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Abstract
In this lecture we discuss the basic ingredients for gauge invariant quantum
field theories. We give an introduction to the elements of quantum field theory,
to the construction of the basic Lagrangian for a general gauge theory, and pro-
ceed with the formulation of QCD and the electroweak Standard Model with
electroweak symmetry breaking via the Higgs mechanism. Thephenomenol-
ogy ofW andZ bosons is discussed and implications for the Higgs boson are
derived from comparison with experimental precision data.

1 Introduction

Relativistic quantum field theory is the adequate theoretical framework to formulate the commonly ac-
cepted theory of the fundamental interactions, the Standard Model of the strong and the electroweak
interactions [1–4]. The Standard Model summarizes our present knowledge of the basic constituents of
matter and their interactions. It is a gauge invariant quantum field theory based on the symmetry group
SU(3)×SU(2)×U(1), with the colour groupSU(3) for the strong interaction and withSU(2)×U(1)
for the electroweak interaction spontaneously broken by the Higgs mechanism. The renormalizability
of this class of theories allows us to make precise predictions for measurable quantities also in higher
orders of the perturbative expansion, in terms of a few inputparameters. The higher-order terms contain
the self-coupling of the vector bosons as well as their interactions with the Higgs field and the top quark,
even for processes at lower energies involving only light fermions. Assuming the validity of the Stan-
dard Model, the presence of the top quark and the Higgs boson in the loop contributions to electroweak
observables allows us to obtain indirect significant boundson their masses from precision measurements
of these observables. The only unknown quantity at present is the Higgs boson. Its mass is getting more
and more constrained by a comparison of the Standard Model predictions with the experimental data,
preparing the ground for a crucial test at the LHC.

In these lectures we give an introduction to the basic elements of a relativistic quantum field theory
in the Lagrangian formulation, involving scalar, vector, and fermion fields, and indicate how to calculate
amplitudes for physical processes in perturbation theory with the help of Feynman graphs. The principle
of local gauge invariance is explained in terms of the well-known example of Quantum Electrodynamics
(QED) with an Abelian gauge symmetry and is then generalizedto the case of non-Abelian gauge in-
variance and applied to the formulation of Quantum Chromodynamics (QCD). In the formulation of the
electroweak theory the gauge principle has to be supplemented by the concept of spontaneous symmetry
breaking with the help of the Higgs field and by Yukawa interactions, for embedding massive particles
in a gauge-invariant way. Excellent textbooks [5] are available for further reading.

The presentation of the structure of the electroweak Standard Model is followed by a discussion
of the phenomenology ofW andZ bosons and of tests of the electroweak theory at present and future
colliders. The accurate predictions for the vector boson masses, cross sections, and theZ resonance
observables like the width of theZ resonance, partial widths, effective neutral current coupling constants
and mixing angles at theZ peak, can be compared with precise experimental data, with relevant impli-
cations for the empirically still unexplored Higgs sector.The present situation of the Higgs sector and
expectations for the upcoming experiments are summarized in the final section, together with an outlook
on supersymmetric Higgs bosons.
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2 Elements of quantum field theory

2.1 Notations and conventions

Natural units (formally~ = c = 1) are used everywhere. Lorentz indices are always denoted bygreek
characters,µ, ν, .. = 0, 1, 2, 3. Four-vectors for space–time coordinates and particle momenta have the
following contravariant components,

x = (xµ) = (x0, ~x), x0 = t ,

p = (pµ) = (p0, ~p ), p0 = E =
√
~p 2 +m2 .

Covariant 4-vector components are related to the contravariant components according to

aµ = gµν a
ν ,

with the metric tensor

(gµν) =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1




yielding the 4-dimensional squares resp. scalar products,

a2 = gµν a
µaν = aµa

µ, a · b = aµb
µ = a0b0 − ~a ·~b .

Covariant and contravariant components of the derivativesare used in the following notation,

∂µ =
∂

∂xµ
= gµν ∂

ν , ∂ν =
∂

∂xν
[ ∂0 = ∂0, ∂k = −∂k ] ,

� = ∂µ∂
µ =

∂2

∂t2
−∆ .

The quantum mechanical states of spin-s particles with momentump = (p0, ~p) and helicityσ =
−s,−s + 1, · · · ,+s are denoted in the conventional way by Dirac kets|p σ>. They are normalized
according to the relativistically invariant convention

<pσ | p′σ′> = 2p0 δ3(~p − ~p ′) δσσ′ . (1)

A special state, the zero-particle state or the vacuum, respectively, is denoted by|0>. It is normalized to
unity,

<0 | 0> = 1 . (2)

2.2 Lagrangian formalism

The Lagrangian formalism of quantum field theory allows us toaccommodate the following basic fea-
tures:

– space–time symmetry in terms of Lorentz invariance, as well as internal symmetries like gauge
symmetries,

– causality,

– local interactions.

Particles are described by fields that are operators on the quantum mechanical Hilbert space of the particle
states, acting as creation and annihilation operators for particles and antiparticles. In the Standard Model,
the following classes of particles appear, each of them described by a specific type of fields:
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– spin-0 particles, described by scalar fieldsφ(x),

– spin-1 particles, described by vector fieldsAµ(x),

– spin-1/2 fermions, described by spinor fieldsψ(x).

The dynamics of the physical system involving a set of fields,denoted here by a generic field variableφ,
is determined by the Lorentz-invariant LagrangianL, which yields the action

S[φ] =

∫
d4xL

(
φ(x)

)
, (3)

from which the equations of motions follow as Euler–Lagrange equations from Hamilton’s principle,

δS = S[φ+ δφ]− S[φ] = 0 . (4)

In particle mechanics withn generalized coordinatesqi and velocitieṡqi, the LagrangianL(q1, . . . q̇1, . . . )
yields the equations of motion (i = 1, . . . n)

d

dt

∂L

∂q̇i
− ∂L

∂qi
= 0 . (5)

Proceeding to field theory, one has to perform the replacement

qi → φ(x) , q̇i → ∂µφ(x) , L(q1, . . . qn, q̇1, . . . q̇n) → L(φ(x), ∂µφ(x)) (6)

and obtains the equations of motion as field equations,

∂µ
∂L

∂(∂µφ)
− ∂L
∂φ

= 0 , (7)

for each field (or field component), which is indicated here bythe generic variableφ.

2.3 Free quantum fields

2.3.1 Scalar fields

The Lagrangian for a free real scalar field, describing neutral spinless particles with massm,

L =
1

2
(∂µφ)

2 − m2

2
φ2 (8)

yields the field equation according to (7), known as theKlein–Gordon equation,

(� +m2)φ = 0 . (9)

The solution can be expanded in terms of the complete set of plane wavese±ikx,

φ(x) =
1

(2π)3/2

∫
d3k

2k0
[a(k) e−ikx + a†(k) eikx ] (10)

with k0 =

√
~k
2
+m2. Constituting a quantum field, the coefficientsa and the Hermitian adjointa† are

operators that annihilate and create one-particle states (see Appendix A),

a†(k) |0> = |k>
a(k) |k′> = 2k0 δ3(~k − ~k ′) |0> . (11)
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The wave functions of one-particle states are given by the amplitudes of the field operator between the
one-particle states and the vacuum,

<0|φ(x)|k > =
1

(2π)3/2
e−ikx , <k|φ(x)|0 >= 1

(2π)3/2
eikx , (12)

distinguishing between states of incoming (first) and outgoing (second) particles.

A complex scalar fieldφ† 6= φ has two degrees of freedom. It describes spinless particleswhich
carry a charge±1 and can be interpreted as particles and antiparticles. The Lagrangian

L = (∂µφ)
†(∂µφ)−m2 φ†φ (13)

yields the field equation (9) as above, but in the Fourier expansion one has to distinguish between the an-
nihilation and creation operatorsa, a† for particle states|+, k> andb, b† for antiparticle states|−, k>,

φ(x) =
1

(2π)3/2

∫
d3k

2k0
[a(k) e−ikx + b†(k) eikx ] (14)

where

a†(k) |0>= |+, k> , b†(k) |0>= |−, k>
a(k) |+, k′>= 2k0 δ3(~k − ~k ′) |0> , b(k) |−, k′>= 2k0 δ3(~k − ~k ′) |0> .

(15)

Whereas wave functions describe free particles without space–time limitations, the important con-
cept of thepropagatoror Green functionis required whenever the propagation from a point-like source
at a given space–time point is considered. Such a Green functionD(x− y) is a solution of the inhomo-
geneous field equation

(� +m2)D(x− y) = −δ4(x− y) . (16)

The solution can easily be determined by a Fourier transformation

D(x− y) =

∫
d4k

(2π)4
D(k) e−ik(x−y) (17)

yielding Eq. (16) in momentum space,

(k2 −m2)D(k) = 1 . (18)

The solution

iD(k) =
i

k2 −m2 + iǫ
(19)

is thecausal Green functionor theFeynman propagatorof the scalar field. The overall factori is by
convention; the term+iǫ in the denominator with an infinitesimalǫ > 0 is a prescription of how to treat
the pole in the integral (17); it corresponds to the special boundary condition of causality forD(x − y)
in Minkowski space, which means (see Appendix B)

– propagation of a particle fromy to x if x0 > y0,

– propagation of an antiparticle fromx to y if y0 > x0.

In a Feynman diagram, the propagator occurs as an internal line, whereas wave functions (resp. their
Fourier transformed in momentum space) are always associated with external lines representing the phys-
ical particles in a given process. We introduce the following graphical symbol for the scalar propagator;
the momentumk always points into the direction of the arrow which denotes the flow of the charge of
theparticle (for neutral fields the arrrow is irrelevant).

iD(k) •- - ->- - -•
k
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2.3.2 Vector fields

A vector fieldAµ(x) describes particles with spin 1. Their states|kλ> can be classified by momentumk
and helicityλ = ±1, 0 for massive particles, andλ = ±1 for particles with mass zero.

Massive case.For a given particle massm, the Lagrangian for the free system (‘massive photon’),

L = −1

4
FµνF

µν − m2

2
AµA

µ with Fµν = ∂µAν − ∂νAµ , (20)

yields from (7) (withφ→ Aν) the field equation, known as theProca equation,

[
(�+m2) gµν − ∂µ∂ν

]
Aν = 0 . (21)

Special solutions are plane waves
ǫ(λ)µ e±ikx (22)

with three linearly independent polarization vectorsǫ(λ)µ , which are transverse and can be chosen as
orthogonal and normalized,

ǫ(λ) · k = 0 , ǫ(λ)∗ · ǫ(λ′) = −δλλ′ , (23)

and which fulfil the polarization sum

3∑

λ=1

ǫ(λ)∗µ ǫ(λ)ν = −gµν +
kµkν
m2

. (24)

The solutions (22) form a complete set, and the fieldAµ can be written as a Fourier expansion,

Aµ(x) =
1

(2π)3/2

∑

λ

∫
d3k

2k0
[
aλ(k) ǫ

(λ)
µ (k) e−ikx + a†λ(k) ǫ

(λ)
µ (k)∗ eikx

]
. (25)

The coefficients are the annihilation and creation operators of particle states,

a†λ(k) |0> = |kλ>
aλ(k) |k′λ′> = 2k0 δ3(~k − ~k ′) δλλ′ |0> . (26)

As in the scalar case, the wave functions of one-particle states are given by the amplitudes of the field
operator between the one-particle states and the vacuum,

<0 |Aµ(x)| kλ > =
1

(2π)3/2
ǫ(λ)µ (k) e−ikx , <kλ |Aµ(x)| 0 >=

1

(2π)3/2
ǫ(λ)µ (k)∗ eikx , (27)

corresponding to incoming and outgoing states. In momentumspace, the wave functions are just the
polarization vectors.

