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1 Introduction

In the planar N' = 4 supersymmetric Yang-Mills (SYM) theory at strong coupling, Alday
and Maldacena [1] noted a duality between an n-point colour-stripped scattering amplitude
and the vacuum expectation value of a Wilson loop with a contour made by n light-like
edges, whose length and ordering is given by the momentum and ordering of the particles
in the amplitude. Remarkably, such a duality was found to hold also for the planar N' = 4
SYM theory at weak coupling, between the one-loop four-point amplitude in a maximally-
helicity violating (MHV) configuration and a one-loop four-edged Wilson loop with the
contour defined as above [2].

At one-loop level, the duality has been extended to Wilson loops and MHV amplitudes
with an arbitrary number of points [3]. Writing at any loop order L the amplitude MT(LL) as
the tree-level amplitude, MT(LO), which depends on the helicity configuration, times a scalar
function, mle), and introducing a Wilson-loop coefficient, w,(LL), the duality is expressed
by wg) = mg) + const + O(e). At two-loop level, the duality has been successfully tested
on the four-edged Wilson loop and the four-point MHV amplitude [4], and on the five-
edged [5] and six-edged [6, 7] Wilson loops and the parity-even part of the five-point [8]
and six-point [9] MHV amplitudes.

The L-loop Wilson loop fulfills a Ward identity for a special conformal boost, whose
solution for L > 2 can be written as the sum of two contributions: a term which iterates
the structure of the one-loop Wilson loop, augmented, for n > 6, by a function RflLIZV g of
conformally invariant cross ratios [5]. The iterative term is known through a conject7ure on

the structure of the MHV amplitudes [10, 11], while R(L‘ZVL, which is termed the remainder

n,



function, is not fixed by the Ward identity and must be computed. Writing likewise the
L-loop MHV amplitude as the sum of the iterative formula of the one-loop amplitude
plus a function R,(lL) of conformally invariant cross ratios, and choosing appropriately the
relative normalisation of one-loop amplitudes and Wilson loops, the duality between MHV
amplitudes and Wilson loops is then stated by the equality of their remainder functions,
R%L) = Rﬁf&m. At two loops, Rg) is known numerically for n = 6 [9], while Rfj%/VL
is known for arbitrary n through a numerical algorithm [12], which has been used to
compute it for up to 30 edges [13]. The two-loop six-edged remainder function R((fl)/v 1 is
also known analytically as a function of uniform transcendental weight four in terms of
multiple polylogarithms in three conformally invariant cross ratios [14, 15].! Beyond two
loops, the remainder functions are unknown.

At strong coupling, the six-edged remainder function has been computed analytically in
the limit where all three cross ratios are equal [17]. In contrast to the weak coupling result,
which is of uniform and intrinsic transcendental weight four [15] (intrinsic in the sense that
the terms of the polynomial of weight four cannot usually be reduced to the product of
terms of lower weight), the strong coupling result is expressed as a combination of terms
with different transcendentality. Although analytically the remainder functions at strong
and weak coupling are different functions, it is worth noting that they are numerically
very close over a wide range of values for the conformal ratio, albeit with significative
differences [15, 17].

At strong coupling, for Wilson loops embedded into the boundary of AdSs, the eight-
edged remainder function has been computed in terms of two variables, x* and x~ [18].
The strong-coupling result has been compared numerically to the weak-coupling two-loop
result [13]. In this paper, we present the first analytic calculation of the two-loop eight-
edged Wilson loop as a function of Y™ and x~. The ensuing remainder function takes a
remarkably simple form and is given, up to a constant, by the product of four logarithms.

Our paper is organized as follows: In section 2 we introduce our notation and conven-
tions, and we review the eight-edged Wilson loop both in general as well as in the special
kinematics of ref. [18]. In section 3 we discuss our strategy for the computation of the
octagon remainder function and we present the main result of this paper, the analytic
expression for Ré?‘)/v . (xT,x7). In order to test the conjectures made in ref. [13], in sec-
tion 4 we compare our result to the strong-coupling result of ref. [18]. In section 5 we draw

our conclusions.

