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ABSTRACT: We construct the action of a relativistic spinning particle from a non-linear
realization of a space-time odd vector extension of the Poincaré group. For particular
values of the parameters appearing in the lagrangian the model has a gauge world-line
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1. Introduction

Supersymmetry plays a crucial role in field theories, supergravities and String/M theory. In
flat space-time supersymmetry is characterized by the presence of odd spinor charges that
together with the generators of the Poincaré group form the target space Super Poincaré
group.

Strings with the space-time supersymmetry are described by the Green-Schwarz ac-
tion [[J. The fermionic components of the string are realized by spinorial fields in target
space. The associated particle model (superparticle), that was introduced before [E, B]
has, for a particular value of the two coefficients of the lagrangian, i.e., for the parame-
ters of Nambu-Goto and Wess-Zumino pieces, a fermionic gauge symmetry called kappa
symmetry [, f]. The covariant quantization of this model is an unsolved issue.

There is an alternative to the GS string known as spinning string, or Neveu-Schwarz-
Ramond string [f],! that has world ”line” supersymmetry. The fermionic components of the
string are described by odd vector fields in target space. A truncation of this theory known
as GSO projection [E] produces a spectrum that is space-time supersymmetric invariant.

The corresponding particle model (spinning particle) was introduced in refs. [§—[0.
The quantization of this model reproduces the four dimensional Dirac equation.

In this paper we will consider an odd vector extension of the Poincaré group, to be
called the Vector Super Poincaré group G, first formulated in [f§]. This symmetry was

ormulated prior to the GS string



introduced with the aim of obtaining a pseudo-classical description of the Dirac equation.
However this result was obtained by using a constraint breaking the symmetry itself. In
this paper we want to take full advantage of this new symmetry. We will show that the
massive spinning particle action of reference [f§] can be obtained by applying the method
of non-linear realizations [[L1] to this group. However, trying to preserve the target space
supersymmetry under quantization we will obtain two copies of the 4d Dirac equation.
On the other hand, breaking the rigid supersymmetry by a suitable constraint on the
Grassmann variables we will recover the 4d Dirac equation of [§-[L0].

The lagrangian will contain a Dirac-Nambu-Goto piece and two Wess-Zumino terms.
By construction the action is invariant under rigid vector supersymmetry. For particular
values of the coefficients of the lagrangian, the model has world line gauge supersymmetry
which is analogous to the fermionic kappa symmetry of the superparticle case. When we
require world-line supersymmetry the model has bosonic BPS configurations that preserve
1/5 of the vector supersymmetry. The BPS configurations imply second order equations
of motion.

The organization of the paper is as follows: In section 2 we will introduce the space-time
vector supersymmetry. In section 3 we will construct the massive spinning particle action
using the method of non-linear realizations. Section 4 is devoted to the canonical formalism.
In section 5 we will quantize the model in terms of the unconstrained variables. In section
6 we will quantize the model in the Clifford representation. Section 7 will be devoted to
classical BPS configurations and finally in section 8 we will give some conclusions.

2. Space-time vector supersymmetry

Let us consider the Poincaré algebra? with generators P,, M,, extended with odd graded
generators, supertranslations, belonging to a pseudoscalar (Gs) and a pseudovector (G,)
representation of the Lorentz group and two central charges Z and Z. They satisfy

My, Mpo| = —inypy Mo — e Myp + 06 M,y + i1, My, (2.1)
(M, Py = inpp Py — inup Py, My, Gpl = Gy — inupG, (2.2)
G, Gols = N Z, G5, G5)4 = Z, (2.3)

(2.4)

[GuaG5]+ = —Fh,.

We first consider a coset of the vector Super Poincaré group, G/O(3,1)3, and parameterize
the group element as i

g= etPut eiG5§5eiGu5“eiZceiZé. (2.5)
xt, €* and €° are the superspace coordinates and ¢ and ¢ are coordinates associated to
the projective representations of G. This is analogous to the ordinary case of the N=2

Super Poincaré group with central charges. Notice that we assume the odd generators G,

*We consider a four dimensional space-time with metric diagnu., = (—;+ + +).

