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The transverse stability of a relativistic electron beam propagating in an evacuated, smooth pipe of finite conductivity
is examined. Exact and asymptotic solutions are obtained in the limit of continuous external focusing. An exact
solution for the transport through a single focusing period with discrete focusing is extended to provide an asymptotic
solution for a multiperiod transport system. It is found in both cases that focusing can only reduce the growth rate;
it cannot suppress the instability. Applications to pulsed electric-power transmission are discussed.

I. INTRODUCTION

The displacement of the centroid of a relativistic
electron beam from the axis of an evacuated con-
ducting pipe produces charges and currents in the
pipe walls which will affect the subsequent mo-
tion of the beam. The behavior of the beam in
the presence of these wall charges and currents,
in addition to various focusing forces, is exam-
ined.

The surface charges which are induced on the
inner pipe wall by the nonaxisymmetric compo-
nent of the beam’s electric field generate an elec-
tric field which reacts on the beam to pull it fur-
ther along in the direction of its initial
displacement. The magnetic field of the displaced
beam generates surface currents in the pipe
which set up their own magnetic fields that act
to push the beam in a direction opposite to that
of its original displacement. At the front, or head
of the beam, these forces cancel to within a factor
of 1/4? resulting in a net destabilizing force. Here
v is the particle’s energy in units of the rest en-
ergy.

Gradually, the magnetic field of the beam dif-
fuses through the conducting pipe wall. As this
occurs, the induced current decreases, reducing
the magnetic restoring force on the beam. The
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electric force, however, does not weaken. Thus,
the net destabilizing force grows with distance
back from the head of the beam.

In Section II we formulate the beam dynamics
problem for continuous focusing. An exact so-
lution is then presented in Section III. An asymp-
totic solution is then given in Section IV and the
growth of the beam displacement for parameters
of interest for pulsed electric-power transmission
is discussed. In Section V the problem is refor-
mulated for the case of discrete focusing ele-
ments. An exact and an asymptotic solution are
obtained. In Section VI the relationship between
the continuous focusing and discrete focusing
solutions is exhibited. Finally, the conclusions
are discussed in Section VII. The use of various
focusing schemes will be shown to reduce the
growth rate. However, focusing cannot suppress
the instability.

II. FORMULATION OF THE PROBLEM
FOR CONTINUOUS FOCUSING

Consider the geometry shown in Fig. 1. The beam
is slightly displaced in the positive x-direction.
The resulting beam current and charge densities
may be thought of as those arising from the un-
displaced beam plus surface contributions of the
form J = (I&wa®) &(r — a) cos ¢ e, and p =
(I&/wa®*v) 8(r — a) cos &. Here a is the beam ra-
dius, I the beam current and £ is the displacement
of the beam centroid from the pipe axis (z-axis).
More precisely £(z,1) = &(z,1) e, v is the z-com-
ponent of the beam velocity and ¢ is the azi-
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-Conducting pipe

FIGURE 1 qu_li‘v‘alem surface charge and current density
layers of beam displaced from the axis of a conducting pipe.

muthal angle measured from the positive x-axis.
The quantity 8(x) is the Dirac delta function.

Only the fields due to the displacement of the
beam centroid from the pipe axis need be con-
sidered. The fields produced by these beam
pharge and current densities induce correspond-
ing charge and current densities in the walls. The
fields produced by these induced charge and cur-
rent densities were computedt to be'

21 1
B = E)—zé(z,t) e, — Wey

< [ Eviciar
2,
E=—5tne.

Here b and.o- are the pipe radius and conductiv-
ity, respectively, and c is the speed of light. Gaus-
sian units are used in this paper.

T It is assumed in the derivation that the fields which pre-
cede the beam can be neglected either because the speed of
the beam is so close to that of light or by noting that, in any
case, the fields leading the pulse cannot extend more than a
few beam radii in front of the head. If «/L < 1, where L is
the beam length, then these fields cannot have an appreciable
effect on the beam dynamics.

