PHYSICAL REVIEW D 79, 125010 (2009)

Duality, entropy, and ADM mass in supergravity

Bianca L. Cerchiai,"** Sergio Ferrara,>** Alessio Marrani,

5, 12,7

4% and Bruno Zumino

'Lawrence Berkeley National Laboratory, Theory Group, Bldg 50A5104, 1 Cyclotron Rd, Berkeley, California 94720-8162, USA
’Department of Physics, University of California, Berkeley, California 94720-8162, USA
*Theory division, CERN, Geneva, Switzerland, CH 1211, Geneva 23, Switzerland
4INFN—LNF, Via Enrico Fermi 40, I-00044 Frascati, Italy
5Sz‘anford Institute for Theoretical Physics, Department of Physics, 382 Via Pueblo Mall, Varian Lab,
Stanford University, Stanford, California 94305-4060, USA
(Received 25 March 2009; published 11 June 2009)

We consider the Bekenstein-Hawking entropy-area formula in four dimensional extended ungauged
supergravity and its electric-magnetic duality property. Symmetries of both “large” and “‘small”” extremal
black holes are considered, as well as the ADM mass formula for N = 4 and N = 8 supergravity,
preserving different fraction of supersymmetry. The interplay between BPS conditions and duality

properties is an important aspect of this investigation.
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I. INTRODUCTION

In d =4 extended ungauged supergravity theories
based on scalar manifolds which are (at least locally)
symmetric spaces

=S,

H

it is known that the classification of static, spherically

symmetric and asymptotically flat extremal black hole

(BH) solutions is made in terms of charge orbits of the

corresponding classical electric-magnetic duality group G
[1-6] (later called U-duality' in string theory).

These orbits correspond to certain values taken by a
duality invariant® combination of the “dressed” central
charges and matter charges. Denoting such an invariant by
T, the set of scalars parametrizing the symmetric manifold
M by ¢, and the set of “bare” magnetic and electric
charges of the (dyonic) BH configuration by the 2n X 1
symplectic vector

(1.1

A
?z(p) A=1,...n (1.2)
qAn
then it holds that

In some cases, the relevant invariant J is not enough to

*BLCerchiai @1bl.gov,

Tzumino @thsrv.1bl.gov

*sergio.ferrara@cern.ch

Smarrani @Inf.infn.it

"Here U-duality is referred to as the “continuous™ version,
valid for large values of the charges, of the U-duality groups
introduced by Hull and Townsend [7].

*By duality invariant, throughout our treatment we mean that
such a combination is G-invariant. Thus, it is actually indepen-
dent on the scalar fields, and it depends only on “‘bare’ electric
and magnetic (asymptotical) charges (defined in Eq. (1.2)).
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characterize the orbit, and additional constraints are
needed. This is especially the case for the so-called® small
BHs, in which case J =0 on the corresponding orbit
[3,4,9].

An explicit expression for the E;)-invariant [10] was
firstly introduced in supergravity in [11], and then adopted
in the study of BH entropy in [12]. The additional
U-invariant constraints which specify charge orbits with
higher supersymmetry were given in [3]. The correspond-
ing (large and small) charge orbits for N = 8 and excep-
tional N =2 supergravity were determined in [4],
whereas the large orbits for all other symmetric N = 2
supergravities were obtained in [6], and then in [13] for all
N > 2-extended theories. Furthermore, the invariant for
N = 4 supergravity was earlier discussed in [14,15].

The invariants play an important role in the attractor
mechanism [16-20], because the Bekenstein-Hawking BH
entropy [8], determined by evaluating the effective black
hole potential ([18-20])

Venld, P) = - S PTMHP  (14)

at its critical points, actually coincides with the relevant
invariant:

S
% - VBHlaqSVBH:O = Veu(on(P), P)

= | I(P)|"(orl I(P)]). (1.5)

In Eq. (1.4) M stands for the 2n X 2n real (negative
definite) symmetric scalar-dependent symplectic matrix

*Throughout the present treatment, we will, respectively, call
small or large (extremal) BHs those BHs with vanishing or
nonvanishing area of the event horizon (and therefore with
vanishing or nonvanishing Bekenstein-Hawking entropy [8]).
For symmetric geometries, they can be G-invariantly character-
ized, respectively, by I = 0 or by I # 0.
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3\’1(¢>)E<

defined in terms of the normalization of the Maxwell and
topological terms”

Im N zs(P)FAFE ReN \s(H)FAE>  (1.7)

of the corresponding supergravity theory (see e.g. [21,22]
and Refs. therein). Furthermore, in Eq. (1.5) ¢y (P) de-
notes the set of charge-dependent, stabilized horizon val-
ues of the scalars, solutions of the criticality conditions for

VBH:

Veu(p, P)

=0. (1.8)
I b= (P)

For the case of charge orbits corresponding to small
BHs, in the case of a single-center solution I(P) = 0,
and thus the event horizon area vanishes, and the solution
is singular (i.e. with vanishing Bekenstein-Hawking en-
tropy). However, the charge orbits with vanishing duality
invariant play a role for multicenter solutions as well as for
elementary BH constituents through which large (i.e. with
nonvanishing Bekenstein-Hawking entropy) BHs are made
[23-25].

In the present investigation, we reexamine the duality
invariant and the U-invariant classification of charge orbits
of N = 8, d = 4 supergravity, we give a complete analy-
sis of the N = 4 large and small charge orbits, and we
also derive a diffeomorphism-invariant expression of the
N = 2 duality invariant, which is common to all sym-
metric spaces and which is completely independent on the
choice of a symplectic basis.

The paper is organized as follows.

In Sec. II we recall some basic facts about electric-
magnetic duality in N -extended supergravity theories,
firstly treated in [2]. The treatment follows from the gen-
eral analysis of [1], and the dictionary between that paper
and the present work is given.

In Sec. III we reexamine N = 8, d = 4 supergravity
and the E7(7)-invariant characterization of its charge orbits.
This refines, reorganizes and extends the various results of
[3-5,9].

In Sec. IV we reconsider matter coupled N = 4,d = 4
supergravity. The SL(2, R) X SO(6, M)-invariant charac-
terization of all its BPS and non-BPS charge orbits, firstly
obtained in [3,9], is the starting point of the novel results
presented in this section.

Sec. V is devoted to the analysis of the N =2, d = 4
case [3]. Beside the generalities on the special Kihler

“Attention should be paid in order to distinguish between the
notations of the number N of supercharges of a supergravity
theory and the kinetic vector matrix N ,s introduced in Egs.
(1.6) and (1.7).

ImN s + Re Ny =(ImN) " 'EARe N ¢
—(Imj\f)*”AA RGNEE
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—ReN = (ImN) 1= ) (16)

(Im V)11

geometry of Abelian vector multiplets’ scalar manifold,
the results of this section are novel. In particular, a formula
for the duality invariant is determined, which is
diffeomorphism-invariant and holds true for all symmetric
special Kidhler manifolds (see e.g. [26] and Refs. therein),
regardless of the considered symplectic basis.

Sec. VI, starting from the analysis of [3,9], deals with the
issue of the ADM mass [27] in 2N = 8 (Subsec. VI A) and
N = 4 (Subsec. VIB), ungauged d = 4 supergravities. In
general, for all supersymmetric orbits the ADM mass has a
known explicit expression, depending on the number of
supersymmetries preserved by the state which is supported
by the considered orbit (saturating the BPS [28] bound).

II. ELECTRIC-MAGNETIC DUALITY IN
SUPERGRAVITY: BASIC FACTS

The basic requirement for consistent coupling of a non-
linear sigma model based on a symmetric manifold (1.1) to
N -extended, d = 4 supergravity (see e.g. [21] and Refs.
therein) is that the vector field strengths and their duals
(through Legendre transform with respect the Lagrangian
density L)

A _ oL
R S
belong to a symplectic representation R of the global
(classical, see Footnote 1) U-duality group G, given by
2n X 2n matrices with block structure

2.1

(é g) € Sp(2n, R), (2.2)

where A, B, C and D are n X n real matrices. By defining
the 2n X 2n symplectic metric (each block being n X n)

_ (0 -1
a=(i )
the finite symplecticity condition for a 2n X 2n real matrix
P

(2.3)

PTQP =0 2.4)

yields the following relations to hold for the block compo-
nents of the matrix defined in Eq. (2.2):

ATC — CTA = 0; 2.5)
B'D — DB = 0; (2.6)
ATD - CTB = 1. Q2.7)

An analogous, equivalent definition of the representation
R, is the following one: R; is real and it contains the
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singlet in its 2-fold antisymmetric tensor product
(R; XRy), 21 (2.8)

If the basic requirements (2.5), (2.6), and (2.7) or (2.8)
are met, the coset representative of M in the symplectic
representation R is given by the (scalar-dependent) 2n X
2n matrix

_ (A(9) B(¢))
S(¢p) = € Sp(2n, R). 29
@ =2 Do) ESPenR. 29
A particular role is played by the two (scalar-dependent)
complex n X n matrices f and h, which do satisfy the
properties

— fth+ntf=i1, (2.10)

— fTh+ hTf =0. 2.11)

The constraining relations (2.10) and (2.11) are equivalent
to require that

. Ref —Imf
S(cb)—ﬁ(Reh _Imh), (2.12)
or equivalently:

1
= —(A — iB); 2.13
f \/5( iB); (2.13)

1
h=—=(C —iD). 2.14
ﬁ(C iD) (2.14)

In order to make contact with the formalism introduced
by Gaillard and Zumino in [1], it is convenient to use
another (complex) basis, namely, the one which maps an
element S € Sp(2n, R) into an element U € U(n, n)N
Sp(2n, C). The change of basis is exploited through the

matrix
L 1 1
2 \—il il)

The (scalar-dependent) matrix U is thus defined as fol-
lows:

_ - _ L (f+in f+ih
e VAN )
€ U(n,n) N Sp(2n, C).

A = Al= At (2.15)

(2.16)
This is the matrix named S in Eq. (5.1) of [I].

Correspondingly,  the  Sp(2n, R)-covariant  vector
(FM, G,)T is mapped into the vector
2(6.) =50 5)(,)
G 2\1 =il )\ G,
1 (FM+iG,
= — . 2.17
7lm i) @17

The kinetic vector matrix N s appearing in Egs. (1.6) and
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(1.7) is given by (in matrix notation)
N(p)=hf~t=(N"n,

and it is named —iK in [1].
Thus, by introducing the 2n X 1 (n X n matrix-valued)

complex vector
_(f
h

and recalling the definition (1.6), the matrix M can be
written as

M(gp) = —iQ2 +20E(QE)t = —iQ - 20EE1Q

—h
=—-iQ -2 (ht, —f1)
a2 ot
— t —nft
_ 0 1 ‘o hh hf
1 0 —fht frt
Equations (1.4), (1.6), and (2.20) imply that

- % PTM(p)P = Tr(ZZt) = Tr(Zt Z)

(2.18)

I

(2.19)

). (2.20)

VBH(¢1 :P)

N
_ _ 1 _ _
= Y ZuZM + 7,2 = S 7,574 + 2)7!
A>B=1 2
_ 1 _
=_Tr(zz") + 7,Z' = 3 Tr(z1Z) + 72,7,
(2.21)

where (A, B=1,...,N and I = 1,..., m throughout;
recall A =1,...,n)

N =

Z="PIOE = qf — ph = (Zsp($, P), Z,(¢ PP));
(2.22)
i
zt=-EtQP=ftg—ntp= (ZZAZE;%Z;)) (2.23)
Zap(d. P) = flpan — hag | Ap™: (2.24)
Z{($, P) = fran — hyap™. (2.25)

Thus, Eq. (2.21) yields the “BH potential” Vgy(¢, P) to
be nothing but the sum of the squares of the “dressed”
charges. It is here worth noticing that (f%,, f7') and
(hap|a h 71A) are n X n complex matrices, because it holds
that® fiy = f [/,\43], hapia = hpapgya (thus implying Z,p =
Z[AB])’ and

>Unless otherwise noted, square brackets denote antisymmet-
rization with respect to the enclosed indices.
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n= w + m, (2.26)
where N stands for the number of spinorial supercharges
(see Footnote 4), and m denotes the number of matter
multiplets coupled to the supergravity multiplet, except
for N = 6, d = 4 pure supergravity, for which m = 1.