The Feynman propagatorof the vector field,Dµν(x − y), is the solution of the inhomogeneous
field equation with point-like source,

[
(�+m2) gµρ − ∂µ∂ρ

]
Dρν(x− y) = gµν δ

4(x− y) . (28)

By Fourier transformation,

Dρν(x− y) =

∫
d4k

(2π)4
Dρν(k) e

−ik(x−y) , (29)
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one obtains an algebraic equation forDρν(k),
[
(−k2 +m2) gµρ + kµkρ

]
Dρν(k) = gµν . (30)

The solution is the Feynman propagator of a massive vector field,

iDρν(k) =
i

k2 −m2 + iǫ

(
−gνρ +

kνkρ
m2

)
. (31)

As for the scalar propagator in (19), the factori is by convention, and the+iǫ term in the denominator
corresponds to the causal boundary condition.

Massless case.For particles withm = 0, like photons, the fieldAµ corresponds to the 4-potential and
the Lagrangian is that of the free electromagnetic field,

L = −1

4
FµνF

µν with Fµν = ∂µAν − ∂νAµ . (32)

The field equations are Maxwell’s equations for the vector potential,
(
� gµν − ∂µ∂ν

)
Aν = 0 . (33)

There are two physical polarization vectorsǫ(1,2)µ for the transverse polarization, with~ǫ (1,2) ·~k = 0. The
third solution of (33) with a longitudinal polarization vector ǫµ ∼ kµ is unphysical; it can be removed by
a gauge transformation

A′
µ(x) = Aµ(x) + ∂µχ(x) ≡ 0 with χ(x) = ±ie±ikx . (34)

The equation for the propagator of the massless vector field follows from (30) settingm = 0:
(
− k2 gµρ + kµkρ

)
Dρν(k) ≡ KµρDρν(k) = gµν . (35)

This equation, however, has no solution sinceKµρkρ = 0, i.e.,kρ is an eigenvector ofKµρ with eigen-
value0, which means that the determinant ofKµρ vanishes. It is therefore not straightforward to define
a propagator for a massless vector field. Since the basic reason is gauge invariance, the common strategy
to overcome this problem is to break the gauge symmetry by adding to L a gauge-fixing term (which
in classical Maxwell theory corresponds to choosing a specific gauge). Such a term, widely used for
practical calculations and corresponding to the classicalLorentz gauge, has the following form,

Lfix = − 1

2ξ

(
∂µA

µ
)2
, (36)

whereξ is an arbitrary real parameter, called a gauge-fixing parameter (the choiceξ = 1 defines the
Feynman gauge). The accordingly extended Lagrangian

L = −1

4
FµνF

µν − 1

2ξ

(
∂µA

µ
)2

(37)

modifies the operatorKµρ in momentum space as follows,

Kµρ → Kµρ − 1

ξ
kµkρ , (38)

and (35) is replaced by the equation,

[
− k2 gµρ +

(
1− 1

ξ

)
kµkρ

]
Dρν(k) = gµν , (39)
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which now has a solution for the massless propagator, namely

iDρν(k) =
i

k2 + iǫ

[
−gνρ + (1− ξ)

kνkρ
k2

]
. (40)

It becomes particularly simple in the Feynman gauge forξ = 1. Note that addingLfix to the Lagrangian
does not have a physical impact since the induced extra termsin the propagator are∼ kν and vanish in
amplitudes for physical processes: photons always couple to the electromagnetic currentjν , which is a
conserved current with∂νjν , or equivalentlykνjν = 0 in momentum space.

The graphical symbol for the vector-field propagator (for both massive and massless) is a wavy
line which carries the momentumk and two Lorentz indices:

iDρν(k)
ρ k ν

2.3.3 Dirac fields

Spin-12 particles, like electrons and positrons, with massm are desribed by 4-component spinor fields,

ψ(x) =




ψ1(x)
ψ2(x)
ψ3(x)
ψ4(x)


 . (41)

The dynamics of the free field is contained in the Dirac Lagrangian,

L = ψ (iγµ∂µ −m)ψ , (42)

involving the adjoint spinor

ψ = ψ† γ0 = (ψ∗
1 , ψ

∗
2 ,−ψ∗

3 ,−ψ∗
4) . (43)

The Dirac matricesγµ (µ = 0, 1, 2, 3) are4× 4 matrices which can be written with the help of the Pauli
matricesσ1,2,3 in the following way (the Dirac representation),

γ0 =

(
1 0
0 −1

)
, γk =

(
0 σk

−σk 0

)
. (44)

They fulfil the anti-commutator relations

{γµ, γν} ≡ γµγν + γνγµ = 2gµν . (45)

The Lagrangian (42) yields theDirac equationas the equation of motion,

(iγµ∂µ −m)ψ = 0 . (46)

There are two types of solutions, corresponding to particleand anti-particle wave functions,

u(p) e−ipx and v(p) eipx (47)

where the spinorsu andv fulfil the algebraic equations

(
6p−m)u(p) = 0 ,

(
6p+m)v(p) = 0 . (48)
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Thereby, the notation6 a = γµaµ applying to any 4-vectoraµ has been used. The solutions (48) corre-
spond to momentum eigenstates with eigenvaluepµ. They can further be classified as helicity states with
helicity σ = ±1/2 by the requirement

1

2

(
~Σ · ~n

)
uσ(p) = σ uσ(p) , −1

2

(
~Σ · ~n

)
vσ(p) = σ vσ(p) (49)

with
~Σ =

(
~σ 0
0 ~σ

)
and ~n =

~p

|~p| . (50)

The normalization of the spinors is given by

uσ uσ′ = 2mδσσ′ , vσ vσ′ = −2mδσσ′ . (51)

Other useful relations are
∑

σ

uσ uσ = 6p+m,
∑

σ

vσ vσ = 6p−m. (52)

Having determined a complete set of solutions of the Dirac equation (46), we can now write the Dirac
quantum field as an expansion in terms of these solutions,

ψ(x) =
1

(2π)3/2

∑

σ

∫
d3k

2k0
[
cσ(k)uσ(k) e

−ikx + d †
σ(k) vσ(k) e

ikx
]
, (53)

where the coefficients are annihilation operatorscσ for particles anddσ for anti-particles, as well as
creation operatorsc†σ andd†σ for particles and antiparticles, respectively. In QED, electronse− are by
convention the particles and positrons the antiparticles.Choosing thee± field as a concrete example, we
thus have

c†σ(k) |0>= |e−, kσ> , d †
σ(k) |0>= |e+, kσ>

cσ(k) |e−, k′σ′>= 2k0 δ3(~k − ~k ′)δσσ′ |0> , dσ(k) |e+, kσ′>= 2k0 δ3(~k − ~k ′) δσσ′ |0> .
(54)

There are four types of wave functions, for incoming and outgoing particles and antiparticles,

<0|ψ(x)|e−, kσ > =
1

(2π)3/2
uσ(k) e

−ikx , <e+, kσ|ψ(x)|0 >= 1

(2π)3/2
vσ(k) e

ikx ,

<0|ψ(x)|e+, kσ > =
1

(2π)3/2
vσ(k) e

−ikx , <e−, kσ|ψ(x)|0 >= 1

(2π)3/2
uσ(k) e

ikx . (55)

In momentum space, dropping the(2π)−3/2 factors and the helicity indices, we describe the situations
as follows using a graphical notation (k always denotes the physical momentum flowing towards an
interaction point for incoming and off an interaction pointfor outgoing states),

incoming particle u(k) —>—•
incoming antiparticle v(k) —<—•
outgoing antiparticle v(k) •—<—
outgoing particle u(k) •—>—

The arrows indicate the flow of theparticle charge. Note that for antiparticles the direction of the mo-
mentum is opposite to the arrow at the line.

We still have to determine the propagator of the Dirac field, which is the solution of the inhomo-
geneous Dirac equation with point-like source,

(iγµ∂µ −m)S(x− y) = 1 δ4(x− y) . (56)
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A Fourier transformation toS(k),

S(x− y) =

∫
d4k

(2π)4
S(k) e−ik(x−y) , (57)

transforms the condition (56) into a condition forS(k) in momentum space,

(6k −m)S(k) = 1 . (58)

The solution is a4× 4 matrix,

i S(k) =
i

6k −m+ iǫ
=

i (6k +m)

k2 −m2 + iǫ
, (59)

where the+iǫ prescription is the causal boundary condition, as for the scalar and vector field propagators.
We introduce a graphical symbol for the propagator,

i S(k) •—>—•
k

The arrow at the line denotes the flow of theparticle charge; the assigned momentumk always points
into the direction of this arrow. The propagator appears as an internal line in Feynman diagrams.

2.4 Interacting fields

So far we considered only free fields, which are described by Lagrangians that are quadratic in the field
variables and yield linear equations of motion. Interaction terms contain higher monomials in the fields,
and a full Lagrangian with interaction has the form

L = L0 + Lint , (60)

whereL0 is the free field part andLint describes the interaction. In general, the resulting non-linear field
equations cannot be solved in an exact way. The conventionalstrategy is perturbation theory with the
free fields as starting point, treating the interaction as a small perturbation. This is justified as long as the
interaction is sufficiently weak.

A powerful method for obtaining the perturbative amplitudes for physical processes is the expan-
sion in terms of Feynman diagrams. As a concrete and practically useful example, we consider Quantum
Electrodynamics (QED), the theory of electron/positron and photon interactions. The QED Lagrangian
is given by

LQED = ψ(iγµ∂µ −m)ψ − 1

4
FµνF

µν + Lfix + eψγµψAµ , (61)

where the interaction term

Lint = jµAµ with jµ = eψγµψ (62)

describes the coupling of the electromagnetic currentjµ = eψγµψ to the photon fieldAµ. The new
element is an interaction point, avertex, which connects the three fields inLint and which is obtained by
stripping off the field operators, yieldingeγµ. Also for the vertex, a graphical symbol is introduced with
lines connected to a point:

→

ieγµ
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Note that the factori is a convention. The lines can be either propagators (internal) or wave functions
(external) in momentum space. They carry momenta which haveto fulfil momentum conservation. For-
mally, momentum conservation follows via Fourier transformation from the exponentials in the wave
functions (27,55) and the propagators (29,57) when going tomomentum space.

Collecting all the information, we give the complete list ofFeynman rules for QED, with the
photon propagator in the Feynman gauge. For fermions different frome (or µ, τ ), an extra factor for the
different charge appears in the vertex, as indicated in the brackets. Helicity indices are suppressed for
the wave functions.

Q →
−igµν

Q2+iǫ

Q
i /Q+m
Q2−m2+iǫ

ieγµ(Qf ) Vertex (

k →

k →

ǫµ(k)
ǫ∗µ(k)

p →
p →

u(p)
v̄(p)

p →
p →

ū(p)
v(p)

photon propagator (ξ = 1)

fermion propagator

electron–photon vertex

incoming photon

outgoing photon

incoming fermion

incoming anti-fermion

outgoing fermion

outgoing anti-fermion

To obtain the transition matrix element, the amplitudeMfi for a physical process|i >→ |f > (see
Section 3), one has the following recipe.

• For a process with given external particles draw all diagrams connecting the external lines by ver-
tices and propagators. The lowest order corresponds to diagrams involving the minimum number
of vertices, which determines the power of the coupling constante in the matrix element.

• Insert the analytical expressions for the wave functions, propagators and vertices from the Feynman
rules. The arrangement of spinors is thereby opposite to thearrow at a fermion line.

• Impose momentum conservation at each vertex.

• Sum over all diagrams, paying attention to the relative signwhich occurs when two fermion lines
are interchanged (according to Pauli’s principle).

Note that the factors(2π)−3/2 from each wave function are omitted so far. They are collected globally
and reappear in theS-matrix element and the cross section, respectively (Section 3.1) We demonstrate
the method for the process of electron–positron annihilation into muon pairs,e+e− → µ+µ−. There
is only one Feynman diagram in lowest order, displayed in Fig. 1. The analytical expression for the
amplitude according to this diagram is given by

Mfi = v(q)ieγµu(p)

( −igµν
Q2 + iǫ

)
u(p′)ieγνv(q′) = i

e2

Q2
v(q)γµu(p) u(p′)γνv(q′) . (63)
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→ p

→ q′→ q → Q = p+ q

→ p′

(e+)

(e−)

(µ+)

(µ−)

Fig. 1: Lowest-order Feynman graph fore+e− → µ+µ−. The momenta with directions are indicated at each line.

