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1. INTRODUCTION

The wakefield of a bunch of charged particles traversing a resonant
cavity is of considerable interest for particle accelerators and storage
rings, as it permits the calculation of the coupling impedance - and hence
the stability - as well as the evaluation of the energy loss of the bunched
beam. The only geometry which permits exact analytic calculations of the
wakefield is the closed cylindrical cavity, commonly called "pill-box".
Several different approaches to calculate the wakefield of a bunch of
particles traversing a pill-box cavity have been. published in the literature

but the equivalence of the sclutions was not obvious.

Here we compare the solutions obtained by the mode-analysis and in the
time-domain amongst each other and also with a recently published numerical

7 . . . s
method ) solving the problem for general rotational symmetric cavities.

In general, we find complete agreement for the wakefield of bunches
with continuous line-charge densities, and there is no "missing scalar
potential"” in the mode-analysis as has been assumed before. However, for
discontinuous charge-densities such as delta-function pulses {(which can be
used as Green's function for arbitrary charge-densities) agreement is found
only if one disregards divergent terms which are of no consequence for

realistic (continuous) charge densities.

Finally, the mode-analysis can be generalized to arbitrary cavities,
for which the wakefield is obtained in terms of the loss parameters of each
of the resonant modes. The resonant frequencies and loss-parameters can be
obtained numerically for certain rotationally symmetric cavities with
existing computer programs such as KN7C§)
for the wakefield converge rather slowly for positions inside the bunch -
which is the case of interest for the coupling impedance - and there the
obtainable accuracy is quite limited. However for positions well behind the
bunch, the series converge faster and thus the energy loss can be evaluated

more precisely.

1-6)
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2. PILL-BOX CAVITY

In this chapter the wakefield in a pill-box cavity will be evaluated
using the mode concept and the time-domain scheme. Finally these analytical

results will be compar=d with numerical ones.

2.1 Mode analysis

The mode analysis uses the resonant modes of a cavity to compute the
wakefield. It is assumed first that the contributions of the free charges,
which cannot be taken into account by those modes, vanish. With zo > 0 as

the distance betweenia point charge Q and a test particle behind it, the

mode concept gives the wakefield as an infinite suml'2) :
vy B = - Q ; k, cos (w, -+ Z /) . (1)
The ku are the loss parameters defined by
*
yu ) YIJ
ku = 4T3 . (2)
U

Uu is the stored energy in the mode H and yu is the voltage seen by the point

charge. For a pill-bcex cavity these loss parameters can be given analytically.

The normalized field components are

J
52'9 = 2 . Jo [jn %J + cos [E—E—EJ exp (i wnp t) \
n,p . . z . L
Er‘ = - gg' - J1 (Jn %] - sin (W g ) * exp (1 “np ) 33
n,p . : .
E¢ = Lty g, (3, %) *+ cos (ﬂ g—Eﬂ * exp (i o t) /

where g is the "gap"-length of the cavity of the radius R, j  is the n-th zero
) wnPZ fanZ (&\2
of the Bessel-function J_(x) and —— = | R + |
°© c? L L9



Hence the voltage seen by a particle becomes : |

g
v = d{.z (r = 0, z,t =~E) . dz
-np =z c
i;w *R w__°*g
= DR _ - (-1)P . . _BR_"
Sec 1 - (=1)" exp (;_ p ) (4)
and further :
. n . w__“R\2 -
v « Vv = 2 - _TE—" « J1 - (-1)° - cos(» -g> . (5)
-np  -np iptc np c

The stored enerqgy is given by

o] n,p *n,p -
- H * H +dz + d¢ + dr
o T2 Q.!:-cb 5 vae s

G
]

"€ wg 2 )
= ';EP-"g'RZ-Jl(jn) ) (6)

We finally get ithe loss parameters

o P g|
. ) 1 1 - (-1) cos‘wnp.c). ; | \ | .
Woomegtg g2 e 92 )

i

The expression fbr the point charge wakefield becomes :

o 4o
; p ..g
o 1l - (-1} cos(w . )
vie)) = ﬁ—i«-g— z: Z : —— L= S cos(wnp- ig) . (®
0’9 ‘n=1 p=-® in J7 () o)

1

(By counting p from.-« to += rather than from 0 to « we ‘avoid a special factor

for p = 0),

2.2 Time-domain analysis

The electric and magnetic fields induced by a bunch of charged particles
traversing a cavity can be derived from the scalar and vector potentials. These
potentials can be expressed as infinite series of the products of the eigenmodes

of the cavity and of time-dependent factors :
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The summation extends in general over modes in all 3 spatial directions
(4 = m,n,p). For a beam passing along the axis of a rotationnally symmetric
cavity however, only azimuthally symmetric fields are excited, and the

summation is limited to radial (1l £ n < ») and axial (-« < p < ) mode-numbers.