2 The two-loop Wilson loop

2.1 Definitions

The Wilson loop is defined through the path-ordered exponential,

WIC,]) = Tr P exp [ig%dT:’U“(T)AH(x(T)) , (2.1)

'n ref. [16], Ré?éVL has been expressed in terms of one-dimensional integrals.



computed on a closed contour C,. In what follows, the closed contour is a light-like n-edged
polygonal contour [1]. The contour is such that labelling the n vertices of the polygon as
1,...,Ty, the distance between any two contiguous vertices, i.e., the length of the edge
in between, is given by the momentum of a particle in the corresponding colour-ordered
scattering amplitude,

Pi =T — Tiq1, (2.2)

with ¢ = 1,...,n. Because the n momenta add up to zero, > ; p; = 0, the n-edged
contour closes, provided we make the identification 1 = z,11.

In the weak-coupling limit, the Wilson loop can be computed as an expansion in
the coupling. The expansion of eq. (2.1) is done through the non-abelian exponentiation

theorem [19, 20], which gives the vacuum expectation value of the Wilson loop as an

exponential,

(WICn]) =1+ Z a* W) = exp Z alwlh) (2.3)

L=1 L=1
where the coupling is defined as
2
g°N
a="¢ 5 (2.4)

For the first two loop orders, one obtains

W =W, WP =W - (W) (2.5)

(1)

The one-loop coefficient wy, ’ was evaluated in refs. [2, 3], where it was given in terms of
the one-loop n-point MHV amplitude,

I'(1 — 2e) C2
1 _ 1 _
wg)_IQ(l—e)mgl) mg)—n2—|—(9(e), (2.6)
with ¢; = ((7) and ((z) the Riemann zeta function, and where the amplitude is a sum of

one-loop two-mass-easy box functions [21],

m) =>"F™(p,q,P,Q), (2.7)

p,q

where p and ¢ are two external momenta corresponding to two opposite massless legs,
while the two remaining legs P and ) are massive. The two-loop coefficient w,(f) has been
computed analytically for n = 4 [4], n = 5 [5] and n = 6 [14, 15], and numerically for
n=206[7] and n =7,8 [12].

The Wilson loop fulfils a special conformal Ward identity [5], whose solution is an
iterative formula over the one-loop Wilson loop [10, 11] plus, for n > 6, an arbitrary
function of the conformally invariant cross ratios. Thus, the two-loop coefficient wg) can

be written as

w?(e) = fig(e)wid (2e) + Cy + R%Y, +0(e) (2.8)

where the constant is C‘(,[Q,)L = —(3/2, and the function féé)L(e) is [4, 12, 22],

£ (€) = —Co + T¢se — BCac® . (2.9)



With the two-loop coefficient wg) given by egs. (2.8) and (2.9) and a similar expansion of

the two-loop MHV amplitude [10],

1 2
m@ () =, [mP@)] +rPOmPe) +c@+RY +0(),  (2.10)
with the constant C'?) = CI(,IQ,)L, and the function f(2)(e) = —(o — (3¢ — (4€%, the dual-

ity between Wilson loops and amplitudes is expressed by the equality of their remainder
functions [12],

R?,, =RY. (2.11)

2.2 The two-loop eight-edged Wilson loop

The diagrams that enter the computation of the two-loop eight-edged Wilson loop have
been given explicitly in ref. [12] in terms of multifold Feynman parameter-like integrals. In
total, 49 different diagrams (plus their cyclic permutations over the external edges) con-

(2)

tribute to wg™”. The most difficult contribution comes from the so-called “hard diagram”,
which corresponds to the situation where three different edges of the polygon are connected
by a three-gluon vertex. However, the complexity of the problem does not only come from
the large number of diagrams, but also from the fact that the Wilson loop is a function
of twenty cyclic Mandelstam invariants® of the form Siit1s Sii+1,i+2 and S; 414243 (See
appendix A for a summary of the eight-point kinematics).

