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ABSTRACT: We present a new method to solve the holomorphic anomaly equations gov-
erning the free energies of type B topological strings. The method is based on direct
integration with respect to the non-holomorphic dependence of the amplitudes, and relies
on the interplay between non-holomorphicity and modularity properties of the topological
string amplitudes. We develop a formalism valid for any Calabi-Yau manifold and we study
in detail two examples, providing closed expressions for the amplitudes at low genus, as
well as a discussion of the boundary conditions that fix the holomorphic ambiguity. The
first example is the non-compact Calabi-Yau underlying Seiberg-Witten theory and its
gravitational corrections. The second example is the Enriques Calabi-Yau, which we solve
in full generality up to genus six. We discuss various aspects of this model: we obtain a
new method to generate holomorphic automorphic forms on the Enriques moduli space, we
write down a new product formula for the fiber amplitudes at all genus, and we analyze in
detail the field theory limit. This allows us to uncover the modularity properties of SU(2),
N = 2 super Yang-Mills theory with four massless hypermultiplets.
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1. Introduction

Topological string theory has played an important role in the quest for a better understand-
ing of both physical and mathematical aspects of string theory. There are two different
topological string theories related to each other by mirror symmetry, and known as the A
and B-model. They are obtained from an N' = 2 superconformal field theory, twisted in two
distinct ways to become type A or type B topological sigma models that are then coupled
to gravity. The physical relevance of these theories lies in their intimate connection to type
II superstring theory. In particular, the topological string on a given Calabi-Yau manifold
computes higher derivative F-terms in the 4d effective action of the corresponding type
II theory. From a mathematical point of view, the topological string partition function
provides a generating functional for Gromov-Witten invariants in enumerative geometry.
It is therefore desirable to solve the topological string on a given Calabi-Yau manifold,
that is to say, to compute all the topological amplitudes F' @) in the genus expansion of the
partition function. While this problem is completely solved for the case of non-compact
toric Calabi-Yau manifolds thanks to the techniques of localization and the topological
vertex, it remains a challenge for the compact case. One of the main tools in solving
topological string theory, which also applies to compact Calabi-Yau manifolds, is the holo-
morphic anomaly equations for the B-model found in [[f]. In this work we present a new
approach to solving these equations. We make use of the fact that for each Calabi-Yau
manifold there exists a target space symmetry group which provides a symmetry of the
topological partition function [[l] and thereby drastically reduces the space of candidate
solutions. The topological string amplitudes F@) turn out to be polynomials in a finite
set of generators which transform in a particularly simple way under the space-time sym-
metry group. Moreover, it can be shown that all non-holomorphic dependence in these
amplitudes arises through a very special set of generators that are suitable generalizations
of the non-holomorphic Eisenstein function Es(7,7). The remaining generators are holo-
morphic. Keeping track of these non-holomorphic contributions we will be able to directly
integrate the holomorphic anomaly equations. This method turns out to be very efficient
and gives us rich new information about the remaining holomorphic generators. A similar
approach to the holomorphic anomaly equations was sketched in [f], in the analysis of
toroidal orbifolds. For the quintic Calabi-Yau manifold a more complicated method was
outlined in [fJ]. Other related approaches have been used before in [B1], B3] to analyze



rational elliptic surfaces, and in [i9, pQ] to study noncritical strings and N' = 4 super
Yang-Mills theory.

The direct integration of the holomorphic anomaly equations can be performed for a
generic Calabi-Yau manifold, as we will show in the final section of this work. However,
in order to fully exploit the interplay of the holomorphic anomaly with the space-time
symmetry, we will intensively discuss specific examples. To illustrate the general ideas we
first study the local Calabi-Yau manifold associated to the Seiberg-Witten curve. Here
the target-space symmetry group is a subgroup of SI(2,7Z) and the generating modular
functions are well-known.

Applying these methods to a compact Calabi-Yau manifold is far more involved. In
the main part of the paper we will focus on the specific example of the Enriques Calabi-
Yau [R3], arguably the simplest Calabi-Yau compactification with nontrivial topological
string amplitudes [, f§]. This manifold can be obtained as the free quotient (K3 x T?)/Zs,
where Zs acts as the Enriques involution on the K3 fibers. The target space duality group
of the Enriques Calabi-Yau is shown to be the discrete group SI1(2,7Z) x O(10,2,7Z), with
the factors corresponding to the T? base and Enriques fiber, respectively. The generating
modular forms for SI(2,Z) are well-known, therefore we will be particularly concerned with
the contributions from the Enriques fiber and specially their mixing with the T? base.

After integrating the holomorphic anomaly equations the only problem remaining is
to fix the holomorphic ambiguities, i.e. the boundary conditions in the integration of the
equations. These ambiguities are constrained by information coming from boundaries of
the moduli space where the F9) are known explicitly. In the Enriques case one can use
the fiber limit, where all amplitudes can be determined by heterotic-type II duality [[],
and a field theory limit where the manifold degenerates to give rise to SU(2), Ny = 4
Seiberg-Witten theory. By making use of these boundary conditions we determine the
full topological string amplitudes up to genus 6, improving in this way previous results
in ). As a bonus of our analysis, we clarify the modularity properties of the conformal
Ny = 4 theory and its gravitational corrections described in [5J). At present the available
boundary conditions are not enough to completely solve topological string theory on the
Enriques Calabi-Yau, but we provide efficient tools to analyze the amplitudes at all genus
with the method of direct integration.

The organization of this paper is as follows. In section f] we review the derivation of
the holomorphic anomaly equations. Section B gives a first simple example of the method
of direct integration and the fixing of holomorphic ambiguities by application to Seiberg-
Witten theory. Section || reviews what will be our main focus, the Enriques Calabi-Yau.
We introduce modular and automorphic forms which will be relevant later and discuss the
topological amplitudes on the Enriques fiber. Also an all-genus product formula for the
fiber partition function will be introduced. Section [] constitutes the core of this work. We
show explicitly how one can solve for F9) up to genus six and present the general recursive
formalism. Furthermore, boundary conditions and a reduced Enriques model where part of
the moduli space is blown down are investigated. In section | we analyze the field theory
limit corresponding to Ny = 4 SYM and we relate it in detail to the Enriques Calabi-Yau.
In section [] we present a formalism for direct integration on generic Calabi-Yau manifolds.



Section J contains conclusions and an outlook on further directions of investigation. Ap-
pendix [A] reviews some special geometry. Appendix [ collects some useful formulae for
theta functions and modular forms. Appendix (] reviews the heterotic computation of the
amplitudes in [i6, 1] and presents improved formulae for their antiholomorphic depen-
dence. Finally, appendix [D| presents the holomorphic anomaly equations on the so-called
big moduli space.

2. The holomorphic anomaly equations

In this section we will briefly recall some basics about topological string theory to set
the stage for the following sections and to fix our conventions. This will force us to in-
troduce some world-sheet notations and techniques. However, for the rest of this work
we will mostly need only the explicit form of the holomorphic anomaly equations. For a
more detailed introduction to topological string theory the reader might want to consult
references [Bd, b0, £1, {4, B

Type II string theory on Calabi-Yau threefold Y yields a superconformal field theory
with left and right moving (2,2) supersymmetry on the world-sheet. This structure ad-
mits two topological string theories: the A-and the B-model. The key quantity in these
topological theories is their all genus partition function

oo
Z = exp 29397251(9) . (2.1)
g=0

This formal expansion in the string coupling g5 contains the topological string amplitudes
F9 for maps from genus g Riemann surfaces into a target Calabi-Yau manifold. The
topological string amplitudes of the A— and B-model are identified by mirror symmetry,
which maps one theory on Y to its dual on the corresponding mirror Calabi-Yau.

We will now briefly recall the B-model definitions of the free energies F(9). The B-model
describes constant maps from a world-sheet Riemann surface Y, to points in the Calabi-
Yau space Y. Therefore, the B-model definition of the F(9) involves only the integration
over the moduli space Mg of the world-sheet and not over the moduli space of maps. More
precisely, let us denote by (m,m) coordinates on ﬂg and abbreviate the correlators of the
world-sheet CFT by < . >g. The free energies F(9) are then defined by

P =ty = /M

Here we inserted the operators g% = fz G~ ¥ and their complex conjugates to obtain
g

39—3

(11 8°8")¢ ldm A dm] . (2.2)
k=1

g

the correct measure on the moduli space. 3* and /* contain the the world-sheet Beltrami
differentials u* € H 1(T2g) and the world-sheet supersymmetry generators G—,G~. The
contraction of [dm A dm)] with the (8%, %) factor is antisymmetric due to the presence of
G, G~ and yields a top form on the complex 3g — 3 dimensional moduli space Mg. The
fact that one has to integrate only over the moduli space of the world-sheet makes the



B-model far simpler to solve than the A-model. Therefore, it is often easier to use the
B-model and the mirror map to determine A-model quantities.