The eigenmodes are normalized solutions of the homogeneous Helmholtz

equations :

- 5
w

2 np -
v + 2 (bnp = 0 ’
- -
[~ ) ] (10)
- W ->
V2 + —%—n a = 0 ’
L ccJ) P

which fulfill the proper boundary conditions at the cavity walls (assumed
to be perfectly conducting for simplicity), and where whp are the resonant
frequencies (x 27) of the cavity. The time-dependent factors then can be

determined from the equations

r _ (t) = c? Jo (T-vet) - 6__ (£) av \
np e w2 np "
v
° np (11)
qh 2 . 1L > > > > ->
np (t) + w 9, (t) = — J (r-vet) * a (r) 4av .
np B Eo np :
v

where o (¥) is the charge density, and 3@ = 0'3 the current density of the
bunch moving with velocity ;. For convenience, we will restrict our consi-
derations to bunches moving with light-velocity along the cavity axis

(; = c-;z). The integration extends generally over the volume of the beam
inside the cavity, and reduces to an integral over z for a filamentary beam

at the axis (after replacing the volume density p by the line-density A).



The initial conditions for qnp will be chosen such that there are no fields
in the cavity before the bunch arrives. In order to include bunches of any

length, we take qnp(—m) = dnp(—w) = 0.
The electric field can be obtained from the potential with the relation
E = -V - = . (12)

and hence the axial component on the axis (r=0) of an azimuthally symmetric

field (3/3¢ = 0) becomes

§ : ad
= - _ng . . &
Ez(z,t) ~ {-Bz rnp(t) + anpz qnp(tﬂ . (13)

The wakefield at a distance z, (or time tj =2o/C) behind the bunch

(center) is defined as the integral over E, along the z-axis with

g
z+ 20
Vizg) = )} E, |z, —)-az (14)
o

We derive the wakefield from the potentials of a pill-box cavity in

ct = Z+ZO or :

the appendix. In this geometry, the eigenmodes and resonant frequencies,
are given by closed analytic expressions. For a bunch of the line-charge

density A(z) we obtain in general :

- l ; j - Y . -
v(zo) Tead E : - z : Qx * cos vnp X [%A (x zo) +

n=1 anﬂiz(jn) p=-= | o

- (=P X (x=z tg) - (P2 (x—zo—g)]

G,
TPX
+ ngx - cos —g—— [P\(x—-zo) - (=P A (x—zo+g)] (15)

with vnp =w_ /c



For continuous charge distributions, we can interchange the order of
integration and summation over p. As shown in the appendix, the wakefield
is then given by the much simpler expression

(16)
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T €o"d n=1 p=-x jnz J12 (]n)

For discontinuous charge distributions such as the step or delta-function
pulse, this equation yields the expressions which are valid after the discon-
tinuity has left the cavity (zO > g). For 2z, < g, the complete expression
Eq. (15) contains a divergent term which is related to the infinite energy loss

when such a distribution traverses a (closed) cavity.

For the step function pulse, the infinite sums in Eg. (16) have been
summed analytically4) for g < ZO</Z§Z_:—§71-g, i.e. before reflections from
the outer-cavity wall arrive at the location where the wakefield is evaluated
but after the pulse has left the cavity. If the divergence is ignored, the
(different) series yield the same sum also for z_ < g as shown in Ref.S5.
If thus appears that Egq. (16) may be used for any distribution, as the divergent
term is of no consequence for realistic (continuous) distributions which are

always the ultimate aim of the computations.