3Note that the algebra of vector supersymmetry is a subalgebra of the N=2 topological supersymmetry
algebra in four dimensions. The topological algebra contains also an odd self dual tensor generator, see for
example [@] and the references there.



and G5 anticommute with the Grassmann coset parameters # and &°. It follows that the
representation of the group is unitary if these generators are anti-hermitian.
The MC 1-form associated to this coset is

Q= —ig-'dg = P, (da* — i€"d¢®) + G5d€® + G det +
+Z (dc - %dggﬂ) 7 (dé - %d55£5> . (2.6)
From this we get the even differential 1-forms
LF = dat — ighdeS, Ly =de+ %gﬂd@, Ly =dé+ %£5d§5 (2.7)

and the odd ones by
Ly =de", L =de. (2.8)

The supersymmetry transformations leaving the MC form invariant are
i
ozt = ieled, St =€, e = 5@6“ (2.9)

and )
55 =5, = %5565. (2.10)

These vector supersymmetry transformations are generated by G* and G® respectively and
were first discussed in [§]. The transformations generated by P,, Z, Z are the infinitesimal
translations of the coordinates z*, c and ¢,

ozt = a¥, oc =€z, dc=c¢;. (2.11)

The vector fields generating the previous transformations are

0 0 i, 0 0 .0
G _ _ | Y 5 Y te Y G_ ;[ 2 25T
X = Z(agu“g Dk 2§“ac>’ X Z<8£5 2 a&)’
0 0 0
P — 1 — g A= —f—
X, = Uryrt Xz 50 X5 5 (2.12)

The algebra of these vector fields? is
Xy X0 = Xz, [(XEXE = -X5 XXl =X (213)

With the Lorentz generators X % , these vector fields give a realization of the Vector Super

Poincaré algebra.> The representations of this algebra will be studied in their general

aspects in.6

f) o)
oen 95
5The reason for the overall sign difference from the starting algebra is that now the generators are active

oy 5 . o .
4Remember and are hermitian and X f and X, are anti-hermitian.
operators.

SThe representations of this extension of the Poincaré algebra will be studied in a future paper.



3. Massive spinning particle lagrangian

In this section we will study how to construct the massive spinning particle action from
a non-linear realization [[[1] of the Vector Super Poincaré group G. The relevant coset is
G/O(3) defined by the little group of a massive particle O(3) as the unbroken (stability)
group of the coset. We write the elements of the coset as

g=g. U U=, (3.1)
where g7, is the same as in (2.3)
g = iPutt eiG5§5 oiGué" giZe eiZé (3.2)

and U represents a finite Lorentz boost with parameters v'.
The Maurer-Cartan 1-form is now

QO =—ig ldg=U"1Q,U — iU dU, Qp = —ig; *dgr. (3.3)

Using the commutation relations of the Lorentz generators with the four-vectors P, and

G, (32) we find
U~'P,U = P,AY,(v), U™'GU = G A, (v), (3.4)

where A?, (v) is a finite Lorentz boost

cosh v —’Ui sinh v
A= i, ) vE ) -
n <_vahvvj 5; + %(COSh’U — 1)) W ( )

It follows
- - - 1 .
Q=P L+ G,L{ + GsL} + ZLz + ZLj + My L}, + §Miij, (3.6)
where
Ly =A% (v)Lk,  L{ = A%, (v)L¢ (3.7)

and the 1-forms L’s are given in (P7]) and (B§). L and LY are given by

) . . ) J inh
L = dv' + dv? <5j2—”><sm ”-1),

V2 v
- dvtvd — dviot
9 = L8 T (cosho — 1), (3.8)
v

The invariant action for the particle is a sum of the manifest O(3) invariant one forms.
By taking the pull-back, the (Goldstone) super-coordinates become functions of the pa-
rameter 7 that parameterizes the worldline of the particle, see for example [[J]. The action
is

Slatr).€r)o(r)] = [ (~u2=pLz—aLz) = [Lar (39)



where * means pull-back on the world line and p, 8 and ~ are real constants to be identified
with the mass and the central charges, m, Z and Z respectively. The action is invariant
under global Vector Super Poincaré transformations. In addition it is invariant under a
local supersymmetry transformation if the parameters satisfy

— By =’ (3.10)

