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In the following report we use the Fokker-Planck equation to investigate the influence of cavity phase noise
in proton storage rings on fully coupled synchro-betatron oscillations. The paper deals only with the special
case of white noise in a stationary linearized bucket. The equations derived are valid for arbitrary velocity of
the protons (below and above transition energy). Noise limits are obtained for the HERA proton ring.
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1 INTRODUCTION

The influence of cavity noise on particle motion has already been studied in several
papers.!23 In this work we generalize these papers by including the transverse oscillation
modes and consider the combined system of longitudinal and transverse motion by a
simultaneous treatment of synchrotron and betatron oscillations, taking into account all
kinds of coupling (synchro-betatron coupling and coupling of the betatron oscillations
by skew quadrupoles and solenoids). This subject has already been treated in a previous
paper,* using a dispersion formalism (including amplitude fluctuations). The aim of this
report is to repeat these studies for phase fluctuations within the framework of the fully
coupled 6-dimensional formalism and to provide some numerical results for the HERA
proton ring. The concept to be used in this report is well known from radiation theory.’

In detail, the work is organized as follows:

We start with the fully coupled 6-dimensional description of the particle motion using
the coordinates x, py, z, p,, o, po = (1/8%) - n with n = AE /E, which allows to
handle the external magnetic forces in a consistent canonical manner and which includes
consistently and canonically the synchrotron oscillations in the electric fields of the
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accelerating cavities. This description is summarized in section 2 and leads to a derivation
of the stochastic equations of motion, taking into account the influence of cavity noise.

The linear equations of motion, neglecting stochastic terms induced by the cavity noise,
(i.e. the unperturbed problem) are studied in section 3 by defining the 6-dimensional
transfer matrix and by investigating the eigenvalue spectrum of the revolution matrix.
Furthermore, action-angle variables for the coupled orbital motion are introduced.

The perturbed problem, taking into account the cavity noise is presented in section 4.

We are then able to derive the stochastic equations of motion in terms of the orbital
action-angle variables (section 5) which form the basis for a Fokker-Planck treatment of
stochastic particle motion.

The Fokker-Planck equation for orbital motion under the influence of cavity noise is
written down in section 6 and a solution of this equation is shown in section 7.

The equations so derived are valid for arbitrary velocity of the protons (below and
above transition energy).

The numerical results for the HERA proton ring are presented in section 8 and the
summary may be found in section 9.

Finally we remark that several parts of this report are taken over from Ref. .* But
since that paper may not be universally available we mention them here again in order
to present a complete description of the theory.

2 EQUATIONS OF MOTION

To investigate cavity noise in proton storage rings we begin with the derivation of the
equations of motion. We will use the same variables as those in Ref. 8:

1
X,z,0=s5—vo-t and p, = — 7 2.1
B
(vop =design speed= c(y) with
n=AE/E, 2.2)

by introducing as usual:®

a) the closed design orbit (a piecewise flat path of a particle with constant energy Ey)
which will in the following be described by the vector ry(s) where s is the length along
this ideal orbit;

b) an orthogonal coordinate system (‘dreibein’) accompanying the particles which
travels along the design orbit and comprises:!°

. - d o
the unit tangent vector es(s) = - ro(s) = rol(s) ;
s

a unit vector é,(s) perpendicular to €; in the horizontal plane
and the unit vector e, (s) = és(s) x ex(s) .
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The Serret-Fresnet formulae for the dreibein (€, €y, €,) read as

d

e Ex(s) = +Ki(s)- é}(s) 5 (233)
ds
4 €(s) = +K;(s)-€(s); (2.3b)
ds
dis €(s) = —K.(s)-&(s) — K;(s)- €(s) (2.30)

with the assumption that
K:(s) K. (s)=0

(piecewise no torsion) and where K, (s), K, (s) designate the curvatures in the x-direction
and in the z-direction respectively.
In this natural coordinate system an arbitrary orbit-vector 7(s) can be written in the
form
F(x,z,s) = ro(s) + x(s) - ex(s) + z(s) - &;(s) . 2.4)

Thus x and z describe the amplitude of transverse motion (betatron oscillations), while
o=s—vy-tand p, = (1/ 6(2)) -7 describe the longitudinal (synchrotron) oscillation. The
quantity o defines the longitudinal separation of particles from the centre of the bunch
and 7 describes the energy deviation of the particle.