Eg. (16) could be reduced further by exchanging the order of integration
and summation also for the infinite integral. However, this leads to the
expressions restricted to z, < 4R24-g2t-g discussed above. We now apply

Eg. (16) to a number of typical distributions.

a) Delta function pulse A(z) = 9:-8(z)

Vilz.) = - 29 - E 1 - (-® cos (Vnp +g) cos (v 2 )
d* "o Tee *g . 5 5 np o
o n,p Jn© J1° (3p)

(17)

For z < /4R2+g2—g these sums can be evaluated analytically, and

yield



Q 1 1

vit2,} = - = - . (18)
dre 2 TT'EQ'g ..z..od + ij... Z_Q. + ..z..Q + 2 ’ '
2g 2gf 29 2g

where the square brackets stand for the integer part of the term enclosed.

With Q = 1, these expressions could be considered the Green's function for

the wakefield of a general distribution A (2z), which is obtained formally by

Zb

V}\(zo) = S

Vg (Zg = 2) A(2) dz (19)
{0) oo :

However, this integral diverges af‘the lower limit and there should
be a term included outside the integral which cancels the divergence. We
get the correct result by leaving-off the lower limit (or replacing it by
-© which amounts to the same as A(-«) = 0), but the same result is obtained

without these complications under b.

b) Step-function pulse A(z2) = X, - SK-Z)

where ‘ - |0 forz <0
s(z) = k for z =
l forz >0 -
then .
- (=)P . iny__.2
Vsz) = "?;mg Z L e 8 ThpTe
© % TP 3?20 Unp
Restricting Zo to be smaller ' than ¢4R2+gz - g, orie obtainSZ)
AV 4 ).=.-—)‘Q— « 4n {1l + 1 T (21)
AT o 2meg zg 2,
=2, 1=
29 2g

and hence the wakefield for an arbitrary distribution Al 2)



1 :
Vy{zl}) = = 5— -+« % |1 + - ) dz (22)
Ao 2 T g S dz z2,-2 . fo-z]

This expression is valid before the arrival of reflections from the
cylindrical cavity wall, i.e. for a limited range of Zs (which is here

counted from the beginning of the bunch).

. 39 z2
c) Parabolic bunch A(z) === |l - — ) for IZI <L
4L L2
(half length L)
0 for |z| > L
Equation (16) yields
sin v (ZO+L) z _+L) 25
- cos vV otL) - —-
v =329 E - (=F COSVp g Vnp T np _ L
P 7T€OL 2 2J2 i 2 < L

n,p in Vhp ) (Jp)

2 v - - cos Van cosvnp Z5
np
\
; zo > L
(23)
For z < L<g <_v/4R2+g'2 - g these sums yield
2 2
z _+L Lo~z
= _39(3_ - Q =] ) __2_9;__
Vp(E,) 17 e, L3 (z_+L) ~ 2(z_+g) In |l + 5] 29 n (1 + e
(24)

The same expression is obtained from Eq. (19), which becomes

2

Vo(z) = - —>8 L-z) tn (1 + =29 a=
ZO—Z

3
4TTEOL 3

for z < 2g (zO counted from the head of the bunch).



d) - Gaussian charge distribution with standard deviation ¢

252
A(z) = €_¢ %0
o V2w
We find from Eq. (22), after evaluation of the integral (25)
z 2
T 552 1L - (-}F cos v__. g vnnd 1z

VelZo) = -T”Q_"e 2 E . 20 " Re | w |2 - 2

€0 ¢ n.p in? 912 () 2 ovZ

where w(z) is the complex error-function, and Re stands for real part. No
closed expression is presently known to the authors for this sum, but it
has been evaluated numerically and is compared to purely numerical results

in the next section.

2.3 Comparison of results obtained by various methods

A comparison between the equations (8) and (15-17) for the §-function
wakefield shows that the time domain and the mode analysis yield the same
analytic expression except for the divergent term occurring in the time
domain calculations for the case where the point charge is inside the pill-box

cavity. "

For any realistic charge distribution both methods give exactly the

same answer for all positions z,-

Therefore one can conclude that any contributions to the wakefield due

to free charges are correctly obtained in the mode concept and thus there is

R . . . , 1,2
no missing scalar potential contribution as has been suspected in the past™’ ).