In this paper we will study the case in which this condition is satisfied. If we use the
explicit form of the finite Lorentz boost (B.§) the action is

.sinh v

Sla(r), £(7), v(7)] = / [—M (Lg coshv — Livi

) —BLy — 7L2]* . (3.11)

The explicit form of the local supersymmetry transformation is

i

660 = —% coshv k°(1), 0¢ = —%U— sinhv K°(7),  0€° = K>(T) (3.12)
v
and . .
Szt = ighkd(r),  dc = —%guagﬂ, 5 = —55555(7), Sv = 0. (3.13)

Now we will see how one eliminates the boost parameters v* from the theory. This can
be done by using their equations of motion

i . [ ..sinh ig)J inh
5—5. =0= L(T)v— sinhv—L7 g2 L P (cosho — ) | (3.14)
vt v v V2 v

By solving this equation we get

i Lk L?r 2 Lo
v r V) T (3.15)

— = —, sinhv = —, coshv = —,
! (L7)? (L9)? — (L7)? (L9)? — (L7)?

where LY is the pull-back of the L%
LH = M — igrEs. (3.16)

Using them in (B.11]) we get

Sl = [ ar (—u\/ (o —igds) =5 (e g6 ) - (4 gw)) .

(3.17)
The local super transformation for the action (B.17) is
n
s = L id(r), 865 = KO(r), (3.18)

g

where p, is the momentum conjugate to z# whereas the transformations for the other
variables remain the same as in (B.1J). Note that this transformation is analogous to the



kappa symmetry transformation of the massive superparticle action [{]. In the literature
it is known as gauge world-line supersymmetry.

The action (B.17) coincides with the action originally proposed in [J] after we make a
suitable rescaling of the coordinates

gr=/Ipler, 5=\ 7€, ' =Ble, & =nc (3.19)

Correspondingly the local super transformation becomes
i 1t
st = M set = ])—/4'5(7'), 5¢° = k(7). (3.20)
1 [
where the parameter has also been rescaled as x’ = \/7/{5 .

4. Canonical formalism

The canonical momentum conjugate to z* defined by the lagrangian (B.9) is

oL
pu==55;=:—uA$@0. (4.1)

Since Apu(v) is a time-like vector, the momentum verifies the mass-shell constraint p?+u? =
0. Therefore the parameter p is identified with the mass of the particle and the lagrangian
(B.9) can be written in the first order form as

L = pul — i) = A€ — 756 — 507 + 1), (4.2)

where e is a lagrange multiplier (ein-bein). In the lagrangian we have omitted ¢ and ¢
terms since they are total derivatives. By eliminating p,’s and e using their equations of
motion, the lagrangian goes back to the covariant one in eq. (B.17).

Let us study the constraints and symmetries of L. The canonical momenta are defined
by using left derivatives as the Grassmann variables are concerned,

oL¢ oL¢ OLC
pﬁ:—:pu7 pﬁ:—: s I)e:—‘zo7
ozt opt 0é
o'LC i o'Le i
— e - _ — A= ] K
Ty = 85“ —625/“ 5 = 655 —726 +2pu§ . (43)
All of them give rise to primary constraints
qbz:pz_p,u:o) gbﬁ:pﬁ:ov qbe:pe:O’
Xp = Ty — ﬁgg,u =0, X5 = T5 — ’7555 - Zp“f“ = 0. (4-4)
The Hamiltonian, H = ¢p — L, is
e
H = Nigj + Mo+ Aed® + Aix + A0 + 5 (0% + 1%), (4.5)



where the X's are Dirac multipliers. Using the graded Poisson brackets {p,q} = —1 we
study the stability of the constraints. We get the following secondary constraint

1
6= 50" +p%) =0, (4.6)

and 1
=0,  X=ep, i, X = —Epu)\g’, (4.7)

where we have used the condition (B.10), By = —u?. The secondary constraint ([L.6)) is
preserved in time

$ =0, (4.8)

and it does not generate further constraints. ¢y, = b, = 0 are second class constraints and
are used to eliminate pj; and pj.. The second class constraints x,, = 0 are used to eliminate
7. The Dirac bracket for the remaining variables are

v * 14 vk Z v *
{pu 2"} ==6,",  {&"&"} = 377“ ;o s, Y =1 (4.9)
and the Hamiltonian becomes
H = X\¢® + ed + \ixs = Aep® + g(p2 +u?) + A <7r5 - 7365 - ipu§“>. (4.10)