SinceQ2 = (p + q)2 > 4m2
µ, theiǫ term in the photon propagator is irrelevant and can be dropped.

The next-order contribution toMfi, which is∼ e4, contains diagrams with closed loops. Exam-
ples are displayed in Fig. 2. Since inside a loop one momentumis free, not fixed by momentum conser-
vation, loop diagrams involve a 4-dimensional integrationover the free momentum (Section 7.2.1).

e−, µ−, ...

e+, µ+, ...

Fig. 2: One-loop order Feynman graphs fore+e− → µ+µ− (examples)

3 Cross sections and decay rates

This section provides the kinematical relations necessaryfor getting from the matrix elements for physi-
cal processes to observable quantities, like cross sections and decay rates.

3.1 Scattering processes

For a given scattering processa + b → b1 + b2 + · · · + bn theS-matrix elementSfi =< f |S|i >
is the probability amplitude for the transition from an initial state|a(pa), b(pb)>= |i > to a final state
|b1(p1), · · · bn(pn)>= |f > of free particles. For|i> 6= |f >, one can write

Sfi = (2π)4 δ4(Pi − Pf ) Mfi (2π)
−3(n+2)/2 (64)

with theδ-function from momentum conservation,

Pi = pa + pb = Pf = p1 + · · ·+ pn , (65)

the(2π)−3/2 factors from the normalization of the external wave functions, and with the genuine matrix
elementMfi derived from the Feynman graphs for the scattering process.The differential cross section
for scattering into the Lorentz-invariant phase space element

dΦ =
d3p1
2p01

· · · d
3pn
2p0n

(66)
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is given by

dσ =
(2π)4

4
√

(pa · pb)2 −m2
am

2
b

|Mfi|2 (2π)−3n δ4(Pi − Pf ) dΦ . (67)

The expression in the denominator is the relativistically-invariant version of the incoming flux-normal-
ization factor. As a special example of practical importance, we give the cross section for a two-particle
final statea+ b→ b1 + b2 in the centre-of-mass system (CMS), where~pa + ~pb = 0 = ~p1 + ~p2:

dσ

dΩ
=

1

64π2s

|~p1|
|~pa|

|Mfi|2 (68)

with s = (pa + pb)
2 = (p0a + p0b)

2 and the solid angledΩ = sinθ dθ dϕ involving the scattering angle
θ = 〈~pa, ~p1〉, and the azimuthϕ with respect to the polar axis given by~pa. For high energies, when the
particle masses are negligible, one has the further simplification|~p1| = |~pa|.

3.2 Particle decays

For a decay processa → b1 + b2 + · · · + bn where|a(pa)>= |i>, |b1(p1), · · · bn(pn)>= |f >, the
(differential) decay width into the phase space elementdΦ is given by

dΓ =
(2π)4

2ma
|Mfi|2 (2π)−3n δ4(pa − Pf ) dΦ . (69)

In the special case of a two-particle decay with final-state massesm1 = m2 = m one has the simple
expression

dΓ

dΩ
=

1

64π2ma

√
1− 4m2

m2
a

|Mfi|2 . (70)

4 Gauge theories

The powerful principle of gauge invariance dictates the structure of the interactions between fermions
and vector bosons as well as the vector boson self-interactions. It is the generalization of the Abelian
gauge symmetry found in Quantum Electrodynamics (QED) to the non-Abelian case.

4.1 Abelian gauge theories — QED

QED can be derived by the requirement that the globalU(1) symmetry of the Lagrangian for the free
charged fermion fieldψ, i.e., the symmetry of

L0 = ψ (γµ∂µ −m)ψ (71)

under the phase transformation

ψ(x) → ψ′(x) = eiα ψ(x) (72)

for arbitrary real numbersα, can be extended to a symmetry under local transformations whereα →
α(x) is now an arbitrary real function. This necessitates the presence of a vector fieldAµ and the
minimal substitutionof the derivative inL0 by thecovariant derivative

∂µ → Dµ = ∂µ − ieAµ , (73)

yielding a Lagrangian that is invariant under the local gauge transformations

ψ(x) → ψ′(x) = eiα(x) ψ(x) ,
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Aµ(x) → A′
µ(x) = Aµ(x) +

1

e
∂µα(x) , (74)

which form the electromagnetic gauge groupU(1). As an immediate consequence, the invariant La-
grangian describes an interaction of the vector field with the electromagnetic current (62),

L = ψ (iγµDµ −m)ψ = L0 + e ψγµψ Aµ = L0 + Lint . (75)

The vector fieldAµ itself is not yet a dynamical field since a kinetic term is still missing. Such a term
can easily be added invoking the expression well known from classical electrodynamics,

LA = −1

4
FµνF

µν with the field strengths Fµν = ∂µAν − ∂νAµ , (76)

which is invariant under the local gauge transformation (74). Aµ thus becomes the photon field obeying
Maxwell’s equations.

4.2 Non-Abelian gauge theories

The three basic steps yielding QED as the gauge theory of the electromagnetic interaction:

(i) identifying the global symmetry of the free Lagrangian,

(ii) replacing∂µ via minimal substitution by the covariant derivativeDµ with a vector field,

(iii) adding a kinetic term for the vector field,

can now be extended to the case of non-Abelian symmetries as follows.

(i) The given non-interacting system is described by a multiplet of fermion fields with massm,
Ψ = (ψ1, ψ2, . . . ψn)

T, and the free dynamics by the Lagrangian

L0 = Ψ(γµ∂µ −m)Ψ with Ψ = (ψ1, . . . ψn) . (77)

L0 is invariant under global transformations

Ψ(x) → U(α1, . . . αN )Ψ(x) , (78)

with unitary matricesU from ann-dimensional representation of a non-Abelian Lie groupG of rank
N , depending onN real parametersα1, . . . αN . Physically relevant cases areG = SU(2) andG =
SU(3), where the fermion fieldsψ1, . . . ψn form the fundamental representations withn = 2 andn = 3,
respectively.

The matricesU can be written as follows,

U(α1, . . . αN ) = ei(α
1T1+···+αNTN ) , (79)

with the generators of the Lie group,T1, . . . TN . These Hermitian matrices form the Lie algebra

[Ta, Tb] = i fabc Tc (80)

with the structure constantsfabc as real numbers characteristic for the group. Conventionally, the gener-
ators are normalized according to

Tr (TaTb) =
1

2
δab . (81)

(ii) The global symmetry can now be extended to a local symmetry by converting the constants
αa in (79) to real functionsαa(x), a = 1, . . . N , and simultaneously introducing a covariant derivative
in (77), via

∂µ → Dµ = ∂µ − igWµ , (82)
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involving a vector fieldWµ, together with a coupling constantg (the analogue ofe in QED). SinceDµ

acts on then-dimensional columnΨ, the vector field is an × n matrix and can be expanded in terms of
the generators,

Wµ(x) = TaW
a
µ (x) (summation over a = 1, . . . N) . (83)

In this way, a set ofN fieldsW a
µ (x), the gauge fields, enters the Lagrangian (77) and induces an interac-

tion term,

L0 → L = L0 + Lint with Lint = gΨγµWµΨ = gΨγµTaΨW a
µ , (84)

which contains the interaction ofN currentsjµa = gΨγµTaΨ with the gauge fieldsW a
µ .

The local gauge transformation that leavesL invariant, involves the matrixU ≡ U(α1(x), . . . )
and reads as follows,

Ψ → Ψ′ = U Ψ ,

Wµ → W′
µ = UWµ U

−1 − i

g
(∂µU)U−1 . (85)

The gauge transformation for the vector field looks more familiar when written for the components and
expanded for infinitesimalαa(x):

W a
µ →W ′ a

µ =W a
µ +

1

g
∂µα

a + fabcW
b
µ α

c . (86)

The derivative term corresponds to (74) in the Abelian case,the last term is of pure non-Abelian origin.
Note: The construction works in the same way for a multiplet of scalar fieldsΦ = (φ1, . . . φn)

T , with

L0 = (∂µΦ)
†(∂µΦ)−m2 Φ†Φ → L = (DµΦ)

†(DµΦ)−m2 Φ†Φ . (87)

(iii) The kinetic term for theW fields can be obtained from a generalization of the electromagnetic
field strength tensorFµν in (76),

Fµν = TaF
a
µν = ∂µWν − ∂νWµ − i g [Wµ,Wν ] , (88)

with theN components

F a
µν = ∂µW

a
ν − ∂νW

a
µ + gfabcW

b
µW

c
ν . (89)

Under the gauge transformation (85) the field strength is transformed according to

Fµν → F′
µν = UFµνU

−1 . (90)

As a consequence, the traceTr(FµνF
µν) is gauge invariant,

Tr(F′
µνF

′µν) = Tr(UFµνU
−1 UFµνU−1) = Tr(U−1UFµνU

−1 UFµν) = Tr(FµνF
µν) , (91)

and provides the non-Abelian analogue of (76) for the kinetic term of the gauge fieldsW a
µ ,

LW = −1

2
Tr(FµνF

µν) = −1

4
F a
µν F

a,µν . (92)

The quadratic part ofLW describes the free propagation of theW fields, but there are also cubic and
quartic terms describing self-interactions of the vector fields that are determined exclusively through the
gauge symmetry:

LW =− 1

4
(∂µW

a
ν − ∂νW

a
µ ) (∂

µW a,ν − ∂νW a,µ)
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− g

2
fabc (∂µW

a
ν − ∂νW

a
µ )W

b,µW c,ν

− g2

4
fabcfadeW

b
µW

c
ν W

d,µW e,ν . (93)

In the gauge field LagrangiansLW andLA, the vector fields are strictly massless. Mass termsm2

2 W
a
µW

a,µ

are not invariant under gauge transformations and thus would break the gauge symmetry.

5 Formulation of QCD

Quantum Chromodynamics (QCD), the gauge theory of the strong interaction, is formulated following
the principle of the previous section for the specific case ofthe symmetry groupG = SU(3). The basic
fermions are quarks in three different colour states, forming the fundamental representation of the group.
They are described by triplets of fermion fieldsΨ = (q1, q2, q3)

T for each quark flavoru, d, . . . . The
colour groupSU(3) has eight generatorsTa, which in the triplet representation

Ta =
1

2
λa , a = 1, . . . 8 , (94)

are expressed in terms of eight3 × 3 matrices, the Gell-Mann matricesλa. The covariant derivative,
acting on the quark tripletsΨ,

Dµ = ∂µ − igs
λa
2
Ga

µ , (95)

and the field strengths

Ga
µν = ∂µG

a
ν − ∂νG

a
µ + gs fabcG

b
µG

c
ν , (96)

involve eight gauge fields, the gluon fieldsGa
µ, and the coupling constant of QCD, the strong coupling

constantgs, which is commonly expressed in terms of the finestructure constant of the strong interaction,

αs =
g2s
4π

. (97)

The Lagrangian of QCD (for a given species of quarks) can theneasily be written down according to the
rules of Section 4 (see also Ref. [6]),

LQCD = Ψ(iγµDµ −m)Ψ + LG

= Ψ(iγµ∂µ −m)Ψ + gs Ψγ
µλa
2
ΨGa

µ − 1

4
Ga

µνG
a,µν . (98)

It involves the interaction of the quark currents with the gluon fields as well as the triple and quartic
gluon self interactions as specified in (93), graphically displayed as Feynman rules for QCD in Fig. 3.
There is also a gauge-fixing term in the Lagrangian for each gluon field (not explicitly written here),
which can be chosen in the same way as for the photon field in (36) yielding the same form for the gluon
propagators as for the photon propagaor in (40).

The quark massm appears in QCD as a free parameter for a given colour triplet.It is different
for different quark flavours; its origin is of electroweak nature and will be discussed in the subsequent
section.