A further comparison was made between the analytic results derived

)

-
above and numerical results of the computer program BCI'’ which solves the
field equations in the time domain directly by a mesh method, including the

effects of free charges.
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Fig. 1 shows the wakefield in a range of - 40 f_zo < 360 for a Gaussian
bunch (o = 2.5 cm) which has passed a pill-box cavity (R =5 cm), g = 10 cm).
An excellent agreement (better than 10'3 can be found for test particles
"outside" the bunch (25 2 40). Although a rough mesh was used in BCI
(11 x 21 -points), and only 40 modes in the analytic sum, both results can

hardly be distinguished in the range 40 < 2z < 360.

"Inside" the bunch (- 40 < %o < 40) the analytical and numerical results
seem to disagree and therefore a second figure is given showing the wakefield
in more detail and with increasing precision in both methods. The analytic
results (broken lines) approach continuously the numerical results with
increasing number of terms in the sum. The numerical results approach
the analytical ones from the other side with increasing number of mesh points.
The final difference between the most accurate results in Fig. 1lb is less

than * 2.5 %.

The reason for this slow convergence of the results "inside" the
bunch is the behaviour of the Fourier spectrum of the driving current which
is suddenly cut off at z, for a beam moving with light velocity (see fig.2)
(Due to causality a particle at 2, can see fields only from particles in

front of itself).

"Inside" the bunch, the driving current for the wakefield is a function
with a large step which leads to a Fourier transform proportional to l/w over
a large range. "Behind" the bunch the step is small and the Fourier transform

of the driving term becomes proportional to exp (- w? 02 / 2c?).

This problem occurs in both methods. In the analytical expressions
the terms with high frequencies do not decay sufficiently fast. 1In the
numerical computations the highest frequency which can be included is given

7
by the size of the largest mesh step ).
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3. GENERAL CAVITIES

As a result of chapter 2, we know that the wakefield is determined
by the eigen-modes of the cavity and by the loss-parameters k,. A general

cavity may then be represented by an LC-network as shown in Fig.3.

The cavity impedance is given by : (26)
-1ik 1 2k 1
Z (w) =E —U , C, = = ; 1, = —H ; w?= )
_ u i i W
Tow W, 2ku W, I..u Cu
(C,, capacitance, L, inductance, w, resonant frequency) .

This impedance is valid only if the Fourier transform of the driving
current has no poles in the w-plane. However, it can be replaced by a
much simpler one giving the same results for the wakefield without any

restrictions to the driving term :

Z(w) = -ZﬂZkuﬁ(w—wu) . 27)
m

As already mentioned above, the Fourier transform of the bunch current
which is cut off at z_ is given by :

(@]
Zo/c

. iwt
3y (W, zo) = s jx(;)e dt . . (28)
The Fourier transform of the wakefield is simply given by :

VA (w.r ZO} = 3)\ (U.), ZO? . Z(m) (29)

Using Eq. 27 for the impedance the wakefield as a function of 2z, becomes

+oo

I N e
v)\ {(z) = o S 3y (, zo)' - 21T};ku 6(w-euuu) e dw . (30)

-0
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Hence we get

. C . : (31)
Vi Bl = _'Z“ (e 250 "k, e

To find the wakefield at a position z, behind a reference point for
an arbitrary bunchshape and for an arbitrary cavity one thus only needs the
resonant frequencies W, the loss-parameters ku and the Fourier transforms

of the bunch (which is cut off at zo) evaluated at the resonant frequencies.

For realistic cavities only a limited number of resonant frequencies
and loss-parameters can be obtained by numerical methods. For z, inside the
bunch a wakefield computation becomes very difficult due to the slow conver-
gence of the sum in Ed. (31). However the series converge much faster for
positions (z5) well behind the bunch and permit a more accurate calculation

of the wakefield by this method.

4. CONCLUSIONS

It has been shown that for a pill-box cavity the time-domain calcu-
lation and the mode analysis yield the same analytical expression for the

wakefield of realistic bunch shapes.

Extrapolating this result to arbitrary cavities yields an expression
for the wakefield as a sum over loss-parameters and Fourier transforms. This
sum converges very slowly for positions inside the bunch, making it difficult
to obtain a precise value for the coupling impedance. However, a good approxi-
mation to the wakefield can be obtained after the bunch has passed the cavity,
and hence the total energy loss of the bunch passing the cavity can be calcu-

lated more accurately.
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GLOSSARY

;np eigenfunctions of the vector potential
velocity of 1light

gr,¢,z unit vector.in r, ¢, z direction

g iength of the pill-box cavity ("gap" length)

i /-1

jn n-th root of the Bessel-function Jg

jk current produced by a line charge density A

kU loss-parameter of the mode U

L | half length of pgrabolic bunch

n radial mode number in a pill-box cavity n=1,2,3...

p longitudinal mode number in a pill-box cavity p=...-2,-1,0,1,2...

