shown that by introducing complex coordinates

\MMnx + ix

/2p = xu.... »xnv \m.m = xw|»x~ V/2q = x, - ix 3 4 (A.3)

3 4

and by choosing a certain gauge, the R gauge, any solution of Eq. (A.2)

) a
can be brought to the following form: QJ._ = WIw >mvu

M
( Yy 0 Ay u
24 2¢ $
A = A = (A.4)
Py e: |0.H
T 0 75

where u = p,q and e.o,m satisfy the following coupled equations:
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. X 2 — —

Avnwm + mnqmv fnd+ ¢ Gvom + oavmv 0 (A.5a)
-2 -2 : -2— - .

(¢ ovvﬂ + (¢ onvp Y 4 owvv + (¢ nm.vp 0. (A.5b)

On the other hand, Ward [12], using techniques of algebraic geometry
and twistor theory, showed that all information of self-dual gauge
fields can be "coded" into the structure of complex analytic vector
bundles that are specified by a transition matrix G. In general there
is no known procedure for explicitly extracting >t from G. However,
Atiyah and Ward [13] argued that if the transition matrix G is of the

following form:

2 5® (Wy,9,8)
0 ™

> (A.6)

mﬁﬂv AEH.ENnﬂv =

where \MEw = AM - pt), \MEN = |E+Mn| ) and T is a complex parameter,
then one can systematically find >t. Corrigan et al. [14], working in
Yang's R gauge, started from Eq. (A.6) and found the following solutions

of Eq. (A.5) for any n = 1,2,3,...

~nxn ~nxn . : ~mXn .
e m.—nln ~ n W_AI&IH ~ nt+l —wWIP.I_.
ne = S-Dxn-1 P = -1 ~n-1xn-1 ﬂo = (-1) Py pvreo § (A.73)
Hes iy iy
where - -
>E .o .>B.ru+p .
~ixy .. .
mﬂln.fs . . (A.7b)
-1 nm
R S - {CV P % dg
b = 71 TN (w)a0952) &7 2 (a.7¢).
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n+m
1 (ntm) X, 2 (n+m) <o
n+m - n
B Y-e - I Dotie,..d c ) (atm) _ _L(otm)x, ¢ 2
fem  (4.€,...1 € y 2318 em-22 w20 By =e ) I I
11 ntm-25 ntm-2% 2'=0 (i.€,...1i € ) G i )
u—o* ur.. (B.7) 11 n-m-22' n-m-22"' 17" +m
3 (1) 2 m) AtH. . .tp- )
where - ' gt
ﬂwalvp | - T PWQ +m) (a-27) Mn..,a.g.v
o = i€ ...1 €
(n+m) - nW (g -, vN PP =20 “mim-20
cp:. oot e ) t=ls=1 Jt
20 ndm=22L (8.12)
¥ A=+sv
Auw...umv AH €10 nm-26Fn4m-20 iy Huw.tw...un‘w 3g.-1 1}. (B.8) However by repeating the previous arguments we could have obtained
It e
By trivially generalizing a formula by N arain [7] we can now show that: 1(a-m)x nla
: (n-m) %,
— e M M M
(or+m) =
D = 220 (L€)oot o opfnpe2e) Gypoe3p)
S TLTL WYL ANPTIE FELEE P (Mo M)
=2
L [B wm-22 2 (n4m-2) (n+1)2 % (a-m-2
T @)t ) -5 e T | 77 [ &) VUME-Ns
= = T e e ’
¢ it - (a28) TN (g -q, % PP LI SIPYLIY).
D = ae t=1 g=1 -t 's
{18y L ham 205 im-21” (8.13)
Let's now use the property that defines real solutions: and by observing that 3¢ and ug enter in a symmetric way in Egqs. (B.12)
.MN Anwv=+w : and (B.13) and can therefore be interchanged, we recognize by direct
= w-HOv
k r.*wAnr.|nwv~ comparison of the last two equations that
‘e : 2n-2 2ix, (™
and define the complementary roots atH ntnn such that tw* Hw (wm) _ | _2 n: Nm 4 (n-m) 0
o He o — _ H = 1. (B.14)
22" L

tW*.uw.' By substituting Eq. (B.10) into Eq. (B.9) it is immediate to

obtain
ntm
< ==
e - e : |
o e L 20 S neme2e)
) (- =D ;2 HotneD) (aim-20)
2 %-n 2 H-d_ Plie, .t e ¥
(3g---3p) | T T (a4 = ) PP w22 ndm-24
' t=1 s=1 (B.11)

.- Mg o)

Let's now perform the change of variables £' = f-m in Eq. (B.11), thus

obtaining
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