Equations (2.24) and (2.25) are the basic relation be-
tween the (scalar-dependent) “‘dressed’ charges Z,p and
Z; and the (scalar-independent) “bare” charges P. It is
worth remarking that Z,p is the “central charge matrix
function”, whose asymptotical value appears in the right-
hand side of the N -extended (d = 4) supersymmetry
algebra, pertaining to the asymptotical Minkowski space-
time background:

{Q?w lé} = eaﬂZAB(¢mr T);

where ¢, denotes the set of values taken by the scalar
fields at radial infinity (r — o0) within the considered
static, spherically symmetric and asymptotically flat
dyonic extremal BH background. Notice that the indices
A, B of the central charge matrix are raised and lowered
with the metric of the relevant R-symmetry group of the
corresponding supersymmetry algebra.

By denoting the ADM mass [27] of the considered BH
background by M apm(® e, P), the BPS bound [28] implies
that

Mapm(@oo, P) = |21 (o, P)| = ...

(2.27)

= |Zixn/2)(hoo P,
(2.28)

where Z (¢, P), ..., Zin/21(¢, P) denote the set of skew-
eigenvalues of Z,5(p, P), and here square brackets denote
the integer part of the enclosed number. If 1 =k =
[N /2] of the bounds expressed by Eq. (2.28) are saturated,
the corresponding extremal BH state is named to be
%—BPS. Thus, the minimal fraction of total supersymme-
tries (pertaining to the asymptotically flat space-time met-
ric) preserved by the extremal BH background within the
considered assumptions is % (for k = 1), while the maxi-
mal one is % (for k = %). See Sec. VI for further details.

We end the present Section with some considerations on
the issue of duality invariants.

A duality invariant 7 is a suitable linear combination (in
general with complex coefficients) of (¢p-dependent)
H-invariant combinations of Z,z(¢, P) and Z;(p, P)
such that Eq. (1.3) holds, i.e. such that I is invariant under
G, and thus ¢-independent:

I = I(Zyp(9, P). Z)(¢, P)) = I(P). (2.29)

In presence of matter coupling, a charge configuration P
(and thus a certain orbit of the symplectic representation of
the U-duality group G, to which P belongs) is called
supersymmetric iff, by suitably specifying ¢ = ¢(P), it
holds that

PHYSICAL REVIEW D 79, 125010 (2009)
Z(p(P),P)=0, VI=1,..m (2.30)

Notice that the conditions (2.30) cannot hold identically
in ¢, otherwise such conditions would be G-invariant,
which generally are not. Indeed, in order for the supersym-
metry constraints (2.30) to be invariant (or covariant) under
G, the following conditions must hold identically in ¢:

94Z/(h,P) =0, V ¢ € M. (2.31)

Therefore, supersymmetry conditions are not generally
G-invariant (i.e. U-invariant), otherwise extremal BH at-
tractors (which are large) supported by supersymmetric
charge configurations would not exist.

Nevertheless, in some supergravities it is possible to give
U-invariant supersymmetry conditions. In light of previous
reasoning, such U-invariant supersymmetric conditions
cannot stabilize the scalar fields in terms of charges (by
implementing the attractor mechanism in the considered
framework), because such U-invariant conditions are ac-
tually identities, and not equations, for the set of scalar
fields ¢. Actually, U-invariant supersymmetry conditions
can be given for all supersymmetric charge orbits support-
ing small BHs (for which the classical attractor mechanism
does not hold). This can be seen e.g. in N = 8 (pure) and
N =4 (matter coupled) d = 4 supergravities, respec-
tively, treated in Secs. III and IV.

L. N =8

The scalar manifold of the maximal, namely N = 8,
supergravity in d = 4 is the symmetric real coset

O 52
H)n=8a=4 SU(8)’

where the usual notation for noncompact forms of excep-
tional Lie groups is used, with subscripts denoting the
difference “‘# noncompact generators -# compact gener-
ators”. This theory is pure, i.e. matter coupling is not
allowed. The classical (see Footnote 1) U-duality group
is E7(7. Moreover, the R-symmetry group is SU(8) and,
due to the absence of matter multiplets, it is nothing but the
stabilizer of the scalar manifold (3.1) itself.

The Abelian vector field strengths and their duals, as
well the corresponding fluxes (charges), sit in the funda-
mental representation 56 of the global, classical U-duality
group E7(7). Such a representation determines the embed-
ding of E;() into the symplectic group Sp(56, R), which is
the largest symmetry acting linearly on charges. The 56 of
E;(7) admits an unique invariant, which will be denoted by
I, ar—g throughout. J, ar—g is quartic in charges, and it
was firstly determined in [11].

More precisely, J, a—g is the unigue combination of
Zp(p, P) satisfying

dimg = 70, (3.1

E
Ve D

34T n=5(Zap(, P)) =0, SU®)’

(3.2)
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Equation (3.2) can be computed by using the Maurer-

Cartan Egs. of the coset SEJ&)) (see e.g. [29] and Refs.
therein):
1 N
VZyp = EPABCDZCDZCD: (3.3)
or equivalently by performing an infinitesimal

E . .
szy(g) -transformation of the central charge matrix (see e.g.

[29] and Refs. therein):

1 -
5§ABCDZAB = 5 §ABCDZCD; 3.4

where V and P,pcp respectively denote the covariant

Eia)
SU(8)°

-parameters &,pcp satisfy the reality

and

differential operator and the Vielbein 1-form in

Eq)

the infinitesimal SU®)

constraint

1

§ABCD = E eABCDEFGHgEFGH' (35)

As first found in [11] and rigorously reobtained in [29], the
unique solution of Eq. (3.2) reads:

1 _ _
Typn—s = ?[22 Tr((ZycZB€)?) — (Tr(Z 4 Z5€))?

+ 2 Re(Pf(Z4p))] (3.6)
where the Pfaffian of Z,p is defined as [11]
1
Pf(Zap) = ] eNBCPEFCH 7 pZcpZprZoy,  (3.7)
and it holds that (see e.g. [29])
|Pf(Zsp)l = | det(Zp)]"/2. (3.8)

In [29] it was indeed shown that, although each of the three
terms of the expression (3.6) is SU(8)-invariant but scalar-
dependent, only the combination given by the expression
(3.6) is actually E;)-independent and thus scalar-
independent, satisfying

8§ABCDI4»N:8 = 0, (39)

with Egs. (3.4) and (3.5) holding true.
|

PHYSICAL REVIEW D 79, 125010 (2009)

It is here worth commenting a bit further about formula
(3.6). The first two terms in its right-hand side are actually
U(8)-invariant,  while the third one, namely
2>Re(Pf(Z4p)), is only SU(8)-invariant. Such a third
term introduces an SU(8)-invariant phase ¢, defined as
(one fourth of) the overall phase of the central charge
matrix, when this latter is reduced to a skew-diagonal

form in the so-called normal frame through an
SU(8)-transformation:
€1
SU(8) ; )
Zpp = ZaBskew-diag. = elez/4 ® ¢,
€3
€4
e, ERT, Vi=1,...,4, (3.10)

where the ordering e¢; = e, = ¢3 = ¢, can be performed
without any loss of generality, and the 2 X 2 symplectic

metric
. — 0 -1
“\1 0

has been introduced (notice € = () for n = 1, as defined in
Eq. (2.3)). For nonvanishing (in general all different) skew-
eigenvalues e;, the symmetry group of Z,p wew-diag. 18
(USp(2))* ~ (SU(2))*. Thus, beside the 4 skew-
eigenvalues e; and the phase ¢, the generic Z,p is de-

scribed by 51 = dimR(—(SSll//(%))4)

Consistently, the total number of parameters is 4 + 1 +
51 = 56, which is the real dimension of the fundamental
representation 56, defining the embedding of E-) into
Sp(56, R).

Equivalently, ¢, can be defined through the Pfaffian of
Z,p as follows:

(3.11)

“generalized angles™ .

_ Pf(Zsp) (3.12)

Pf(Zsp)
where clearly Pf(Z,5) = Pf(Z,p), as yielded by the defi-
nition (3.7). It is then immediate to compute ¢, from
Eq. (3.6):

eZigaZ

cosez(¢p, P) =

Notice that through Eq. (3.13) (cos)¢, is determined in
terms of the scalar fields ¢ and of the BH charges P, also
along the small orbits where I, 5r—g = 0. However, Eq.
(3.13) is not defined in the cases in which det(Z,-Z5¢) =
0, i.e. when at least one of the eigenvalues of the matrix
ZAcZBC¢ vanishes. In such cases, ¢, is actually
undetermined.

In N = 8, d = 4 supergravity five distinct orbits of the
56 of E;(;) exist, as resulting from the analyses performed
in [4,5]. They can be classified in large and small charge

(2214 ar—3(P) — 22 Tr((Z4c ZB€)?) + (Tr(Z,249))?]
23(det(Z,Z5))1 /4 '

(3.13)

[
orbits, depending whether they correspond to J4 5r—g # 0

or Iy ar—g = 0, respectively.
Only two large charge orbits (for which I, a—g # 0,
and the attractor mechanism holds) existin N = 8,d = 4
supergravity:
(1) The large % — BPS orbit [4,5]
Erq)

s dimp = 55, (3.14)
Eg5)

o (1/8)—BPS,large —

is defined by the E;()-invariant constraint
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I,n—s>0. (3.15)
At the event horizon of the extremal BH, the solu-
tion of the N =8, d = 4 Attractor Egs. yields
[3,9,30]

e € Ry, e, =e3=e,=0, (3.16)
implying det(Z,5) = 0 & Pf(Z,5) = 0, and thus
¢ to be undetermined. Thus, at the event horizon,
the symmetry of the skew-diagonalized central
charge matrix Zp qew-diag. defined in Eq. (3.10)
gets enhanced as follows, revealing the maximal
compact Symmetry of (9(1/8)—BPS,large:

WUSp@) S USp(2) X SUG) ~ SUR) X SU(6).
(3.17)

Indeed, SU(2) X SU(6) is the maximal compact
subgroup (mcs, with symmetric embedding [31])
of Eg () (stabilizer of O, /s)_pps jarge) itself.

(2) The large non-BPS (Z,5 # 0) orbit [4,5]

Eq0)

dimp = 55, (3.18)
Es(6)

0 non—BPS,Z,z#0 —

is defined by the E7(7)-invariant constraint

Typns <0. (3.19)

At the event horizon of the extremal BH, the solu-
tion of the N =8, d = 4 Attractor Egs. yields
[3,9,30]

61282:€3Z€4€Rg,

(3.20)
ke Z,

¢, = 7 + 2k,

so the skew-eigenvalues of Z,p at the horizon (see
Eq. (3.10)) are complex. Thus, at the event horizon,
the symmetry of the skew-diagonalized central
charge matrix Zup giew—aiag. defined in Eq. (3.10)
gets enhanced as follows, revealing the maximal
compact symmetry of Oy, _pgps 7, ,+0:

WUSp@)* = USp(3). (3.21)

Indeed, USp(8) is the mcs (with symmetric embed-
ding [31]) of Ege) (stabilizer of Opn-ppsz,,+0)
itself.