Note that the Lagrangian above considers only a single species of flavour. For the realistic physical
situation of six flavours, one has to introduce a colour triplet for each flavourq = u, d, . . . t and to perform
a summation overq, with individual massesmq.
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• Quark-Gluon-Vertex: a

l

k

igS(Ta)klγ
µ

• Quark-Propagator: i �q+m
q2−m2+iǫ ≡ i

�q−m+iǫ

• Gluon-Propagator:
−igµν

q2+iǫ

• Triple-Gluon-Vertex: a

b

c

• Quartic-Gluon-Vertex:

b

a

c

d

Fig. 3: Propagators and interactions in QCD

6 Formulation of the electroweak Standard Model

The fundamental fermions, as families of leptons and quarkswith left-handed doublets and right-handed
singlets, appear as the fundamental representations of thegroupSU(2)× U(1),

(
νe
e

)

L

,

(
νµ
µ

)

L

,

(
ντ
τ

)

L

, eR, µR, τR

(
u
d

)

L

,

(
c
s

)

L

,

(
t
b

)

L

, uR, dR, cR, sR, tR, bR (99)

They can be classified by the quantum numbers of the weak isospin I, I3, and the weak hyperchargeY .
Left-handed fields haveI = 1

2 and thus form doublets, right-handed fields are singlets with I = 0. The
Gell-Mann–Nishijima relation establishes the relation ofthese basic quantum numbers to the electric
chargeQ:

Q = I3 +
Y

2
. (100)

The assignment of the quantum numbers to the fundamental lepton and quark fields is contained in
Table 1 for the fermions of the first generation (identical for the second and third generation).

This structure can be embedded in a gauge invariant field theory of the unified electromagnetic
and weak interactions by interpretingSU(2)×U(1) as the group of gauge transformations under which

Table 1: Quantum numbers isospinI3 and hyperchargeY for the left- and right-handed leptons and quarks,
together with the electric chargeQ

νL eL eR uL dL uR dR
I3 +1/2 -1/2 0 +1/2 -1/2 0 0
Y -1 -1 -2 +1/3 +1/3 +4/3 -2/3
Q 0 -1 -1 +2/3 -1/3 +2/3 -1/3
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the Lagrangian is invariant. The group has four generators,

Ta = Ia (a = 1, 2, 3) and T4 = Y , (101)

whereY is the Abelian hypercharge, andIa are the isospin operators, forming the Lie algebra

[Ia, Ib] = i ǫabc Ic , [Ia, Y ] = 0 . (102)

This electroweak symmetry has to be broken down to the electromagnetic gauge symmetryU(1)em,
otherwise theW±, Z bosons would be massless. In the Standard Model, this is doneby the Higgs
mechanism in its minimal formulation requiring a single Higgs field which is a doublet underSU(2).

According to the general principles of constructing a gauge-invariant field theory with spontaneous
symmetry breaking, the gauge, Higgs, fermion and Yukawa parts of the electroweak Lagrangian

LEW = LG + LH + LF + LY (103)

are specified in the following way.

Gauge fields.SU(2) × U(1) is a non-Abelian group with generatorsIa, Y , whereIa (a = 1, 2, 3) are
the isospin operators andY is the hypercharge. Each of these generalized charges is associated with a
vector field: a triplet of vector fieldsW 1,2,3

µ with I1,2,3, and a singlet fieldBµ with Y . The isotripletW a
µ

and the isosingletBµ lead to the field strength tensors

W a
µν = ∂µW

a
ν − ∂νW

a
µ + g2 ǫabcW

b
µW

c
ν ,

Bµν = ∂µBν − ∂νBµ. (104)

Since the gauge group is semi-simple and contains two factors, there are two independent gauge coupling
constants, denoted byg2 for the non-Abelian factorSU(2) and byg1 for the Abelian factorU(1). From
the field tensors (104) the pure gauge field Lagrangian

LG = −1

4
W a

µνW
µν,a − 1

4
BµνB

µν (105)

is constructed, which is invariant under gauge transformations composed of (85) and (74). Explicit mass
terms for the gauge fields are forbidden because they violategauge invariance. Masses for the vector
bosons of the weak interaction will be introduced in a secondstep below by breaking the electroweak
symmetry spontaneously with the help of the Higgs mechanism.

Fermion fields and fermion–gauge interactions. Since the representations of the gauge group are
different for fermions with different chirality, we have todistinguish between the left- and right-handed
fields. We use the generic notation for the chiral fields,

ψL =
1− γ5

2
ψ , ψR =

1 + γ5
2

ψ . (106)

The left-handed fermion fields of each lepton and quark family with generation indexj are grouped into
SU(2) doublets and the right-handed fields into singlets,

ψj
L =

(
ψj
L+

ψj
L−

)
, ψj

Rσ (107)

with the component indexσ = ± denotingu-type fermions (+) andd-type fermions (−). Each left- and
right-handed multiplet is an eigenstate of the weak hyperchargeY such that the relation (100) is fulfilled
(see Table 1). The covariant derivative

DL,R
µ = ∂µ − i g2 I

L,R
a W a

µ + i g1
Y

2
Bµ with ILa =

1

2
σa , IRa = 0 (108)
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induces the fermion–gauge field interaction via the minimalsubstitution rule,

LF =
∑

j

ψ
j
L iγ

µDL
µψ

j
L +

∑

j,σ

ψ
j
Rσ iγ

µDR
µ ψ

j
Rσ , (109)

where the indexj runs over the three lepton and quark generations (99). Note that the covariant deriva-
tives are different for theL andR fields.

Mass terms are avoided at this stage. They would mix left- andright-handed fields as, for example,
in me(eLeR + eReL) and hence would explicitly break gauge invariance. They will be introduced later
with the help of gauge-invariant Yukawa interactions of thefermions with the Higgs field. Note that in
the genuine Standard Model neutrinos are considered as massless and there are no right-handed neutrino
fields.

Higgs field and Higgs interactions.Here we describe how spontaneous breaking of theSU(2)× U(1)
symmetry can be obtained, leaving the electromagnetic gauge subgroupU(1)em unbroken. For this aim,
a single isospin doublet of complex scalar fields with hyperchargeY = 1,

Φ(x) =

(
φ+(x)
φ0(x)

)
, (110)

is introduced and coupled to the gauge fields via minimal substitution as indicated in (87),

LH = (DµΦ)
†(DµΦ)− V (Φ) , (111)

with the covariant derivative forI = 1
2 andY = 1 given by

Dµ = ∂µ − i g2
σa
2
W a

µ + i
g1
2
Bµ . (112)

The Higgs field self-interaction enters through the Higgs potential with constantsµ2 andλ,

V (Φ) = −µ2Φ†Φ+
λ

4
(Φ†Φ)2 . (113)

In the ground state, the vacuum, the potential has a minimum.For µ2, λ > 0, the minimum does not
occur forΦ = 0; instead,V is minimized by all non-vanishing field configurations withΦ†Φ = 2µ2/λ.
Selecting the one which is real and electrically neutral,QΦ = 0, with

Q = I3 +
Y

2
=

(
1 0
0 0

)
, (114)

one gets thevacuum expectation value

<Φ> =
1√
2

(
0
v

)
with v =

2µ√
λ
. (115)

Although the Lagrangian is symmetric under gauge transformations of the fullSU(2) × U(1) group,
the vacuum configuration< Φ > does not have this symmetry: the symmetry has beenspontaneously
broken. <Φ> is still symmetric under transformations of the electromagnetic subgroupU(1)em, which
is generated by the chargeQ, thus preserving the electromagnetic gauge symmetry.

The field (110) can be written in the following way,

Φ(x) =

(
φ+(x)(

v +H(x) + iχ(x)
)
/
√
2

)
, (116)
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where the componentsφ+, H, χ have vacuum expectation values zero. Expanding the potential (113)
around the vacuum configuration in terms of the components yields a mass term forH, whereasφ+, and
χ are massless. Exploiting the invariance of the Lagrangian,the componentsφ+, χ can be eliminated
by a suitable gauge transformation; this means that they areunphysical degrees of freedom (called Higgs
ghosts or would-be Goldstone bosons). Choosing this particular gauge whereφ+ = χ = 0, denoted as
the unitary gauge, the Higgs doublet field has the simple form

Φ(x) =
1√
2

(
0

v +H(x)

)
, (117)

and the potential (113) reads

V = µ2H2 +
µ2

v
H3 +

µ2

4v2
H4 =

M2
H

2
H2 +

M2
H

2v
H3 +

M2
H

8v2
H4 . (118)

The real fieldH(x) thus describes physical neutral scalar particles, the Higgs bosons, with mass

MH = µ
√
2 , (119)

as well as triple and quartic self interactions with couplings proportional toM2
H . The couplings to the

gauge fields follow from the kinetic term of (111) and give rise to trilinearHWW, HZZ and quadrilin-
earHHWW, HHZZ vertices.

In order to solve the mass problem for the fermions, Yukawa interactions between the Higgs
field and the fermion fields are introduced in addition to get the charged fermions massive. The gauge-
invariant Yukawa term in the Lagrangian, for one family of leptons and quarks, is a compact expression in
terms of the doubletsLL = (νL, lL)

T , QL = (uL, dL)
T and the Higgs fieldΦ and its charge-conjugate

Φc = iσ2Φ = (φ0∗,−φ−)T with φ− as the adjoint ofφ+,

LY = −Gl LLΦ lR −Gd QLΦ dR −GuQLΦ
c uR + h.c. (120)

It reads explicitly in terms of the Higgs field components (116)

LY =−Gl (νL φ
+ lR + lR φ

− νL + lL φ
0 lR + lR φ

0∗ lL)

− Gd (uL φ
+ dR + dR φ

− uL + dL φ
0 dR + dR φ

0∗ dL)

− Gu (−uR φ+ dL − dL φ
− uR + uR φ

0 uL + uL φ
0∗ uR) . (121)

The fermion mass terms follow from thev part ofφ0 in (117), relating the individual Yukawa coupling
constantsGl,d,u to the masses of the charged fermions by

mf = Gf
v√
2
. (122)

In the unitary gauge (117) the Yukawa Lagrangian becomes particularly simple:

LY = −
∑

f

mf ψfψf −
∑

f

mf

v
ψfψf H . (123)

As a remnant of this mechanism, Yukawa interactions betweenthe massive fermions and the physical
Higgs field occur with coupling constants proportional to the fermion masses.

In the realistic case of three generations, one has to take into account flavour mixing in the quark
sector (in the lepton sector, lepton number is conserved andflavour mixing is absent in the minimal
model). Quark-family mixing is induced by Yukawa interactions with the Higgs field as before, but the
Yukawa couplings are now matrices in generation space with complex entries,Gu = (Gu

ij), Gd = (Gd
ij),
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and the generalization of (121) for the quark sector reads asfollows, with the notationQi
L = (uiL, d

i
L)

T

for the three left-handed doublets [ui = u, c, t anddi = d, s, b]:

Lquarks
Y =−Gd

ij Q
i
LΦ d

j
R −Gu

ij Q
i
LΦ

c ujR + h.c. (124)

The mass term is obtained from replacingΦ by its vacuum configuration,Φ →<Φ> from (115),

− v√
2
Gd

ij d
i
Ld

j
R − v√

2
Gu

ij u
i
Lu

j
R + h.c. (125)

This bilinear term in the quark fields can be diagonalized with the help of four unitary matricesV q
L,R

(q = u, d), yielding the mass eigenstates

ũiL,R = (V u
L,R)ik u

k
L,R, d̃iL,R = (V d

L,R)ik d
k
L,R , (126)

as well as theu- andd-type quark masses as diagonal mass matrices,

diag(mq) =
v√
2
V q
L Gq V

q †
R , q = u, d . (127)

Introducing the mass eigenstates in the fermion–gauge Lagrangian (109) does not change the flavour-
diagonal terms, i.e., the kinetic term and the interaction terms with the neutral gauge bosons, because
of the unitarity of the transformations (126). Also the Yukawa interaction of the physical Higgs field
with the quarks, when expressed in terms of the quark masses and the mass eigenstates, retains its struc-
ture as given in (123). The only modification occurs in the flavour-changing quark interaction with the
charged vector bosons in (109) where the insertion of the mass eigenstates for the left-handed quark
fields introduces the unitary CKM matrix,

V u
L V

d †
L ≡ VCKM . (128)

Given the constraints from unitarity,VCKM has four independent physical parameters, three real angles
and one complex phase.