From the special conformal Ward identity [5], we expect that the two-loop eight-edged
(2)

remainder function R82W 1» defined through eq. (2.8), be a function of cross ratios only,
defined as,

2 2
Lij+1iy1
uj= 2, , (2.12)
Li5Tit141
where x?j = (x; — mj)2 = 8iit+1,...j—1, with j > 7. For the eight-edged Wilson loop there are

twelve cross ratios, which are given explicitly in eq. (A.4) and which can be divided into
two groups of eight and four respectively,

2 2 2 2
Tiitd Tit1,i4+3 Ll k45 Thd-1,k+4

Uii+3 = o o and  Upgra = 5 ; (2.13)
4,i+3 Vi+1,i+4 k,k+4 " k+1,k+5
with¢=1,...,8 and k = 1,...,4. Hence in general kinematics the eight-point remainder

(2)

function Rgyyp is a function of twelve variables. Currently that lies beyond our technical
capabilities. Therefore it is natural to look for special kinematics where the twelve cross
ratios are parametrised by a smaller set of free parameters. In ref. [18], the eight-point
remainder function was computed at strong coupling for a Wilson loop embedded into the
boundary of AdSs. In this set-up all twelve conformal ratios can be expressed in terms of
two real positive parameters y*. Explicitly, the relations read,

x*t X~ 1 1
Uy = , Usg = , uzy = , Uy = ,
BTyt S T Lt T X (214)
uii+3:1, izl,...,S.

2We do not impose the Gram determinant constraint, i.e., we no not restrict the external momenta to
four dimensions.



For more details on these kinematics and how to express the positions of the cusps of the
Wilson loop in terms of x* we refer to refs. [13, 18], as well as to appendix A.

Let us conclude this section by summarizing the properties of the remainder function in
these special kinematics. The invariance of the Wilson loop under a cyclic permutation of
the edges implies that the remainder function Ré?‘),v 1» as a function of the twelve conformal
ratios, must be symmetric under a simultaneous cyclic permutation or reversal of the first
eight and the last four cross ratios in eq. (2.13) [12]. It is easy to check that in the x*
kinematics this implies the invariance of the remainder function under a reversal and/or

inversion of y™ and x 7, i.e.,
2 - 2 - 2 _ 2 _
Ry 1 0¢HX7) = By 0 x) = ROy, (X 1/X7) = ROy (X7, 1/x7) - (215)

Furthermore, the limits where the y variables become large or small correspond to various
soft and collinear limits [18]. In general kinematics in the triple collinear limit, the octagon
remainder function must reduce to the sum of two hexagon remainder functions [12]. In
that limit and in the kinematics of eq. (2.14), we obtain that the eight-point remainder
function must reduce to twice the remainder function for a regular hexagon [13],

7

2 2
Ry = 2RE = — - (2.16)

2.3 The quasi-multi-Regge kinematics of four-of-a-kind along the ladder

In ref. [23], it was noted that the calculation of a six-point MHV amplitude (and thus of
a six-edged Wilson loop) would be exact if performed in multi-Regge kinematics which do
not modify the functional dependence of the cross ratios on the kinematic invariants. The
simplest of such kinematics are the quasi-multi-Regge kinematics (QMRK) of a pair along
the ladder [24, 25]. This fact was used in refs. [14, 15] to compute analytically the two-loop
six-edged Wilson loop. In fact, in ref. [14] it was shown that in the QMRK of a cluster
of n — 4 particles along the ladder, an L-loop n-edged Wilson loop is Regge exact, i.e., its
analytic form is the same as in arbitrary kinematics.?