As mentioned above, for such large charge orbits, cor-
responding to a nonvanishing quartic E;)-invariant
I, n—g and thus supporting large BHs, the attractor
mechanism holds. Consequently, the computations of the
Bekenstein-Hawking BH entropy can be performed by
solving the criticality conditions for the “BH potential”

1 _
Veun=8 = 2 ZapZ*8, (3.22)

the result being

PHYSICAL REVIEW D 79, 125010 (2009)

S
% = VBH,N:8|8VBH,N=8:O - VBH’N:S(Q’)H(?)’ P)

= [Ty 5—sl'2,

where ¢ (P) denotes the set of solutions to the criticality
conditions of Vgy ar—g, namely, the Attractor Egs. of
N =8, d = 4 supergravity:

(3.23)

E;7)
VY ¢ € ,
¢ SU(8)

8¢VBH’N:8 = O, (324)
expressing the stabilization of the scalar fields purely in
terms of supporting charges 2 at the event horizon of the
extremal BH. Through Egs. (3.3) and (3.22), Egs. (3.24)
can be rewritten as follows (notice the strict similarity to
Eq. (3.40) further below) [30]:

1 R
ZiapZep) t+ a1 €ascperenZ 2 = 0.
Actually, the critical potential Vgy N=8|8VBH, Nog=0 €X-
hibits some ““flat” directions, so not all scalars are stabi-
lized in terms of charges at the event horizon [32,33]. Thus,
Eq. (3.23) yields that the unstabilized scalars, spanning a
related moduli space of the considered class of attractor
solutions, do not enter in the expression of the BH entropy
at all. The moduli spaces® exhibited by the Attractor
Egs. (3.24) and (3.25) are [33]

(3.25)

Eg) .
M (1/8)-BPSB large = m dimg = 40;
(3.26)
E .
M ron—BPS, 2,520 = USii?S)’ dimp = 42. (3.27)

As found in [33], the general structure of the moduli spaces
of attractor solutions in supergravities based on symmetric
scalar manifolds & is

Hoe

, (3.28)
h

where H . is the noncompact stabilizer of the charge orbit
HL (apart from eventual U(1) factors, H . is a noncom-
pact, real form of H), and h = mcs(H ,.). As justified in
[29] and then in [32], My /8)-pps aree 1S @ quaternionic
symmetric manifold. Furthermore, M, gps 7,,+0 given
by Eq. (3.27) is nothing but the scalar manifold of " = 8,
d = 5 supergravity. The stabilizers of M, /g)_gps jarge @and
M on—Bps 7, ,+0 €Xxploit the maximal compact symmetry of
the corresponding charge orbits; this symmetry becomes

“Results obtained by explicit computations within the N = 2,
d = 4 symmetric so-called stu model in [23,34] seem to point
out that the moduli spaces should be present not only at the event
horizon of the considered extremal BH (i.e. for r — r;), but also
all along the scalar attractor flow (i.e. V r = ry).

125010-6
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fully manifest through the enhancement of the compact
symmetry group of Z,p gew—diag at the event horizon of the
extremal BH, respectively, given by Egs. (3.17) and (3.21).
It is now convenient to denote with A; (i = 1, ..., 4) the
four real non-negative eigenvalues of the matrix Z,5Z 8 =
(2Z1)$. By recalling Eq. (3.10), one can notice that
A= e, (3.29)
and one can order them as A; = A, = A3 = A4, without
any loss of generality. The explicit expression of A; in
terms of U(8)-invariants (namely of Tr(ZZ1), Tr((ZZ1)?),
Tr((ZZ1)?) and Tr((ZZ1)*), and suitable powers) is given
by Eqs. (4.74), (4.75), (4.86) and (4.87) of [9], and it will be
used in Sec. VI to determine the ADM mass for % — BPS
(k =1, 2, 4) extremal BH states.
Three distinct small charge orbits (all with T4 5r—g = 0)
exist, and they all are supersymmetric:
(1) The generic small lightlike orbit is %— BPS, it is
defined by the E;)-invariant constraint

T =0, (3.30)
and it reads [4,5]
_ B L
@(1/8)—Bps,sma11 = Fa X, To’ dimp = 55.
(3.31)

Generally, it yields four different A;’s, and in this
case Eq. (3.13) reduces to

coss@z(h, P)l1, =0

[22Te((Z4cZ5€)?) — (TH(Z,577€))%]
a 25(det(ZZ5C))V/*

Ty n—s=0

(3.32)

In agreement with the results of [4,5], the (maximal
compact) symmetry of the skew-diagonalized cen-
tral charge matrix Zup gew—diag all along the %—
BPS small flow is the generic one: (SU(2))*. The
counting of the parameters of O /g)_pps sman CON-
sistently reads: 55 =4 skew-eigenvalues A; + 1

phase ¢, + 51(= dimR((SSg(%))4

gles” —1 defining constraint (3.30).
(2) The small critical orbit is i — BPS. It reads [4,5]

)) “generalized an-

0 _ Eqq)
(/H=BPS = (60(6,5) X, Typ) X T}’

dimg = 45,

(3.33)

and it is defined by the following differential con-
straint on J4 ar—g [3,9]:

0Ty n—g _ 0

3.34
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which, due to the reality of I, a—g, is actually
E;(7)-invariant. Let us also notice that, due to the
homogeneity of I, a—g of degree four in P, Eq.
(3.34) implies the constraint (3.30). In particular,
along the % — BPS orbit it holds that (the labelling
does not yield any loss of generality)

AN =A>A =M =0. (3.35)
If Pf(Z4p) # O then
A’l = )lz > /\3 = /\4 > O, (336)

and Eq. (3.13) yields ¢, = ki1, k € Z, so the skew-
eigenvalues of Z,p (see Eq. (3.10)) are real and the
(maximal) compact symmetry of Zap gew—diag. 1S
(USp(4))2. On the other hand, if Pf(Z,z) = O then

M=b>A=A =0 (3.37)

and ¢, is undetermined. In this case, the (maximal
compact) symmetry of the skew-diagonalized cen-
tral charge matrix Zypgew—diag. 15 USp(4) X
SU(4) ~ SO(5) X SO(6), which is the mcs of the
nontranslational part of the stabilizer of O /4)_gps.
expressing the maximal compact symmetry of
O(1/4)-pps itself. In agreement with the results of
[4,5], the maximal (compact) symmetry of the skew-
diagonalized central charge matrix Zyp ew—diag.
along the :1;— BPS small flow (fully manifest in
the particular solution (3.37)) is USp(4) X SU(4).
The counting of the parameters of O /4)_gps con-
sistently reads: 45 = 2 skew-eigenvalues A; and
A, +43(= dimR((USS[;((i)))z)) “generalized angles” .

The small doubly-critical orbit is § — BPS, and it

reads [4,5]

Eqq)

T dimg = 28,
Eg) Xy Ty

@(1/2)7BPS =
(3.38)

It can be defined in an E)-invariant way by per-
forming the following two-step procedure [9]. One
starts by considering the requirement that the second
derivative of I, 5r—g (with respect to Z, ) projected
along the adjoint representation Adj(SU(8)) = 63
of SU(8) vanishes, yielding [9]

P Lyy=s — 0 & 7,075
0Z450ZBC | adjisus)

1
= 55 08Zps 2P, (3.39)

This is a mixed rank-2 SU(8)-covariant condition.
By further differentiating with respect to the scalars

¢ parametrizing Sl}&’) and using the Maurer-Cartan

Egs. (3.3), one obtains another SU(8)-covariant re-
lation [notice the strict similarity to the N = 8,
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d = 4 Attractor Egs. (3.25)] [9]:

1 o
ZiapZcp) — — €apcperenltEZOM = 0. (3.40)

4!

Actually, Eq. (3.40) form with Eq. (3.39) an

E;(7)-invariant set of differential conditions defining

O(1/2)-pps- Indeed, as noticed in [9], Eq. (3.40) can
be rewritten as

PLyn-g 1

0Zag0Zcp) 4!

ABCDEFGH ‘92]4,N=8 —
5 7EF 57GH]
(3.41)

Thus, by using the notation Zsq = (Z, Z7) =
(Zsp, ZABZAB) (recall Eqgs. (2.22) and (2.23), Egs.
(3.39), (3.40), and (3.41) can be rewritten in the
manifestly E;)-invariant fashion

97 T4 =g

=0, (3.42)
62568256

Adj(Eq¢7))

where Adj(E;) = 133 is the adjoint representa-
=
0Zs560Zs6
metric true-tensor E;)-tensor, thus sitting in the
symmetric product representation (56 X 56), =
1596 of E;(;), which in turns enjoys the following

branching with respect to E77) [9,31]:

133
Adj(Eq7)

tion of E;(;). Notice that is a rank-2 sym-

(56 X 56), = 1596 — 1463 + (3.43)

It is here worth remarking that the constraints (3.39),
(3.40), and (3.41) (or equivalently ((3.42))) imply
the constraint (3.34), because in fact they are
stronger constraints.

Along the § — BPS orbit it holds that

/\1 = )12 = )l3 = )l4. (344)

Furthermore, it can be shown that ¢, = 2k, k € Z, so
the skew-eigenvalues of Z,p (see Eq. (3.10)) are real. In
agreement with the results of [4,5], the (maximal compact)
symmetry of the skew-diagonalized central charge matrix
Z 4B skew—diag. all along the 1= BPS small flow is USp(8),
which is the mcs of the nontranslational part of the stabil-
izer of O 5)_pps, expressing the maximal compact sym-
metry of O,y _gps itself. The counting of the parameters
of O )—pps consistently reads: 28 = 1 skew-eigenvalue

A+ 27(= dimR(l%jp((Sg))) “generalized angles”.

Interestingly, USp(8) also is the enhanced compact
symmetry of Z,p sew—diag. at the event horizon of the large
non-BPS Z,p # 0 attractor scalar flow (see Eq. (3.21)
above). Indeed, the charge orbits O,o, ppsz,, -0 and
O( /2 -pps (respectively given by Egs. (3.18) and (3.38))
coincide, up to the translational factor 77 in the stabilizer,
and thus they have the same maximal compact symmetry.

PHYSICAL REVIEW D 79, 125010 (2009)

As given by the analysis of [3], the classification of large
and small orbits of the 56 of E;) can be performed also
considering the symplectic basis composed by the fluxes
gx (A =1,...,56). In general, the symplectic basis of
charges is useful in order to determine, through constraints
imposed on the relevant U-invariant, the number and ty-
pology of orbits of the relevant representation of the
U-duality group. On the other hand, using the manifestly
H-covariant basis of central charges and matter charges
one can achieve a symplectic-invariant characterization of
charge orbits, and also study the related supersymmetry-
preserving features.

Finally, it is worth pointing out once again that there is a
crucial difference among the various constraints defining
the two large and the three small charge orbits of N = 8,
d = 4 supergravity listed above:

(i) The large charge orbits O g ppsjaree and
Opon—pps z,,+0- Tespectively, given by Egs. (3.18)
and (3.38), are in order defined by the
E;@y-invariant  conditions T4 a—g >0  and
1, n—s < 0. Because of their E;(;)-invariance, these

conditions are identities for the scalar fields ¢ span-

Es)
SU(8) *

nism does hold for large extremal BHs, and the
scalars ¢ are stabilized purely in terms of charges
P at the event horizon (r — rj;) through the only
two independent solutions (3.16) and (3.20) to the
N =8, d = 4 Antractor Egs. (3.24) and (3.25).

(ll) The small Charge orbits (9(1/8)7BPS,small’ @(1/4)*BPS
and O, 5 _pps, respectively, given by Egs. (3.31),
(3.33), and (3.38), are in order defined by the
Eq(7y-invariant conditions (3.30), (3.34), and (3.42).
Because of their E;(;)-invariance, these conditions
are identities for the scalars ¢, which thus are not
stabilized along such orbits. Indeed, the classical
attractor mechanism does not hold for small BHs.

ning However, the classical attractor mecha-

IVV.N =4

In N = 4, d = 4 supergravity, unlike the N' = 8 case,
matter (vector) multiplets appear (see e.g. [35,36]). By
denoting their number with M, the related scalar manifold
is the symmetric coset

<%>N—4,d—4 N SLJ ?1;R) 8

dimg = 6M + 2.