Starting then from the Hamiltonian for the motion of a charged particle in an electro-
magnetic field:

H(X1, Xo, X33 Py, Py, Pa, 1) = ¢ - {72 +m2c?} 7 + e 2.5)
with
#=P - ;A‘ (kinetic momentum vector) (2.6)

where X, X, X3 and P;, P, P3 are canonical orbital position and momentum variables
in a fixed Cartesian coordinate system (€}, €, €3), and introducing the length s along
the design orbit as the independent variable (instead of the time ¢), one can construct
the Hamiltonian of the orbit motion with respect to the variables (2.1) by a succession
of canonical transformations and a scale transformation.%78

Choosing a gauge with ¢ = 0 (e.g. Coulomb gauge), one thus obtains (see Eq. A.10 in
Appendix A ; we are writing here x, p., z, p;, 0, p, instead of X, p,, Z, p;, &, Po):

H(xavazapzaU:Po;s) = pU_(1+ﬁ)'[1+Kx'X+Kz'Z]X
1/2
1_(Px—1ﬁAx)2+(Pz—,ﬁAz)2 /
(1 +7)?
- [1+Kx-x+K,-z]-pOe.CAs @2.7)
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where 1} is defined in Appendix A.
The corresponding canonical equations read as:

d OH
= - 2.8
R S - £ (2.8
with
= (X, Px, Z, Pz, O, Po) 2.9

where the matrix S is given by

0 0

- = 0 -1

S, 0] S,= ( ) . (2.10)
0 s +1 0

s

95}
(e (e} S

Since H contains the transverse coordinates x, p,, z, p, as well as the longitudi-
nal coordinates o, p, we are thus able to handle synchrotron oscillations (longitudinal
motion) and betatron oscillations (transverse motion) simultaneously.

In order to utilize this Hamiltonian, the electric field € and the magnetic field B or the
corresponding vector potential,

A=AQx,z,s), (2.11)

for the cavities and for commonly occumng types of accelerator magnets must be given.
Once A is known the fields & and B may be found using the relations:

1
€ = —gradop———; (2.12a)
c

—

B = culA. (2.12b)

=y 2 & 2.13)
do
and
B, = !
(1+K, -x+K, -2)
0 0
Xe—[1+K, -x+K,-2)-A;]— —A, ; ; (2.14a)
0z Os
B, = !

1+K, - x+K, -z)

X EAX—E[(1+KX')C+KZ-Z)‘AS] ; (2.14b)
Os Ox

B, = —A ——A,. (2.14¢)
x
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We assume that the ring consists of quadrupoles, skew quadrupoles, bending magnets,
solenoids and cavities. Then the vector potential A can be written as:*

1 1
© A = —[+Ki-x+K, z]l+~g @ —x)+N -xz
Po-C 2 2
1 L eV (s) 27
_—— =T h-= .o+ ; 2.15
e e L R A
e e
A = _H.z: A, = +H -x (2.15b)
Pbo-¢C Po-¢

(h = harmonic number) with the following abbreviations:

B,

8§ = ¢ _(_8 ) ; (2.16a)
Po-C Ox x=z=0
1 e an aBZ

N = L.o_e (9B _ : 2.16b
e (B o) (2169
1

H = --—% .BJ0,0,s); (2.16¢)
2 Po-C

K, = +——.B,(0,0,5); K, =———B,(0,0,s). (2.16d)
Po-¢C Po- ¢

In detail, one has:

a) g#0; N =K,=K,=H =V =0: quadrupole;
b) N #0; g=K,=K,=H =V =0: skew quadrupole;
c) K}+K?#0;, g=N=H=V =0: bending magnet;
d) H #0; g=N=K,=K,=V =0: solenoid;
e) V #0; g=K,=K,=N=H=0 cavity.
Thus the Hamiltonian takes the form:
H(xapx7z’pz,aypa;s) = Do — (l +ﬁ) . [1 +Kx * X +Kz 'Z] X
I +H 2P+ lp —H xP? 12
(1+9)?

+%-[1+Kx-x+KZ-z]z
—%-g~(zz—x2)—N~xz

1 L 1% 2
——-—-e—(s)-cos[h-%r-a+go}. @.17)

To introduce the cavity noise we may write:

o = po+bp (2.18)
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where ¢ describes the phase noise:
6o = Apn - &(s) . (2.19)

We assume Gaussian white noise, i.e. noise described by a stationary stochastic process
with

<&s)> = 0; (2.20a)
<E&G)-EG6")y> = b(s—s'). (2.20b)

One may visualize £(s) as a random sequence of small positive and negative pulses in
equal proportions i.e. flat spectrum, while the underlying ‘mechanism’ which causes the
fluctuations does not change in course of time.