For an eight-edged Wilson loop, the appropriate kinematics are the QMRK of four
particles along the ladder [26]. In the physical region, defining 1 and 2 as the incoming
gluons, with momenta py = (pd /2,0,0,p3 /2) and p; = (p; /2,0,0, —p; /2), and 3,...,8 as
the outgoing gluons, the kinematics are set by taking the outgoing gluons strongly ordered
in rapidity, except for a cluster of four along the ladder. The ordering is,

Y3 > Ys Y5 = Ye = Y7 > YR, D3| >~ [par| ~Ipsi| >~ |per| =~ [p7i| ~ |psi|, (2.17)

where the particle momentum p is parametrised in terms of the rapidity y and the azimuthal
angle ¢, p = (|p1|coshy,|pL|cosd,|pi|sine,|p,|sinhy). We shall work in the Euclidean
region, where the Wilson loop is real. In that case, the Mandelstam invariants can be

3Regge exactness was noted firstly in the simplest instance of the Regge limit of a four-edged Wilson
loop [2]. In fact, the Regge limit can be seen as the limiting case of the QMRK of a cluster of zero particles
along the ladder. However, in the case of a four-edged Wilson loop there are no cross ratios and no remainder
function, so the Regge exactness pertains only to the iterative part of eq. (2.8).



taken as all negative, and in the QMRK of four-of-a-kind along the ladder they are ordered
as follows,

— S12 > —S51234, — 53456, —S5123, —S5345, —S678, —S812, —S534, —S78 >

> —59345, — 545675 — 5234, — 5456, —S567, — 5781, — 523, —S45, —S56, —S67, —S81 - (2.18)

Introducing a parameter A < 1, the hierarchy above is equivalent to the rescaling

{81234, 534565 S123, 345, S678, 5812, S34, 878} = O(A) >

2
{52345, 54567, 5234, S456, S567, ST81, 523, 545, S56, S67, 581} = O(A?). (2.19)

In this case, it is easy to verify that all the twelve cross ratios (A.4) are O(1). Because
the dependence of the remainder function RéQ‘),V ;, on the twelve cross ratios is left invariant
in going from the exact kinematics to the QMRK of eq. (2.17), these are the candidate

simplest kinematics by which to determine Rgl)/v I

3 The octagon remainder function in x kinematics

In this section we present our computation of the eight-edged remainder function in x
kinematics, which was done following the recipe introduced in refs. [14, 15]. We start from
the parametric representations of the Wilson loop diagrams given in ref. [12] and derive
appropriate Mellin-Barnes (MB) representations for all of them. In multi-loop calculations
it is sometimes difficult to find an optimal choice for the MB representation. However,
in our case the MB representations are introduced in a straightforward way using the
basic formula,

1 Y Bl P A?
= I'(—z) (A 3.1
(A+B» ~ T()\) /@-oo omi LATA+2) g (3:1)
where the contour is chosen such as to separate the poles in I'(... — z) from the poles

in I'(... + 2z). Note that in our case A equals an integer plus an off-set corresponding to
the dimensional regulator €. In order to resolve the singularity structures in €, we apply
the strategy based on the MB representation and given in refs. [27-30]. To this effect,
we apply the codes MB [31] and MBresolve [32] and obtain a set of MB integrals which
can safely be expanded in € under the integration sign. After applying these codes, all
the integration contours are straight vertical lines. At the end of this procedure, the most
complicated integral is expressed as a tenfold MB integral, which is dependent on ratios of
Mandelstam invariants.

We then simplify the computation by exploiting the Regge exactness of the
Wilson loop [14] and extract the leading quasi-multi-Regge behaviour by applying
MBasymptotics [33]. Finally, we apply barnesroutines [34] to perform integrations that
can be done by corollaries of Barnes lemmas. We arrive at a representation in terms of at
most fivefold integrals depending explicitly on the cross ratios only.* We checked numer-
ically that the sum of the MB integrals in the QMRK equals the sum of all the original

“However, the coefficients of the integrals depend on logarithms of Mandelstam invariants.



parametric integrals, the latter being evaluated numerically using FIESTA [35, 36|, as well
as comparing directly to results obtained by the numerical code of ref. [12]. It is worth
noting that, although the individual integrals have undergone a huge simplification, due to
the Regge exactness of the Wilson loop the representation of wéQ) obtained in this way is
valid in arbitrary kinematics.