SO(6, M)
SO(6) X SOM)’

.1

The Abelian vector field strengths and their duals, as
well the corresponding fluxes (charges), sit in the bi-
fundamental (2, 6 + M) representation of the global, clas-
sical (see Footnote 1) U-duality group SL(2, R) X
SO(6, M) [37]. Such a representation determines the em-
bedding of SL(2, R) X SO(6, M) into the symplectic group
Sp(12 + 2M, R). The representation (2, 6 + M) is en-

125010-8
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dowed with a natural symplectic metric

Q= €apTAS, (42)

where €,5 (a, B =1, 2) is the (inverse of the) SL(2, R)
skew-symmetric metric defined in Eq. (3.11), and 1,s (A,
3 =1,...,6 + M = n;recall Eq. (2.26)) is the Lorentzian
metric of SO(6, M). Moreover, the R-symmetry group is
U4).

Furthermore, (2, 6 + M) admits an wunigue invariant,
which will be denoted by I, a-—, throughout. J4 ar—y is
quartic in charges, and it was firstly determined in
[14,19,38].

More precisely, I, a—4 is the unigue combination of
“dressed” charges Z,p5 = Zap)($, P) (central charge ma-
trix, A, B=1,...,4) and Z,(¢, P) (matter charges, I =
1,..., M) satisfying

Ao Is n=2(Zpp(d, P), Z,(¢, P)) = 0,

G
VYV ¢e (—) . 43)
H)N—4a-4
Equation (4.3) can be computed by using the Maurer-
Cartan Egs. of the coset S%((Zl’g“ X so(ng(x&sAg)(M) (see e.g.
[29], and Refs. therein):
1 - -
VZip = EPEABCDZCD + Papi 2t (4.4)
1 - -
VZI = EPABIZAB + PT][]ZJ, (45)
. . . . . SL(2,R)
or equivalently by performing an infinitesimal =755 X

50(6,M)
S06)XSO(M)

and of matter charges (see e.g. [29], and Refs. therein):

-transformation of the central charge matrix

1 _
6(§v§AB|1)ZAB = B §6ABCDZCD + §AB|IZI; 4.6)

= - 1 _
S(e.eunZt = €z + E‘fABIIZAB, @.7)

where V stands for the covariant differential operator in
SLQR) s __SO(6.M)
u(l) SO(6)XSOM) *

Vielbein 1-forms of SLU((ZI‘[)R) and

isfying the reality condition:

P and P,p; respectively are the

S0(6,M)
S06)XSOM) *

with PAB[ sat-

Pupr = 5 nIJEABCDPCD]- (4.3)

SL(2,R)
U(l)

-parameters, satisfying the

Moreover, £ is the infinitesimal

S0(6,M)
S06)XSOM)

-parameter and &4 p|;
are the infinitesimal
reality condition

. 1
EABIL — 5 nl! eABCD Ecply-

As found in [14,19,38] and rigorously reobtained in [29], in

4.9)

PHYSICAL REVIEW D 79, 125010 (2009)
terms of Z,; and Z; the unique solution of Eq. (4.3) reads:
Ty =381 —1S1% (4.10)

where one can identify S = Lg, S, = L + iL,, with
L= (LyL; L, being an SL(2,R) ~ SO(1, 2)-vector
with square norm

L*=L§— L} — L} =51 — |S:[~ (4.11)
S, and S, are defined as [29]
1 - -
S] = EZABZAB - Z[Z[ S R, (412)
1 -
82 = ZEABCDZABZCD - ZIZI (& Q: (413)

In [29] it was indeed shown that I, a-—, given by
Eq. (4.10) is the unique combination of
SO(6, M)-invariant and scalar-dependent quantities, which
is actually also SL(2, R)-independent and thus scalar-
independent, satisfying

6514:-7\[:4 = O, (414)

8¢y Tan—s =0, (4.15)

with Egs. (4.6), (4.7), and (4.9) holding true.
On the other hand, the expression of J4 5r—4 in terms of
the “bare” charges P reads [14,15,18,19]

Iixn—s=p*¢—(p-q?
l =
=3 (Pags = pxan)(pzaa - pag=)nEn*0

T\ 7@, (4.16)

N[ =

where

pP=p-p=pipsn™t. @ =q q=qrgsn**
P q=prgsny, (4.17)

and the tensor

T\% = pads = pxdr = T{iy (4.18)
has been introduced (the upperscript “(a)” stands for
“antisymmetric’).

The classification of charge orbits, in particular, the BPS
ones, was performed in [3,9]. By performing a suitable
U(1) X §O(6)(~U(4))-transformation, the central charge
matrix Z,p can be skew-diagonalized in the normal frame
(recall definition (3.11)):

Z
ZABU(4) - ZAB,skew—diag = ( ! Z2> ®€ 27,2 € R+;
4.19)

where the ordering z; = z, does not imply any loss of
generality. Furthermore, by performing a suitable
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SO(M)-transformation, the vector Z; of matter charges can
be reduced to have only two nonvanishing entries, one real
positive and the other one complex, say (without loss of
generality, with the subscript “‘red.” standing for ‘‘re-
duced”)

SO(M) .
Z = Zrea = (p1€”, p2,0,...,0),

0 e R

(4.20)
p1, p2 ERY,

For nonvanishing (in general different) skew-eigenvalues
z; and zp, the symmetry group of Zupgew—diag 18
(USp(2))> ~ (SU(2))>. Analogously, for nonvanishing (in
general different) p; and p, (and nonvanishing phase 6)
the symmetry group of Z; .4 is SO(M — 2). Thus, beside
21, 22, P1, P2 and 6 the generic Z, 5 and Z; are described by

. U(4)xS0M)
7+ 2M = dimg (55057550003

Consistently, the total number of parameters is 2 + 2 +
1+7+2M = 12 + 2M, which is the real dimension of
the bi-fundamental representation (2, 6 + M), defining the
embedding of SL(2, R) X SO(6, M) into Sp(12 + 2M, R).

In N =4, d =4 matter coupled supergravity three
distinct large charge orbits of the (2, 6 + M) of SL(2, R) X
SO(6, M) (for which I, a—4 #0, and the artractor
mechanism holds) exist, as resulting from the analysis
performed in’ [13]:

(1) The large % — BPS orbit

) “‘generalized angles™.

SO(6, M)
S04, M) X SO(2)’
421)

O /4)-BPs tarze = SL(2, R) X

dimp = 11 + 2M,

is defined by the SL(2, R) X SO(6, M)-invariant
constraint
Tyns>0. 4.22)

Thus, the corresponding horizon solution of the
N =4, d = 4 Attractor Egs. yields [3,9,13]

71 ERY, 7, =0,
e : (4.23)
pL=p,=020 undetermined;
S, =2>0, S, =0. (4.24)

Therefore, at the event horizon, the symmetry group
of Z4p skew—diag. defined in Eq. (4.19) does not get
enhanced, while the symmetry group of Z; .4 de-
fined in Eq. (4.20) gets enhanced as follows:

SO — 2) ="sow). (4.25)

"Consistent with the analysis of [13], Egs. (4.21), (4.26), and
(4.31), fix a slightly misleading notation for the /arge charge
orbits of N = 4, d = 4 matter coupled supergravity, as given by
Table 1 of [39].
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As a consequence, the horizon attractor solution
exploits the maximal compact symmetry SU(2) X
SU((2) X SO(M) X SO(2), which is the mcs [31] of
the stabilizer of Oy /4)_pps jarge itself.

The large non-BPS Z,5 = 0 orbit (existing for M =
2) [13]

OnonfBPS,ZABzo,large
SO(6, M)
S0(6, M —2) X SO(2)’
(4.26)

= SL(22,R) X
dimp = 11 + 2M,

is defined by the SL(2, R) X SO(6, M)-invariant
constraint

Iy >0. 4.27)

Thus, the corresponding attractor solution of the
N =4, d =4 Antractor Egs. yields (for M = 2)
[3,9,13]

Z1=Z2=0,
pie’ + p3 =0 p = p, ERy,

= g +km,  kEZ; (4.28)

S, =-2p2<0, 8,=0. (4.29)

Therefore, at the event horizon, the symmetry group
of Z4p skew—diag. defined in Eq. (4.19) gets enhanced
as follows:

(SUQ)2 = sU(), (4.30)

and the symmetry group of Z; .4 defined in Eq.
(4.20) does not get enhanced. Consequently, the
horizon attractor solution exploits the maximal
compact symmetry SU(4) X SOM — 2) X SO(2),
which is the mcs [31] of the stabilizer of
(QnonfBPS,ZABZO,large itself.

The large non-BPS Z, 5 # 0 orbit (existing for M =
) [13]

Onon—BPS,ZAB#:O,large
S0(6, M)
SO0G, M — 1) X S0(1, 1)’
4.31)

= SL(22,R) X
dimg = 11 + 2M,

is defined by the SL(2, R) X SO(6, M)-invariant
constraint

I,y <0 (4.32)

At the event horizon of the extremal BH, the solu-
tion of the N = 4, d = 4 Artractor Egs. yields (for
M =1)[3,9,13]
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Z1=22:—ER8', pr =0,
- V2 (4.33)
0 =— + kmr, k€ 7,
2
S,=0, S, =322>0. (4.34)

Thus, at the event horizon, the symmetry group of
Z B skew—diag. defined in Eq. (4.19) gets enhanced as
follows:

(SU@)R USp(4), (4.35)

and the symmetry group of Z; .4 defined in Eq.
(4.20) gets also enhanced as

SOM —2) =SS0 — 1), (4.36)

As a consequence, the horizon attractor solution
exploits the maximal compact symmetry USp(4) X
SO(M — 1) which, due to the isomorphism
USp(4) ~ SO(5), is the mcs [31] of the stabilizer
of @non—BPS,ZAB?ﬁO,large itself.

As mentioned above, for such large charge orbits, cor-
responding to a nonvanishing quartic SL(2, R) X
SO(6, M)-invariant I, a-—, and thus supporting large
BHs, the attractor mechanism holds. Consequently, the
computations of the Bekenstein-Hawking BH entropy
can be performed by solving the criticality conditions for
the “BH potential”

1

VBH,N=4 = EZABZ_AB + ZIZ_I, (437)

the result being

SeH, _

VBH,N:4|6VBHVN:4:0 = VBH,N:4(¢H(T)r P)
= |I4,N:4|]/2,

where ¢ (P) denotes the set of solutions to the criticality
conditions of Vpy ar—4, namely, the Attractor Egs. of
N =4, d = 4 matter coupled supergravity:

(4.38)

B SL(2, R) S0(6, M)
dsVeun=4 =0, V ¢ €E U(1) S0(6) X SOM)’
(4.39)

expressing the stabilization of the scalar fields purely in
terms of supporting charges P at the event horizon of the
extremal BH. Through Egs. (4.4), (4.5), and (4.37),
Equations (4.39) can be rewritten as follows [13]:

- 1
(ZAB + EGABCDZCD>ZI — O,
1 (4.40)
Z[ZJ5” + ZGABCDZABZCD = 0.

PHYSICAL REVIEW D 79, 125010 (2009)

Actually, the critical potential Vgy ar—4l Vs —s=0 €X-
hibits some ““flat” directions, so not all scalars are stabi-
lized in terms of charges at the event horizon [39]. Thus,
Eq. (4.38) yields that the unstabilized scalars, spanning a
related moduli space of the considered class of attractor
solutions, do not enter in the expression of the BH entropy
at all. The moduli spaces exhibited by the Attractor Egs.
(4.39) and (4.40) are [39]

M _ S04, M)
(1/4)—BPS,large SU(Z) X SU(Z) X SO(M)’
dimp = 4M; (4.41)
_ So(6,M—2)
MnonfBPS,ZAB=O,large - SU(4) X SO(M _ 2)’
dimg = 6(M — 2); (4.42)
MnonfBPS,ZAB#O,large = SO(L 1)
SO(5,M — 1)
USp(4) x SOM — 1)’
dimg = 5(M — 1) + 1. (4.43)

As justified in [29] and then in [39], M ;) pps jarge 1S @
quaternionic ~ symmetric ~ manifold.  Furthermore,
M ,on—8ps,z,,#0,jarge €1ven by Eq. (4.43) is nothing but
the scalar manifold of N =4, d =5 matter coupled
supergravity. ~The  stabilizers of M /4)—BPS,large>
Mnon—BPS,ZAB:O,la.rge and Mnon—BPS,ZAB;ﬁO,large eXPIOit the
maximal compact symmetry of the corresponding charge
orbits; this symmetry becomes fully manifest through the
enhancement of the compact symmetry group of
ZAB skew—diag. and Zj 4 at the event horizon of the extremal
BH, respectively, given by Egs. (4.25), (4.30), (4.35), and
(4.36).