For neutrino masses zero, no generation mixing in the leptonsector occurs. It is, however, possible
to augment the Standard Model by introducing also right-handed neutrinos and neutrino mass terms in
analogy to those of theu-type quark sector allowing for lepton-flavour mixing as well. The general
treatment of lepton masses and mixing would, however, go beyond the scope of these lectures (for a
discussion of neutrino masses see Ref. [7]).

Physical fields and parameters.The gauge invariant Higgs–gauge field interaction in the kinetic part
of (111) gives rise to mass terms for the vector bosons in the non-diagonal form

1

2

(g2
2
v
)2

(W 2
1 +W 2

2 ) +
1

2

(v
2

)2 (
W 3

µ , Bµ

)( g22 g1g2
g1g2 g21

)(
W 3,µ

Bµ

)
. (129)

The physical content becomes transparent by performing a transformation from the fieldsW a
µ , Bµ (in

terms of which the symmetry is manifest) to the physical fields

W±
µ =

1√
2
(W 1

µ ∓ iW 2
µ) (130)

and
(
Zµ

Aµ

)
=

(
cos θW sin θW

− sin θW cos θW

)(
W 3

µ

Bµ

)
. (131)

20

W. HOLLIK

20



In these fields the mass term (129) is diagonal and has the form

M2
W W+

µ W
−µ +

1

2
(Aµ, Zµ)

(
0 0
0 M2

Z

)(
Aµ

Zµ

)
(132)

with

MW =
1

2
g2v , MZ =

1

2

√
g21 + g22 v . (133)

The mixing angle in the rotation (131) is determined by

cos θW =
g2√
g21 + g22

=
MW

MZ
. (134)

Inserting the rotation (131) into the interaction part ofLF in (109) and identifyingAµ with the photon
field which couples via the electric chargee to the electron,e can be expressed in terms of the gauge
couplings in the following way:

e =
g1g2√
g21 + g22

, or g2 =
e

sin θW
, g1 =

e

cos θW
. (135)

The relations above allow us to replace the original set of parametersg2, g1, λ, µ2, Gf by the equivalent
set of more physical parameterse, MW , MZ , MH , mf , VCKM, where each of them can (in principle)
be measured directly in a suitable experiment. At present, all parameters are empirically known with the
exception of the mass of the Higgs boson,MH .

Gauge interactions. The fermion–gauge interactions are part of the fermion–gauge Lagrangian (109);
expressed in the physical field and parameters, they appear as interactions of the electromagnetic current
Jµ
em, the weak neutral currentJµ

NC, and the weak charged currentJµ
CC with the corresponding vector

fields,

LFG = Jµ
emAµ + Jµ

NC Zµ + Jµ
CCW

+
µ + Jµ

CC
†
W−

µ , (136)

with the currents

Jµ
em = −e

∑

f=l,q

Qf ψfγ
µψf ,

Jµ
NC =

g2
2 cos θW

∑

f=l,q

ψf (vfγ
µ − afγ

µγ5)ψf ,

Jµ
CC =

g2√
2


 ∑

i=1,2,3

νiγµ
1− γ5

2
ei +

∑

i,j=1,2,3

uiγµ
1− γ5

2
Vijd

j


 . (137)

In analogy to the notation for the quark fields in (124), the lepton families are labelled byei = e, µ, τ for
the charged leptons andνi = νe, νµ, ντ for the corresponding neutrinos. The neutral current coupling
constants in (137) are determined by the chargeQf and isospinIf3 of fL,

vf = If3 − 2Qf sin2 θW ,

af = If3 . (138)

The quantitiesVij in the charged current are the elements of the CKM matrix (128), which describes
family mixing in the quark sector. Owing to the unitarity ofVCKM, the electromagnetic and the weak
neutral current interaction are flavour-diagonal. Hence, flavour-changing processes resulting from neutral
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current interactions can only occur at higher order; they are mediated by loop contributions and are
consequently suppressed by additional powers of the fine-structure constantα.

Besides the fermion–gauge interactions, the non-Abelian structure of the gauge group induces
self-interactions between the vector bosons. These gauge self-interactions are contained in the pure
gauge-field part (105) of the Lagrangian. Expressing the fieldsW a

µ andBµ in (104) resp. (105) by the
physical fieldsAµ, Zµ, andW±

µ yields a self-interaction term with triple and quartic couplings, which
by use of the notationFµν = ∂µAν − ∂νAµ, Zµν = ∂µZν − ∂νZµ can be written in the following way,

LG,self = e
[
(∂µW

+
ν − ∂νW

+
µ )W−µAν + W+

µ W
−
ν Fµν + h.c.

]

+ e cot θW
[
(∂µW

+
ν − ∂νW

+
µ )W−µZν + W+

µ W
−
ν Zµν + h.c.

]

− e2/(4 sin2 θW ) [(W−
µ W

+
ν −W−

ν W
+
µ )W+

µ W
−
ν + h.c.]

− e2/4 (W+
µ Aν −W+

ν Aµ)(W
−µAν −W−νAµ)

− e2/4 cot2 θW (W+
µ Zν −W+

ν Zµ)(W
−µZν −W−νZµ)

+ e2/2 cot θW (W+
µ Aν −W+

ν Aµ)(W
−µZν −W−νZµ) + h.c. (139)

In the Standard Model the coefficients of the self-couplingsare exclusively determined by the gauge
symmetry. Deviations from these values could only be of non-standard origin, e.g., as remnants from
new physics at some higher mass scale.

7 Electroweak parameters and precision observables

Before predictions can be made from the electroweak theory,the input parameters have to be determined
from experiments. As specified in the previous section, a convenient choice is the set of physical param-
eters given by the particle masses and the electromagnetic couplinge, which is commonly expressed in
terms of the fine-structure constantα = e2/4π, a very precisely known low-energy parameter. Apart
from the flavour sector with the fermion masses and mixing angles, only three independent quantities are
required for fixing the input for the gauge sector and the fermion–gauge interactions. Conveniently, the
vector-boson massesMW,Z andα are selected (equivalent tog1, g2, v).

7.1 Lowest-order relations

In the unitary gauge (117), the propagators of theW andZ have the form as given in (31) for massive
vector fields, but with a finite widthΓ according to a Breit–Wigner shape for unstable particles,

iDρν(k) =
i

k2 −M2
W,Z + iMW,ZΓW,Z

(
−gνρ +

kνkρ
M2

W,Z

)
. (140)

In processes with light fermions as external particles, thekρkν terms are negligible since they are sup-
pressed by powers ofmf/MW,Z . The widths become important around the poles, i.e., when the vector
bosons can be produced on-shell, like ine+e− annihilation or in Drell–Yan processes in hadron–hadron
collisions.

A very precisely measured low-energy parameter is the FermiconstantGF , which is the effective
4-fermion coupling constant in the Fermi model, obtained from the muon lifetime to be [8]GF =
1.16637(1) · 10−5 GeV−2.

Muon decay is described in the Standard Model in lowest orderby exchange of aW boson between
the fermionic charged currents, as shown in Fig. 4. Consistency of the Standard Model at the muon mass
scale much smaller thanMW , where the momentum in theW propagator can be neglected, with the
Fermi model requires the identification

GF√
2
=

g22
8M2

W

=
e2

8 sin2 θWM
2
W

=
e2

8 sin2 θW cos2 θWM
2
Z

, (141)
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Fig. 4: Muon decay lowest-order amplitude in the Standard Model

which allows us to relate the vector boson masses to the parametersα, GF , sin2 θW and to establish also
theMW–MZ interdependence in terms of precise low-energy parameters,

M2
W

(
1− M2

W

M2
Z

)
=

πα√
2GF

≡ A2 , A = 37.2805GeV . (142)

Moreover, it yields the vacuum expectation value expressedin terms of the Fermi constant, also denoted
as the Fermi scale,

v =
(√

2GF

)− 1
2 = 246 GeV . (143)

The relation (141) can be further exploited to express the normalization of the NC couplings in (137) in
terms of the Fermi constant,

g2
2 cos θW

=
(√

2GFM
2
Z

) 1
2 . (144)

In this way, the NC vector and axial vector coupling constants of each fermion species to theZ are
determined and can be used to calculate the variety of observables at theZ resonance, likeZ width and
partial widths,

ΓZ =
∑

f

Γ(Z → f f̄), Γ(Z → f f̄) =
MZ

12π
(v2f + a2f ) (145)

and a series of asymmetries, such as forward–backward asymmetries from the cross sections integrated
over the forward (σF ) and the backward (σB) hemisphere,

AFB =
σF − σB
σF + σB

=
3

4
AeAf , (146)

and the left–right asymmetry from the cross sectionsσL,R for left- and right-handed polarized electrons,

ALR =
σL − σR
σL + σR

= Ae , (147)

all of them being determined by the ratios

Af =
2vfaf
v2f + a2f

(148)

with the coupling constantsvf , af given in (138). The asymmetries are particularly sensitiveto the
electroweak mixing anglesin2 θW .
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7.2 Higher-order contributions

7.2.1 Loop calculations

These lowest-order relations given above, however, turn out to be significantly insufficient when con-
fronted with the experimental data, which have been measured with extraordinary accuracy during the
LEP and Tevatron era and require the inclusion of terms beyond the lowest order in pertubation the-
ory. The high experimental precision makes the observablessensitive to the quantum structure of the
theory which appears in terms of higher-order contributions involving diagrams with closed loops in
the Feynman-graph expansion. These loop diagrams contain,in general, integrals that diverge for large
integration momenta, for example in the self-energy diagrams for a propagator, typicallyExample of loop integral:

p pq

q+ p
� Z d4q 1

(q2 �m21) h(q+ p)2 �m22i

q !1 : � Z 1 q3dqq4 = Z 1 dqq !1

) integral diverges for large q
) theory in this form not physially meaningful
) further onept needed: renormalization
Renormalizable theories: in�nities an onsistentlybe absorbed into parameters of theory

∫
d4q

1

(q2 −m2
1) [(q + p)2 −m2

2]
∼
∫

d4q

q4
→ ∞ . (149)

Nevertheless, the relations between physical observablesresult as finite and testable predictions, owing
to the virtue of renormalizability. The possibility to perform such higher-order calculations is based on
the formulation of the Standard Model as a renormalizable quantum field theory preserving its predictive
power also beyond the tree level. Renormalizability is thereby guaranteed by local gauge invariance of
the basic Lagrangian.

The first step to deal with the divergent integrals is a methodfor regularization, which is a pro-
cedure to redefine the integrals in such a way that they becomefinite and mathematically well-defined
objects. The widely used regularization procedure for gauge theories is that of dimensional regulariza-
tion which is Lorentz and gauge invariant: replace the dimension 4 by a lower dimensionD where the
integrals are convergent (see Appendix C),

∫
d4q → µ4−D

∫
dDq . (150)

Thereby, an (arbitrary) mass parameterµ is introduced to maintain the mass dimensions of the integrals.

The divergences manifest themselves in terms of poles in thedimension∼ 1/(4 −D). In renor-
malizable theories these divergences can be absorbed in thebasic parameters of the Lagrangian, like
masses and coupling constants. Formally this procedure, called renormalization, is done by introducing
a counter term for each parameter [for examplem2 → m2+δm2 for a mass parameterm] which cancels
the singularities; the finite part of the counter terms, however, is not a priori fixed and has to be defined
by a renormalization scheme. The selection of a renormalization scheme defines the physical meaning
of each parameter and its relation to measurable quantities. These relations are then independent ofD
and thus one can setD → 4.

In pure QCD, considering quarks as massless, the only basic parameter is the strong coupling
constantαs. Since there is no intrinsic mass scale, the frequently usedscheme is theMS scheme [9],
where the counter term forαs consists only of the singular pole part (together with a universal numerical
constant). The coupling is then defined for the chosen mass scaleµ in (150), the renormalization scale,
and thus becomes a scale-dependent quantity, the running coupling constantαs(µ) (see Ref. [6]).