The constraints ¢¢, ¢ and x5 appearing here are the first class constraints. In particular

we have . .
{Xs:x5}" =i — %pupun“” = —% 2 (4.11)
X5 generates the local kappa variation corresponding to (3.19),
Sxt =il (1), oM = —%/ﬁ(ﬂ, 665 = K(1), de= —% £5k% (1), (4.12)
under which the lagrangian transforms as
c_d (i 5y, 5
oL~ = e <§(pu§“ —YE°)k (T)> : (4.13)
The global vector supersymmetry transformations are
ozt = iete®, ot =€, 60 =€, (4.14)
and again the lagrangian changes by a total derivative
oL = % <—ﬁ%e“§u — 7%e5£5> . (4.15)
The generators of the global supersymmetries are
G = -+ Bty + 10 = 56, + in,€”,
Gs = w5 + 7%{5. (4.16)



They satisfy

{G.. G} = —iBnw, {Gu,Gs} = —ipy, {Gs5,Gs5}" = —ir. (4.17)

At the quantum level we have
[Gu, Gyly = +ﬁ77;wa [Gua Gsly = +Pu (G5, G5]*—|— =+ (4.18)

This is a canonical realization of the starting algebra (R.J) and (R.4) with the central
charges”
Z = -3, Z = —~, 27 = —p’. (4.19)

5. Quantization in reduced space

In this section we discuss the quantization of this system in terms of the unconstrained
variables. Let us see the classical form of the canonical action in the reduced space. The
starting point is the canonical lagrangian L€ defined in eq. (E2). It is locally supersym-
metric and it is invariant under reparametrization in 7. These two local symmetries are
generated by the first class constraints x5 = 0 in (.4) and ¢ = 0 in (f.q) respectively. We
fix these gauge freedom by imposing the conditions

D=7 P =0. (5.1)
The first class constraints ¢ = x5 = 0 become second class and are solved for py and 75 as
Po = + ]72 + /L2, Ty = ipufu. (52)

Other second class constraints are also used to reduce the variables leaving z, p; and &*
as the independent variables. The non-trivial Dirac brackets with respect to all these new
second class constraints are

{piy 2} = —67, {8@@”=%W% (5.3)

The canonical form of the lagrangian (J) in the reduced space® becomes
- L (P
LY = /P2 + 12 + 7 — B8ug". (5.4)

Now we quantize the model. The basic canonical (anti-)commutators are

(o', p;] = i0';, Kmenz—%WK (5.5)

"It is possible to show (see footnote 6) that the representations of the Vector Super Poincaré algebra

are characterized, besides the momentum square and the Pauli-Lubanski invariant, by the quantity 1/|Z Z |

and by the signs of Z and Z.
8 An analogous discussion for the lagrangian of spinning particle of [E] was done in reference .



Note that the sign degree of freedom of pg must be taken into account in the quantum
theory. The hamiltonian for the lagrangian (f.4) is an operator

w 0 e
P0:<0 _w>7 w= p2+1u27 (56)
taking eigenvalues +w on the positive and negative energy eigenstates. The Schrodinger
equation becomes

0.V (Z,7) = RU(Z,7), U= @j) , (5.7)

where W, and W_ are positive and negative energy states. Now we look for a realization
of ¢*. Since they satisfy the anti-commutators in (5.§) and must commute with all the
bosonic variables, in particular with the energy P in (f.6). We can realize them in terms
of 8-dimensional gamma matrices

R e e e B A ¥ 0
Sy = %(0 —7“><0 —75>’ %

where the v# and +° are the ordinary 4-component gamma matrices in 4-dimensions. W is
an 8 component wave function and ¥, and W_ are four dimensional spinors associated to
positive and negative energy states. We rewrite the Schrodinger equation in a more familiar
form using a unitary transformation, an inverse Foldy-Whouthuysen (FW) transformation,