Let us now analyze the small charge orbits of the (2, 6 +
M) of SL(2, R) X SO(6, M), associated to T4 ar—4 = 0, for
which the attractor mechanism does not hold. The analysis
performed below completes the one given in [3,9].

While in N = 8, d = 4 supergravity all three small
charge orbits are BPS (with various degrees of
supersymmetry-preservation), in the considered N = 4,
d = 4 theory there are five small charge orbits, two of them
being 1 — BPS one {-BPS, and the other two non-BPS (one
with Z,5 = 0 and the other with Z,; # 0). Such an abun-
dance of different charge orbits can be traced back to the
factorized nature of the U-duality group SL(2, R) X
SO(6, M). Furthermore, it should be remarked that in
N =4, d = 4 supergravity the ﬁ—BPS charge orbit
exists only in its large version, differently from the d = 4
maximal theory, in which both large and small ﬁ —
BPS charge orbits exist.

It is now convenient to denote with «; and «, the two
real non-negative eigenvalues of the matrix Z,zZ 8 =
(zz")$. By recalling Eq. (4.19), one can notice that
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(i=1,2)
a; =72 (4.44)

1

and one can order them as a; = «a,, without any loss of
generality. The explicit expression of «; in terms of U(4) X
SO(M)-invariants (namely of Tr(ZZ%), Tr((ZZ")?), and
suitable powers) is given by Egs. (5.108) and (5.109) of [9].

Firstly, let us observe that from Egs. (4.16) and (4.11) the
SL(2, R) X SO(6, M)-invariant “‘degeneracy” condition
can be written in the “dressed” (R-symmetry- and
SO(M)- covariant) and “bare” (symplectic-, i.e. Sp(12 +
2M, R)- covariant) charges’ bases, respectively, as follows:

Iins =08 =|S,> < p’¢*>=(p-g9* =0.

(4.45)

Then, in order to determine the number and typology of
small orbits, it is convenient to start differentiating J4 ar—4
in the symplectic “bare” charges’ basis P = (p*, )"
(recall definition (1.2)). Equations (4.16) and (4.18) yield
the constraints defining the small critical orbits to read

0Ty nr=
734;7 L =2g?p" — (g p)gt] = 2T gy =0;
A

(4.46)

0Ty A=
7(;‘;1 2 =20pq" — (g p)pP]= —2TWIN3ps =0,

(4.47)

Because of the definition (4.18), or equivalently to the
homogeneity (of degree four) in charges of J, ar—y, it is
worth noticing that the “criticality” constraints (4.46) and
(4.47) imply the “degeneracy’ condition (4.45).

Beside the trivial one (p, = 0 = g, V A), all the solu-
tions to the “criticality’ constraints (4.46) and (4.47) list as
follows:

) o
A.1]p?> >0, ¢> > 0;
AR | PP =(p-q?>0: aus

A2]p? <0, ¢*><0;

A3lp’¢* =(p- g9’ =0 p*=0¢"=0;
(4.48)
T\ # 0;
B]{ (4.49)
P=¢=pqg=0=T9=0

Notice that each set (A.1, A.2, A.3 and B) of constraints is
SL(2, R) X SO(6, M)-invariant, but formulated in terms of
the symplectic charge basis P.

The solutions (4.48) and (4.49) can be rewritten by

2 . .
noticing that g dl,‘,iﬁ,,: *, i.e. the tensor of second derivatives

of T4 a—4 with respect to P, sits in the symmetric product
representation ((2, 6 + M) X (2, 6 + M)), of the U-duality
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group SL(2, R) X SO(6, M), which decomposes as follows
[9]:

(2,6 + M) X (2,6 + M)),

SLQR)XSO(6.M) (3,1) (3, TrSym(SO(6, M)))

T(O) T(trz—s)
1, Adj(SO6, M
, (L Adj( @( " ws0)
Ty
The antisymmetric tensor
02Ty N
7@ =2 “4N=4 (4.51)
AT 9PAP | (1, adjsowm)

was already introduced in Eq. (4.18). TrSym and Adj
respectively denote the traceless symmetric and adjoint
representations, and [9]

_ 0PIy s

(tr—s)
T =
PP

(3, TrSym(S0(6,M)))
2 p2 1
6+M7’A2:p/\p2 6+MT]AE’2

<6IA612 -

X + . 4.52
(gaps + qspa) 6+M77AE) (4.52)

32 14 N=4 '
TO) = W = TrSO(6,M)(TX)E)

(€3Y)

_ %Iy n—s
= TrS0(6,M) T9PoP

(3,Sym(S0(6,M))))
¢ qp )

E (4.53)
q-p p

=(q2,p2,rrp)=<

The definition (4.53) of 7'” implies that (recall Eq. (4.16))

92T, n—
Tooves = dar) —de( 282t | ) s
4 N=4 et(7'”) N —p,p a1 (4.54)
in turn yielding another, equivalent SL(2, R) X

SO(6, M)-invariant characterization of the “degeneracy”
condition (4.45):
) 0.
@31

Thus, Eqgs. (4.48) and (4.49) can be recast as follows:

(0) 82]4 N=4
det(TV) = det . (4.55)

dPIP

(@) _ .
Tis =0
A1]Te(T©) > 0;

Al aut
det(T®) =0, 1 A2]Tr(T©) < 0;
aut
A3THTY) =0 7O = 0.

(4.56)

Y
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(a) .
B]{ T, # 0;

5. (4.57)

As mentioned above, each set (A.1, A.2, A.3 and B) of
constraints is SL(2, R) X SO(6, M)-invariant, but formu-
lated in terms of the symplectic charge basis 2.

It is interesting to point out that, differently from N =
8, d = 4 supergravity treated in Sec. III, in N = 4,d = 4
supergravity there are no small doubly-critical (or with
higher degree of criticality) charge orbits independent
from the small critical ones. This can be easily seen by
noticing that the solutions (4.56) and (4.57) to the “criti-

cality” constraints (4.46) and (4.47) can actually be rewrit-

2
ten in a doubly-critical fashion, i.e. through aa‘ri,‘;(:;‘gf“ and

related projections (according to decomposition (4.50)).
For completeness’ sake, we report here the second-order
derivatives of I, ar—, with respect to the “bare” symplec-
tic charges:

9714 =y

= 2P — Mg (4.58)
IpsIpa
2
dgs9q,
2
I Tan—s _ grlns. (4.60)
dgsdpy

In order to determine the small orbits of the bi-
fundamental representation (2, 6 + M) of the U-duality
group SL(2,R) X SO(6,M) and to study their
supersymmetry-preserving properties, it is now convenient
to switch to the basis of “dressed” charges (recall

Egs. (2.22) and (2.23))
U =(Z, 2) = (ZypZ', Zyp, Z)". (4.61)

From the analysis of [9], one obtains the following equiva-
lence:

@ — L ~0
AX dPIP | adjsowm)
97Ty n—s
dUIU | agjsoem)

The SL(2, R) X SO(6, M)-invariant constraint (4.62) is
common to the small critical charge orbits determined by
the solutions A.1, A.2 and A.3 of Egs. (4.56). It also
implies that a; = a, [9]. Then, the further SL(2, R) X
S0(6, M)-invariant constraints Tr(7»)0 can equivalently

be rewritten as (recall definition (4.12))
Tr (7T©)0 < S,0. (4.63)

Therefore, one can characterize the small critical orbits
A.1, A.2, andA.3 of Egs. (4.48) and (4.56) as follows:

PHYSICAL REVIEW D 79, 125010 (2009)

( 8214,_7\/:4 | __ 0
aUoU 'Adj(soMm) — V>
AlA aut
| S =[S, A2]S, <0;
aut
L A3]S, =0 S, =0.

(4.64)

Notice that each set (A.1, A.2, A.3 and B) of constraints is
SL(2, R) X SO(6, M)-invariant but, differently from Egs.
(4.48) and (4.56), it is also independent from the symplec-
tic basis eventually considered.

On the other hand, the SL(2, R) X SO(6, M)-invariant
constraints (4.49) and (4.57) defining the small critical
orbit B can be recast in a form which (differently from
Egs. (4.49) and (4.57)) is independent from the symplectic
basis eventually considered, as follows:

225 g +0;
B] aloU 'Adj(sO(6,M)) 5

(4.65)
St =181 =0.

Thus, five distinct small charge orbits (all with
I, n—q = 0) exist:

(1) The critical orbit A.1 is defined by the SL(2, R) X
SO(6, M)-invariant constraints (4.48) (or (4.56), or
(4.64)). Such constraints are solved by the following
flow solution (exhibiting maximal symmetry):

a=nER, (4.66)

pr=p,=020 undetermined.

Thus, from the reasoning performed at the end of
Sec. II and the analysis of [9], the considered small
critical orbit is % — BPS. Along the corresponding
small critical % — BPS flow, the (maximal compact)
symmetry of the skew-diagonalized central charge
matrix Zp gew-diag defined in Eq. (4.19) is USp(4),
whereas the one of Z; .4 defined in Eq. (4.20) is
SO(M). Therefore, the resulting maximal compact
symmetry of the critical orbit A.1 is USp(4) X
SO(M).

The critical orbit A.2 is defined by the SL(2, R) X
SO(6, M)-invariant constraints (4.48) (or (4.56), or
(4.64)). Such constraints are solved by the following
flow solution, existing for M =1 (and exhibiting
maximal symmetry)

2

2=2=0  p ERS, p,=0 (467

Thus, the considered small critical orbit is non-BPS
Zsp = 0. Along the corresponding small critical
non-BPS Z,z = 0 flow, the (maximal compact)
symmetry of the skew-diagonalized central charge
matrix Z,p gew—diag defined in Eq. (4.19) is SU(4),
whereas the one of Z; .4 defined in Eq. (4.20) is
SO(M — 1). Therefore, the resulting maximal com-
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3)

“)

®)

pact symmetry of the critical orbit A.2 is SU(4) X
SOM —1).

The critical orbit A.3 is defined by the SL(2, R) X
SO(6, M)-invariant constraints (4.48) (or (4.56), or
(4.64)). Such constraints are solved by the following
flow solution, existing for M =1 (and exhibiting
maximal symmetry)

21222=&
V2

€ Ry, p; = 0, Qundetermined.

(4.68)

This small critical orbit is £-BPS. Along the corre-
sponding small critical non-BPS Z,p # 0 flow, the
(maximal compact) symmetry of the skew-
diagonalized central charge matrix Zp gew- diag. d€-
fined in Eq. (4.19) is USp(4), whereas the one of
Z; req defined in Eq. (4.20) is SO(M — 1). Therefore,
the resulting maximal compact symmetry of the
critical orbit A.3 is USp(4) X SOM — 1).

The critical orbit B is defined by the SL(2, R) X
SO(6, M)-invariant constraints (4.49) (or (4.57), or
(4.65)). Such constraints are solved by the following
flow solution, existing for M = 2 (and exhibiting
maximal symmetry)

z
71 ERy, =0, P1=P2=71§§
(4.69)
a
0= 0} + ki, ke Z. 4.70)

This small critical orbit is ;-BPS. Along the corre-
sponding small critical non-BPS Z,p # 0 flow, the
(maximal compact) symmetry of the skew-
diagonalized central charge matrix Zp gew- diag. d€-
fined in Eq. (4.19) is (SU(2))?, whereas the one of
Z; req defined in Eq. (4.20) is SO(M — 2). Therefore,
the resulting maximal compact symmetry of the
critical orbit B is (SU(2))> X SO(M — 2).