The integral term in the expression for B rep-
resents the weakening of the magnetic field with
distance back from the head of the beam caused
by the induced current diffusing into the pipe
wall. The resulting Lorentz force acting upon the
beam is

2le
F(z,t) = e, [W &(z,1)
41€V j’ gé \/ﬁ ,
meb*e'? ) - ot' rotd ]

The equation of motion for the beam displace-
ment now becomes

d*¢ 2le
=+ kv = o8
dt vb*y’m 0
4lev f’ ok N
M [ & a
yrebo'?m J - ot’ r-t

in which m and e are the electron rest mass and
charge, respectively, and kg2’ is a focusing
term similar to the restoring force in a simple
harmonic oscillator. This term represents the ef-
fects of allowing the number of discrete *‘lenses’
to increase without limit in such a way that the
product of the inter-lens distance and the focal
length remains constant. We consider this lim-
iting case in Section V1.

Noting that 4lev/(ymcb®c'?m) has the dimen-
sions of sec ~*? we define a frequency

4evl

52 s e
ymacbio'?

The equation for & then can be written as

2 t
LE e = gwf gﬁ Vi—rd'

t

where wo? = kg?v? — 2lel(mvb*y?). The solutions
to Eq. (2) fall into three classes, depending upon
the value of wy>. We have:

positive focusing: wo> >0,

critical focusing: wo? = 0, and

negative focusing: wo> < 0.

Only the case of positive focusing is of practical
interest.
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Some information on the growth rate of the
instability may be obtained from dimensional ar-
guments. For simplicity consider the critical fo-
cusing case:

% s2 [0 9\
dr =0 fxa ar'

The right-hand side of this expression represents
the effects of the diffusion of the B-field of the
beam into the pipe wall. If the pulse is T seconds
in length then the maximum range of ¢ over
which the integrand is nonzero is 1. Thus, di-
mensionally the equation becomes

g2 ~ Q5% 112

where t, is a characteristic growth time. Hence

~ Q75 7=V and the corresponding growth
length l, is l ~ vt, ~ vQ ™ =14 Inserting nu-
merical values we obtain

l _ 38y ( o )1/4
TR 7y \ 107 (sec ™)

b 372
X (;(')") (meters).

We will compare this length to the growth length
with continuous focusing in Section IV and show
that focusing substantially increases the growth
length.

III. EXACT SOLUTION FOR
CONTINUOUS FOCUSING

In the equation of motion (2), we have d/dt
= 9/t + va/dz. For the initial conditions 9¢£/0z
(0,5) = 0; &0,7) = d,, the solution is of the form

Ezt) = u_y(t — z2lv) >, (t — 2v)"?g(2), (3)

n=0

where u_(x) is the unit step function and the
functions g,(z) must be determined. Substituting
Eq. (3) into Eq. (2) yields

E (f _ Z/v)n/z gn ’)‘72

n=0

x

+we? X (=) ) = QY g (4)

n=0 n=0

t
% f E(t, _ Z/V)n/2~—l (t _ tl)|/2 dt,'
z/v 2
where we have used the fact that

9
Py u—(t — z/v) = d(t — z/v).

After rewriting Eq. (4) in terms of the retarded
time T = t — z/v, we can evaluate the integral
on the right-hand side by use of the convolution
theorem for Laplace transforms.

The resulting differential equation for the func-
tions g,(z) is

n=0 dZZ n=0
(5)
n
r{=+1
Yz - (2 )
— — 052 (n+1)/2
2 0 ng()r E+§ ' gnl).
2 2
Equating coefficients of equal powers of 7 yields
d?
for n = 0: g;’ @) + kogo(2) = 0,  (6)
2
for n > 0: d8nsi 5;;1 + ko’gn1
n (7)
va g ( s 1)
L n 3\ "
-— + -
r(3+3)

where k, = wy/v. The boundary conditions now
become g¢(0) = dy, g,(0) = 0 for n > 0, and
g,'(0) = 0 for all n, where a prime denotes dif-
ferentiation with respect to z.