Q charge

qnp{t) time dependent coefficients of the vector potential

rnp(t) time dependent coefficients of the scalar potential

R radius of the pill-box cavity

Unp stored energy in the mode (n,p)

Vop voltage seen by a particle due to the mode (n,p)

\Y wakefield (= energy gain in volts)

%Ls,G,pA wakefield for a point charge (delta function), step current,
Gaussian bunch, Egrabolic bunch, arbitrary line charge density A

Zg distance from the bunch center or reference point

Z(w) . impedance

A(z) line-charge density of the driving current

M general index for counting resonant modes

Vop wave number V. = wpp/c

o standard deviation of a Gaussian bunch

¢np eigenfunctions of the scalar potential

circular resonant frequencies of a pill-box cavity
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1.0

.60

.20

-1.0
. _—L{_

Figure 1a : The wakefield of a Gaussian bunch (¢ = 2.5 cm) due to
a pill box cavity (R =5 cm, g = 10 cm)

=40 < z5 % 360

--- mode-analysis results (40 modes)

— results of BCI (11 x 21 -mesh)
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.66

.20

Figure 1b : The wakefield of a Gaussian bunch (¢ = 2.5 cm) due to
a pill-box cavity (R =5 cm, g = 10 cm)

-4z, <4o

0

--- mode-analysis results for
a : 10 modes, b : 40, c : 160, d : 640

— BCI-results for different meshes
A:6x11, B:11 x21, C:21 x4, D : 41 x 81
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JA(Z)

T\

= 7

Zo

Figure 2 : The driving current seen by a particle at z,.

Vi
I\ vy =

<"

——

Z (w)

Figure 3 : An LC-network representing the cavity.
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APPENDIX

WAKEFIELD IN A PILL-BOX CAVITY

T o e o i T e T T i T T . A i e e e S e i e W . M A i i et A ] o S .

- , 2 Jo (jnX/R) . 1pz ]
[} = —_ .
np(r) g = Jl(jn) sin =
[ o | (3aY) .. 7z .2
g Jl( R €1in g e, \
-> > 1 c -+ .
= - O . e, Al
2qp () ig R @no I, 0O ) (A1)
Jn Jnr mpz =
\ R—'Jo R cos £ e,
where 1 < n < ®, =0 < p < @, (n2)

The resonant frequencies are given by

in)? p |2 &
“np = cflz7) * \Tg

2) Time-dependent factors for a bunch with line-density A(Z) moving along

the z-axis with light velocity v = c,

g
r it} = ch*—- Alz-ct) ¢__(z,r=0)dz
np €6 wnp? np "’
o
g
. 2 - < PO 5
qnp(t) + wnp qnp(t)~ = 5 -‘ A(z-ct) anpz(z,r—O)oz = F(t) . - . (Aa3)
o

with the boundary conditions qnp(—w) = é (-~=) = 0. The general solution for

dnp thus is

t

Inp(t) = g F(1) sin wpp(t-T)dT (ada)

and for its derivative (which we need for the calculation of the electric

field rather than qnp) t

-

qnp(t) = F(y) cos wnp(t—T)dT (adb)

-0
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3) Time-dependant factors for the pill-box cavity

g
rnp (B) = 2 c? A(z-ct) sin Ipz dz
np 'ﬂg €5 Wpp R Jl(jn) . g
o (aS)
t g
c2

1 jn
/73 % np R® J,(n)

-0

(t)y = dt cos w(t-T) dz A(z-cT) cos 15&

o

The double integral in the second equation can be removed by changing the
order of integration, but first we substitude z-cT = u, cT = v to get (see

Figure Aal)
t g ct g-v g-ct ct L g-u
jdtjdz=fdvfdu=[dufdv+fdufdv
- 0 - -v -ct -u g-ct -u