From the point of view of the four-dimensional effective action, one is interested in
the dependence of the F9 on the complex moduli t/,# in the vector multiplets. These
parametrize marginal deformations, which in the B-model correspond to complex structure
deformation of the Calabi-Yau manifold. Infinitesimally the world-sheet action is perturbed
by the t, ¢ as follows

S=S+t [ 0P+t [ 0P, (2.3)
29 29
where the sums run over i = 1,..., h*(Y,TY) = h®D(Y). Here the marginal two-form
operators are obtained using the descent equations as

0 = (G5,1Gy, 0O} dzdz, 0P = {G{,[GE, 00 hdzdz, (2.4)

where Gar , Gy are the zero modes of the twisted world-sheet supersymmetries G*,G™. In

these equations we denoted by (’)Z(O

) the zero-form cohomological operators, which are in
one-to-one correspondence with the H(Y,TY) cohomology of the target space.

From the point of view of the target space Calabi-Yau the complex fields t*, #* provide
a set of local coordinates on the moduli space of complex structure deformations M. This

space is shown to be a special Kéhler manifold with Kéhler potential

K(t,t) = —logi/ Q(t) A Q1) (2.5)
Y

where (¢) is the holomorphic three-form on Y varying holomorphically with a change of
the complex structure. () is only unique up to rescalings by a holomorphic function and
hence should be viewed as a section of the line bundle £ over the moduli space M. In
appendix [A] we review how the special geometry of M can be entirely encoded by a single
holomorphic section of £2, the prepotential F(O) = F (t). From a world-sheet point of view
one does not obtain F(® directly, but rather finds the three-point function

o —

0= P00, = [ o) rao000). 26)
Y

where 0; are derivatives with respect to t'.

At higher genus a more involved world-sheet analysis can be applied to investigate the
properties of the higher F(9). It turns out that the higher genus topological string ampli-
tudes F(@ are not holomorphic, but rather fulfill specific holomorphic anomaly equations.
These equations are recursive in the genus and determine the anti-holomorphic derivative
of F9) . Therefore, even if the genus zero data are given they determine F) only up to a
holomorphic ambiguity. We will now briefly state the essential features and results of the
work of Bershadsky, Cecotti, Ooguri and Vafa [fi], who have shown that
i.) The F9) transform as section of £2729 with the connection (A-J).

ii.) The topological B-model correlation functions

» (s, O [, 02y = Dy, ...Dl-nF(g) for g>1
in = 2.7
(0) () @ _ ) _ (2.7)

(O (9 fz O, fz Yg = Di, ... D;,C; for g=0

111213

11...0n



can be obtained using the covariant derivatives ([A.3)) and obey

CY, =0 for 29-2+n<0. (2.8)
iii.) The anti-holomorphic derivative 9; = % of the F9),
&F(g) = / (%ug = / amgm)\zg = / )\579, (29)
My My oM,

receives only contributions from the complex codimension one locus in the moduli space
of Riemann surfaces corresponding to world-sheets which are degenerate with lower genus
components. These boundary contributions can be worked out and yield recursive equa-
tions for the F(9). For g > 1 one gets

5. F9) = 1 Ak D;D.F9=Y 4+ N" p.p)p, pla-) 210
9t J J

r=1

and for g = 1 a generalisation of the Quillen anomaly

_ 1 _
8;0;F1) = 505,3} (OR _ (% - 1) Gij . (2.11)
Here we defined o
CLOK _ 2K Gk QI G©) (2.12)
J 7kl

where G = O0;K is the Weil-Petersson metric of the Kihler potential ().

These are the recursive holomorphic anomaly equations, which we want to integrate
directly in this paper. Note that there is no holomorphic anomaly at genus zero. C’i(;)g
has no world-sheet moduli dependence, hence no boundaries, and is therefore holomorphic.
The genus zero data thus have to be provided from the outset. They can be determined
from the period integrals of the manifold Y.

It is further shown in ref. [ that (R.10) can be integrated recursively. With an iterative
procedure of complexity growing exponentially with the genus, one rewrites (2.10) as

OpF@(t, 1) = GI D (AT AL A, O <Y, (2.13)

i1...0n

and integrates it to

FO(1,7) = TO(AY, AL A, <) 4 fo)p) . (2.14)

01...0n

Here I'9) is a functional of some propagators A , Ai, A and the lower genus vertices Cz(lr)ln
with 7 < g. The holomorphic ambiguity f) (t) arises as an integration constant. To
prove that the functional I'9) exists at every genus, [ show that it is the disconnected
Feynman graph expansion of an auxiliary action with the above vertices and propagators,
whose partition function fulfills a master equation equivalent to (B.10) and (R.11). The
propagators can be defined using the genus zero data as follows. Since

n ~0) _ 75 A0
D Chr = D70 (2.15)



one can integrate

_ 1 .
C]E]g) — —56_2KD1D]’ A (2.16)
as 1
Gihi= 188, GuAM-gAI, PP _gAr. @)

Note that the propagators are defined by these equations only up to holomorphic ambigui-
ties arising in the integration steps. Fixing these ambiguities directly affects the definition
of the holomorphic functions £(9)(¢) in (B:14). It turns out that a preferred choice for this
ambiguity is provided by relating the propagators in a canonical way to F(l)(t, t) -

The combinatorics of the Feynman graph expansion are useful to establish some general
properties of the F'9), but its complexity grows exponentially with the genus. However, the
F9) are invariant under space-time modular transformations which are a symmetry of the
full string compactification. As we will discuss later, they generically admit a split into a
universal factor times a modular form. Here the weights of the modular forms grow linearly
with the genus. Since the ring of modular forms is finitely generated, the complexity of
modular invariant expressions grows only polynomially with the genus. The method of
direct integration that we develop in this paper uses this connection with modular forms
such that its complexity also grows only polynomially with the genus. It has the advantage
that the modular properties of the amplitudes are manifest in all steps of the derivation.

3. Solving Seiberg-Witten theory by direct integration

Local Calabi-Yau geometries provide simple and instructive examples for the interplay be-
tween holomorphicity and modular invariance in topological string theory. In this section
we will explain the key features using the simplest example, namely the local Calabi-Yau
corresponding to SU(2) Seiberg-Witten theory with no matter [p4]. In section B.J] we first
recall the geometry of Seiberg-Witten theory. We show that all genus zero data can be
expressed in terms of a finite set of holomorphic modular forms. All higher amplitudes
F(9) are invariant under the modular group. In section B.9 we directly integrate the holo-
morphic anomaly equations, determining all F(9) up to a holomorphic modular ambiguity.
Modularity restricts this ambiguity so much that simple boundary conditions set by the
effective action near special points in the moduli space allow one to reconstruct all F(9). We
review such a convenient set of boundary conditions in section B.3. The general philosophy
presented in this section will be later applied to the more complicated case of compact
Calabi-Yau manifolds.

3.1 The Seiberg-Witten geometry

Seiberg-Witten theory with no matter [F4] can be obtained in the A-model as a limit of
the local Calabi-Yau geometry O(—2,—2) — P! x P! [Bf]. The mirror B-model geometry
of this limit is the Seiberg-Witten elliptic curve £

y? = (:U—u)(x—AQ)(:U+A2), (3.1)



whose modular group is I'(2). This subgroup of SI(2,Z) acts on the period integrals

t:/GA, tD_/A (3.2)

V2 7dx is the Seiberg-Witten meromorphic differential. In the limit described

where A = ¥=— -

above, A is obtalned as a reduction of the holomorphic (3,0) form of the Calabi-Yau

manifold. Rigid special geometry guarantees the existence of a prepotential F(©) = F (t)

with the properties ,
oF 1 0°F
tD:E’ Ty (3.3)
These conditions are obtained as the rigid limit of the special geometry relations presented
in appendix [Al. Note that 7 is precisely the complex structure parameter of the torus
and hence parametrizes the upper half-plane. In particular, Im7 > 0 is guaranteed by the
Riemann inequality consistent with the fact that Imr is the gauge kinetic coupling function

of Seiberg-Witten theory. Moreover, a modular transformation acts on 7 as

at +b
[ .
ct +d

(3.4)

The genus zero data are functions of 7 and transform in a particularly simple way un-
der (B.4). They can be expressed in terms of a finite set of modular generators, which we
will specify in the following.