The Lagrangian of the electroweak Standard Model involves quite a few free parameters which
are not fixed by the theory but have to be taken from experiment. In QED and in the electroweak theory,
classical Thomson scattering and the particle masses set natural scales where the parameters can be
defined. A distinguished choice for the basic parameters is thus given by the fundamental chargee and
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the masses of the particles,MZ ,MW ,MH ,mf , and a common choice for the renormalization is the on-
shell scheme: the mass parameters coincide with the poles ofcorresponding propagators (pole masses),
and the chargee is defined in the classical limit. The on-shell scheme hence defines the counter terms in
the following way (see, e.g., Ref. [10] for details):

• The mass counter termδm2, for any free mass parameterm, is determined by the condition

δm2 = Σ(m2) , (151)

whereΣ is the self-energy of the corresponding particle, schematically depicted in (149) and
yielding a dressed propagator

i

p2 − (m2 + δm2) + Σ(p2)
, (152)

which by mass renormalization now includes also the mass counterterm. The condition (151)
ensures thatm2 still remains the pole of the propapator.1

• The counter termδe for the electric charge,e → e + δe, is determined by the requirement thate
be the electron–photon coupling in the classical limit, i.e., for the electron–photon vertex for real
photons,k2 = 0, and for low photon energy,

e

e

Aµ
k→0−→ ieγµ

k

δe is essentially given by the charged-light-fermion contribution to the photon vacuum polarization
at zero momentum,Πγ(0),

photon vauum polarization
γ

virtual pairs

γ
−

which has a finite part∆α = Πγ(0) − Πγ(M2
Z) yielding a shift of∆α ≃ 0.06 in the elec-

tromagnetic fine-structure constantα → α(1 + ∆α). ∆α can be resummed according to the
renormalization group, accommodating all the leading logarithms of the typeαn logn(MZ/mf )
from the light fermions. The result is an effective fine-structure constant at theZ mass scale

α(M2
Z) =

α

1−∆α
≃ 1

129
. (153)

It corresponds to a resummation of the iterated 1-loop vacuum polarization from the light fermions
to all orders. ∆α is an input of crucial importance because of its universality and remarkable
numerical size [11,12].

The loop contributions to the electroweak observables contain all particles of the Standard Model spec-
trum, in particular also the Higgs boson, as, for example, inthe vector-boson self-energies

W

H

W

W Z

H

Z

Z

The higher-order terms thus induce a dependence of the observables on the Higgs-boson massMH ,
which by means of precision measurements becomes indirectly accessible, although still unknown from
direct searches. For more details see Ref. [13] and references therein.

1In theMS scheme,δm2 only absorbs the divergent part ofΣ(m2). The remaining finite part depends on the renormaliza-
tion scaleµ, and in that scheme the mass becomes aµ-dependent parameter, the running massm(µ), which is different from
the pole mass.
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7.2.2 Vector boson masses and Fermi constant

The implementation of higher-order terms can be done in a compact way for theW–Z mass correlation,

M2
W

(
1− M2

W

M2
Z

)
=

A2

1−∆r
. (154)

W self-energy

ΣW
T (s)

W

Wlνl vertex correction

W

box diagrams

Fig. 5: Loop contributions to the muon decay amplitude

Therein, the contributions from the loop diagrams to the muon decay amplitude, schematically depicted
in Fig. 5, are summarized by the quantity∆r = ∆r(mt,MH), which at one-loop order depends log-
arithmically on the Higgs-boson mass and quadratically on the top-quark mass. The calculation of∆r
is complete at the two-loop level [14] and comprises the leading terms also at the three- and four-loop
level [15]. The prediction ofMW from (154) is shown in Fig. 6 [16].

80.3

80.4

80.5

150 175 200

MH [GeV]
114 300 1000

mt  [GeV]

m
W

  [
G

eV
]

68% CL

∆α

LEP1 and SLD

LEP2 and Tevatron (prel.)

August 2009

Fig. 6: Standard Model predictions for the dependence ofMW on the masses of the top quark and Higgs boson

7.2.3 Observables at the Z resonance

The NC couplings dressed by higher-order terms can also be written in a compact way, replacing the
lowest-order couplings (138) by effective couplings [13],

gfV =
√
ρf (I

f
3 − 2Qf sin2 θfeff) , gfA =

√
ρf I

f
3 , (155)

which comprise the higher-order contributions in terms of the form factorρf (mt,MH) and the effective

mixing anglesin2 θfeff(mt,MH), being now a fermion-type dependent quantity. Again, theirdependence
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onmt is quadratic, whereas they depend onMH only logarithmically. Nevertheless, the leptonic effective
mixing angle is one of the most constraining observables forthe mass of the Higgs boson, as shown in
Fig. 7 [16]. Like for∆r, the calculation is complete at the two-loop level [17] and supplemented by 3-
and 4-loop leading terms [15].

10 2

10 3

0.23 0.232 0.234

sin2θ
lept

eff

M
H
  [

G
eV

]

χ2/d.o.f.: 11.8 / 5

A
0,l

fb 0.23099 ± 0.00053

Al(Pτ) 0.23159 ± 0.00041

Al(SLD) 0.23098 ± 0.00026

A
0,b

fb 0.23221 ± 0.00029

A
0,c

fb 0.23220 ± 0.00081

Q
had

fb 0.2324 ± 0.0012

Average 0.23153 ± 0.00016

∆αhad= 0.02758 ± 0.00035∆α(5)

mt= 172.7 ± 2.9 GeV

Fig. 7: Standard Model predictions for the dependence ofsin2 θlepteff on the mass of the Higgs boson and the
experimental1σ-range from averaged measurements done at LEP and SLC
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Fig. 8: Measurements and Standard Model predictions foraµ = (gµ − 2)/2
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7.2.4 Muon magnetic moment

The anomalous magnetic moment of the muon

aµ =
gµ − 2

2
(156)

provides a precision test at low energies. The experimentalresult of E 821 at Brookhaven National Lab-
oratory [18] has reached a substantial improvement in accuracy. It shows a deviation from the Standard
Model prediction by 3–4 standard deviations depending on the evaluation of the hadronic vacuum polar-
ization from data based one+e− annihilation as shown in Fig. 8 [12]. For a recent review see Ref. [19].

7.3 The vector-boson self-interaction

The success of the Standard Model in the correct descriptionof the electroweak precision observables is
simultaneously an indirect confirmation of the Yang–Mills structure of the gauge boson self-interaction.
For conclusive confirmations direct experimental investigation is required. At LEP 2 (and higher en-
ergies), pair production of on-shellW bosons allows direct experimental tests of the trilinear vector
boson self-couplings and preciseMW measurements. From LEP 2, an error of 33 MeV inMW has been
reached. Further improvements have been obtained from the Tevatron with currently 31 MeV uncertainty,
yielding the world average for theW massMW = 80.399 ± 0.023 GeV [16].

Pair production ofW bosons in the Standard Model is described by the amplitude based on the
Feynman graphs in Fig. 9 (in Born approximation) and higher-order contributions [20].

e

e

W

W
νe

e

e

W

Wγ
e

e

W

WZ

Fig. 9: Feynman graphs fore+e− →W+W− in lowest order
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√s


 ≥ 189 GeV: preliminary

0
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20

160 170 180 190 200

Fig. 10: Cross-section fore+e− →W+W−, measured at LEP, and the Standard Model prediction

Besides thet-channelν-exchange diagram, which involves only theW–fermion coupling, thes-channel
diagrams contain the triple gauge interaction between the vector bosons. The gauge self-interactions of
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the vector bosons, as specified in (139) are essential for thehigh-energy behaviour of the production
cross-section in accordance with the principle of unitarity. Deviations from these values spoil the high-
energy behaviour of the cross-sections and would be visibleat energies sufficiently above the production
threshold. Measurements of the cross section fore+e− → WW at LEP have confirmed the prediction
of the Standard Model, as visualized in Fig. 10 [16].

7.4 Global fits and Higgs boson mass bound

TheZ-boson observables from LEP 1 and SLC together withMW and the top-quark mass from LEP 2
and the Tevatron, constitute the set of high-energy quantities entering a global precision analysis. Global
fits within the Standard Model to the electroweak precision data containMH as the only free parameter,
yielding the results [16] shown in Fig. 11 and an upper limit to the Higgs mass at the 95% C.L. ofMH <
157 GeV, including the present theoretical uncertainties of the Standard Model predictions visualized as
the blue band [16] in Fig. 12. Taking into account the lower exclusion bound of 114 GeV forMH from
the direct searches via renormalizing the probability shifts the 95% C.L. upper bound to 186 GeV [16].
For similar analyses see Ref. [21].

The anomalous magnetic moment of the muon is practically independent of the Higgs boson mass;
hence its inclusion in the fit does not change the bound onMH , but it reduces the goodness of the overall
fit.

Measurement Fit |Omeas−Ofit|/σmeas

0 1 2 3

0 1 2 3

∆αhad(mZ)∆α(5) 0.02758 ± 0.00035 0.02768

mZ [GeV]mZ [GeV] 91.1875 ± 0.0021 91.1874

ΓZ [GeV]ΓZ [GeV] 2.4952 ± 0.0023 2.4959

σhad [nb]σ0 41.540 ± 0.037 41.478

RlRl 20.767 ± 0.025 20.742

AfbA0,l 0.01714 ± 0.00095 0.01645

Al(Pτ)Al(Pτ) 0.1465 ± 0.0032 0.1481

RbRb 0.21629 ± 0.00066 0.21579

RcRc 0.1721 ± 0.0030 0.1723

AfbA0,b 0.0992 ± 0.0016 0.1038

AfbA0,c 0.0707 ± 0.0035 0.0742

AbAb 0.923 ± 0.020 0.935

AcAc 0.670 ± 0.027 0.668

Al(SLD)Al(SLD) 0.1513 ± 0.0021 0.1481

sin2θeffsin2θlept(Qfb) 0.2324 ± 0.0012 0.2314

mW [GeV]mW [GeV] 80.399 ± 0.023 80.379

ΓW [GeV]ΓW [GeV] 2.098 ± 0.048 2.092

mt [GeV]mt [GeV] 173.1 ± 1.3 173.2

August 2009

Fig. 11: Experimental measurements versus best-fit Standard Model values

7.5 Perspectives for the LHC and the ILC

In the LHC era, further improved measurements of the electroweak parameters are expected, especially
on theW mass and the mass of the top quark, as indicated in Table 2. Theaccuracy on the effective mix-
ing angle, measureable from forward–backward asymmetries, will not exceed the one already obtained
in e+e− collisions [22]. The detection of a Higgs boson would go along with a determination of its mass
with an uncertainty of about 100 MeV.
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Fig. 12: χ2 distribution from a global electroweak fit toMH

At a future electron–positron collider, the InternationalLinear Collider (ILC), the accuracy on
MW can be substantially improved via the scanning of thee+e− →W+W− threshold region [23]. The
GigaZ option, a high-luminosityZ factory, can provide in addition a significant reduction of the errors
in theZ boson observables, in particular for the leptonic effective mixing angle, denoted bysin2 θeff ,
with an error being an order of magnitude smaller than the present one. Moreover, the top-quark mass
accuracy can also be considerably improved. The numbers arecollected in Table 2.

An ultimate precision test of the Standard Model that would be possible in the future scenario
with GigaZ [24] is illustrated in Fig. 13. The figure displaysthe 68% C.L. regions forMW andsin2 θeff
expected from the LHC and ILC/GigaZ measurements; the smallquadrangles denote the Standard Model
predictions for a possible, experimentally determined, Higgs boson mass with the sides reflecting the
parametric uncertainties from∆α and the top-quark mass (for∆α, a projected uncertainty ofδ∆α =
5 · 10−5 is assumed). If the Standard Model is correct, the two areas with the theory prediction and the
future experimental results have to overlap. The central values chosen in Fig. 13 are just examples; the
main message is the development of the uncertainties.