The integrals we obtained can be simplified further by introducing the y* variables
via eq. (2.14). Since most of the cross ratios become one in this limit, many of the MB
integrals can be done in closed form using (corollaries of) Barnes lemmas, which, after
some additional massaging, leaves us with at most twofold integrals to compute. All the
integrals can now be computed by closing the contours at infinity and summing up the
residues in the poles of the I" functions. The sums we obtain are nested harmonic sums [37]
that sum up to (multiple) polylogarithms, a task that can easily be performed using the
FORM code XSummer [38].° Combining all the terms, and after a final massaging, we arrive
at a very simple expression for the octagon remainder function,

7t

Ré?l)/VL(X'F, X )=— 18~ ; In(14x%)In (1 + X1+> In(1+x ) (1 + X1_> . (32
Eq. (3.2) is the main result of this paper. We checked its correctness by comparing to
various points obtained by the numerical code of ref. [13].5 Note that in eq. (3.2) the
symmetry properties (2.15) of the remainder function are manifest. Furthermore, in the
limit where one of the x variables becomes large or small, eq. (3.2) immediately reduces to
—T;, in agreement with eq. (2.16). Finally, we can extract from eq. (3.2) the value of the
regular octagon, which corresponds to y* = 1,

7.1_4

2

1
~y In?2 ~ —5.52703... , (3.3)

in a very good agreement with the numerical value quoted in ref. [13].

4 Comparison to the strong coupling result

In ref. [18] the strong coupling octagon remainder function was given in terms of a one-

dimensional integral,

tron 1 _ 1 77T
R;V;;Lg:—an(Hx ) In 1+X+ + g

. (4.1)
N /+oo " ’m‘ sinh ¢ In <1 + 6—27r|m|cosht) ’
oo tanh(2t 4 2i¢)
where m = |m|e’? is a complex variable related to x* via
X+ _ eQnImm and X = e—27rRem. (42)

°In intermediate steps, some of the integrals also get contributions from multiple binomial sums [39, 40].
All of these terms cancel however in the sum over all contributions.
SWe are grateful to Paul Heslop and Valya Khoze for providing us with this check.



0.0 T T T T 0.0

=021 -0.2

—04L 1 —o04l

0.6 - 0.6

-0.8 -0.8

~1.0 . . . . ~1.0 . . . .

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
|m| |m|
(2) strong

Figure 1. Plot for Ry~ (red) and Ry (blue) as a function of |m| for ¢ = 0 (left) and ¢ = 7/4
(right). Note that the two curves basically overlap and that the numerical difference between them
is too small to be appreciated by eye.

Eq. (4.1) is valid in the first quadrant of the complex m-plane, 0 < ¢ < 7, and is extended
over the whole complex plane by analytic continuation. Note that eq. (4.1) is invariant
under ¢ — ¢ + 7, reflecting the invariance of the remainder function under exchange and
inversion of the x variables. In the collinear limit, eq. (4.1) reduces to twice the remainder

function of the regular hexagon,

Tron Tron, 7
Rgene — oRirons — g . (4.3)

Furthermore, the value of the regular octagon is also known analytically,

om 1
t 2
RwE = 7T~ n?a. (4.4)
In ref. [13] the following rescaled remainder function was introduced, both at weak and
at strong coupling,
i i
i WL T f'8reg
RS - R _ 2RI ’ (4'5)
8,reg 6,reg
where 7 refers either to the strong or the weak coupling answer. It was observed that within

numerical errors this rescaled remainder function is equal at weak and at strong coupling,
2
R ~ Y (4.6)

and it was conjectured that such a universality might extend even beyond the case of the
octagon and/or the special kinematics under consideration.