A modular function f(7) of weight m is defined to transform as f(7) — (er+d)™ f(7)
under (B.4). Focusing on the modular group of the Seiberg-Witten curve, we note that the
ring of modular functions of I'(2) can be expressed as powers of the Jacobi #-functions. Rel-
evant properties of the Jacobian #-functions are summarized in appendix B. We introduce
two generators

= 95 + 9, Ky =95, (3.5)

which are of modular weight two and four respectively. The modular transformation prop-
erties follow from (B.3). Ka, K4 generate the graded ring of holomorphic modular forms
M., (I'(2)) of I'(2), which we will also denote by C[K3, K4]. It turns out to be useful to also
introduce

1
h=K,, B, = Z(K22 +3Ky) . (3.6)

As we will see when we develop the method of direct integration, it is natural to take h,
E4 as the generators of the ring M, (I'(2)).

Let us now express the genus zero data in terms of modular forms. The connection
with the geometry of the Seiberg-Witten curve is given by the following relation

u(r) = K . (3.7)

The combination z(7) = 1/u?(7) is modular invariant and can be viewed as the analog of
the mirror map for this non-compact Calabi-Yau manifold. The analog of the holomorphic
triple coupling is

y or 3K)"

0
2



Note that C? is a form of weight —6 under the modular transformations in I'(2). The
modular group I'(2) also determines the periods ¢,¢p as weight 1 objects!

_ By(7) + Ka(7)

) = 2Bs(7p) — Ka(rp) = 3K,*(rp)
3K, (1)

1/2
3 <2K2 (TD) — QKi/Z (TD)>

, tp(tp) = — , (3.9)

where 7p = —% and Fs is the second Eisenstein series defined in (B.9). It is natural to give
the periods in the above parameters. In the electric phase of Seiberg-Witten theory the

g = e?™7 series converges and t is the physical expansion parameter, while in the magnetic

2mTD geries converges and tp is the physical expansion parameter. Of

phase the ¢p = ¢
course tp(7) and t(7p) can be obtained by performing an S-duality transformation on Eo

and the Jacobi theta functions.

3.2 Direct integration

Having discussed the genus zero geometry, let us now turn to the higher genus free energies
F) and their holomorphic anomaly. Starting with F(!), we note that the holomorphic

anomaly equation (R.11]) specializes to
1
8,0, F V) = §C§°) el (3.10)

where the indices are raised with the Weil-Petersson metric Gy = 2Im7. This equation
integrates immediately to

1
FO = —3 log Im7 — log |®(7)], (3.11)

where O7/0t is evaluated using (B.§). The holomorphic object ®(7) is the ambiguity
at genus one. It is determined from modular constraints and the physical requirement
that F(1) should only be singular at the discriminant of £. Note that under a modular
transformation (B-4) one finds that Im7 + |cr + d|~2Im7. Together with the invariance
of F( this implies that ®(7) must be a modular form of weight 1. The only modular form
of weight 1 which has only poles at the discriminant of £ is the square of the 7 function
given in (B.7). This fixes the ambiguity at genus one as ®(7) = n?(7).

At genus one the non-holomorphic dependence was induced through the appearance
of Im7. As dictated by the holomorphic anomaly equations, all higher F() also depend
on t. We now show that this dependence arises through the propagator At only. At ig
obtained in the local limit of (R.17) and thus obeys

a At = cO" (3.12)

All other propagators vanish in this limit. To integrate this condition, we first multiply
both sides in (B.12) by Ct(to ). The result is easily compared to the holomorphic anomaly

!They can be calculated likewise using the Picard-Fuchs equation.



equation (B-10) of F(1). Changing derivatives by inserting o7 /0t = C’fg) one evaluates with
the help of (B.12)
1 ~

A 0
A" =28, FM) (1, 7) = —Ea(r 7)., oy = (2772‘)*15 (3.13)
The occurrence of the non-holomorphic extension of the second Eisenstein series Ea(T)
~ 3
EQ(T,'T') :EQ(T) — S (3.14)

is forced by modular invariance. Since F(1(7,7) is a modular function of weight zero, its
derivative must be a modular form of weight 2 which is not holomorphic. The only form
with these properties is the almost holomorphic form EQ(T, 7). This form is the canonical,
almost holomorphic extension of the second Eisenstein series Fs, where Fs is the unique
holomorphic quasimodular form of weight 2 transforming as

By(r) — (er+d)2E(r) — gz’c(m' +d) (3.15)

under a modular transformation (B.4). The shift in the transformation of the anholomor-
phic piece in (B.14)) cancels precisely the shift in (B.15). More generally the ring M, of
almost holomorphic forms of T'(2) is generated as C[Ey, h, Al.

Using the propagator and general properties of the Feynman graph expansion one can
extract the fact that the higher genus F9) are weight 0 forms with the structure

39—3
FO(r,7) =% 2N Eb(r,r)e?(r),  g>1, (3.16)
k=0

where we defined C' = C’fg). Modular invariance implies then that the holomorphic forms

c,(gg) (1) are modular of weight 6(g — 1) — 2k in C[h, A]. We will show next that all forms
c,(cg) (1) with £ > 0 are very easily determined by direct integration of the holomorphic
anomaly equation. The form c(()g) (7) is not determined in this way and corresponds to a
holomorphic modular ambiguity.

In order to analyze the holomorphic anomaly equations in the local case, it turns out
to be very useful to discuss some general properties related to modular transformations.
Let us first discuss how derivatives transform under the modular transformation (B.4).
Denoting by fr a modular form of weight k it is elementary to check that its derivative

transforms under (B.4) as

k
o fr — (et +d)"T20 fr + Scler + ) f (3.17)

Similarly, we can evaluate 0;f;, = C 710, fi, where as above C' = C’fg). In order to cancel

the shift in (B.17) we will now introduce covariant derivatives. There are two possible ways
to achieve this.? Firstly, one can cancel the shift against the shift of (Im7)~! and set

thkz(at— hC )fk, fokz(aT— i )fk. (3.18)

4rImT A7ImT

2We thank Don Zagier for explaining us several manipulations involved in the following.

,10,



Here D, is the covariant derivative to the Weil-Petersson metric Gy and D, is the so-
called Mass derivative. D; maps almost holomorphic forms of I'(2) of weight & into almost
holomorphic forms of weight k£ — 1, while D, increases the weight from k to k£ + 2. Note
that both derivatives in (B.1§) are non-holomorphic due to the appearance of Im7. There
is however a second possibility to cancel the shift (8.17) which is manifestly holomorphic.
More precisely, one can cancel the shift against the shift (B.15) of F2(7) and define

A 1 . 1
Dy fy = <<9t - Ek‘CE2>fk, D:fir = <3T - Ek‘E2>fk . (3.19)

In this case 157 is known as the Serre derivative. Both ﬁt and 157 are holomorphic. They
map holomorphic modular forms of weight & to holomorphic modular forms of weight k£ —1
and k + 2 respectively. It is easy to check that the following identity holds

. 1 ~ . 1 ~
Dy fy, :thk+EkCE2 Jrs D, fi ZDTfk+EkE2 fr - (3.20)

These equations also imply that whenever fi is holomorphic all the non-holomorphic de-
pendence of Dy fi and D, fi lies in a term involving the propagator. In other words, once
again all anti-holomorphic dependence arises through the propagator Eg only. The gener-
alizations of the modular derivatives (B.1§) and (B.19) will reappear in later sections of this
work. For the Enriques Calabi-Yau they are given in ([A.3),(.11]) and (§.31)), while in the
general discussion of compact Calabi-Yau manifolds they appear in ([-4),([7-1§) and (7.49).

Here we will us the covariant derivatives (B.1§) and (B.19) to rewrite the holomor-
phic anomaly equations (R.10). Firstly, we will apply modularity and the fact that

all non-holomorphic dependence arises through the propagator E’Q(T, 7) to convert anti-
holomorphic derivatives into derivatives with respect to Ej. Using (B.20) we will be able
to carefully keep track of the Eg dependence in the holomorphic anomaly equations. Even-
tually, a solution will be simply obtained by direct integration of a polynomial in Eg.