With these boundary conditions, the solutions
of Egs. (6) and (7) are

g()(Z) = d() COS k()Z,

n
Qe (5 * 1)
gn+l(Z) - 2/\'()"2 F(”l 3)

2 2

f ;, 'Y sin ko(z — 2') dz.
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Using the convolution theorem for Laplace trans-
forms, we obtain

r(Z+1
i _ Va2 2 ) ko
g"+l(S) B 2k0V2 F (ﬁ N é) g'l(s) k()2 + s29
2 2

where the tilde denotes the Laplace transform
and s is the Laplace transform variable.

This recursion relation may be solved to yield
&n+1(s) in terms of gy(s). Thus

\/;05/2 n+1
En+1(s) = do (T)
o | s
n 3 (k02 + s2)n+2’
r(2 " 2)

which may be inverted to yield

\/:n__ Q52 i) n+1
4V2 k()

gn+1(2) = d0<

koz j n(koz)
3

n 9
F(n+2)r<§+5>

where j,, is the spherical Bessel function of order
n. Thus, the solution is

E(z,t) = dou—(t = z/v)

« i <\/Tr(t — z2/v) Q”z)"
4V2k0

n=0

@®)

kOZjn -1 (kOZ)

X .
T'(n + 1)r(g+ 1)

If we define the transformed variables

03”2 2 Q5”2 2
= (o) 7= (i) w0

Z = koz, (8b)

Maximum £/dg = 5.08

Minimum £/dy = -3.85 & Al
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FIGURE 2 Normalized beam displacement for continuous
focusing solution Eq. (8c) as a function of Z and 7 for (a) Z
=[0t025],7=[0t00.25],(b)Z = [0to 25],7 = [0 to 1]
and (¢) Z = [0to 25], 7 = [0 to 2.5].
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the solution (8) can be written as

= N A
G = dou—1() S ( T Z)
n=0
Z].n—l(z.)

X

(8c)
I'n + I)F<2 + 1)

The value of &(Z,7)/d, determined from Eq. (8c)
is plotted vs 7 and 7 in Fig. 2. The displacement
as a function of z and ¢ may be found by applying
the inverses of the transformations (8a) and (8b)
to the Z and 7 axes of the plots. In this manner
the solution for many values of the parameters
ko and Q2 may be determined from one series
of plots.

IV. ASYMPTOTIC SOLUTION FOR
CONTINUOUS FOCUSING

The solution for positive focusing (8) may be
written as

E(z,) = dou—(t — z/v)

i A"z j - 1 (ko2) )

(n~f—1)l‘<2 )

= Vot — z/v) Q>%z/(4kov?).

where

Our aim is to derive an integral representation of
this solution so that an asymptotic formula may
be obtained.

Laplace transforming the sum in the variable
A? gives

£(z,t) = dou_,(t — z/v) /nkoz g
1 & 1\"1
S

where the inverse Laplace transform is denoted

by £~ ' and where J, is the cylindrical Bessel
function of order v. Use of the relation?

12 © m
<—2—) cos Vz2 — 2zt = D, :?J
m=0

I

m— I/Z(Z)y

gives

&(z,t) = dou—1(t — z/v) £7!

L os v/ (kuz)? — Zko
X {scos (ko2) \/;}

Using the Bromwich integral to invert the La-
place transform gives

|
&(z,) = dou—_(t — Z/V)ZE

¢ +io
xf ~exp (A%)

- — joo

X [exp{ [(kOZ)Z Zk\/o;z] }

e - 2]}
+exp{ [(koz) \/;] -

If koz > A?? > 1, the saddle points of the in-
tegrand are found to be at s = (Fi)??/(24%)*?
where the upper (lower) sign corresponds to the
saddle points of the first (second) term in Eq.
(10). For each sign one of the saddle points lies
on the branch cut of the integrand and is inac-
cessible. The integration path is shown in Fig. 3.
The result of the steepest-descent calculation is

1/3
£ ~ \2/‘% Uit — 2v) (%)

2/3
X exp [% <i;—> ] cos koz (11)

X sin [2—; - 3—\5/—- <2>2/3:|.