Table 2: Present experimental accuracies and expectations for future colliders

Error for Now Tevatron/LHC LC GigaZ
MW [MeV] 23 15 10 7
sin2 θeff 0.00016 0.00021 0.000013
mtop [GeV] 1.3 1.0 0.2 0.13
MHiggs [GeV] – 0.1 0.05 0.05
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Fig. 13: Perspectives for Standard Model precision tests at future colliders

8 Higgs bosons

The minimal model with a single scalar doublet is the simplest way to implement the electroweak sym-
metry breaking. The Higgs potential of the Standard Model given in (113) involves two independent
parametersµ andλ, which can equivalently be replaced by the vacuum expectation valuev and the
Higgs boson massMH , as done in (118). The vacuum expectation valuev is determined by the gauge
sector, as explained in (129) and (143);MH is independent and cannot be predicted but has to be taken
from experiment. Thus in the Standard Model the massMH of the Higgs boson appears as the only free
parameter that is still undetermined as yet. Expressed in terms ofMH , the Higgs part of the electroweak
Lagrangian in the unitary gauge reads as follows:

LH =
1

2

(
∂µH

)(
∂µH

)
− M2

H

2
H2 − M2

H

2v
H3 − M2

H

8v2
H4

+

(
M2

W W+
µ W

−µ +
M2

Z

2
ZµZ

µ

)(
1 +

H

v

)2

−
∑

f

mf ψfψf

(
1 +

H

v

)
, (157)

involving interactions of the Higgs field with the massive fermions and gauge bosons, as well as Higgs
self interactions proportional toM2

H .

8.1 Empirical bounds

The existence of the Yukawa couplings and the couplings to the vector bosonsW andZ is the basis
for the experimental searches that have been performed until now at LEP and the Tevatron. Ate+e−

colliders, Higgs bosons can be produced by Higgs-strahlungfrom Z bosons and by vector boson fusion
(mainlyWW ) as displayed in Fig. 14.

H

Z
Z

e+

e−

H

ν̄e

νe

W

W

e+

e−

Fig. 14: Processes for Higgs boson production ine+e− collisions
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At LEP energies, Higgs-strahlung is the relevant process. The lower limit at 95% C.L. resulting
from the search at LEP is 114.4 GeV [8]. From searches at the Tevatron [25] (see Fig. 15 for various
mechanisms) the mass range from 162 GeV to 166 GeV has been excluded (95% C.L.).
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t
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t

t

Fig. 15: Processes for Higgs boson production at hadron colliders

Indirect determinations ofMH from precision data yield an upper limit and have already been
discussed in Section 7.4. As a general feature, it appears that the data prefer a light Higgs boson.

8.2 Theoretical bounds

There are also theoretical constraints on the Higgs mass from vacuum stability and absence of a Landau
pole [26–28], and from lattice calculations [29,30]. Explicit perturbative calculations of the decay width
for H → W+W−, ZZ in the large-MH limit, Γ(H → V V ) = KV · Γ(0)(H → V V ) up to 2-loop
order [31] have shown that the 2-loop contribution exceeds the 1-loop term in size (same sign) forMH >
930 GeV (Fig. 16 [32]). This result is confirmed by the calculation of the next-to-leading order correction
in the1/N expansion, where the Higgs sector is treated as anO(N) symmetricσ-model [33]. A similar
increase of the 2-loop perturbative contribution withMH is observed for the fermionic decay width [34],
Γ(H → f f̄)) = Kf · Γ(0)(H → f f̄)), but with opposite sign leading to a cancellation of the 1-loop
correction forMH ≃ 1100 GeV (Fig. 16). The lattice result [30] for the bosonic Higgs decay in Fig. 16
for MH = 727 GeV is not far from the perturbative 2-loop result; the difference may at least partially be
interpreted as missing higher-order terms.

Fig. 16: Correction factorsKV ,Kf from higher orders for the Higgs decay widthsH → V V (V = W,Z) and
H → f f̄ in 1- and 2-loop order

The behaviour of the quartic Higgs self-couplingλ, as a function of a rising energy scaleQ,
follows from the renormalization group equation

dλ

dt
=

1

16π2
(12λ2 + 6λ g2t − 3 g4t + · · · ), t = log

Q2

v2
, (158)
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with theβ-function dominated by the contributions fromλ and the top-quark Yukawa couplinggt in the
loop contributions to the quartic interactions,

H

H H

H

λ

H

H

H

H

H

H

H

t

H

H

Owing to the second diagram, the first term in (158),λ(Q) increases withQ and diverges at a critical
scale, the Landau pole, which moves towards lower values forincreasing massMH . The requirement
of a perturbative, small couplingλ(Q) up to a scaleΛ thus yields an upper bound forMH . In order to
avoid unphysical negative quartic couplings from the negative top-loop contribution, a lower bound on
the Higgs mass is derived. In combination, the requirement that the Higgs coupling remain finite and
positive up to a scaleΛ yields constraints on the Higgs massMH , which have been evaluated at the
2-loop level [27, 28]. These bounds onMH are shown in Fig. 17 [28] as a function of the cut-off scale
Λ up to which the standard Higgs sector can be extrapolated. The allowed region is the area between the
lower and the upper curves. The bands indicate the theoretical uncertainties associated with the solution
of the renormalization group equations [28]. It is interesting to note that the indirect determination of the
Higgs mass range from electroweak precision data via radiative corrections is compatible with a value of
MH whereΛ can be extended up to the Planck scale.

Fig. 17: Theoretical limits on the Higgs boson mass from the absence of a Landau pole and from vacuum stability

8.3 Future searches

For the coming experimental searches at the LHC, it is important to have precise and reliable predictions
for the production and decay rates. Higgs bosons can be produced through various mechanisms at the
partonic level. The main partonic processes for Higgs bosonproduction are depicted in Fig. 15, and the
corresponding production cross sections are shown in Fig. 18 [35]. The largest cross section arises from
gluon–gluon fusion. The experimental signal, however, is determined by the product

σ(AB → H) ·BR(H → X) (159)

of the production cross sectionσ(AB → H) from initial-state partonsA,B and the branching ratio
BR(H → X) for the decay of the Higgs boson into a specific final stateX (see Fig. 19 for the branching
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ratios [36]). A light Higgs boson, well below theWW threshold, decays predominantly intobb̄ quarks,
owing to the largest Yukawa couplings in the kinematically allowed fermionic decay channels. This
signal, however, is experimentally unaccessible because it is covered by a huge background of QCD-
generatedb-quark jets. Therefore, in the low mass range, the rare decaychannelH → γγ has to be
selected reducing the total number of events considerably,in spite of the large production cross section,
and makes Higgs detection a cumbersome business. For largermasses,MH & 140 GeV, the decay
modesH → WW,ZZ → 4f make detection relatively easy. The vector-boson fusion channel (third
diagram of Fig. 15) with subsequent leptonic decayH → τ+τ− is a promising alternative.
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Fig. 18: Cross sections for Higgs boson production at the LHC
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Fig. 19: Branching ratios for Higgs boson decays
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For completeness we list the (lowest-order) expressions for the dominant Higgs decay rates into fermion
and vector-boson pairs,

Γ(H → f f̄) = NC

GFMH m2
f

4π
√
2

√
1−

4m2
f

M2
H

with NC = 3 for f = q, NC = 1 for f = ℓ,

Γ(H → V V ) =
GFM

3
H

16π
√
2
RV (xV ), xV =

M2
V

M2
H

, (V =W,Z) (160)

with

RZ = R(xZ), RW = 2R(xW ), R(x) =
√
1− 4x (1− 4x+ 12x2) . (161)

As an exercise, these formulae can easily be derived from theHff andHV V vertices in (157) with the help of
the Feynman rules of Section 2 and the general expression forthe width in (70).

8.4 Supersymmetric Higgs bosons

Among the extensions of the Standard Model, the Minimal Supersymmetric Standard Model (MSSM) [37]
is a theoretically favoured scenario as the most predictiveframework beyond the Standard Model. A light
Higgs boson, as indicated in the analysis of the electroweakprecision data, would find a natural expla-
nation by the structure of the Higgs potential. For a review on MSSM Higgs bosons see Ref. [38].
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Fig. 20: Example of the Higgs boson mass spectrum in the MSSM

The five physical Higgs particles of the MSSM consist of twoCP -even neutral bosonsh0,H0, a
CP -oddA0 boson, and a pair of charged Higgs particlesH±. At tree level, their masses are determined
by theA0 boson mass,MA, and the ratio of the two vacuum expectation values,v2/v1 = tan β,

M2
H+ = M2

A +M2
W ,

M2
H0,h0 =

1

2

(
M2

A +M2
Z ±

√(
M2

A +M2
Z

)2 − 4M2
ZM

2
A cos2 2β

)
. (162)

These relations are sizeably modified by higher-order contributions to the Higgs boson vacua and prop-
agators. A typical example of a spectrum is shown in Fig. 20, based on the FEYNHIGGS code [39]. In
particular the mass of the lightest Higgs bosonh0 is substantially influenced by loop contributions; for
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largeMA, theh0 particle behaves like the standard Higgs boson, but its massis dependent on basically
all the parameters of the model and hence yields another powerful precision observable. A definite pre-
diction of the MSSM is thus the existence of a light Higgs boson with mass below∼ 140 GeV. The
detection of a light Higgs boson could be a significant hint for supersymmetry.

The structure of the MSSM as a renormalizable quantum field theory allows a similarly complete
calculation of the electroweak precision observables as inthe Standard Model in terms of one Higgs
mass (usually taken asMA) andtan β, together with the set of SUSY soft-breaking parameters fixing
the chargino/neutralino and scalar fermion sectors [40]. For updated discussions of precision observables
in the MSSM see Ref. [41] .
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Fig. 21: TheW mass range in the Standard Model (lower band) and in the MSSM (upper band) respecting bounds
are from the non-observation of Higgs bosons and SUSY particles

As an example, Fig. 21 displays the range of predictions forMW in the Standard Model and in
the MSSM, together with the present experimental errors andthe expectations for the LHC measure-
ments. The MSSM prediction is in slightly better agreement with the present data forMW , although not
conclusive as yet. Future increase in the experimental accuracy, however, will become decisive for the
separation between the models.

Especially for the muonicg− 2, the MSSM can significantly improve the agreement between the-
ory and experiment: one-loop terms with relatively light scalar muons, sneutrinos, charginos and neutrali-
nos,

µ

γ

µ
χ̃i

ν̃µ

χ̃i

µ

γ

µ
µ̃a

χ̃0
j

µ̃b

in the mass range 200–600 GeV, together with a large value oftan β can provide a positive contribution
∆aµ, which can entirely explain the differenceaexpµ − aSMµ (see Ref. [42] for a review).

The MSSM yields a comprehensive description of the precision data, in a similar way to the
Standard Model. Global fits, varying the MSSM parameters, have been performed to all electroweak
precision data [43] showing that the description within theMSSM is slightly better than in the Standard
Model. This is mainly due to the improved agreement foraµ. The fits have been updated recently for the
constrained MSSM (cMSSM), including also bounds fromb → sγ and from the cosmic relic density.
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Theχ2-distribution for the fit parameters can be shown [44] as aχ2-distribution for the lightest Higgs
boson massMH , displayed in Fig. 22. The mass rangeMh = 110+9

−10 GeV obtained from this fit is
in much better agreement with the lower bound from the directsearch than in the case of the Standard
Model.
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Fig. 22: χ2-distribution for cMSSM fits, expressed in terms ofMh

9 Outlook

In spite of the success of the Standard Model in describing a large variety of phenomena, at a high level
of accuracy on both the theoretical and the experimental side, there is a list of shortcomings that motivate
the quest for physics beyond the Standard Model.