Here the cavity phase g is determined by the stability condition for synchrotron
motion:*’

wo =0 above ‘transition’ ;
po =m below ‘transition’ ;

(stationary buckets).

Now, since

px+H -z] <€ 1;
p. —H x| < 1
the square root term in (2.17) may be expanded in series, so that in practice the particle

motion can be conveniently calculated to various orders of approximation.
Furthermore we can write (see Appendix A):

i =fM = po—— pit---. (2.21)
Y 2
From (2.21) one obtains to the first order:
Ap
(4 ~ - -
Po

In the following we shall use a series expansion of the Hamiltonian up to second order
in the variables x, p., z, p,, 0, p,. Then we obtain from (2.17):

H = Ho+H; 2.22)
with

Hy = p2 —[Ke-x+K, -z]-f(1)

‘OQNl'_'
Nl —
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+% Alps +H - 2P +[p. —H -x)*}

1
+5-{(Kx2+g)-x2+(K22—g)-22—2N-xz}
1 1 , eV(s) 2T
.——0’ . .

i h-22.
22 Eo L oo
_iz .o - eV(s) . sin Yo 5 (2233,)
By
1 eV (s)
- .. ) ) 2.23b
Hy 7 7 g, Sos¥o by ( )

(constant terms in the Hamiltonian, i.e. no influence in the motion, are dropped).
Using (2.8), one obtains the linearized equations of motion in the form:

d
—y = A-y+6c 2.24
77 A-y+o6cpy (2.24)
with
X 0
DPx 0
o z . 1 eV(s) 0
= ;o 6Cpy = = - -CoS g - Apy - £(5) - 2.25
y P, PH 7 E ©o - Apy - £(s) 0 (2.25)
o 0
Po 1
and
A= (2.26)
0 1 H 0 0 0
—[K2+g+H? 0 N H 0 K,
—-H 0 0 1 0 0
N -H [K*—g+HY 0 0 K,
K, 0 —K, 0 0 1/
0 0 0 0 g 52 %hcosgy 0

which represent a system of stochastic differential equations describing coupled synchro-
betatron oscillations of protons under the influence of cavity noise.

Note that the linear (transverse) betatron oscillations and the longitudinal motion are
coupled by the term

~[K, -x +K, - z] (2.27)

appearing in (2.26) which depends on the curvature of the orbit in the bending magnets.
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3 THE UNPERTURBED PROBLEM

In order to study the particle’s motion under the influence of phase fluctuations it is
reasonable to neglect in Eq. (2.24) in a first approximation the small term §cpy and to
consider only the ‘unperturbed problem’:

d
—y = A-y. 3.1
PP a-y (3.1
The (small) perturbation described by 8Cpy will then be treated in a second step with
perturbation theory.
Since Eq. (3.1) is linear and homogeneous, the solution can be written in the form:

y(s) = M (s, so) - y(s0) (3.2)

which defines the transfer matrix M (s, s¢) of the motion.

In order to obtain more information about the particle’s motion and to set up the
Fokker-Planck equation we now look for the eigenvalue spectrum of the revolution
matrix:

—

1

M (s + L, 50) ‘7;1(50) = )‘u ' Vu(SO) 5 3.3)
(p 1,2,3,4,5,6)

and require that the stability condition
Al <1 3.4)

be satisfied.
Since the equations of motion can be written in canonical form (see Eq. 2.22), i.e.
X, Px, Z, Pz, O, Do are canonical variables, the transfer matrix is symplectic:!3

M'(s,5)-S-M(s,50) = S (3.5
(with § given by Eq. 2.10) and the eigenvectors v),(so) occur in pairs
Ok, Vo) s k=1, 11, LI (3.6a)

with the reciprocal eigenvalues \;, A_; satisfying :!!

M- Ag =1 (3.6b)

(k =1, II, III refers to the three 2-dimensional subspaces (x, py), (z, p;), (0, ps) of
the full six dimensional phase space).
Thus the stability condition (3.4) can be written as:®

Ml = Pad=15 A =X
)\kze_i'ZFQk; Oy real ;

ES 3.7
V_k(s0) = v, *(s0)
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so that all eigenvalues must lie on a unit circle. With the normalization condition for the
Vi (s0):

Vi (s0) - S - Vog(so) = i
we then obtain from (3.5) the orthogonality relations:
‘—;I:(SO) - S - Vie(so) = —Vik(é‘o) -S V_x(so)=1i;
3.8
V4 (s0) - S - Vi,(s0) = O otherwise ;

(e =1,11,0) .

The vectors v, (so) are the eigenvectors of the revolution matrix M (so + L, so) with
starting point so. The eigenvectors of the revolution matrix M (s + L,s) with starting
point s can finally be obtained by operating with the transfer matrix M (s, so):!!