We further need the integral

j::os v(v-ct) cos a(v+u)dv = _il_'"f [sin Vv (v=ct) cos a (v+u) +
Ve -g
- & cos v(v-ct) sin a(v+u)]

) m in? . in2
With o = ?p-, v2 = a? + =3 and Ve ol= = ve get
ct
RZ
dv = 7 [v sin v(u+ct) - a sin a(u+ct)]
Il
~u
g-u
2 . ,
av == [\, sin v(utct) - (-)P vsin v(u+ct-g)]
Jn ‘
-u
and hence o
. 1 c
(t = - - v A (u-ct) - (—)p>\(u+ct— )] sin vu - du +
qnp ) ;-—---Trg €o “’np jn Jl(Jn) [ g]
0
g
- %3 A (U-ct)* sin %9- - du (26)
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Figure Al
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4} For theé electric field (Eg.l13) the contributions from the scalar potential

(first Eq.A5) and from the second integral in the term of the vector-potential

(Eg.A6) cancel, and we get simply

cos O, Z
Ez(z,t) = - —C—RZ _o.._._g’____) [X(u-ct) - (—)p)\(u—ct+g)] sin Vnpu du
TE g : : Wow I (5
0 n,p P 1 &
(A7)
w
where O‘p = 1p/g and vnp = —E-E- ] For a delta-function, pulse A(z) = Qd(2z)

this yields
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and the double-integral in Eq. (Al0) becomes _ (a11)

0

2
-\7)5 av [cos vv = (=P cos v (v+g)] + | av [coscxv - (—)p cosv (v+g)] [A (v-z5) +

j E4
n o J—g -(-P2 (v-zo+g)]
We can combine terms with cos v(v+g) and substitude v+ g=u tc get for the

term in the curly brackets

on

J’du cosvu [2 A(u-z)) - (=P A(u-z5+g) - (=P (u-Zo‘g)] *

(6]
o]

+| du cosau [A (u-zg) - (<P X(u—zo+g)]

g
which yields Eg. (15) for the wakefield.

By substituting u*g = z in the first integral and splitting off

integrals from 0 to ® one gets for the expression (Al2)

& g
2 [l - (-)P cos \)g] A(z-zy5) cosvz dz - (-P |dz cosvz [}\ (z=g-z) - )\(—z—g—zo]

0
For smooth distributions, one can change the order of integration and summation

over p. We then need the sums of three infinite series for O <z : g

pz _ TPZ _ Z 2. Z.n20=
cos = §(z), -)P = - Zafrépl+Be = §(z-g)
E 5 z E (-)P cos 5 E (. P cos g\f D z-g

(for any B) to show that the terms in both finite integrals in the expression

for the wakefield cancel, and we thus obtain Eq- (16).



sin wppt 3 0 < ct< g (a8)
o cos a, z
Bz = - TR Woo I 2 (G )
©9 mp P Y; n sin wppt - (-)P sin wnp(t-g/c)
;i ct >g
Q —22/20'2
while for a gaussian distribution A(z) = e one finds
g ver
. 242
g t
E t) = - —=— ———2— |e %Tgp |w -1 +
5 (Z:t) 21 eo g R° & np J; () m 2 ov2
'® (29)
(g-ct)?
- ()P e- -2_(;2—Jm w VTHLO-+ i.g-ct
2 /2

where Jm w(z)} is the imaginary part of the complex error function.

5) The wakefield at position Z_ behind the tenter of the) bunch is found with
Egs (14) and (A7)

g o0
c 1 TpZ . P
viz) = - —— »— | dz cos —= du sin v__ul[A(u-z+z5)-(~)
° meog R M up ) (]n),[ I np [ ° (
, o Al0

A (u-z-zg+a) ]

Again, we can perform one of the integrations if we substitute u-z = v and inter-

change the order of integration (see Fig.A2)

. & | & o o g
: Fz jdu = Fz fdv = |dv Fz + J' dav dz
© . o] o -2 -0 o =g &
We now need the integral

, 1 , ,
scos oz *+ sin v(v+z)dz = - [a sin az - sin v (v+z) + v * cosaz *+ cosv (v+z)]
-V

a2

2
with o = % , v =q2 +2_ as before we get
g
5 dz = \j) 5‘2 [cos vv = (=P cos v (v+g)]

‘[adz = Vlzz [cos vv - (-Pcos v (v+g)]
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