We may now define a characteristic length for
the growth of the instability from the relation

z A B \/,n.T 95/2
e 2 8ko? ©

(10)
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FIGURE 3 Contour for Eq. (10).

or

_ 8k0V2

Inserting numerical values, we have

40y < . )I/Z
&= Lika) T82ee) \10'7 (sec ™)
(12)

<b(cm)>3 (100(m>)

X | —— meters,
10 No

where \o = 2m/k,, the net coherent betatron
wavelength due to the external continuous fo-
cusing. This expression should be compared with
that in Section Il for the critical focusing case.
The growth length with focusing grows more rap-
idly with pipe radius, conductivity and v, but less
rapidly with increasing beam current than the
growth length in the absence of focusing. In ad-
dition, the growth length for the focusing case
varies inversely with the coherent betatron wave-
length. The inverse dependence of z, with beam
current and the square root of the pulse length
illustrates the difficulty of attempting to propa-

gate long high-current pulses over great dis-
tances. The most sensitive parameter in the
growth length expression is the pipe radius, while
one of the least is the pipe conductivity. A value
of 10" sec ™' corresponds to the o of aluminum,
which would be difficult to exceed in practical
situations.

Consider a pulsed electric-power transmission
example.® Fora S MeV, 2 kA beam with a pulse
length of 100 nsec, the critical focusing case gives
a growth length of z, = 15 m, while the positive
focusing expression gives z, = 63 (100 m/\y) m,
where o and b have been taken as 10'7 sec ™' and
10 cm, respectively. These growth lengths are
disturbingly short even though the latter growth
length can be extended by increased focusing
(decreased \).

V. FORMULATION OF THE PROBLEM
FOR DISCRETE FOCUSING

Consider the single transport cell shown in Fig.
4 consisting of two half-lenses each of focal
length 2f and a drift length L. The transport ma-
trix for each half lens is

1 0
M/ = I ’ (13)
- =1
2f
in the sense that if a prime and a double prime
“Lens” “Lens”
| ,
! |
| |
T Haif
lens
| E
I |
— Lo !

Drift length

z

FIGURE 4 A single half-lens drift length half-lens combi-
nation.
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denote quantities immediately before and after
passing through the half-lens respectively, then

" ’

§ 3
o =M, a (14)
0z 0z

In the drift-length region, the beam displace-
ment varies according to the equation of motion

2 t
%gﬂwf %vﬁ?mz (15)

where we have assumed that y > 1. If we change
variables, from z, t to z, 7 = t — z/v, Eq. (15)
can be written as

62 QS/Z T 9

—-—§=_2f —g—\/'r—'r’dt'. (16)
0z % -

Laplace transforming in T gives

2 VaQ¥?
i (17)

972 B 20*Vs

with solution § = D cosh az + E sinh az and
0¢/0z = Da sinh az + Ea cosh az, where we
have defined

o= Tr”"QSM/[\/Ev(s)”“].

Now atz = 0, & = £ = D and 3¢/0z = Ea.
Therefore

£(0)
&(z) = €9 cosh az + ——— sinh az,
o 0z

Y . ) GEO®
a—i (z) = a&'” sinh az + g_z cosh az.