Vik(s) = M(s,so) Vi (S0) (3.9a)
M(s+L,s) Var(s) = Ak - Var(S) (3.9b)

whereby the eigenvalues remain unchanged:
A+k(8) = Ak (s0) = A - (3.9¢)

The vectors Vi, (s) defined by (3.9a) also fulfill the same orthogonality relations (3.8)

as Vi (o).
Putting

V() = Fu(s) - et 2mQu (/D) (3.10)
the factor ¥ u(8)
5‘#(3) = V,(5) - et " 2mQy - (s /L)
is seen to be a periodic function with period L:!!
Pus+L) = P,0s5). (3.11)
(Note that the orthogonality relations (3.8) are also valid for the ‘Floquet-vectors’ & )

The general solution of the equation of motion (3.1) is a linear combination of the
special solutions (3.10) and can be therefore written in the form

yis) = Z {Ak . f_}‘k(s)e_i 270y - (S/L)

k=11 1II
A T (s)ett - 2mO—k '(S/L)} . (12
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Using these results we can now introduce a new set of canonical variables>* by
writing for the coefficients Ay, A_y (k =1,11,1Il) in Eq. (3.12):

A = T e~ —2mQk -s/L1 (3.13a)
Ay = It =20 s/ (3.13b)
Then Eq. (3.12) takes the form:
F6)= > VI i) e TP T y) L (3.14)
k=111 11

Taking the partial derivatives

2 ST
95 g Y
0P, OJ

with the orthogonality relations of the Floquet vectors one obtains the equations:

oy T 0y y’ oy
8Jk - 8(1)1 8‘1)1 - 8Jk K ( 2)

oy T oy oy T oy
. ¢.22 _ S == =0 3.15b
oy — 0OJ; 0d, — 0%, ( )

which can be combined into the matrix form!4
J-s-J=8 (3.16)
with J the Jacobian matrix »
oy 85 o8y 85 85 65

— Sl AN At Al SR A A 3.17
J (6<I>1 "I 0%y’ 8Ty’ OBy’ O GA7

being a 6 X 6-matrix just written as a row of column vectors (0§ /0®)) etc.
Equation (3.16) proves that Eq. (3.14) represents a canonical transformation

X, Pxy 2y Pzy Oy Pog — q)ly Jla (I)Ily Jllv (I)Illa JlIl (318)

and that ®;, J; (k =1,11,III') are indeed canonical variables which can now be inter-
preted as action-angle variables since

dJ

I (3.19a)
dq)k 27
— = —0. 3.19b
R 7 Ok (3.19b)

These variables may also be used to describe the orbital motion.
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4 THE PERTURBED PROBLEM

The general solution of the unperturbed equation of motion (3.1) can be written in the
form

F6) = Y {A i)+ Ak T k(9)}

k=111 Il
with A;,A_; being constants of integration (k =1, II, III).

In order to solve the perturbed problem (2.24) we now make the following ‘ansatz’
(variation of constants):

F6) = Y {A) - Ti(s) +Ak(s) - V_k(9)} - @1

k=I 11,11
Inserting (4.1) into (2.24) one obtains:

> {ALS) T+ AL () Vi) = b6Chu - 4.2)
k=I 11 11l

Using the orthogonality conditions (3.8) and the relation (2.25) one gets from (4.2) for
k=1,1,1I":

A(s) = —i-V*(s)S - 6Cpu
1%

= +i-Apy - &(5)- eE(()s) -0 g - [vis(s)]" ; (4.3a)

Al (s) = [A(s)]*. (4.3b)

5 STOCHASTIC EQUATIONS FOR THE ACTION-ANGLE VARIABLES J;(s) AND
D (s)

Representing Ai(s) in the form (3.13a), we obtain for the derivative A (s) (k =
I, I, III):

o el [P = 2mQ - s/L] ;. [‘I’Z - ELEQk] - Ay

1 J! 2T
= A -d=.k_;.|® -
{5 g - Te)
and it follows for the derivatives J;/(s) and ®)(s) of the action - angle variables J; and
(I)k;5

A (s)
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2
B (s) — { Yo
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(s) = &d;[Ak(s)‘A—k(S)] = 2-Re {A;(s)-Ak()} 5 (5.1a)
A AL 1 AG)Ak(s) +A(s) AL, (5)
i-Ji(s) 2 i-Ji(s)
1 o
= —m-) - Sm {Ap(s) - Ak (s)} - (5.1b)

Here the terms (A - A_;) appearing in (5.1a, b) are given by:

with

Z(s)

I

As) - Ak(s) = Zu(s) (5.2)
1%
i e - £(5) - € Eff) - 05 g0 - s (6)]* - Ai(s)
i Apy - £(s) - e;ff) ccosgo VI et TS o (5.3)

where we have used Egs. (3.10) and (3.13a, b).