Since we are now in possession of an analytic expression for the weak coupling result,
we can check this conjecture to a much higher accuracy. We find that, similar to the case
of the hexagon remainder function, the two functions are indeed very close over a wide
range of values, but they differ substantially not only in magnitude, but also in shape (See
figure 1 and 2).
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5 Conclusion

In this paper we have presented the first analytic computation of the two-loop remainder
function for an eight-edged Wilson loop in N' = 4 SYM, in the kinematic set-up of ref. [18].
The result is characterised by a remarkably simple form, a constant plus a product of four
logarithms. In fact it corresponds to the simplest function of uniform transcendentality
four consistent with the constraints coming from cyclic invariance and collinear limits,
egs. (2.15) and (2.16). Hence its functional form is simpler than the strong coupling result
of ref. [18]. This is to be contrasted with the case of the hexagon remainder function,
where the strong coupling result [17] is given by a rather short expression in terms of
simple functions, whereas the weak coupling result [14, 15] is expressed as a complicated
combination of polylogarithms of weight four.

In order to test the conjecture of a universality of the remainder function in the strong
and weak coupling limits, in section 4 we confronted our result to the strong coupling
result. In contrast with the numerical observation of ref. [13], we do not find a matching
between the strong and weak coupling results, because both functions differ not only in
magnitude but also in shape. Thus we conclude that a universality of the type suggested
in ref. [13] is ruled out.

In the perspective of studying further potential relations between the strong- and weak-
coupling remainder functions, it would be interesting to compare our result to the recently
introduced OPE approach to polygonal Wilson loops [41].
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A Eight-point kinematics

The diagrams that enter the computation of the two-loop eight-edged Wilson loop have
been given explicitly in ref. [12]. In terms of those diagrams, we write the Wilson loop as,

w5(52) = C[fu(p1,p2,p3;0,ps+ps+ps+pr+ps,0)+ fu(p1,p2, pa; P3, P5+pe+p7r+ps,0)
+fu(P1, P2, P55 P3+Ppa, P6+P7+D8, 0)+ fr (P1, D2, P6; P3+Patps, p7+ps, 0)

+f1(P1; P2, P73 P3+Pa+P5+DP6, Ps, 0)+ fr (P1, P3, Psi pa, pe+p7+Ds, P2)

+fu (p1,p3, P6; pa+ps, pr+ps, p2)

(p1,p2,p3; 0, pa+ps5+pe+p7+ps, 0)+ fo(p1, p2. pas p3, ps+ps+p7+ps, 0)
c(p1, P2, P5; P3+D4, Pe +P7+Dps, 0)+ fo (p1, P2, Pe; P3+Patps, pr+Ds, 0)
c(p1, P2, p7; P3+Ppat+ps+De, Ps, 0)+ fo(p1, P2, Ps; P3+pa+ps+pe+p7,0,0)
c(p1,p3, P43 0, p5+p6+p7+ps, p2) + fo(p1, p3, P5i Pas Pe +P7+ps, P2)
c(p1,p3,P6; Pa+Ds5, pr+ps, p2) + fo(p1, p3, Pr; Pa+D5+D6; Ps, P2)
c(p1, 3, psi pa+ps+pe+p7,0,p2)+ fo(p1, pas ps; 0, ps+pr+ps, p2+ps3)
fc(p1, p4, pe; ps, P7+ps, p2+p3)+ fo(p1, P4, P73 P5+D6, Pss P2+D3)
c(p1, P4, ps; p5s+p6+p7,0, p2+p3) + fo(p1, s, pe; 0, pr+ps, pa+p3+pa)
c(p1, 5, P75 D6 P8, P2 +P3+Dpa)+ fo(p1, ps, ps; Pe+p7,0, P2 +p3+Dp4)
c(p1,pe, p7: 0, ps, p2+p3+patps)+ fo(pr, pe. psi pr, 0, p2+p3+pa+ps)
c(p1,p7,p8; 0,0, p2+p3+pa+ps+ps)