To begin with, note that the holomorphic anomaly equations specialize in the local
limit to

-1

1 0 3 _

o) — Lo ( DOFO D + 3 9,0, r>> . (3.21)
r=1

Using the fact that all non-holomorphic dependence arises only through the propagator

Es(7,7), this equation can be rewritten as

OF9) 1 (
0E, 48

g—1
D FOY + 3 atpvmtpw—r)) . (3.22)

r=1

Here we used (B.1J) to substitute Cg(o)tt with the derivative 3;@2, which then cancels with
the same factor arising on the left-hand side of this equation. Let us now manipulate the
right-hand side of (B2) and split off the derivative of F(!) in the second term

op@ | ® (DtatF(l) - (atF(l))2> 9=2
—_— = 1 g—2 (323)
2% 5 ((Dt +20, Mo, FO~Y % 8tF(r)8tF(9_7")> g>2,

r=2
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where the sum now runs from r = 2 to r = g—2. One then notes that 8, F(!) can be replaced
by —2—140E2 by using (B.13)). Furthermore, we replace the non-holomorphic derivative Dy
with its holomorphic counterpart D, via (B:20). Altogether, one evaluates

OF(?) 1 PO P
— = Dy(CEy) — =(CE,y)? 24
e =~ (DO — §(CE) (3.24)
for genus two and for g > 2
OF9 _ 1 Dy — =CE, |o,Fl9~1) gzaﬂaF(g ") 3.25
8—532 48<<t__ 2>t +§t t ) (3.25)

We are now in the position to make the dependence on E’Q explicit. This can be done
by rewriting the right-hand side of (B.25) using () We also define d; and d; as covariant
derivatives Dy, D. not acting on the propagators E2, such that e.g. d, (Ek (T)) = Eé“ ]_A?Tc,(:).
Applying the chain rule we find

A NN A 1 ~
atF(r) = |:dt + (DtEg)aEQ] F(r) =C |:d7— - E(E4 + E22)8E2 F(r) ) (3'26)

where (8.14)), (B-19) and (B.13) are applied to evaluate the derivative of Eo. The Eisenstein
series F, arises naturally in rewriting the derivatives. We will therefore work with the ring
C[E», h, E4] introduced in (B.6).

Similarly, we rewrite the second derivative

. 1 . ~ ~
Dt&gF(g—l) = ECQ <122d2 + 62hd7— + 2E4(E28E2 + E%@%Q)
—(3h+12d,) E305, + 2E305, + E30%, (3.27)

+(—=9E4h + 2h3 — 12E4d7-)8ﬁ2 + Ezaj%Q)F(g—l) 7

where we have used that the derivative of C is given by D,C = %h C. This is how the
holomorphic modular form h defined in (B.6) arises in the direct integration.

We can now actually perform the direct integration. This is done by inserting the
expressions (B:26) and (B:27) for 8;F") and D;8;F9~Y into the holomorphic anomaly
equation (B:25). Replacing all F(") for 1 < r < g with their propagator expansion (B.16), it
is then straightforward to keep track of the number of propagators Eg in each term of the
right-hand side of (B.2§). Finally, F @) is determined up to a Eg—independen‘c ambiguity
by integrating the resulting polynomial in E’g. Without much effort this procedure can be
repeated iteratively up to the desired genus.

Note that the equation (8.24) for F(?) is particularly simple to integrate. Using (B.19)
and (B-1J) one evaluates

Dy(CE) — %(c@)? - %c?( _5E2 4+ 6Bh — 2E4> . (3.28)
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Inserted into (B.2H) it is straightforward to integrate this quadratic polynomial in E, to
derive F®) as

FO(r,7) = 5 .1243 C? <§ E3 —3hE3 42 E4E2> + %, (3.29)
where 082) (h, E4) is the holomorphic ambiguity which can be fixed by additional boundary
conditions as we discuss in the next section. For genus up to 7 the expressions for F'9) were
calculated in [BJ] using the Feynman graph expansion. The direct integration using (B.23)
provides a far more effective method to solve Seiberg-Witten theory and confirms the results
of [B3]. Furthermore, the modular properties of the expressions are manifest at each step.
As we will discuss in the later sections, similar constructions will provide us with a powerful
tool to determine the set of candidate modular generators for more complicated Calabi-
Yau manifolds. In particular, holomorphic modular forms are needed to parametrize the
holomorphic ambiguity. In case we know the ring of holomorphic modular forms, fixing
the ambiguity reduces to a determination of a finite set of numerical factors at each genus.
For Seiberg-Witten theory this can be done systematically, as we will discuss in the next
section.

3.3 Boundary conditions

ég ) we have to understand the boundary behavior of the F(9). As

To systematically fix the ¢
it is well known, there are three distinguished regions in the moduli space of pure SU(2)
N =2 SYM which correspond to the geometrical singularities of £. We will parametrize
the moduli space by the vacuum expectation value u = (Tr®2) of the scalar ® in the
N = 2 vector multiplet. The first region occurs at u ~ %tQ — 00, and it corresponds
physically to the semiclassical regime. The monopole region occurs near u — A%, where
a magnetic monopole of charge (e,m) = (0,1) becomes massless and the electric SU(2)
theory with gauge coupling Imr is strongly coupled. At the point u — —A? a dyon of charge
(e,m) = (—1,1) becomes massless. However, this point is identified with the monopole
point by a Zs exact quantum symmetry. For this reason there are no independent boundary
conditions at u — —A? and we focus on uv — A? and v ~ oco. In both cases the elliptic
curve acquires a node, i.e. a local singularity of the form ¢ +n? = (u =4 A?), where a cycle
of S! topology shrinks. In string theory, a point in the moduli space where a node in the
target geometry develops is called a conifold point.

The natural physical parameter in the magnetic monopole region u — A2 is tp.
We get first a convergent expansion for the F9) in the variable gp = exp(2mitp) for
™ = —% — 400, which corresponds to tp — 0. This is obtained by an S- transformation
of the modular expressions for the F'9) (7, 7) such as (8.29), which converge in the semiclas-
sical region. The holomorphic magnetic expansions .7-"1()9) (Tp) can be obtained by formally
taking the limit 7p — oo, while keeping 7p fixed. Finally we obtain the expansion in tp
by inverting (B.9). In these magnetic expansions, a gap structure was observed near the
monopole (or conifold) point [BF. One finds that the leading behavior of ]:l()g) (Tp) is of the
form

FY =

Bayy (97 72
+ k7tp + O(tp) , 3.30
29(29 _ 2)?1)9_2 1 “D ( D) ( )
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where the B,, are the Bernoulli numbers and we used a rescaled variable tp = i%D. The
knowledge of the leading coefficients and the absence of the remaining 2g — 3 sub-leading

negative powers in the {p expansion imposes 2g — 2 conditions. Since dimMe,_3(I'(2)) =

T 2243
It is very easy to integrate (B.2]) using (B-26), (B-27) and the gap condition, which fixes
the ambiguity to arbitrary genus. This solves the theory completely. One finds moreover

[39—;1] this overdetermines the cég), e.g. for ¢ = 2 we find c(()Q) = L %E4 h + %h?’ .

a pattern in the first subleading term in the magnetic expansion

2g — 3)!1)3

po = ;279_)2) _ (3.31)
The gap can be explained by using the embedding of Seiberg-Witten theory into type
ITA string theory compactified on a suitable Calabi-Yau manifold. The most generic sin-
gularity of a d complex dimensional manifold is a node where an S% shrinks. The codi-
mension one locus in the moduli space where this happens is called the conifold. It was
argued in [@, that at the conifold a RR-hypermultiplet becomes massless. This hy-
permultiplet is charged and couples to the U(1) vector multiplets. Its one loop effect on
the kinetic terms of the vector multiplets in the effective action is captured by the local
expansion of F(©) [b6). A gravitational one-loop effect yields the moduli dependence of the
R%r term in the effective action and is given by local expansion F'(1) BY). Using further
one-loop arguments it was shown that the F9), which capture the moduli dependence of
the coupling of the self-dual part of the curvature to the self-dual part of the graviphoton

R%r Fig 72, have the following gap structure

@ _ (=1)9"'By
conifold 2g—2
29(29 — 2)t5

+0(t%), (3.32)

where tp is a suitable coordinate transverse to the conifold divisor [B4]. The Seiberg-
Witten gauge theory embedded in type ITA string theory inherits this structure, and the
massless hypermultiplet at the conifold is identified as a monopole becoming massless at
the monopole point. In this way, (B.33) explains the field theory result (B.30) and extends
it to the full supergravity action.

Once the Seiberg-Witten amplitudes F'9) have been determined in terms of modular
functions, these can be expanded around every point in the moduli space. For example, in
the semiclassical regime 7 — ioo, u — oo one finds the holomorphic amplitudes

(9)
Flo) (—=1)9By, Ly 46

g2y —2)2)9 2 et

+ O(t%110) (3.33)

The higher order terms in this expansion correspond to gauge theory instantons and have
been computed in [5J].