0T — (aipi—l—[)',u ' >\If \IJES(U4U;_U4U2U1 >\if
a'p,—Bp) UsUy UsUsUy )
(5.9)
where 8 and a’ are usual Dirac matrices and
1y
. 03 . m—03
12 i e’l ?0'2 -~ e’l 3 g2
S= 1y U = ( 6_i02302>’ Us :< et "20302> )
1o
1
. 0y
1 e 303 el 3 o2
Uy = 1 ’ Ul_( ez%ag)’ U2:< ez%az)’
1
2 2 72
tan 6, = 12, tan fy = M, tan 03 = VP (5.10)
p1 p3 w
Multiplying by I'0 = <ﬂ /6') on the equation (p.9), we get
%0, 0 = (I'(—id,:) + p)¥, (5.11)
where
i _ @i 2 _ p_ (O
7' =pa’, p7=1 TIV= e (5.12)
-



(5-11)) is the 8-components Dirac equation reducible into two 4-components Dirac equations
with mass u,

(TH (i) + 1) (M) = (—i@mwu +p

.
Z,amqurM) U (z") = 0. (5.13)

6. Quantization in Clifford representation

In this section the system is quantized in a covariant manner by requiring the first class
constraints to hold on the physical states. The Dirac brackets are replaced by the following
graded-commutators,

[p,mxu] = _i5MV7 [éﬂ’gV]+ = —%UW, [71-5755]-1- = —i. (61)

The odd variables define a Clifford algebra. This is better seen by introducing a new set
of variables with appropriate normalization. We define

M= /=2pek, N = —i\/g <7T5 - %7£5> ;A= —z'\/g <7T5 + %7§5> . (62)

The reason to introduce the ¢’s is that the momentum 75 is anti-hermitian at the pseudo-
classical level and in this way all the dynamical variables are real, (\4)* = A4,
The A\’s define a Clifford algebra C,

M ABlL =278, 748 = (— +,+,+,+,-), (A, B=0,1,2,3,5,6). (6.3)

These variables can be identified as a particular combination of the elements of another
Cg algebra having within its generators the I'*’s isomorphic to the Dirac matrices already
used in eq. (5.§). This algebra is defined by the following elements

¥ 0 ¥ 0 0 1

[FA7FB]+ = 277AB7 ﬁAB = (+7_7_7_7+7_)' (65)

satisfying

Of course, both Clifford algebras have the same automorphism group SO(4,2). They are
related in the following way

i, A=0,1,2,3,
M=1{ 15 A =5, (6.6)
ildTS, A=6.

Let us start considering the Cg generated by the \*’s. The unitarity of the represen-
tation in terms of IT'4’s requires an extra measure, Iy, in the inner product,

< DT >= /d4x ol (2)T, U (2) = /d%@(:g)qf(m). (6.7)

— 10 —



In the quantization process we are going to require that the operators in the matrix basis
satisfy, with respect to the metric I'y, the same reality property as in the classical case.
We find that the following operator satisfy our requirement

I,=—iX28, Ti=r, I?2=1, (6.8)

in fact
= o4, = a4 (6.9)

In terms of T4 we have also
I, =1°T%, (6.10)

The expressions for the generators of vector SUSY transformations ([.16)) are obtained
by inverting the relations (f.9)

- %\g(ﬁ 18, 60— —%(ﬁ 29, (6.11)

We find
i
G' =ifeh +iphe® = —== (pN' — (N> =\
Neai (n ( )
i
= I (ul* — pH(1 —4I® 6.12
Nzl ( ( ) (6.12)
and

Gy = 75 + z’%gf’ = i\/g/\G = —\/gﬁrb’. (6.13)

The generators have the following conjugation properties
G,=-G,, Gs5=—0Gs. (6.14)

In analogous way we get the expression for the odd first class constraint
! 5 i 5

HA° — puA) = I (p,T* + w). 6.15
_26 ( H ) /_—25 ( 1% ) ( )

The requirement that the first class constraint x5 holds on the physical states is equivalent

X5 = 5 — 2%55 —ipu&t =

to require the Dirac equation on an 8-dimensional spinor ¥
(pIH + p)¥ = 0. (6.16)

The other first class constraint (f.4), ¢ = %(102 + u?) = 0, is then automatically satisfied,
since

1
6 =5D*W=0, with D=T(pI" +p). (6.17)