X (P1,p2; P3+Pat+ps+pe+pr+ps, 0)+ fy (p1, p2; p3+pa-+ps+ps+p7+ps, 0)

v (p2, 2150, p3+Ppa+ps+ps+p7+ps)+ fx (D1, P3; Pa+P5+p6+D7+Ds, p2)

fy (p1,p3: Pa+Dp5+p6+p7+p8, p2)+ fv (P3, p1; P2, Pa+Ps+D6+Pp7+D8)

fx(p1,p1; ps+pe+p7+ps, p2+p3)+ fy (p1, P43 Ps+pe+p7+ps. p2+p3)

+fy (P4, P15 P2+DP3, P5 +p6+p7+ps) +(1/2) fx (P1, P55 P6+P7+Ds, P2+P3+pa)

+fy (P1, Ps; D6 +p7+D8, p2+p3+pa)

H—1/2)fp(p1, p3; pa+ps5+pe+pr+ps, p2) fr(P2; pa; P1+P5+Ppe+D7+Ds; P3)

H—=1/2) fp(p1, p3; pa+ps+p6+p7+ps,p2) fr(P2, P5; P1+D6+D7+D8, P3+Da)

H—1/2) fp(p1, p3; pa+ps+pe+p7+s, p2) fr(p2, P6; P1+p7+Ds, P3+patps)

H—1/2) fp(p1, p3; pa+ps+pe+p7+Ds, p2) fr(p2, P73 P1+ P8, P3+Patps+D6)

H—1/2) fp(p1, pa; ps+pe+pr-+ps, p2+03) fr(P2; P5; P1+P6+D7+D8, P3+Da)

H—=1/2) fp(p1, pa; p5+p6+p7+D8, P2+p3) fr(P2, Pe; P1+P7+DP8, P3+Ppa+ps)
) ) fr( )
) ) fp( )
) ) fr( )

( )

c

L L L L L4244

+ 4+

H—1/2) fp(p1, pa; ps+pe-+p7+ps, P2+p3) fr(p2, p7; P1+D8, P3+Pat+ps+pe
H—1/2) fp(p1, pa; ps+pe+p7+D0s, P2+p3) fr(p3, pr; p1+p2+ps, Patps+D6
H—1/4)fp(p1, ps; pe+p7-+Dps, P2+p3+pa) fr(p2, Pe; P1+D7+D8, P3+patps
H—1/8) fp(p1,ps5; p6+p7+Dps, P2+p3+pa) fp(p3, p7; P1+D2+Ds, Pa+ps+ps
+ cyclic permutations of (p1,p2, p3, pa, Ps, D6, P7,8)] (A.1)

o~ o~ o~ o~ o~ o~~~

,10,



where, in the terminology of ref. [12], fy stands for a hard diagram, fo for a curtain
diagram, fx for a cross diagram, fy for a Y diagram plus half a self-energy diagram, fp
for a factorised cross diagram. Furthermore,

C = 2a2p* [D(1 4 €)e™ ) , (A.2)

and the scale p? is given in terms of the Wilson loop scale, ,u%/V L= e .

(2)

The Wilson loop wg "’ is expressed in terms of the kinematic invariants, sq12, s23, s34,

S45, S56, S67, S78, 581, 5123, 5234, 5345, 5456, S567, 5678, S781, S812, S1234, 52345, 53456, S4567, all
the other invariants being related to those above by the following relations,