4. A first look at the Enriques Calabi-Yau

In this section we review some basic properties of topological string theory on the Enriques
Calabi-Yau. We begin by reviewing the N = 2 special geometry of the classical moduli
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space of Kihler and complex structure deformations in section [£.1. The first world-sheet
instanton corrections arise from genus one Riemann surfaces as shown in refs. 23, R9, (1.
The holomorphic higher genus free energies, restricted to the K3 fiber, can be also derived
by using heterotic-type II duality [i]]. We briefly summarize these results in section [.2.
In understanding and deriving the expression for the full F(9) an important hint is given
by their transformation properties under the symmetry group of the full topological string
theory on the Enriques Calabi-Yau. More precisely, generalizing the results of the previous
section, one expects that all F(9) are built out of functions transforming in a particularly
simple way under the group S1(2,Z) x 0O(10,2,7Z). In section .4 we review some essentials
about these modular and automorphic functions and forms.

4.1 Special geometry of the classical moduli space

The Enriques Calabi-Yau can be viewed as the first non-trivial generalization of the product
space T? x K3. It is defined as the orbifold (T? x K3)/Zo, where Zs acts as a free invo-
lution [2J]. This involution inverts the coordinates of the torus and acts as the Enriques
involution on the K3 surface. The cohomology lattice of T? x K3 takes the form [{]

o2 =r*?g M e Es(-)h o[ @ Es(-): e Ty ey, (4.1)

where the inner products on the sublattices Eg(—1) and I'"! are given by

() = ~C. () = (‘f ;) . (42)

with o, = 1,...,8 and 4,57 = 1,2. Here Cp, is the Cartan matrix of the exceptional
group Fs. The lattice (f£I]) splits into HY(T?) @ Hy(T?) = I'*? and H*(K3) = I'*%.
Under heterotic-type II duality it can be identified with the Narain lattice of the heterotic
compactification on TS. The Zsy involution on the Enriques Calabi-Yau acts on the five

terms of the lattice ([£1) as [R]?

P1, P2, 3, P4, Ps) — €™OP3| — p1, p3, pa, —Pa, Ps) (4.3)

where p; is an element of the i-th term in (f.1) and we denoted § = (1, —1) € T's"*.

The Enriques Calabi-Yau has holonomy group SU(2) x Zy. This implies that type
IT string theory compactified on the Enriques Calabi-Yau will lead to a four-dimensional
theory with A/ = 2 supersymmetry. Nevertheless, due to the fact that it does not have the
full SU(3) holonomy of generic Calabi-Yau threefolds, various special properties related to
N = 4 compactification on T? x K3 are inherited.

As an example of the close relation of the Enriques Calabi-Yau to its N' = 4 counterpart
T2 x K3 one notes that the moduli space of Kéhler and complex structure deformations are
simply cosets. The complex dimensions of these moduli spaces are given by the dimensions
(LD and A2 of the cohomologies HY and H21Y . They can be determined constructing
a basis of H®%) of forms of K3 and T? invariant under the free involution. One obtains [23]

A2 = pD =11, (4.4)

3The effect of the phase factor on the type II side was interpreted as turning on a Wilson line @]
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while H9 HG3) ag well as H®9 are one-dimensional. Moreover, one can show that the
Enriques Calabi-Yau is self-mirror and that both the K&hler and complex structure moduli
spaces are given by the coset

 SI2,R)
M = 5557 % M, (4.5)

where

O(s+2,2)
O(s+2) x 0O(2)°
The actual moduli space is obtained after dividing M by the discrete groups SI(2,7Z) x

N = (4.6)

0(10,2;7Z). M is a simple example of a special Kéhler manifold. We will discuss its
properties in the following.

It is a well-known fact that the geometric moduli space of a Calabi-Yau manifold
consists of two special Kéhler manifolds corresponding to Kéhler and complex structure
deformations. A summary of some of the basic definitions and identities of special geometry
can be found in appendix [f]. Essentially all information is encoded in one holomorphic
function, the prepotential F. Let us for concreteness consider the moduli space of Kahler
structure deformations of the Enriques Calabi-Yau which is of the form ([£.5). Denoting by
& the harmonic (1,1)-form in the T?-base and by w, the (1,1) forms in the Enriques fiber,
we obtain complex coordinates S,t% by expanding the combination

J+iBy= Sw+t'w,, a=1,...,10, (4.7)

where J is the Kéhler form on the Enriques Calabi-Yau and By is the NS-NS two-form.
Note that in our conventions Re S > 0 and Ret® > 0 such that the world-sheet instantons

o * in the large radius expansion. We note that

arise as series in gg = €™~ and qu = e~
these complexified Kahler parameters t* can be regarded as a parametrization of the coset
Ng. The parametrization we are using here is the one suitable for the conventional large
radius limit and corresponds to what was called in [[]] the geometric reduction. In terms

of (7)), the prepotential takes the form
F= —%Cabtatbs . (4.8)

For the Enriques Calabi-Yau the cubic expression for the genus zero free energy F(O) = F
is exact and world-sheet instanton corrections will only arise at higher genus. This is
precisely the reason for the simple form ([L.F) of the moduli space. The symmetric matrix
Cy in (f£§) encodes the intersections in the Enriques fiber £ such that

Cw = / Wg N\ wy - (4.9)
E

The inverse matrix C* = C~1% can be calculated explicitly and coincide in an appropriate
basis with the intersection matrix of the Zs invariant lattice of the second and the third

factor in ([L.T), i.e.

Ty =T & Ey(—1), (C®) = <(1) (1)) % (=Cgy). (4.10)
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Here CFgq is the Cartan matrix of the exeptional group Eg. The lattice I'r is identified
with the second cohomology group of the Enriques surface.

The prepotential for the Enriques Calabi-Yau encodes the classical geometry of the
moduli space ([.5). The Kéhler potential is derived using equation ([A.§) to be of the form

_ 1 _
K =—log [Y(S + S)] , Y = 3 b+ + 1) . (4.11)
Note that K as given in ([A.§) contains a term — log | X°|?, with X being the fundamental
period. Such a term can be removed by a Kihler transformation K — K — f — f, where f
is a holomorphic function, such that our expression ([L.1]) corresponds to a certain Kahler
gauge. In general, all objects we will consider below are sections of a line bundle £ which

K i a section of

parametrizes such holomorphic rescalings V' — e/V. As an example e~
L ® L. Such Kihler transformations do not change the Kihler metric which is obtained
by evaluating the holomorphic and anti-holomorphic derivative of K. The Kéahler metric

splits into two pieces

1 _ Cab + Cac(t + E)ccbd(t + E)C

Css=Grop  CwT Ty y?

(4.12)

with all other components vanishing. The Christoffel symbols for this metric are easily
evaluated to be

'Y =2Kg, o = KO8, (4.13)
where K¢ and K, are the first derivatives of the Ké&hler potential ) and we have
defined

fqu = <5ZCad +62Cea — 5ZCac> . (4.14)
It is also easy to derive the holomorphic Yukawa couplings % defined in (A12). In

ik
coordinates S,t* one uses the prepotential ({.§) to show

O = Cup . (4.15)

In general C' g;)b is a section of £L2@Sym?3(T*M). In the case of the Enriques Calabi-Yau
it is constant in the Kéhler gauge and coordinates chosen above, and covariantly constant
in a general gauge. The covariant derivative, acting on a section of L™ ® L", is ([A.3))

Da = aa + mKa, D@ = 8@ + TLK@, (416)

and includes the Christoffel symbols when acting on tensors. Applied to Cgl)b one shows

DCC(EI?,)S’ = _Fgacdb - ngcad + 2acKCab = 0, (417)

which vanishes by means of the equation (f.13) for the Christoffel symbols. A similar
equation holds for the covariant derivative DSC(E%, showing that C’é% is indeed covariantly
constant. Once again, this special property of the Yukawa couplings is immediately traced

back to the fact that the prepotential F receives no instanton corrections.
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The space M has two different types of singular loci in complex codimension one on
the moduli space 23, [} which lead to conformal field theories in four dimensions. The first
degeneration comes from the shrinking of a smooth rational curve e € I'y with ? = —2.
The shrinking P! leads to an SU(2) gauge symmetry enhancement together with a massless
hypermultiplet, also in the adjoint representation of the gauge group. We then obtain for
this point the massless spectrum of N = 4 supersymmetric gauge theory. In terms of the
complexified Kahler parameters introduced in ([[.7) this singular locus occurs along

th =12, (4.18)

In order to understand the second singular locus, we first point out that the coset Ng can be
parametrized in many different ways. In [[f] it was noticed that there is a parametrization
of this coset in terms of some coordinates t%, a = 1,--- ,10 which are related to what was
called there the BHM reduction. By using the formulae in [[I]] it is easy to see that the
coordinates t* and t%, are related by the following simple projective transformation,

1_ 41 1 Q=i 2
t :tD_FZ(tD)7
D =3

2
2 = 2% (4.19)
t
D
A t
t'=—mi-2, i=3,.-,10.
tD

The second singular locus occurs when
th =13, (4.20)

On this locus one gets as well an SU(2) gauge symmetry enhancement. In addition one gets
four hypermultiplets in the fundamental representation of SU(2), and the resulting gauge
theory is N = 2, SU(2) Yang-Mills theory with four massless hypermultiplets. In figure []
we represent schematically the two singular loci in moduli space, related by the projective
transformation ([£19). In sections | and [f of this paper we will explore in some detail the
field theory limit of the topological string amplitudes and we will verify this picture of the
moduli space.