At the pseudo-classical level the first class constraints are invariant under the supersym-
metry transformation. At the quantum level this is reflected by the following properties

(G, D]+ =[G, D]y = 0. (6.18)

— 11 —



From these relations we can define the corresponding symmetry transformations on the
wave function if we can construct a matrix, call it £, anticommuting with all the dynamical
variables, \’s. In this case we have

[EG,, D] = [EG5,D] =0 (6.19)

and the transformations generated by EG, and EGs leave invariant the action of the
theory

/ d*z YDy (6.20)
The corresponding unitary transformations (with respect to the metric I'y) are

6726115E'G57 eiauEG"L, (621)

where a5 and o/ are even parameters defining the transformations.? The operator E can
be easily constructed since our Clifford algebra is defined in a even dimensional space.
Therefore,

E =X =iXONN2N3N0N0 = 100102306 = 0517, 17 =rOrir?rirre,  (6.22)

anti-commutes with all A’s. One could ask if it is possible to recover the result of ref. 1,
that is a Dirac equation in a 4-dimensional spinor space. This was indeed done in ref.
where it was imposed a further constraint

s+ iggf) = 0. (6.23)

In this way the quantization can be done by using only a Cy algebra which can be realized in
a 4-dimensional space. Note that if we impose this condition the supersymmetry generator
G5 vanishes identically. Therefore one looses the rigid supersymmetry although the local
one remains.

7. BPS configurations

Here we will consider the BPS equations for the massive spinning particle. The correspond-
ing bosonic supersymmetric configurations appear only when the lagrangians have a gauge
world-line supersymmetry.

The lagrangian of the massive spinning particle (B.9) has a gauge symmetry when the
parameters pu, 3, verify the condition (B.I(),

—By = . (7.1)

Now we look for supersymmetric bosonic configurations. For consistency we look for trans-
formations of the fermionic variables not changing their initial value that is supposed to

Note that EG5 = EGs, EG, = EG,

- 12 —



vanish

_ 5 _ 5 5
0=0d¢ |fermions:O =€ T h
0= 5£0|fermions:O = EO o %COShU I{S
0= 5£Z|fermion520 =€ — 5o sinhv k”. (7.2)

The previous equations have a non-trivial solution if
v’ = constant. (7.3)

Then, all the parameters can be expressed in terms of an independent global supersymmetry

parameter, 65, as

i
KD = —é, e = —% coshv €, € = —%v— sinhv €. (7.4)
v

Equation ([7.3) is the BPS equation of this model. If we write this expression in terms of
space-time coordinates, using the solutions (B.15) of (B.14), we get

M
1/_:1'72

In Hamiltonian terms this implies that the momentum is constant. Note that this BPS

= constant. (7.5)

equation implies the second order equations of motion of a free relativistic particle. There-
fore the BPS configurations ([.5) preserve 1/5 of the supersymmetry. Notice that the
fraction of preserved supersymmetry is different from the ordinary (spinor realization of)
Super Poincaré group as, for example, in the case of the superparticle.

8. Discussions

In this paper we use the rigid space-time vector supersymmetry to construct the action of
the massive spinning particle from the non-linear realization method.

For particular values of the coefficients of the lagrangian, the model has world line
gauge supersymmetry which is the analogous of the fermionic kappa symmetry of the
superparticle case. By quantizing the model in such a way to respect the rigid supersym-
metry, we find two decoupled 4d Dirac equations with the same mass. The supersymmetry
transformations at quantum level mix the two 4d Dirac equations.

At classical level we find BPS configurations that preserve 1/5 of the supersymmetry.
The BPS equations imply second order equations of motion.

In a future work® we will study the representations of the Vector Super Poincaré algebra

which, in the massive case, are characterized by the quantity 1/|Z Z | and by the sign of Z

and Z. The massless spinning particle will be also considered.

Two interesting questions are: the possible physical role of the space-time vector su-
persymmetry in quantum field theories and the relation of this approach with the one based
on space-time spinorial supersymmetry.

— 13 -



Note added. After this paper was put on the archive. M. Plyushchay has informed

of a previous work [[[§] which has some overlap with our work. In particular about the

constraints analysis of the model we have considered and the non-equivalence among the

models of references [§ and [{].
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