Then the drift-length transfer matrix is

sinh oL
M, = ( cosh ol .
o sinh oL cosh al

such that after traversing one complete cell,
~ \(H - \(0)

1S
(?_é = M/MJM/ i%
0z 0z

We can thus write the unit-cell transport matrix
M[MdM[ as

cosh ol sinh ol
ol —
MMM, 2af
= inh ol — cosh al 4 sinh oL
o sinh « 7 Pz
sinh oL
o
sinh oL
cosh BL — 2af

This unimodular matrix can be written as*

MMM, = cos p [1 0]

0 1
. mii miz
+ .
S e [mZI —mu:I
Here
inhal 1
cos p = cosh al — 222 — 2 Tr(MMJM)
20f 2
and m,, = 0. After traversing N-cells,
: (N) : (0)
= (MM M)N
9§ i3
0z 0z
Now
N 1 0
(MM M;)™ = cos Nu 01
. 0 mi2
+ sin Np [’ml 0 ]

_In the problem under consideration we choose
0£©W/oz = 0; therefore €N = £© cos Nu or

'<N)_Q : —1
£ = > | exP iN cos

sinh oL
X (coshaL - 2af >]

+ exp [—I'Ncos‘l

sinh oL
X (coshaL — af >]}
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Now icos™!x = log [x = Vx? — 1], so that

4ai Je—ix
X {exp[N log (x = Vx2? — 1)]
+ exp[— N log(x = Vx? — DI},

where
sinh aL
= cosh aL — .
x =cosha 2ol
For large N the saddle points of the integrand
occur at
L 2/3
NA?L? <1 B §>
s = (7> Lo~ |

where h = as" = ©"4Q%*(V2v) and the upper
(lower) sign corresponds to the saddle points for
the first (second) term. For each term one of the
saddle points lies on a branch cut and cannot be
traversed. The integration contour is basically
the same as that for Eq. (10) and is shown in Fig.
3. A steepest-descent evaluation of the integral
yields

g(N) —~

X cos { Ntan~'

273
NL>V w1Q>? <1 - £>

6f
X —_— ,
L 2
2 _ _ L
- 8v \/1 (1 2f>
where we have put £ = d,, the initial displace-

ment of the beam.

V1. RELATION OF THE DISCRETE
FOCUSING SOLUTION TO THE
CONTINUOUS FOCUSING SOLUTION

Consider the cell shown in Fig. 4. Let the number
of lenses increase such that the interlens distance
L = Ly/N, while at the same time extending the
focal length so that f = foN. Then the displace-
ment at the Nth cell is given by

g 10

1 L¢/N
o€ = 1
= - — 1 0 1
0z 2foN
1 0 (N) g \(0)
1 9
2foN 0z
. Lo L_o (N)
_ 2foN? N
L() _ l 1 _ L()
4fy*N?*  foN 2foN?

()

where we have chosen the beam to have an initial
displacement but no initial slope; i.e., 3¢/dx = 0
at z = 0. As in Section V, this may be written
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as
g W)
o = {COSN'.L [(1) ?]
0z
st ()
where
— -1 Lo
B = cos (1 - 2f0N2>’
Thus

EN = €9 cos {N cos'[1 = Lo/(2fo N1}

As N — = this equation becomes

Lo — £ \/;)
f0N2> ST VT,

(19)

E(N) = g(O) cos <N

Now in the continuous focusing limit we have

d’¢
W + (J.)Bzg = 0.

Using the variables z, 1 = t — z/v this becomes

a2 5

g + kB g = 0
For the initial conditions £ # 0; 3&(0)/6z = 0
this gives

£(z) = €9 cos kpz. (20)

In particular for z = Ly, comparison of Eq. (19)
with Eq. (20) gives
1

kg = . 21
® " VIofo @D

If we now put L = Ly/N, f = foN in Eq. (18)
and let N — o, we obtain the continuous focusing
asymptotic solution (11), as we should.

VII. CONCLUSION

In summary, an exact solution for the growth of
the transverse displacement of a beam traveling
in an evacuated pipe of finite conductivity with
continuous focusing has been presented. In ad-
dition, asymptotic growth rates for both contin-
uous and discrete element focusing were ob-
tained. The instability was shown to be significant

for the parameters of interest for pulsed electric-

power transmission.

For both continuous and discrete element fo-
cusing, the instability grows. Focusing can only
act to slow the growth: it cannot suppress the
instability.

The authors wish to thank R. Melendez for
performing the numerical work and E. P. Lee for
helpful discussions.
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