If we write then J/(s) and ®;(s) in the form:

we obtain:

®)
KJ

(k)
J

®
K‘I>

*)
P

Js) = KP@,0)+00@,01) - £Gs) 5 (5.42)
By(s) = K@)+ 0P (@1,0) - €Gs) (5.4b)
0;

Vv
i- eE(s) -cos o - /i
0

x { s el B = ps() - e P 5 (5.50)

2T

A <Ok s

_eVs) cos 1
E, P 2Vn

x {[ﬁks(s)]* el Pk 45y e ‘I’k} Ay . (5.5b)

The stochastic equations (5.4a, b) for the variables J;, and @ (k =1, II, 11l ,) together
with (5.5a, b) are now the basis for a Fokker-Planck treatment of stochastic particle
motion in storage rings.
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6 THE FOKKER-PLANCK EQUATION FOR CAVITY NOISE

The Fokker-Planck equation for the phase space density function W (in the Stratonowich-
version) now reads as:1°

ow { 6 *) 0 @ }
s Z —=——I[D;” -W]— —I[Dg’ - W]
Os k=1 11,11 Oy %,
. b, oW ® . o)
+ Z { —— 0. 0P W]+ ——I[0f W]
k,I=1 11 I 200,00, oJy 8<I>
1 k) | (1)
W 1
2a<1> 5%, Qe ] ©.1)
with
DY = KP+RP; (6.22)
DY = KP+KY (6.2b)

where the quantities K J(k) and K ® contain the drift terms:

. 1 ao® 3
=111 Il !
1 o (k)

R - ; Z {%_ O 4 Q<1> 0% (6.3b)
1=1,l1,1ll !

Introducing the time ¢ by the relation ds = v - dt and using a long time scale!> which
is comparable with the oscillation time of synchro-betatron motion we make an average
around several circumferences, which we indicate by a bracket ( ), and then write the
Fokker-Planck equation in the form:

10w 0 0
= D®Y. W] - —[(D¥ -W}
Vo 6[ k=l§ll:lll{ 0Jk [< ) ] 0P, [< ‘1)) ]
Py {1 ” o 0Py Wi+ e o0y . w
2 \2 A, 81,0%,
1 0?
"2 55,08, (0% 0% W]} ©

whereby oscillating terms of the integrand due to the (linear) s-dependence of the angle
variables ®;:

2
By (s) = Dy (50) + (5 — s0) - f’er
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(see Eq. 3.19b) may be neglected since they are approximately averaged away by inte-
gration.
Equation (5.5a, b) leads to:

KPPy = 0; (6.52)
2
(kg = %'Qk (6.5b)
and
1 et o, [eVG 2
Q) = 2y -+ / a5 - s®P - |2 | (6.62)
LJ, Eo
@7 = g1 [ as-pstor - [ L e
@ = an L), BN TR ) '
P .0y = 0 for k#1; (6.72)
(08 -05) = 0 for k#1; (6.7b)
P09y = o. (6.7¢)
Furthermore one has, taking into account (6.3a, b):
. evV(s 2
RO = [ Ef))"\””} s ?
eV(s 2
= [ E( ) ')\PH] vis)? 5 (6.8a)
0
. i [eV(s) 2
Ko™ = zr[E—*]
x { [0 el 22— [aysPrei 2%} (6.8)
and thus
" 1 so+L V ~ 2
&Sy = —/ ds - [wes @) - ¢ (S)'/\PH ; (6.9a)
L/, Eo
Ry = 0. (6.9b)
From (6.2a, b), (6.5a, b) and (6.8a, b) we then get:
1 s()+L V ~ 2
©F) = 7 [ a5 ms@P [T o) (6.100)
LJ, Eo

(DY) = %'Qk- (6.10b)
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Introducing the constants

1 [t eV (3 2
M, = vo.z/ d§.|vk5(§)12[ E()"\””] : (6.11a)
S0 0
b = 2n-%-Qk (6.11b)

we may finally write:

ow 0 0
o > {_E[Mk'w]—é‘@[bk‘w]
k=1 11,1
1 8 1 8 [1
L2 M, - o= = .M.
*3 g He Mo Wity o [yk ¢ W”
o [ 6W]
= — M T —
k=1 ,11,111{ 0Jk i
0 M, oW
55, [bk.W—E-&g]} 4 (6.12)

This equation determines the charge-distribution of the particles in a bunch and can
serve for further studies.
Remark

The starting equation (2.24) of our Fokker-Planck treatment of cavity noise can be
obtained from the Hamiltonian (2.22) and is thus fully symplectic. As a result, the
Fokker-Planck equation (6.12) contains no damping terms. Non-symplectic terms in the
equations of motion (2.24) would lead to an imaginary part of the tune shifts Oy (k =
1,111,111 inducing a damping of the oscillation modes. (For more details see Refs. 4,
5.)