The generic small lightlike case is defined by the
SL(2, R) X SO(6, M)-invariant constraints (4.45)
(or (4.55)). In this case, it is more convenient to
consider the symplectic basis of “bare” charges P
and, in order to determine the maximal compact
symmetry of the flow solution(s), one can consider
the saturation of the bound (4.45), namely:

p*q* = (p X q)?*=0.

This is in general solved by p?> =0, p - g = 0 and
g*> # 0 (or equivalently by ¢> =0, p- ¢ =0 and
p* # 0). It is easy to realize that the maximal com-
pact symmetry of the flow solution is SO(4) X
SO(M — 1) in the case ¢>>0, and SO(5) X
SO(M — 2) in the case ¢> < 0. In the first case the
solution exists for M = 1, whereas in the second

4.71)
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case the solution exists for M = 2. Thus, one ac-
tually gets two generic small lightlike orbits, both
non-BPS Z,z # 0, with maximal compact symme-
try, respectively, given by SO(4) X SO(M — 1) and
SO(5) X SOM — 2).

Mutatis mutandis, the same considerations made at the
end of Sect. III for N = 8, d = 4 supergravity also hold
for N = 4, d = 4 matter coupled supergravity.

Notice that in pure N = 4, d = 4 supergravity only the
small %-BPS orbit A.1 and the large %-BPS orbit exist.
Indeed, the non-BPS Z,5z # 0 and non-BPS Z,z = 0 large
orbits and the small orbits A.2, A.3, and B cannot be
realized, and the small lightlike orbit(s) of point 5 above
coincide with small orbit A.1.

Finally, it is worth noticing that the U(1) (stabilizer of

the factor s%]((zl,gR) of the scalar manifold (4.1)) is broken both

in large and small charge orbits, because both the central
charge matrix Z,p and the matter charges Z; are charged
with respect to it.

VN =2

In /N = 2, d = 4 supergravity one can repeat the analy-
sis of [1,40] (see also [41]), by using the properties of
special Kdhler geometry (SKG, see e.g. [22], and Refs.
therein). Indeed, in SKG one can define an Sp(2n, R)
matrix over the scalar manifold (as in Eq. (2.9)), as well
complex matrices f and 4 (as in Egs. (2.10), (2.11), (2.12),
(2.13), and (2.14)), without the need for the manifold to be
necessarily a (n at least locally) symmetric space (see e.g.
[13,21]).

The basic identities of SKG applied to the (covariantly
holomorphic) N = 2, d = 4 central charge section

Z = e5P(X gy — Fop") (5.1)

of the U(1) Kihler-Hodge bundle (with Kahler weights
(1, —1)) read as follows [20] (i, j = 1,...,n — 1, with n —
1 denoting the number of Abelian vector multiplets
coupled to the supergravity one)

D:Z =0; (5.2)
D:D,Z = iCi; gDy Z; (5.3)
DiD.Z = g;:7, (5.4)

where (XA, F ) are the holomorphic symplectic sections of
the U(1) Kihler-Hodge bundle (with Kihler weights (2,
0)), and K denotes the Kihler potential of the Abelian
vector multiplets’ scalar manifold, with metric g;; =
J 70;K. Cjj 18 the rank-3 symmetric and covariantly hol-
omorphic C-tensor of SKG (see e.g. [22], and Refs.
therein):

DCij = 0; (5.5)
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Dy Cipji = 0. (5.6)

Thus, in N = 2, d = 4 supergravity coupled to n — 1
Abelian vector multiplets, the “BH potential” is given by
[18,19]

Veu(o, P)
and the Attractor Egs. read [20]

= ZZ + ¢'(D;2)D;Z, (5.7)

9;Ven = 0 2ZD,Z + iC;;,8/7 g (D;Z)DiZ = 0.

(5.8)
(1) The (% — BPS) supersymmetric solution to
Attractor Egs. (5.8) is determined by
(DiZ)(l/2)fBPS =0, Vi (5.9
and therefore Eq. (5.7) yields
Viua/2-8ps = 1Z[8 ) gpss (5.10)

and the corresponding Hessian matrix of Vpy has
block components given by [20]

=(0;0,Vgn)/2)-pps = 05

(5.11)

(D;0,;Veu)/2)-Bps =

(aigj_'VBH)(l/Z)fBPS = 2gi/,(1/2)—BPs|Z|(2,/2),Bps,
(5.12)

showing that there are no “flat” directions for such

the (%— BPS class of solutions to Attractor
Egs. (5.8) [33].
(2) Nonsupersymmetric  (non-BPS)  solutions to

Attractor Egs. (5.8) have D;Z # 0 (at least) for
some i € {1,...,n — 1}. Generally, such solutions
fall into two class [6], and they exhibit “flat” direc-
tions of Vyy itself [33]. The non-BPS, Z = 0O class is
defined by the following constraints:

D;Z=09,Z+# 0, forsomei Z=0, (5.13)
thus yielding (from Egs. (5.8))
[Cijkgjigk]g(gjz)g]EZ_]nonfBPS,Z:O =0. (5.14)

Thus, Egs. (5.7) and (5.13) yield
VBHnon—Bps,z—0 = (8 (D;Z)D;Z]son—5ps,7=0
= [gij(aiz)éjz]non—BPS,ZZO-

(5.15)

(3) The non-BPS, Z # 0O class is defined by the follow-

ing constraints:

D;Z # 0, forsome i,Z # 0. (5.16)

It is worth remarking that Egs. (5.8) and the non-
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BPS Z # 0 defining constraints (5.16) imply the
following relations to hold at the non-BPS Z # 0
critical points of Vpy [13]:

[gij(DiZ)EjZ_]nonfBPS,Z#:O

5

(Z)
[ :InonBPS,ZvﬁO
i N5(2)
B 5[?]n0n—BPS,Z¢O’
(5.17)

where the cubic form N5(Z) is defined as [13]

___Zthzk
(5.18)

N3(Z_) = kZleZk = N3(Z)

For an arbitrary SKG, it is in general hard to compute

SBH

Veu(édu(P), P), (5.19)

= Vaula,vgu-0 =
where ¢ (P) are the horizon scalar configurations solving
the Attractor Egs. (5.8). However, the situation dramati-
cally simplifies for symmetric SK manifolds

Gy
H, (5.20)
in which case a classification, analogous to the one avail-
able for N > 2-extended, d = 4 supergravities (see e.g.
[13] and Refs. therein; see also Secs. III and IV) can be
performed [6].

In the treatment below, we are going to give a remark-
able general topological formula for V(¢ (P), P) for
symmetric SKG, which is manifestly invariant under dif-
feomorphisms of the SK scalar manifold, and which holds
for any choice of symplectic basis of “bare” charges P
and of special coordinates (see e.g. [22] and Refs. therein)
of the SK manifold itself. Indeed, such a formula by no
means does refer to special coordinates, which may not
even exist for certain parametrizations of g—j itself.

It should be pointed out that a general formula for the
Gy-invariant J4 ar—, is known for the so-called d-SK
homogeneous symmetric manifolds [26], and it reads (a =
L....,n—1)[4]:

Iy n—2(P) = —(p°q0 + p?q.)* + 4qo T3 n—2(p)

— P’ I n=2(q)

+{I5 n=2(p), I3 n=2(q)}], (5.21)
where

I3 n=2(p) = 5 dupep P ¢ (5.22)

125010-15



CERCHIAI FERRARA, MARRANI, AND ZUMINO

1
I35 n—2(q) = =d®q.q14.; (5.23)

3!

0I5 nr—a(p) 015 n—2(q)
ap* 99,

{13,3\{:2(17), I3,N=2(61)} =

i

(5.24)

in which the constant (number) rank-3 symmetric tensor
d . has been introduced (and d*¢ is its suitably defined
completely contravariant form). However, such a formula
holds for a particular symplectic basis (namely the one
inherited from the N = 2, d = 5 theory, i.e. the one of
special coordinates), in which the holomorphic prepoten-
tial F(X) of SKG can be written as
1 X Xh Xc¢
F(X) = adabcT-

In such a symplectic basis, the manifest symmetry is the
d =5 U-duality Gs, under which G4 branches as G, —
Gs X SO(1,1). Indeed, I35 n—p(p) and I3 pn_»(q) are
nothing but, respectively, the magnetic and electric invar-
iants (both cubic in P) of the relevant symplectic repre-
sentations of Gs.

Equation (5.21) excludes the so-called quadratic (or
minimally coupled [42]) sequence of symmetric SK mani-
folds (particular complex Grassmannians)

SU(1,n—1)
SUn—1)xUQ1)’
(not upliftable to d = 5), for which F(X) is given by (in the

symplectic basis exhibiting the maximal noncompact sym-
metry SU(1, n — 1))

(5.25)

neN (5.26)

l' n—1 .
F(X) = —=| (X°? - Xl2], 5.27
00 = =3[ w02 = 3 00) (5.27)
and the invariant of the symplectic representation of G, =

SU(1, n — 1) reads as follows (notice it is quadratic in P)
[29]:

n—1
Ty n=2(P) = (p°P + g3 = D (p)* + ¢?)
i=1

= |Z|* - ¢¥(D,Z)D;Z. (5.28)
Because of the quadratic nature of the Gy-invariant
I, ar—(P) given by Eq. (5.28), the quadratic sequence
of symmetric SK manifolds (5.26) exhibits only one small
charge orbit, namely, the lightlike one, beside the two large
charge orbits determined in [6].

The symmetric SK manifolds whose geometry is deter-
mined by the holomorphic prepotential function (5.25) and
the minimally coupled ones determined by Eq. (5.27) are
all the possible symmetric SK manifolds. After [43], from
the geometric perspective of SKG, symmetric SK mani-
folds can be characterized in the following way.

PHYSICAL REVIEW D 79, 125010 (2009)

In SKG the Riemann tensor obeys to the following
constraint (see e.g. [22] and Refs. therein):

R = — 88 — &i8kj + CutmCryag™ (5.29)

The requirement that the manifold to be symmetric de-
mands the Riemann to be covariantly constant:

D, R;z7 = 0. (5.30)

Because of the SKG constraint (5.29) and to covariant
holomorphicity of the C-tensor (expressed by Eq. (5.5)),
Egq. (5.30) generally implies (for nonvanishing C;j;)

DiCijr = DyCyx = 0, (5.31)

where in the last step Eq. (5.6) was used. Thus, in a SK
symmetric space both the Riemann tensor and the C-tensor
are covariantly constant. Equation (5.31) implies the fol-
lowing relation [6]

- 4
CjamC oo Crieg” g = 3 Cump89pi (5.32)

which is nothing but the “dressed”” form of the analogous
relation holding for the d-tensor itself [43,44]

4
3

The quadratic sequence of symmetric manifolds (5.26)
whose SKG is determined by the prepotential (5.27) has

Ciy =0, (5.34)

dj(lmdpq)kdijk = d(lmp5 (5.33)

i
q)

whereas the remaining symmetric SK manifolds, whose
prepotential in the special coordinates is given by
Eq. (5.25) (with d,;,. constrained by Eq. (5.33)), corre-
spond to

Cubc = eKdahc' (535)

By using Eqgs. (5.31) and (5.32), as well as the SKG
identities (5.2), (5.3), and (5.4) (which, for symmetric
SKG, are equivalent to the Maurer-Cartan Egs., as
Egs. (3.3), (4.4), and (4.5) for N =8 and N =4, d =
4 supergravities, respectively; see e.g. [21,29]), one can
prove that the following quartic expression is a duality
invariant for all symmetric SK manifolds:

]4,N:2,symm(¢r T) = (ZZ_ - ZiZ_i)2
+2iIND) ~ Z95(2)

- §7CuCr1, 2122127, (5.36)
where the matter charges have been renoted as Z; = D,Z,
Zi=giiz ;» and definition (5.18) was recalled.