4.2 Genus one and the free energies on the Enriques fiber

So far we have discussed the classical moduli space of the Enriques Calabi-Yau Y. We
introduced the prepotential F which is cubic in the Kéhler structure deformations and
receives no worldsheet instanton corrections. One expects that such a simple structure will
no longer persist at higher genus. This is already true at genus one as was shown in [29, [1].
Heterotic-type II duality can also be used to determine all higher genus free energies on
the K3 fibers of the Enriques Calabi-Yau [{l]. In this section we will summarize some
results of [[f]] and present a closed expression for the fiber free energies also including the
anti-holomorphic dependence.
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N = 4 enhancement Ny = 4 enhancement

# =2 th =1}

Ns

Figure 1: The singular loci in the moduli space Ng, leading to two different gauge theories in the
field theory limit.

Let us begin with a brief discussion of the free energies for the Enriques fiber. The
fiber limit of the topological string amplitudes corresponds to blowing up the volume of

the base space by taking
S — oo, gs=e® = 0. (4.21)

In what follows we will need to distinguish the full topological string amplitudes F(9) from
their fiber limits as well as from their holomorphic limits. We will denote,

FO (1) = Jim FO(t,8) (4.22)
and
FOt) = lim FO (1), (4.23)
t—o00

The fiber limit Fég) (t,t) can be calculated using heterotic-type II duality [, [t6, f]. In the
heterotic string they are given by a one-loop computation of the form

FO(t,8) = / dr OL(r, vt fo(r,7) /Y9! (4.24)

where Y is defined in ([11)), and ©%.(7,v") is a theta function with an insertion of 2¢g — 2
powers of the right-moving heterotic momentum. We will not need the precise definitions
of ©f. and f, here. However, it is important to note that these amplitudes can be evalu-

ated in closed form by using standard techniques for one-loop integrals. The holomorphic

limit (f.23) was determined in [[t]] and it is given by

FOM) = cy(r?) [23—2%1329(6—”) — Liz_gg(e 2], (4.25)
r>0

where Li, is the polylogarithm of index n defined as

o0 xd
Lin(z) =) - (4.26)
d=1

,19,



In formula (f:25) we have also set 72 = C%®r,ry, and r - t = r,t*. We will sometimes write
r=(n,m,q). (4.27)

The restriction » > 0 means n > 0, or n = 0,m > 0, or n = m = 0, ¢ > 0. Finally, we
need to define the coefficients ¢4(n). They can be identified as the expansion coefficients
of a particular quasi-modular form

> egln)g" = —277712 ) (4.28)

with Py(q) given by ,
213\ _ > 9

g=0
The definition of n(7) and the theta-function 9;(\|7) can be found in appendix . From
the definition (4.29) and the identities summarized in appendix [B one also infers that the
P, are quasimodular forms of weight 2¢g and can be written as polynomials in the Eisenstein
series Fo, Ey4, Eg. We have for example

Pula) = ~Eag).  Pale) SE2+ Fy) . (4.30)

12 - 1440(

In general, as we will see in section [, it is very hard to include the T?-base in order to
obtain the expressions F9) for the full Enriques Calabi-Yau. It turns out that only F®)
factorizes nicely, namely we can write the A-model free energy F() as [R9, [

FOS,1) = R+ FL (4.31)

base

where féze and .7-"1(51) are the contributions from the T? base and the K3 fiber. fé?se is the
torus free energy given by [f]
Fome = —121ogn(8), (4.32)
where 7(S) is defined in (B.7), while
1
.7-"1(51) =—3 log ®(t), (4.33)

where ®(t) is the infinite product
1— e—r-t 261(7"2)
r>0

This infinite product first appeared in the work of Borcherds [[[(]. As we will discuss in
more detail later on, ®(¢) is the key example of a holomorphic automorphic form for the
Enriques Calabi-Yau. It is also convenient to introduce,

®(S,t) = n*1(S)®(t), (4.35)
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so that we can write

FO(S, 1) = —% log ®(S, 1). (4.36)

We presented above formulae for the holomorphic limit of F' ég ) (t,t), but heterotic-type
IT duality can be used as well to obtain the antiholomorphic dependence on ¢t. At genus

one, one finds [Rg, i§]
F(1,1) = —2log Y — log

@(t)‘. (4.37)
The antiholomorphic dependence on S is the usual one for the torus [fi] and one has

F(S,8,t,0) = FV (1) - 610g<(S + 5)|n2(5)|2>. (4.38)
Equivalently, we can write

FU(S,5,¢,1) = —2log [(s + 5)31/} —log

d(S,1) ‘ (4.39)

As a consistency check one shows that this anti-holomorphic dependence can also be in-
ferred from the holomorphic anomaly equation (R.11) for F @,

The antiholomorphic dependence in the heterotic calculation at higher genus is much
more complicated, but was written down for the STU model in [i§]. As we show in
appendix [, this computation can be considerably simplified and adapted to the Enriques
case. We find that the non-holomorphic free energy F ég ) (t,t) can be cast into the form

—1 l,Zm—iri’l,—l . . y
F(g)(tt‘)_gz:( = 29— 31\ (t+DY ... (t+D)u-00,, ...00 FI )
B =0 C=0 C (l — C)!Ql Y!

_ 4.40
27— VT (440
where ]:g) (t) is the holomorphic fiber expression given in ([.25). It is easy to check that
the F J(Eg ) (t,t) fulfill the holomorphic anomaly equation on the fiber.
So far we have discussed the heterotic results for the fiber limit by using the Kahler
parameters ([l.7) appropriate for the large radius limit. As shown in [i1], one can also

compute them in the coordinates t%, introduced in (4.19). This was called the BHM
reduction in [[]], and leads to the holomorphic couplings,

FO(tp) =Y dy(r?/2)(—1)" " Liz_gg(e™"P) (4.41)

r>0

where the coefficients dg4(n) are defined by

2+g 4y _ 92—g
ng(n)qn: & Pg(371)2(23) Pg(q)’ (4.42)
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and in (fL.41)) we regard r as a vector in ' @ Eg(—2). Note that in comparison to (f.10) we
now need to include the lattice Fg(—2) with inner product given by —2 times the Cartan

matrix of Eg, such that 2 = 2nm — 2¢ 2. One has, in particular,
Wy 1
T (tp) = —5log 25(tp), (4.43)

where

(~D)m+mep(r?/2)
op(tp) =[] <1 - e—”D> (4.44)

r>0

with coefficients

> ep(n)g" = ———. (4.45)

n

This is the modular form introduced by Borcherds in [d], and the above expression for Fy

agrees with that found by Harvey and Moore in [29] (up to a factor of 1/2 due to different
choice of normalizations).

4.3 An all-genus product formula on the fiber

As we have already mentioned, the infinite product (.34) was first considered by Borcherds
in [[]]. Borcherds also noticed that ([l.34) is the denominator formula for a generalized
Kac-Moody (or Borcherds) superalgebra (see [, B§] for a review of Borcherds algebras).
The root lattice of this superalgebra is I'''' @ Eg(—1) (i.e. the cohomology lattice of the
Enriques surface), and the simple roots are the positive, norm 0 vectors. Each simple
root appears also as a superroot, both with multiplicity 8, and this is why the product
of (.34) has a “supersymmetric” structure: the numerator is a trace over fermionic degrees
of freedom, while the denominator traces over bosonic degrees of freedom. Both have the
same multiplicity 2¢; (r?). In addition, the fact that ¢;(—1) = 0 is equivalent to the absence
of tachyons in the spectrum.