7 SOLUTION OF THE FOKKER-PLANCK EQUATION
In order to solve the Fokker-Planck equation (6.12) we make the ansatz:
W =wi U1, ®1) - wuUn, ®u) - win U, @) (7.1)

Then Eq. (6.12) simplifies to:

8Wk 15) 6Wk o] Mk 8Wk
—— = —a |Mi - J | — = |bx W — C— 7.2
or ol [ ko Tk 6Jk] 9%, [ EWET 4 0%, (7.2)
Since the phase diffusion term
Mk 62wk

4J, 02,
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superposed on the phase advance term

Owi
—b - 9.

will lead to a uniform distribution of the phase ®; in [0,27],!> we may write:
.
Wi, Px) = 7 Wi (Je) (7.3)
7r
and obtain (dropping the subscript k):
o o} [M J 8w]

(7.4)

T ol

Note that the constant b, no longer appears in (7.4) and we are left only with the
coefficient M.

The solution of Eq. (7.4) is given by!S:

WU, = / oKW ,Jo; 1) - pldo) (1.5)
0

(p(Jp) =arbitrary function of Jy) with

(7.6)

1 J +J 2\ - J,
ks = e |G o (B70)

where Io( ) is the zeroth-order modified Bessel function.

K (J,Jo; t) is the fundamental solution of Eq. (7.4) and by definition satisfies the initial
condition

1in01+ K ,Jost) = 6(J —Jo) 1.7
t—

(6(J —Jo) = Dirac delta function) . It then follows that p(J/p) is just the initial distribution
existing at ¢t = 0:

w(/,0)=p(J) . (7.8)
The distribution w(J, ¢) can be characterized by the moments

my(t) = / ar-J" -w(,t) . (7.9)
0

Using the relation:

/mdx-e_‘“ To2/Bx) = é-eﬂ/a (7.10)
0
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and the integrals which may be obtained by differentiating both sides of (7.10) with
respect to «, one is able to calculate the moments corresponding to the fundamental
solution (7.6). For m;(¢) and m,(t) one gets for example:

m(t)=Jo+M -t (7.11a)
and
my(t) = JE +4aMIy -t +2M? - 2 (7.11b)

(see also Ref. 2).

Thus the time development of the distribution function w(J,¢) and of the moments
m,(t) is characterized by the coefficient M = M, (k = I,1I,IIl) which may be inter-
preted as the reciprocal of the rise time constant 7%:

1
= —. 7.12
Tk M, (7.12)

Remark
From Eq. (4.3a) we obtain by integration, using (2.20a, b):

S V ~
As) = Ao i Apn / 45 €6)- Tp - cosu vis) (1Y
and
2 / "
< AP > = < Ao > = X3y - /ds /a’” M

XVis(s") vis(s") - < EGsT) - §(S")>

s ’ 2
/ds'-lvks(s’)lz-[fy—(—s—)-,\mJ . (114
50 EO

Hence we get for the emittance growth rate of the kth mode (k =1, II, III):

d d
E <€ > = 2- 217 < Jk >
d 2
= 2= < |Ax())? >
~ . SIAG +L))* > — < |A()? >
(L/vo)
vo [ ev (s’ 2
= 2-M, (7.15)

(see Eq. 4.53 in Ref. 4). Thus the role of the constant 7, = (1/M;) as the growth time
constant becomes obvious.
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Note that this relation can also directly be obtained from the Fokker-Planck equation
(7.4), since one has by partial integration:

d ;5 = ¢ /dJJw(Jt)—/dIJ—W

dt

)
= +M-/ alr-w =M.
0

8 APPLICATION TO HERA

It is well known that cavity phase noise can limit the proton beam life time in HERA
at top energy where the beam must be stored for many hours, whereas at 40 GeV noise
should only produce a small emittance growth since the beam stays at this energy only
for about 20 minutes.