As claimed above, 4y ar—ssymm given by Eq. (5.36) is
¢-dependent only apparently, i.e. it is topological, merely
charge-dependent:
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a-14,,’]\f:Z,symm((»Z’)» P)
a¢

=0« I4,N:2,symm

= I4,N=2,symm(?)- (5.37)

Thus, by recalling Eq. (1.5), the general entropy-area
formula [8] for extremal BHs in N = 2, d = 4 supergrav-
ity coupled to Abelian vector multiplets whose scalar
manifold is a symmetric (SK) space reads as follows:

SBH

= VBHlad,VBH:O = Vu(ou(P), P)

= |I4,N=2,symm(?)|1/2- (538)

3Ty N ymm(P) — (ZZ — Z,Z7)* + gilTCijkCT

PHYSICAL REVIEW D 79, 125010 (2009)

Let us briefly analyze Eq. (5.36).

As for the case of N = 8, d = 4 supergravity treated in
Sec. III, one can introduce a phase ¢ as follows (recall
definitions (5.18)):

ZN5(Z iZC; 7' 71 7F
_ ZND) _ iZCi (5.39)

eZib‘ - _ N .
IN:(2)  —iC;, 22777

Thus, ¥ is the phase of the quantity iZN5(Z): ¢ = Dizny(2)-
It is then immediate to compute ¥ from Eq. (5.36):

Zizkzlzm]

ilm

cosH o, P) =

Notice that through Eq. (5.40) (cos)d is determined in
terms of the scalar fields ¢ and of the BH charges 2P,
also along the small orbits where Iy ar—sgmm = 0.
However, Eq. (5.40) is not defined in the cases in which
ZN5(Z) = 0. In such cases, ¢ is actually undetermined. It
should be clearly pointed out that the phase ¢ has nothing
to do with the phase of the U(1) bundle over the SK-Hodge
vector multiplets’ scalar manifold (see e.g. [22] and Refs.
therein).

(1) For % — BPS attractors (defined by the constraints

(5.9)), Eq. (5.36) yields

]4,N:2,symm|(1/2—BPS = (ZZ)(zl/z)prS

= lZl?l/Z)*BPS’ (.41

as in turn also implied by Egs. (1.5) and (5.10) (or
equivalently (5.38)). Notice that Egs. (5.10) and
(5.41) are general, i.e. they hold for any SKG,
regardless the symmetric nature of the SK vector
multiplets’ scalar manifold. Furthermore, the con-
straints (5.9) imply that at the event horizon of % —
BPS extremal BHs it holds

[N3(2)]1/2)-8ps = 0 = (1 /2)—Bps

undetermined. (5.42)

(2) For non-BPS Z = 0 attractors (defined by the con-

straints (5.13) which, through Egs. (5.8), imply
Eq. (5.14)), Eq. (5.36) yields

I 4,N:2,symm|non—BPs,z:0 = (ZiZi)%onfBPS,Z=O
=[g"(3,2) 97 Z)aon—Bps,2—0-
(5.43)

Notice that Eqs. (5.15) and (5.43) are general, i.e.
they hold for any SKG, regardless the symmetric

2*|ZN5(2)]

(5.40)

|
nature of the SK vector multiplets’ scalar manifold.

Furthermore, the constraints (5.9) imply that at the
event horizon of non-BPS Z = 0 extremal BHs it
holds

Znon—8pS,z=0 = 0 = Fyon—Bps z—0 (5.44)
undetermined.

(3) For non-BPS Z # 0 attractors (defined by the con-
straints (5.16) as well as by Eqgs. (5.8)), Eqgs. (5.17)

and (5.36) yield

_ 4
I4,N=2,symm|n0n7BPS,Z#0 - 16|Z|non—BPs,z¢0’
(5.45)

thus implying, through Eq. (5.7) [6,13,30,45]
ZizilnonfBPS,Z:#O = 3|Z|ﬁon73p5,z¢o

<= VBH non—BPS,Z#0
_ 2
= 4 ZI; 0 —pps 240 (5.46)

By plugging Eqgs. (5.8), (5.16), (5.17), and (5.45) into
Eq. (5.40), it follows that at the event horizon of
non-BPS Z # 0 extremal BHs it holds that

ﬁnon—BPS,ZQﬁO =177+ 2k7T, ke 7. (547)

It should be remarked that, differently from the
results (5.10), (5.11), (5.12), (5.41), and (5.42) (hold-
ing for %— BPS attractors) and from the results
(5.14), (5.15), (5.43), and (5.44) (holding for non-
BPS Z = 0 attractors), Egs. (5.45), (5.46), and (5.47)
are not general: i.e. they hold at the event horizon of
extremal non-BPS Z # 0 BHs for symmetric SK
manifolds, but they do not hold true for generic
SKG. However, when going beyond the symmetric
SK case (and thus encompassing both homogeneous
nonsymmetric [26,46] and nonhomogeneous SK

125010-17



CERCHIAI FERRARA, MARRANI, AND ZUMINO

spaces), one can compute both Vgy non—pps,z20 and
1, N:Z,Symmlnon_BPS, 720, and express the deviation
from the symmetric case considered above in terms
of the complex quantity [13]

3 EguaZiZ' 2z

A= 4 N5(2)

, (5.48)
where the tensor E;;z7; was firstly introduced in
[26] (see also [13]). The results of straightforward
computations read as follows:

_ 2 )
Vitnon—Bps.z#0 = HZlon_pps.z0 T Anon—BPs,z#05
(5.49)

_ 4 2
T 4 =2 symm non—BPS, 220 = [_16|Z| + A

8
- —A|z|2] .
3 non—BPS,Z#0

(5.50)

Notice that, as yielded e.g. by Eq. (5.49), A is real at
the non-BPS Z # 0 critical points of Vpy. For sym-
metric SK manifolds E;;;;; = 0 globally, and thus
Egs. (5.49) and (5.50) respectively reduce to Egs.
(5.45) and (5.46). On the other hand, the results
(5.45) and (5.46) hold also for those nonsymmetry
SK spaces (E;jzi, # 0) such that
Anon-Bps,zz0 = 0

= (Eijlél‘mZ_iZ’TZIEZZZW')non—Bps,Zseo’

where in the implication “=7" the assumption
[N3(Z)]uon—Bps,z20 # 0 was made. The condition
(5.51) might explain some results obtained for ge-

(i)

(iii)

PHYSICAL REVIEW D 79, 125010 (2009)

neric (d)-SKGs in some particular supporting BH
charge configurations in [45] (see also the treatment
in [13,39]).
Consistently, for the quadratic minimally coupled se-
quence (5.26), for which Eq. (5.34) holds, Eq. (5.36) for-
mally reduces to

I4,N=2,symm|C,-jk=0 = (ZZ - Zizi)Q;
(5.52)
|1/2 —

|I4,.7\f=2,symm|C,»jk:0 |12,.'N=2|J

where I, ar—; is given by Eq. (5.28).

Remarkably, Eq. (5.36) turns out to be directly related to
the quantity —h given by Eq. (2.31) of [26] (see also the
treatment of [47]). This is seen by noticing that Eq. (4.42)
of [26] coincides with Eq. (5.21) (along with definitions
(5.22), (5.23), and (5.24)). Note that the mapping of qua-
ternionic coordinates (A*, B,)” into the charges P’ =
(pM, g7 (in special coordinates) is related to the d = 3
attractor flows (see e.g. [48-50]).

For symmetric SK manifolds, small charge orbits of the
symplectic representation of G, are known to exist since
[4,5].

(1) Small lightlike charge orbits are defined by the

G,-invariant constraint

I4,N:2,symm =0; (553)
¢
_ I I
(5.51) (2Z = Z;Z')* + 3i(ZN3(2) = ZN5(2))
= ¢"CinCr1, 22872, (5.54)
In this case, Eq. (5.40) reduces to
|
3(2Z — 2,2 — §"CijCs717 2/ ZF 212"

_ [( ) 8 jk™~ilm ] (555)

COSﬁ((b, :P) | T4 nr=2,5ymm =0 -

Beside the constraint (5.53) and (5.54), small critical
charge orbits are defined by the following
G,4-invariant set of first order differential constraints,
as well:

an=rgmm _ g = aN=29mm

7 iz (5.56)

Beside the constraints (5.53), (5.54), and (5.56),
small doubly-critical charge orbits are also defined
by the following set of second-order differential
constraints, as well:

Di]'I4,.'N=2,symm =0= Di‘I4,N:2,Symm’ (5.57)

221ZN5(2)]

I4,N:2,s)'mm:0

where the second-order differential operators D;;
and D; have been introduced:

g 9
D-=R.l— ——: 5.58
Yo ik 9z, 07! 639

g 9
D.=Cp—o —. 5.59
LY VYA (559

Notice that, through the definitions (5.58) and (5.59),
the constraints (5.57) are G4-invariant, because they
are equivalent to the following constraint:

2
d I4,N=2,symm

=0,
Adj(Gy)

(5.60)
9 Zsympl(G,) 9 Zsympl(G,)
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where

ZoympiG,) = (2.2, 2,Z)", (5.61)

and the change of charge basis between the mani-
festly H,-covariant (in “flat” local coordinates) ba-
$is Zgympl(G,) and the manifestly Sp(2n, R)-covariant
basis P (defined by Eq. (1.2)) is expressed by the
fundamental identities of the SKG (see e.g. [22,51]
and Refs. therein). Indeed, by considering the Cartan
decomposition of the Lie algebra of Gy:

a4 = by + 1,

and switching to “flat” local coordinates in the
scalar manifold (here denoted by capital Latin in-
dices), it holds that D; (“flat” version of the opera-
tor defined in Eq. (5.59)) is f;-valued. Furthermore,
in symmetric manifolds R U-KL is a twoform (in the
first two “flat” local indices) which is Lie algebra-
valued in 0y, and thus D,; (“flar” version of the
operator defined in Eq. (5.58)) turns out to be
f4-valued. Notice that Eq. (5.60), G4-invariantly
defining the small doubly-critical charge orbit(s) of
the N = 2, d = 4 vector multiplets’ symmetric SK
scalar manifolds, is the analogue of Eq. (3.42), which
defines in an E;)-invariant way the small doubly-
critical charge orbit of N = 8, d = 4 pure super-
gravity. It should be also recalled that in N = 4,
d =4 matter coupled supergravity smalldoubly-
critical (or higher-order-critical) charge orbits (in-
dependent from the small critical ones) are absent.
As treated in Sec. IV, all small critical charge orbits
of the N = 4 theory actually are doubly-critical,
and the analogues of Egs. (3.42) and (5.60) are given,
through Eq. (4.50) and definitions (4.51) and (4.53),
by the rich case study exhibited by Eqgs. [(4.48),
(4.49), (4.56), and (4.57)].
The classification of small charge orbits of the relevant
symplectic representation of G, for N = 2, d = 4 super-
gravity coupled to Abelian vector multiplets whose scalar

manifold 1% is (SK) symmetric, performed in accordance to

(5.62)

their order of criticality (lightlike, critical, doubly-critical),
will be given elsewhere.

VI. ADM MASS FOR BPS EXTREMAL BLACK
HOLE STATES

For BPS BH states in d = 4 ungauged® supergravity
theories, the ADM mass [27] M xpm(@P oo, P) is defined as
the largest (of the absolute values) of the skew-eigenvalues
of the (spatially asymptotically) central charge matrix

81n the present paper only ungauged supergravities are treated.
It is here worth remarking that the definition of the ADM mass
for (eventually rotating) asymptotically nonflat black holes in
gauged supergravities is a fairly subtle issue, addressed by
various studies in literature (see e.g. [52,53], and Refs. therein).