513 = §123 — S12 — S23 5 S14 = S1234 — S123 — S234 + S23,

815 = —81234 — S2345 1+ S234 + Se78 816 = 52345 — S678 — S781 1 78,

S17 = S781 — S78 — 881, 524 = 8234 — 523 — S34,

825 = S2345 — 5234 — S345 + S34, $26 = —52345 — S3456 1 S345 + 8781

S27 = S3456 — S781 — Sg12 + S81, S8 = Sg12 — S81 — S12,

$35 = S345 — S34 — S45 536 = S3456 — S345 — S456 + S45,

537 = —53456 — S4567 T 5456 1 5812 ; 538 = S4567 — S812 — S123 + S12,

$46 = S456 — S45 — S56 5 S47 = S4567 — S456 — S567 + S56

S48 = —S4567 — 51234 T S567 + S123 857 = 8567 — 556 — S67

558 = 51234 — S567 — S678 + S67 5 S68 = S678 — S67 — S78 - (A.3)

Using these expressions, we can form twelve independent conformal cross ratios,

2 ,.2 2 .2 2 .2
_ Ti5Tog 51234523 _ Toad3s 52345534 _ T37Tys 53456545
Ul4 = o o = ) U5 = o o = ) U3 = o o — )
T4 T5 51235234 TH5T34 52345345 T36L 47 53455456
2 .2 2 .2 2 .2
LysLy7 54567556 T51Lgs 51234567 Lgol7q 52345578
Ugr = o o = ) Us8 = o o = ) Uer = o o = y
TyrTsg 54565567 TreTgq 55675678 Tg1L79 56785781
2 .2 2 .2 2 .2
L73Lgo 53456581 TgqT1s 54567512 T16Lo5 56785234
um = o o9 = P Ug3 = o o = > Uiy = o o = s
T79Tg3 57815812 Ty3T1y 58125123 Ti5L5g 5123452345
2 .2 2 .2 2 .2
_ ToyXze 87815345 _ Tzgxy7r 58125456 Ty Tsg 51238567
Uz = = uzy = = Ugg = =

x2.02 S S ’
48151 456751234
( * )

2 .2 ’ 2 .2 ’
To6L37 5234553456 T37Tys 5345654567

where we have used eq. (2.2) to set xfj = Siit1,..j—1, With j > 4.
In ref. [13], three representations of the set-up of ref. [18] in terms of the Wilson-loop
cusp coordinates are given. We choose the one for which the cusp coordinates are

z1 =(1/2,1/2,-1),
(X7 X"
T2 = ) ,_1 )
24+ 2xt 24 2¢*

< T+ 2+ x )x" —1+xx* —(1+x‘)(1+x+)>

x - b b
’ 20+ x +xxH) 20 +x +xx") 1+x +xx*

— 11 —



1 -1
Ty = ) ,_1 )
* <2+2X— 2(1+x7) )
L5 = (1/2’ _1/2’ _1)5

xe = (—1/2,—-1/2,0), x7 = (0,0,0), xg = (—1/2,1/2,0). (A.5)

Then the Mandelstam invariants take the values

22 = 519 = — 1 22, = 8193 = — 1
Tl5 = 1034 = —1, ris = sers = —1,
x3; =s3=—1,
z3 =823 = — X+ 3 = 8234 = — X+
“ (L+x)(+xT)’ 2 L4 xt’
3636 = S9345 = —1, m§7 =s731 = —1,
2 1
$28:581=—1+X+,
562 = S34 = — X+X_ 562 = 8345 = — X_(1+X+)
% L+x (1+x1)’ % L+ x (1+xh)’
Jr —
X I+ x
w3 = s3a56 = —1 — _ o T3 = sg19 = — _ TR
T+x (1+x%) IL+x (1+x™)
2 X_ 2
The = S45 = — Tir = Sa56 = —1
46 45 1_|_X_7 47 456 ’
23y = saz67 = —1,
23, = 856 = —1, 23y = s567 = —1,
Tie = sgr = —1. (A.6)

Using these expression, we can immediately construct the cross ratios given in eq. (2.14).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution Noncommercial License which permits any noncommercial use, distribution,
and reproduction in any medium, provided the original author(s) and source are credited.
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