We will now write down a formula for the total partition function of topological string
theory, restricted to the fiber, and we will show that it preserves the structure found by
Borcherds for (4.34). As a first step, we define a generating functional £(q,gs) closely
related to (4.29),

o0 (1—q")?
B . 4.46
g((bgs) 7:7,1_[1 1 — 2g"™ cos g5 + q2n ( )

We have the identity
oo g -2
Y Pyla)gst ™ = (2 sin f) £2(4, 95); (4.47)
g=0

Let us now define the Enriques degeneracies Qg(r, /) as

2 1

_ q;i)Q 7712(27')

> 8Qu(r, g ¢} = (€%(q, 95/2) — €(—4.95/2)), (4.48)

rd (q

RN
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where

The r.h.s. of (f.4§) only

qs = 9 (4.49)

involves integer powers of q;tl. We can collect the Enriques

degeneracies in the generating polynomials

which are of degree n in z. We have for the first few:

Q(z)= > Qp(r ), (4.50)
r2=2n0>0
242z,
0+ 24z + 322,
(4.51)

538 + 1040z + 27022 + 4823 + 52*,

1

1

9

520 + 180z + 3622 + 423,

2

10944 + 5070z + 156022 + 3602> + 602* + 625.

Notice that the constant terms of §2,(z) are closely related to the Euler characteristics of
the Hilbert schemes of the Enriques surface, but there are “deviations” which become more
and more important as the degree increases. Finally, notice that

S Qe(r, 007 ¢ = Qulas) + Ll ) — 2(0). (4.52)
¢
We now define
Fp=Y_ g 2Fdt),  Zp=c 2w (4.53)

g=1

Notice that, as gs — 0, Zg is precisely the Borcherds product ®(¢). It is now an easy

exercise to evaluate it for finite g5 from (}1.25), and we find

< > 80 g (r,f)

As in the g = 1 case, (f.54) has a supersymmetric structure, with the same degeneracies for

1— g™

1+ qle™?

ZE(gS’t) = H

rl

(4.54)

fermionic and bosonic states. This formula in fact suggests the existence of a superalgebra
structure for the all-genus result as well. By including gs; we have extended the lattice to

M'le Eg(—1) =T @ By(-1) 9 Z (4.55)

which is reminiscent of the growth of an eleven-dimensional direction associated to the
string coupling constant. The fact that the all-genus heterotic results seem to lead to an
extra direction in the heterotic lattice has been pointed out in [[7, B§]. It would be very
interesting to see if there is indeed a superalgebra associated to the all-genus result ({.54).
If this was the case, the quantities 8Qg(r, £) would correspond to root multiplicities.
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Finally, we mention that according to the conjecture in [{7] and the results
of [i]], (£.54) is essentially the generating functional of an infinite family of Donaldson-
Thomas invariants on the Enriques surface (written already in the right variables). Such
product formulas for Z exist generically if the latter is expressed in terms of of Gopakumar-
Vafa invariants [i(J]. Our comments above indicate that the Donaldson-Thomas theory on
this manifold has a highly nontrivial algebraic structure (see section 3.2.6 in [[i§] for a
related observation).

4.4 Automorphic forms

The free energies F ég ) (t,t) on the fiber turn out to be automorphic forms on the coset space
Ns. Here we will study in some detail automorphic forms on the space M. We will say
that a function on the moduli space N is automorphic if it has well-defined transformation
properties under the discrete subgroup O(s + 2,2;7Z).

The transformation properties are easier to understand if we consider explicit gen-
erators of the symmetry group. We consider the explicit parametrization of the coset
space ([..§) induced by a reduction

[s+22 — pst+ll g pLl (4.56)

and let t € C*TL! be the vector of complex coordinates parametrizing the coset. Our
conventions are such that ¢ has positive real part. For an element t* € C5t11 we define the
inner product

1
2 = 5 wtotl, (4.57)

where Cp is the intersection matrix.
The generators of the symmetry group are taken to be [R§]:

o ti—t+2mi\ A e Isthl,
o t—w(t), we O(s+1,1;Z).
e The automorphic analog of an S-duality transformation

R (4.58)
e :

We say that a function W(t) is an automorphic function of weight k if it is invariant
under the first two transformations above, and if under ({.5§), it behaves as follows:

() = 22U (t). (4.59)
We can also have automorphic forms of weight (k, k) which transform as
Uy 1 (8) = 25 R0, 4 (8). (4.60)

Although we have not indicated it explicitly, these functions might have a non-holomorphic

dependence on t. Automorphic forms are in general non-holomorphic. Some automorphic
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forms are meromorphic (they have poles at divisors). If they do not have poles, they are
called holomorphic.
Notice that (f.58) transforms the metric Y = (¢ + £)? on the “upper half plane” as
follows:
Y — t7 2%, (4.61)

Following the definition (fl.60) this identifies Y as an automorphic form of weight (-1, —1).
Recalling the form of the Kéhler potential for the classical moduli space (f11)) this is
nothing but a Kéhler transformation [[J]

K — K +logt?+1logt® . (4.62)

in special coordinates where X° = 1. Note that, if we keep X°, this shift can be absorbed
by the transformation of X
X0 s £2X0 (4.63)

This can be traced back to the fact that K as given in (A.§) is a scalar under the full
symplectic group.

In order to understand how the automorphic properties mix with taking derivatives,
it is useful to derive the Jacobian J? of the change of coordinates (f.5§). We immediately
find,

1 ot
= (J )= t—4< 4t t“Cbete> , 5= JE = 0%2 —t9Chet® . (4.64)

Notice that J° obeys the following useful identities
Jo =gy Cop =t 4CqJC T, c®gegd =ttt (4.65)

a’

Let us now assume that ¥ is an automorphic form of weight (k,0). We want to determine
the transformation behavior of D,V and D,DpV¥ under the dualities () D, are here
the derivatives covariant both with respect to Christoffel connection and the canonical
connection on the vacuum bundle £, as introduced in section 1. Therefore,

D,V = (0, — kK,)V . (4.66)
Notice that, since K transforms as given in ([.63), its first derivative K, shifts as
K, — Jb (Kb + t20b0t0> . (4.67)
Combining this with the transformation of the automorphic form W itself we conclude
D, — t**J°D,w . (4.68)
Similarly, we show that the second derivative of W transforms as

DyD,¥ +— t**J5J¢Dy,D.V (4.69)
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where we have used that the Christoffel symbols in the second connection transform as

JE0gJC — T Je =T8¢ Je . (4.70)

ba“a ba‘a

Hence, we have shown that the covariant derivatives D, of ¥ transform with a factor ¢
but are also rotated by the Jacobian J;' containing another factor of t2. Note however, that

we can easily obtain automorphic forms containing the derivatives D,¥. More precisely, if
¥ and ¥’ are automorphic forms of weight (k,0) and (k’,0) we find by using (f.65) that

C®D,Dy¥ , C®D, VD, (4.71)

are automorphic forms of weight k + 2 and k& + &’ + 2 respectively. Such automorphic
combinations arise in the derivation of all F(g)(S7 S,t,t), g > 1. More precisely, we will
argue in the next sections that as function of ¢,t, F’ (g)(S, S, t,t) itself is an automorphic
form of weight (29 — 2,0) such that

FO — t4974p0)  for g>1. (4.72)

An important example of an automorphic form is the heterotic integral ([.24). It is easy to
show from the properties of the Narain-Siegel theta function that it has weight (29 — 2,0).
Since this integral gives the fiber limit F’ ég ), we obtain a check of the general property ({.739)
from heterotic/type II duality. Note that it is straightforward to define amplitudes F ©)
invariant under automorphic transformations by

(X229 pl9) (4.73)

The invariance of this combination is readily checked by using (f63) and (.72). The
expressions ([1.7d) are shown to be invariant under the full target space symmetry group
S1(2,Z) x O(10,2). They are the direct analogs of the invariant free energies encountered
in the Seiberg-Witten example in section J.