A rather direct augmentation is enforced by the need for accommodating massive neutrinos. The
Standard Model in its strictly minimal version is incomplete with respect to a mass term for neutrinos.
Neutrino mass terms can be added [7] without touching on the basic architecture of the Standard Model.
Besides this rather immediate modification one is confronted, however, with a series of basic conceptual
problems:

– the smallness of the electroweak scalev ∼ 1/
√
GF compared to the Planck scaleMPl ∼ 1/

√
GN

(thehierarchy problem) and the smallness of the Higgs boson mass ofO(v), which is not protected
against large quantum corrections ofO(MPl);

– the large number of free parameters (gauge couplings, vacuum expectation value,MH , fermion
masses, CKM matrix elements), which are not predicted but have to be taken from experiments;

– the pattern that occurs in the arrangement of the fermion masses;

– the quantization of the electric charge, or the values of the hypercharge, respectively;

– the missing way to connect to gravity.

Moreover, there are also phenomenological shortcomings, like missing answers to the questions about

– the nature of dark matter that constitutes the largest fraction of matter in the Universe,

– the origin of the baryon asymmetry of the Universe.

The class of models based on supersymmetry, briefly addressed in the last subsection 8.4, can at least
provide partial answers, e.g., for dark matter, the furtherunification of forces and hierarchy of mass
scales, new sources of CP violation, and can be related to string theory as a candidate for a microscopic
theory of gravity. The LHC experiments may soon shed light onour unanswered questions, or may also
surprise us with answers to questions we did not ask.
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Appendices

A Canonical commutation relations

The commutators between the canonically conjugate variablesQj , Pk in quantum mechanics,

[Qj , Pk] = i δjk, [Qj , Qk] = [Pj , Pk] = 0, (A.1)

are translated in quantum field theory to commutators for a (generic) field operatorφ(x) ≡ φ(t, ~x) and
its conjugate canonical momentum

Π(x) =
∂L

∂(∂oφ)
(A.2)

derived from the basic LagrangianL for the system. This procedure, known as canonical field quanti-
zation, is specified by the equal-time commutation relations, where the discrete indicesj, k in (A.1) are
replaced by the continuous indices~x, ~x ′:

[φ(t, ~x),Π(t, ~x ′)] = i δ3(~x− ~x ′), [φ(t, ~x), φ(t, ~x ′)] = [Π(t, ~x),Π(t, ~x ′)] = 0 . (A.3)

For fermionic field variablesψ(x) the commutators have to be replaced by anti-commutators.

A.1 Scalar field

We illustrate the method of canonical quantization choosing the scalar field as a specific example. Start-
ing from the Lagrangian (13) for a general, complex, free scalar field, we find the canonical field mo-
menta via (A.2) to be

∂L
∂(∂oφ)

= ∂0φ† = φ̇† = Π,

∂L
∂(∂oφ†)

= ∂0φ = φ̇ = Π† . (A.4)

Accordingly, the canonical commutation relations are given by

[φ(t, ~x), φ̇†(t, ~x ′)] = i δ3(~x− ~x ′),

[φ(t, ~x), φ(t, ~x ′)] = [φ̇(t, ~x), φ̇(t, ~x ′)] = 0 . (A.5)

These relations can equivalently be expressed in terms of the annihilation and creation operatorsa, b, a†, b†

in the Fourier expansion of the scalar fieldφ(x) in (14). They fulfil the following canonical commutation
relations in momentum space and can be interpreted as those for a continuous set of quantized harmonic

oscillators, labelled by~k, with frequenciesω = k0 =

√
~k
2
+m2 and with the relativistic normalization:

[a(k), a(k′)] = [b(k), b(k′)] = 0, [a†(k), a†(k′)] = [b†(k), b†(k′)] = 0,

[a(k), a†(k′)] = 2k0 δ3(~k − ~k ′), [b(k), b†(k′)] = 2k0 δ3(~k − ~k ′),

[a(k), b(k′)] = [a(k), b†(k′)] = [a†(k), b(k′)] = [a†(k), b†(k′)] = 0. (A.6)

Since we do not make use of the formulation of quantization inspace-time, but use instead the creation
and annihilation operators, which are closer to the physical picture of particles and particle states, we list
the commutators for the vector and spinor fields only in momentum space.

A.2 Vector field

For the vector field (25) the annihilation and creation operatorsaλ, a
†
λ carry helicity indices in additon to

the momenta. Otherwise the commutation rules are analogousto the scalar case:

[aλ(k), aλ′(k′)] = [a†λ(k), a
†
λ′(k

′)] = 0,

[aλ(k), a
†
λ′(k

′)] = 2k0 δλλ′ δ3(~k − ~k ′). (A.7)
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A.3 Dirac field

The Dirac field (53) involves fermionic annihilation and creation operatorscσ, dσ , c
†
σ, d

†
σ for each mo-

mentum~k and helicityσ. According to the antisymmetry of fermionic states, all commutators applying
to bosonic states in the canonical quantization above have to be replaced by anti-commutators:

{cσ(k), cσ′ (k′)} = {c†σ(k), c†σ′ (k
′)} = 0, {cσ(k), c†σ′ (k

′)} = 2k0 δσσ′ δ3(~k − ~k ′),

{dσ(k), dσ′ (k′)} = {d†σ(k), d†σ′ (k
′)} = 0, {dσ(k), d†σ′ (k

′)} = 2k0 δσσ′ δ3(~k − ~k ′),

{cσ(k), dσ′ (k′)} = {c†σ(k), d†σ′ (k
′)} = {cσ(k), d†σ′(k

′)} = {c†σ(k), dσ′ (k′)} = 0. (A.8)

B Green functions and causality

We demonstrate, for the example of the scalar field, how the+iǫ prescription in the Fourier representation
of the Feynman propagator leads to causal behaviour of particle/antiparticle propagation in space-time.
Making use of the time-ordered product of any two field quantitiesA(x) andB(x),

TA(x)B(y) = Θ(x0 − y0)A(x)B(y) + Θ(y0 − x0)B(x)A(y) , (B.1)

one can define the 2-point function for a (complex) scalar field φ(x) in the following way:

<0|Tφ(x)φ†(y)|0> = Θ(x0 − y0) <0|φ(x)φ†(y)|0>
+ Θ(y0 − x0) <0|φ†(y)φ(x)|0> . (B.2)

Invoking the Fourier expansion forφ andφ† in terms of creation and annihilation operators (14), one
can see that (B.2) describes particles created at timey0 and annihilated at timex0 if x0 > y0, and
anti-particles created at timex0 and annihilated at timey0 if y0 > x0.

On the other hand, starting from the Fourier integral (17) and performing thek0 integration by
means of a contour integral in the complex plane, one obtainsthe expression

D(x− y) =

∫
d4k

(2π)4
e−ik(x−y)

k2 −m2 + iǫ

=

∫
d3k

(2π)3
ei
~k(~x−~y)

∫
dk0

2π

e−ik0(x0−y0)

(k0)2 − ~k 2 −m2 + iǫ

= − i

(2π)3

∫
d3k

2k0
ei
~k(~x−~y)−ik0(x0−y0) |

k0=
√

~k
2
+m2

·Θ(x0 − y0)

− i

(2π)3

∫
d3k

2k0
ei
~k(~x−~y)+ik0(x0−y0) |

k0=
√

~k
2
+m2

·Θ(y0 − x0)

which can be written in the following way:

iD(x− y) =
1

(2π)3

∫
d3k

2k0

[
e−ik(x−y)Θ(x0 − y0) + eik(x−y)Θ(y0 − x0)

]
k0=

√
~k
2
+m2

. (B.3)

This is identical to (B.2) when the Fourier representation (14) forφ is inserted. Hence one has the identity

<0|Tφ(x)φ†(y)|0> = iD(x− y) , (B.4)

which connects the Green function of the Klein–Gordon equation with the 2-point function of the quan-
tized scalar field and thus with the particle/antiparticle concept obeying causality. As a byproduct, it also
explains the extra factori in the propagator (19).
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C Loop integrals and dimensional regularization

In the calculation of self-energy diagrams the following type of loop integrals involving two propagators
appears when the integration is done inD dimensions, denoted byB0 after removing a numerical factor:

µ4−D

∫
dDk

(2π)D
1

[k2 −m2
1 + iε][(k + q)2 −m2

2 + iε]
=

i

16π2
B0(q

2,m1,m2) . (C.1)

With help of the Feynman parametrization

1

ab
=

∫ 1

0
dx

1

[ax+ b(1− x)]2
(C.2)

and after a shift in thek-variable,B0 can be written in the form

i

16π2
B0(q

2,m1,m2) =

∫ 1

0
dx

µ4−D

(2π)D

∫
dDk

[k2 − x2q2 + x(q2 +m2
1 −m2

2)−m2
1 + iε]2

. (C.3)

The advantage of this parametrization is a simplerk-integration where the integrand is only a function
of k2 = (k0)2 − ~k2. In order to transform it into a Euclidean integral we perform the substitution2

k0 = i k0E ,
~k = ~kE , dDk = idDkE (C.4)

where the new integration momentumkE has a positive-definite metric:

k2 = −k2E , k2E = (k0E)
2 + · · ·+ (kD−1

E )2 . (C.5)

This leads us to a Euclidean integral overkE ,

i

16π2
B0 = i

∫ 1

0
dx

µ4−D

(2π)D

∫
dDkE

(k2E +Q)2
(C.6)

where

Q = x2q2 − x(q2 +m2
1 −m2

2) +m2
1 − iε (C.7)

is a constant with respect to thekE-integration. ThiskE-integral is of the general type

∫
dDkE

(k2E +Q)n

of rotational-invariant integrals in aD-dimensional Euclidean space. They can be evaluated usingD-
dimensional polar coordinates (with the substitutionk2E = R),

∫
dDkE

(k2E +Q)n
=

1

2

∫
dΩD

∫ ∞

0
dRR

D
2
−1 1

(R+Q)n
,

yielding

µ4−D

(2π)D

∫
dDkE

(k2E +Q)n
=

µ4−D

(4π)D/2
· Γ(n− D

2 )

Γ(n)
·Q−n+D

2 . (C.8)

The singularities of the initially 4-dimensional integrals are now recovered as poles of theΓ-function for
D = 4 and valuesn ≤ 2.

2Theiε-prescription in the masses ensures that this is compatiblewith the pole structure of the integrand.
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Although the l.h.s. of (C.8) as aD-dimensional integral is sensible only for integer values of D, the
r.h.s. has an analytic continuation in the variableD: it is well defined for all complex valuesD with
n− D

2 6= 0,−1,−2, . . . , in particular for

D = 4− ǫ with ǫ > 0 . (C.9)

For physical reasons we are interested in the vicinity ofD = 4. Hence we consider the limiting case
ǫ → 0 and perform an expansion aroundD = 4 in powers ofǫ. For this task we need the following
properties of theΓ-function atx→ 0:

Γ(x) =
1

x
− γ + O(x) ,

Γ(−1 + x) = − 1

x
+ γ − 1 + O(x) , (C.10)

with Euler’s constant

γ = −Γ′(1) = 0.577 . . . (C.11)

For the integralB0 we evaluate the integrand of thex-integration in (C.3) with help of (C.8) as follows:

µǫ

(4π)2−ǫ/2
· Γ(

ǫ
2 )

Γ(2)
·Q−ǫ/2 =

1

16π2

(
2

ǫ
− γ + log 4π − log

Q

µ2

)
+ O(ǫ)

=
1

16π2

(
∆− log

Q

µ2

)
+ O(ǫ) . (C.12)

Since theO(ǫ) terms vanish in the limitǫ → 0 we can skip them in the following. Insertion into (C.3)
with Q from (C.7) yields

B0(q
2,m1,m2) = ∆ −

∫ 1

0
dx log

x2q2 − x(q2 +m2
1 −m2

2) +m2
1 − iε

µ2
. (C.13)

The remaining integration is elementary and the result can be expressed in terms of logarithms. The
explicit analytic formula can be found, for example, in Ref.[10].

In the expression (C.12) above we have introduced the abbreviation

∆ =
2

ǫ
− γ + log 4π (C.14)

for the pole singularity combined with the two purely numerical terms that always go together in dimen-
sional regularization. In theMS renormalization scheme, the counter terms required for renormalization
cancel just these∆ terms appearing in the calculation of amplitudes at the looplevel.
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