PHYSICAL REVIEW D 79, 125010 (2009)

Zsp(doo, P) which saturate the BPS bound (2.28). The
skew-diagonalization of Z,p is made by performing a
suitable transformation of the R-symmetry, and thus by
going to the so-called normal frame. In such a frame, the
skew-eigenvalues of Z,p can be taken to be real and

positive (up to an eventual overall phase). By saturating
the BPS bound (2.28), it therefore holds that

Mapm(boo, P) = |Z1(boo, Pl = ... = |Z oy j2)(deor P,
(6.1)

where Z (¢, P), ..., Ziar21(¢p, P) denote the set of skew-
eigenvalues of Z,p(¢p, P), and square brackets denote the
integer part of the enclosed number. As mentioned at the
end of Sec. II, if 1 = k = [IN'/2] of the bounds expressed
by Eq. (2.28) are saturated, the corresponding extremal BH
state is named to be & — BPS. Thus, the minimal fraction
of total supersymmetries (pertaining to the asymptotically
flat space-time metric) preserved by the extremal BH
background within the considered assumptions is % (for
k = 1), while the maximal one is { (for k = Z').

The ADM mass and its symmetries are different, de-
pending on k.

AN =8
In N = 8, d = 4 supergravity (treated in Sec. III), the
E;(7) U-duality symmetry only allows the cases [3] k = 1,
2, 4. By recalling the review given in Sec. III, the maximal

compact symmetries of the supporting charge orbits, re-
spectively, read [3,4,13,30,32,33]

k = 1: SU(2) X SU(6); 6.2)
k = 2: USp(4) X SU(4); 6.3)
k =4: USp(8), (6.4)

and they hold all along the respective scalar flows. While
cases k = 2 and 4 are small (thus not enjoying the attrac-
tor mechanism), case k = 1 can be either large or small.

In the large k = 1 case, the attractor mechanism makes
the maximal compact symmetry SU(2) X SU(6) of the
supporting charge orbit Oy /g)_pps jarge fully manifest as a
symmetry of the central charge matrix Z,p through the
symmetry enhancement (3.17) at the event horizon of the
considered extremal BH.

Furthermore, theé—lt — BPS saturation of the N = 8 BPS
bound (all along the % — BPS scalar flow) has the following
peculiar structure [recall Eq. (3.35)] [3]

|Zl(¢’ T)l = |Z2(d), ?)l > |Z3(¢’ j))l = |Z4(¢r T)l;
(6.5)

where it should be recalled that in Sec. III the notation ¢; =
|Z;| i =1,...,4) was used.
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As done in Sec. III, let us denote with A; (i = 1,...,4)
the four real non-negative eigenvalues of the 8 X 8
Hermitian matrix Z,3Z8 = (ZZ1){ = AS. Their relation
with the absolute values of the complex skew-eigenvalues
e; of Z,p 1s given by Eq. (3.29). As mentioned, the ordering
Al = Ay = A3 = A4 does not imply any loss of generality.
After [9] (see, in particular, Egs. (4.74), (4.75), (4.86), and
(4.87) therein), the explicit expression of A; in terms of
U(8)-invariants (namely of TrA, Tr(A?), Tr(A%), and
Tr(A*), and suitable powers) is known, and it can be thus
be used in order to compute the ADM mass of % — BPS
extremal BH states of N = 8, d = 4 supergravity.

The A;’s are solution of the (square root of) character-
istic equation [9]

Jdet(A — Al) = ]i[(A )
i=1

=M+al+bX+cA+d=0 (6.6
where [9]
1
a= ~3 TrA = —(A; + A, + A5 + Ay); 6.7)
b= 1[1 (TrA)? — T (A2)]
a2t !
= )\1/\2 + )11/\3 + /\1/\4 + /\2/\3 + /\2/\4 + /\3)\4;
(6.8)
Tl 3 3 3 2
c= ——[— (TrA)? + Tr(A%) — = Tr(A )TrA]
6L8 4
= _()ll/\z)\3 + /\1)‘2/\4 + )ll/\3)\4 + /\2)[3/\4); (69)
J= 1{ 56 (TrA)* + ¢ Tr?(A%) + § Tr(A%) TrA+
4 — 1 Tr(A*) — § Tr(A?) Tr?A
= vVdetA = A A A3, (6.10)

The system (6.7), (6.8), (6.9), and (6.10) can be inverted,
yielding

a s 1
/\1’2:_1+5i5
><\/a_z_ﬁ_(cﬁ—4ab+8c)_i w.
2 3 4s 3w 3’
6.11)
a s 1
MeT T
\/az 4b  (a® —4ab+8c) u w
QY P T A
2 3 4s 3w 3
(6.12)
where

PHYSICAL REVIEW D 79, 125010 (2009)

u=b>+12d — 3ac; (6.13)
v =2b>+27c¢* — 72bd — 9abc + 27a%*d;  (6.14)
+ Vv? = 4ud\1/3
w = (u) ; (6.15)
2
=J“2—2b+”+w (6.16)
STV T3 T3 3 ‘

Notice that the positivity of quantities under square root
in Egs. (6.11), (6.12), (6.15), and (6.16) always holds.
Furthermore, Eq. (6.6) is at most of fourth order (for k =
1), of second-order for k = 2, and of first order for k = 1.

(1) k =1 (3 — BPS, either large or small). The § —

BPS extremal BH square ADM mass is

MiDM,(]/S)—BPs(qSOOJ P) = 1(¢w P),

where A; (> Ay > A3 > Ay, since a < 0 and s > 0)
is given by Eq. (6.11). In the large k = 1 case A, =
A3 = A4 = 0 at the event horizon of the extremal
BH, as given by Eq. (3.16).

2y k=2 (th — BPS, small). As given by Eq. (3.35), the
eigenvalues are equal in pairs. By suitably renaming
the two noncoinciding A’s, one gets

(6.17)

1 11 1
= — TrA = —4|= Tr(A?) — —(TrA)>. (6.1
Ao=gTr 2J2r<> (Al (6.18)
As mentioned above, the maximal (compact) sym-
metry is manifest when A, (in the renaming of
Eq. (6.18)) vanishes (see treatment in Sec. III).
Equation (3.35) implies [9]

_1 LAY
c—za(b 4(1),

1 1.\
=—(p--a2).
4( 4“)

In [9] Egs. (6.19) and (6.20) were shown to be
consequences of the criticality constraints (3.34).
Thus, the i-BPS extremal BH square ADM mass is

(6.19)

(6.20)

M3 on 1 /)-ps(Peor P) = A1(eo, ), (6:21)
where A; (> A,) is given by Eq. (6.18):
MiDM,(l/4)prs(¢oo, P)

- ST, P)
2 T (b P) — - (TeA (b, P2
2 2 e 16 [e e} .
(6.22)

3) k=4 (% — BPS, small). This case can be obtained
from the %—BPS considered at point 2 by further
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putting A; = A, in Eq. (6.18). Thus, all eigenvalues
of the Hermitian 8 X 8 matrix A are equal:

1
A = g (TrA)55, (6.23)

which implies

Tr (A2) = %(TrA)z. (6.24)

Therefore, 1 —

5 — BPS extremal BH square ADM mass
is given by

1
M/ZxDM,(l/z)—BPs(d’w P) =§TrA(¢OO, P)

=LZAB(¢<>0’ P)Z'* (¢, P).

16
(6.25)

B. N =4

In N = 4, d = 4 supergravity (treated in Sec. IV), the
SL(2, R) X SO(6, M) U-duality symmetry only allows the
cases [3] k = 1, 2. By recalling the treatment of Sec. IV,

the respective maximal compact symmetries read
[3.4,13,39]

k = 1: (SU(2))*> X SO(M) X SO(2); (6.26)

k =2: USp(4) X SO(M), (6.27)

and they hold all along the respective scalar flows. While
case k = 1 is large, case k = 2 is small (thus not enjoying
the attractor mechanism).

In the large k = 1 case, the attractor mechanism makes
the maximal compact symmetry (SU(2))*> X SO(M) X
SO(2) of the supporting charge orbit O(; /4)_pps jaree fully
manifest as a symmetry of the central charge matrix Z,p
through the symmetry enhancement (recall Eq. (4.25))

+
—
r=ry

(SU2))?> X SO(M — 2) X SO(2) =" (SU(2))> X SO(M)
X S0(2) (6.28)

at the event horizon of the considered extremal BH.

As done in Sec. IV and in the treatment of case N = 8§,
d = 4 above, let us denote with A; and A, the two real non-
negative eigenvalues of the 4 X 4 Hermitian matrix
ZapZCP = (zZ1)§ = AS. Their relation with the absolute
values of the complex skew-eigenvalues e; of Z,p is given
by Eq. (3.29). As mentioned, the ordering A; = A, does
not imply any loss of generality. After [9], the explicit
expression of A; and A, in terms of (U(4) X
SO(M))-invariants (namely of TrA, Tr(A?) and (TrA)?) is
known, and it can be thus be used in order to compute the
ADM mass of % — BPS extremal BH states of N = 4,

d = 4 supergravity.

PHYSICAL REVIEW D 79, 125010 (2009)

Indeed, A; and A, are solutions of the (square root of)
characteristic equation [9]

Jdet(A — Al) = ﬁ(A —A)
i=1

1
— )2 - 5(TrA)/\ + (detd)'/2 =0, (6.29)

whose solution reads

1

— l + 2 _l 2
(2 TrA = JTr(A ) 4(Ter) ) (6.30)

A =
1,2 2

Notice that the positivity of quantities under square root
in Eq. (6.30) always holds. Furthermore, Eq. (6.29) is at
most of second-order (for k = 1) and of first order for k =
2.

(1) k =1 (§ — BPS large). The ;-BPS extremal BH

square ADM mass is

M3 o 1/4)-8ps (@0 P)
= /\1 (d)oo: T)

1/1
= 5(5 TrA((boo, :P)

+ \/Tr(AZ)(qSOO, P) — %(TrA(qboo, :P))Z), (6.31)

where A; > A,. Notice that A, = 0 at the event
horizon of the extremal BH, as given by Eq. (4.23).
k=2 (% — BPS, small). This case can be obtained
from the i — BPS considered at point 1 by further
putting A; = A, in Eq. (6.30). Thus, all eigenvalues
of the Hermitian 4 X 4 matrix A are equal:

2

1
AS = Z(TrA)csC, (6.32)

which implies

1
Tr(A?) = Z(TrA)z. (6.33)
Thus, the % — BPS extremal BH square ADM mass
is

M/ZxDM,(l/z)—BPs(d’oo’ P) = Xi(¢po, P)

= M(dw, P)

1

= TrA(¢e P). (6.34)

It should be here remarked that the R-symmetry of the
% — BPS extremal BH states, i.e. the compact symmetry
of the solution in the normal frame (determining the auto-
morphism group of the supersymmetry algebra in the rest
Jframe) gets broken as follows:
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R — USp(2k) X .... (6.35)

This is precisely the symmetry of the % — BPS saturated
massive multiplets of the N -extended, d = 4 Poincaré
supersymmetry algebra [54].

We end this section by finally commenting about the
ADM mass for non-BPS extremal BH states.

In non-BPS cases, ADM mass of extremal BH states is
not directly related to the skew-eigenvalues of the central
charge matrix Z 5. For some non-BPS extremal BHs a fake
supergravity (first order) formalism [55] can be consis-
tently formulated in terms of a fake superpotential
W(¢, P) [56-59] such that (also recall Eq. (1.5))

WﬁonfBPS((b’ ?)l((8W)/(a¢)):0
= ’Wﬁon—BPS((ﬁH,n(m*BPS(?)J ?)

= Vu(b, P (v /06)-0

SBH,nonfBPS (?)

= V(@ mnon—nes(P), P) = - - (6.36)

with W ,.._gps varying, dependently on whether Z,; = 0
or not. In such frameworks, the general expression of the
non-BPS ADM mass reads as follows [56-58]

M apMnon—8ps(@oor P) = Wion_pps(de, P).  (6.37)
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