Using the previously developed theory we shall set phase noise limits for the two
different RF systems of the HERA proton storage ring. In order to achieve this we shall
assume that a longitudinal emittance growth less then 10% can be tolerated for the 52
MHz system, whereas for the 208 MHz system at top energy (820 GeV) we shall assume
growth of less than 10% in 24 hours.

To calculate the noise levels one needs the equations (7.11a) (or equivalently 7.15)
which give the mean emittance increase with time and (6.11a) that defines the growth
rates. After some algebra we obtain (assuming a uniform distribution of V (s) around
the circumference or using a Fourier expansion of V (s) and taking into account only the
0" component of the Fourier series):

N

2 ICV 2 2
M, = /\PH-VO' ZE—() 'Zlka(sn)I

Introducing the quantity

2
< |wes|” > [ves(sa)|*

Il
2|
M-

the above formula may also be written as:

~ =2
i
<

2
M, = A]2:)H <V [ :| < |Vk5|2 > 8.1)

Iy

0
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with

. S0+L
N.-V = / ds -V ()
So
(total circumferential voltage) .
From Eq. (7.15) we finally have:

d
—<eg> = 2-M
dr S k

~

2
= 22 v |——| - <|ws]*> 8.2
pH * V0 [L Eo] Vs (8.2
which is the relation to be used in our estimations.

We have also assumed white noise, as it is evident from Eq. (2.20a,b) and in this case

a very simple relation between the constant Apy and the spectral density Gr(w) exists:

)\2

G = i 8.3
f 2mvg (8.3)

8.1 40 GeV case — 52 MHz system

At this energy the total circumferential voltage U = NV = 26.4kV, the transverse
emittances €, = 16.9mrad um, the bunch area is ¢, = 0.175 eVs or equivalently
0.061 rad (using the relation € (eVs)= moc?/w,s €(rad) with moc? = 0.938 GeV) or 56
mm (using m=(R/h) rad), the harmonic number # = 1100 and for the eigenvectors v;s
with i =1, I, IIlI (or respectively horizontal, vertical and longitudinal subspace) one
calculates:

< |v15|2 > = 13-10"2 m for the horizontal mode ;

< |vusl > 2.7-107% m for the vertical mode ;

< |V1115|2 >

1.4-10"* m for the longitudinal mode .

From those numbers with L = 6336 m and using Eq. (8.1) one obtains the following
growth rates:

M1 = 43. 10_14 |)\pH|2 S_1 5
My 8.9-1075 | Mpy|? s7!;
M”] = 4.6- 10_9 |/\PH|2 S_1 .

Using Eq. (8.2) and the above discussed assumptions on the longitudinal emittance
growth, with (€4 )initias = 0.056 m, one may easily verify that

Apr < 23 rad m!/?
and translating this number to familiar units one has that

ey < 1.3 mrad/Hzl/2 .
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Finally using Eq. (8.3) one obtains that
Gy < —65 dB/Hz .

Using the specified value of Apy (= 23 rad m'/?) and Eq. (8.2) the horizontal emit-
tance will increase within 20 minutes about 0.05 nrad um, or 0.3% whereas the vertical
emittance will increase approximately 0.01 um #rad or 0.07%.

8.2 820 GeV case — 208 MHz system

At this energy U =N V =24MV, €x,; = 20 7rad pm, the bunch area is €, =
0.3 eVs (or 0.42 rad or 95 mm), h= 4400 and the eigenvectors v;s are:

< lv,slz > = 67-107* m;
<lusl*> =70-10"°m;
< IV1115|2 > = 04- 10+3 m.

Using those numbers and Eq. (8.1) one obtains for the growth rates:

M = 27-107% Dpy > s71;
M11 = 45- 10_15 I)\PHIZ S—1 N
M”[ = 1.6- 10_8 |APHIZ S“1 .

Using as before the Eq. (8.2) and the above discussed assumptions on the longitudinal
emittance growth, one may easily verify that

Apy < 1.5 rad m!/?
and translating this number to familiar units one has that
Apr < 0.084 mrad/Hz'/? .
Finally from Eq. (8.3) one obtains that

Gr < —90 dB/Hz .
Using the specified value of Apy (= 1.5 rad m!/ %) and Eq. (8.2) the horizontal emittance
will increase within 24 hours about 0.02 um 7rad or 0.1% whereas the vertical emittance
will increase approximately 0.002 um 7rad or 0.01%.

9 SUMMARY

We have investigated the influence of cavity phase fluctuations on the motion of charged
particles in storage rings using the Fokker-Planck equation.

The motion was described in terms of the fully coupled six-dimensional formalism
with the canonical variables x, px, z, p;, 0, p, = (1/ ,Bg) 7.
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With this set of variables we were then in a position to treat the betatron and syn-
chrotron oscillations simultaneously in a canonical manner, i.e. to provide an analytic
technique which includes consistently and canonically the synchrotron oscillations in the
electric fields of the accelerating cavities.

In this paper we have (for simplicity) neglected a shift of the six-dimensional closed
orbit induced by magnetic dipole fields. A technique to handle this effect may for instance
be found in Refs. 10, 12. The formalism developed remains valid. Furthermore, we have
restricted our investigations to proton rings. But it is easy to extend these considerations
to electron beams. In this case it is necessary to introduce a cavity phase # (0, 7) and
additional nonsymplectic terms due to stochastic radiation effects have to be taken into
account in the equations of motion which lead to a damping of the oscillation modes.

In order to derive the Fokker-Planck equation (canonical) action-angle variables were
introduced taking into account a coupling of the betatron oscillations by skew quadrupoles
and solenoids and the linear coupling between the betatron and the synchrotron oscilla-
tions induced by a non-vanishing dispersion in the cavities.

The Fokker-Planck equation was solved for phase noise in the cavities for which the
emittance grows linearly with time. Keeping the noise below the indicated limits for
both systems should not be a problem. However it must be remembered that only phase
noise was considered here.
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APPENDIX A: The Hamiltonian

A.l The Starting Hamiltonian
Using the variables
X,2z,0=8—vp-t and p, =7 (A1)
(vo =design speed= cfp) with
n=AE/E, (A2)

and choosing a gauge with ¢ = 0 (e.g. Coulomb gauge), the Hamiltonian for orbital
motion takes the form:*’

2
moc?
H(x,px,2,P:,0,P558) = Po— Do (1+pa)2—< E, ) [1+K,-x+K; - z]
1/2
1— (px '_,80 : ELOAx)Z"'(pz “,30 : ELOAZ)2
G- [+ poy — (Y]
- [1+Kx-x+KZ-z]-ﬂ0-£—)As. (A3)
Defining:
1 m0c2>2 1 p-c p
1+ — 1+n)2 — = —.— = A.4a
(42 Bo (+m) < Ey Bo Eo  po (A.42)
H = !L_I:lﬂ:ﬂ (A.4b)
Po Po Po

(p = myyv) with

R | moc?\ 2 Ap
= —4/A+n?— 1=
n = fm 50\/( +1) ( £, ) o
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and using then the relations

FO)+£'©)-n+f"(0)-n*£- -
1 1 1

2
— N — =N + ...,
5 B 2
- C e e
POZ A = Bor——As
Eo po-c po-cC
- C e e
B A = o —As s
0o Po-C bo-C
- C e e
P(;: : As = ﬂO' As
0o pPo-C Po-C

this Hamiltonian can be written as:

Hx,px,2,D2,0,P555)

A.2 Scale Transformation

Po— B3 (A+H)-[1+K, - x+K, - 2]
% 1_ (px —ﬂg',ﬁ/‘x)z*'@z —,33';,ﬁAz)2
B - (1+ )
(14K, -x+K, 2] B2 ——A, .
bo-C

Instead of p,, px, p. we now introduce the variables

via a scale transformation:

X, Z, Oy Px; Pz, Po

H

1 1
:—‘p E_"r];
& T B

1
= —5 Dx;
By
1
= —5'Dz;
B
> f:x,§=2,5=07ﬁ17ﬁ27ﬁ0;
g

Then the new Hamiltonian is given by:

HE, pxy 2,525, Dos )

1
— +H(X,px,2,pz,0,Pc;5)
By

217

(A5)

(A.62)
(A.6b)

(A.6¢)

}1/2

(A7)

(A.8a)
(A.8b)

(A.8¢)

(A.9a)

(A.9b)
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= Ppo—(A+9)-[1+K,-X+K,-Z] X
= e 2 = 2 1/2
{1 _ (px - IFAX) +(pz - IﬁAz) }

(1 +7)?

(1 +K, -F+K, 5] —

Po

A, (A.10)
C

with

A =fm = fO+£0) -n+f"©0)-n*£---

1 1 1,
53 50"73 2
1 1,
= Po——-=p-t---. A.11
Po v 5 Ps ( )

The corresponding canonical equations read:

d OH d oH

— X = M — Py = —— A.1l
ds " g AT TR (A.122)
d OH d OH

— 7 = M —_— ~Z = -, A12
ds - +6p'z ©oas P 0z (A.12b)
d . OH d .  OH

E g = +£ M E Po = —% . (A.12C)