A particularly important and simple example occurs at g = 1. Since Fg) is invariant,

one deduces from (f.37) and ([.61) that ®(t) is an automorphic form of weight (4,0) i.e.

d(t) =15 d(1), " = ’;—Z . (4.74)

One can also show that ®(¢) is holomorphic. This is proved in [[L(], and it is in fact a
consequence of the regularity of F ég ) (t) at the singular locus ([.1§), which will be discussed
in more detail in section f.4. In addition, ®(¢) is what is called a singular automorphic
form (see [§], section 3, for a definition). Singular automorphic forms are known to satisfy
a wave equation
82

oteotd
Equivalently, they have Fourier expansions involving only vectors of zero norm. It follows
that fg)(t) satisfies

Cab

o(t) = 0. (4.75)

Cco,0,F)) =200, 7 9,7 . (4.76)

This is equivalent to the recursive relation found in [§] for genus one invariants on the fiber,
and proves that the expression for fg)(t) obtained in [[]] agrees with the Gromov-Witten
calculation of [Ag].
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5. Direct integration on the Enriques Calabi-Yau

In this section we illustrate the power of the method of direct integration by studying the
topological string amplitudes F'9) on the Enriques Calabi-Yau. Our approach will follow
and generalize the strategy developed for the Seiberg-Witten example in section . To begin
with, we perform a direct integration along the T?—base in section p.J. Using the fiber
results obtained in the previous section as additional input, the first six free energies F'9)
can be determined in a closed form. We then present a more general formalism combining
direct integration in base and fiber directions. In section p.3, we introduce the relevant
holomorphic and non-holomorphic O(10,2,Z) forms. A closed recursive expression for F)
will be derived in section f.J. It determines the F(@) up to a holomorphic ambiguity and we
will briefly discuss possible boundary conditions in section .4. Finally, in section p.§ we
consider a reduced Enriques model with three parameters only, which was already studied
in [fl)]. This model has the advantage that the mirror map can be determined explicitly.
We also study in more detail the boundary conditions (such as the gap condition), which
lead to valuable conclusions also applying to the full model.

5.1 A simple direct integration and F9) to genus six

Let us now perform the direct integration along the T? base and derive the first few
amplitudes F9). In order to do that we carefully keep track of their dependence of on
the base direction S,S. As in the case of Seiberg-Witten theory studied in section 3,
it is easy to see from the structure of the holomorphic anomaly equations that the only
antiholomorphic dependence of F9) on S appears through EQ(S, S). By taking derivatives
with respect to S we will also generate in the holomorphic anomaly equations the modular
forms E4(S), Es(S), and by keeping track of the modular weight one immediately finds
that F9) is an element of weight 2g — 2 in the ring generated by

EQ(S’S)a E4(S)’ EG(S) . (5'1)

Our only assumption here is that the holomorphic ambiguity for F'9) is also a modular form
of weight 2g—2 in this ring. This assumption (as well as the details of the direct integration)
can be checked in a highly nontrivial way by comparing the resulting expressions to the
field theory limit in the Ny = 4 locus of figure fl. This check will be performed in section [f.

To perform the direct integration let us first rewrite the holomorphic anomaly equation
for the base direction S. The general expression (R.10) reduces to

@__L1_C® W1 N 50 p, e
0sFY) = —————— | DDy F'9~ D F\" DyFY9~") | . 5.2
5 2(S+S)2<ab +; a b > (5:2)
We now convert the derivative dg into a derivative with respect to Eg. The definition of
E5 was already given in (B.14). Since we now consider an expansion in gg = e~ it takes
the form

E5(S,5) = ———— + E»(9) . (5.3)
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Using the above assumption that the dependence of F(9) on S is only through this quantity,
we can rewrite the anomaly equation as

g—1
aF—A(g) 1 g (D DyFO™) 13" D F") D F- T>> . (5.4)
8E2 2 r=1

Here the covariant derivatives D, are only taken with respect to the fiber directions and
do not depend on the base due to the s1mp1e special geometry of the Enriques Calabi-Yau.
This implies that all dependence on E2 arises directly through the F("). We thus expand
F) in powers of E2 by writing

F9) = ZEQ (S, 8) g>1. (5.5)

We see that (5.4) determines all the coefficients c,(gg ) for k = 1,...,9—1in terms of quantities
at lower genera. Explicitly, we have the solution

g—1
o) = - kC“"(D Dyl 437 D0 Daci Dield” ”’>, (5.6)
r=11+m=k—1

where we have set
PP, 0 i &

The Eg—independent term ng)

arises as an integration constant and hence cannot be de-
termined by the holomorphic anomaly equation. However, given our assumptions, we can

fix it up to genus 6 as follows. Let us denote the coefficients in the fiber limit by

(9)

Cpig = lim c,(cg). (5.8)

S,5—00

By also taking the fiber limit of (5.§) we find
g—1
S = F (¢, 1), (5.9)
k=0

The free energies F ](59 ) (t,t) are known from the heterotic computation and given in (§.40).

Together with the fact that all c%]')k for £ > 1 are uniquely determined by the direct
(9)

integration we can use (5.9) to derive CElo

But the condition that c(()g) is a modular form in the ring generated by (B.1) and does not
(9)

i.e. the fiber limit of the integration constant.

involve E, fixes it uniquely in terms of ¢

Elo 28
0(2) =0, c(()) = cg’fo Ey, cgl) = cg‘)o Fs
B — 0 ©) _ .6 (5.10)
o E\0E4, ¢y = cpjo FaFs,

where E4(S) and Eg(S) are the two holomorphic generators in (B.T). This can be checked
by noting that the definition (B.9) of the Eisenstein series implies that

EQ, E4, E6 - 1, (511)
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in the fiber limit S, S — oco. For g > 7, the number of possible modular forms is greater

(9)

El0
(7)

at genus seven ¢~ can contain terms proportional to E3 as well as Eg.

than one and ¢}/ is no longer uniquely determined in terms of its fiber limit. For example,

Let us now write down some explicit formula for lower genera. For g = 2 we find,
FO(S,S,t,1) = By (S, 8) &2 (5.12)
where we use (b.10) and apply (b.6) to derive

1
052) _ _ﬂcab (DanF](;) + DaFél)DbF](;)> ) (5.13)

Consistency of the fiber limit requires that c§2) =F 1(52) (t,t). This can be checked by using
the heterotic expression ([f.40) for F 1(32) (t,t), the property ([L.76), and the identity [{]

2 1 . 1
Fi) = —15C 00Ty (5.14)
which follows directly from (f.24). In the holomorphic limit we find,
FO(S,t) = By (S)FL (1), (5.15)

in agreement with the results of [, i§. In the following sections we will also need a
slightly different form of F?). Namely, it is straightforward to apply (E70) to write

F@ - —%CabaaF(l)abF(l) . (5.16)

Let us now consider the g = 3 case. The amplitude F®) can be expanded by using (F-H)

and (p.10) as

FO = B3(8,8) ) + Eu(S) el - (5.17)

Using the result of the direct integration (f.f) we obtain
1
) = - 50" <DanF,(§) + 2DGF§)DbF§)> . (5.18)

To determine cg’fo we use (b.9), which gives

&)+ = FR(t,1) . (5.19)
On the other hand, one finds that
1
FP(t,7) = _ﬂcabDanFg). (5.20)

This can be derived in the holomorphic limit by using ([.24), and it is similar to (5.14).
The antiholomorphic part can be checked with (§.4(). Using all this, we finally obtain the
following simple expression for F (3)(5, S, t,1),

F® = —%E4 C*D,DyFY) — 4—18@3 — E;)C® (DanFg) + 2DaFg)DbF§)> . (5.21)
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with the holomorphic limit

FO(S,¢) = —%m C0,0,FS) — 4i8(E§ — Ey)C (aaabf,g?) + zaaf}j)abf,g”) . (5.22)

Note that the second term in these expressions vanishes identically in the fiber limit where
By, By — 1. As we will discuss in more detail in section @, this is the first F(9) where the
inclusion of the base yields a behavior near the singular loci that differs significantly from
the fiber limit.

Explicit calculations at genus 4 proceed in the same way. Modular invariance with respect
to S gives

F(4)(S, S, t, f) = Eg’ Cg‘)g + E2E4 Cg\)l + E6 CSI)O. (5.23)

Q

Once again, the general equation (p.4§) allows us to determine the coefficients as

4) L b 3 D (3 2) 2
cgm = —C (panAERQ + 2D, FY Dbc(E|)2 + D, P Dy F )> ,

(5.24)

@ _ 1 e (3) 1) (3)
CEH = —ﬂC (DanCE|O +2DaFE DbcE|O> .

(4)
El0
More precisely, one specializes (5.9) to

The ambiguity c is again determined by the heterotic computation in the fiber limit.

4 4 4 4
o+ iy + ety = R (1), (5.25)

and solves for Cg\)o by inserting the fiber result ({.4(). This determines the free energy
F®_ A similar analysis also applies to ¢ = 5,6. As already discussed above, the main
obstacle that has to be overcome in order to proceed to higher genus is the difficulty

to fix the ambiguities c(()g). We will discuss possible additional boundary conditions in

sections p.4, p.5 and [g.

5.2 Propagators and homolomorphic automorphic forms

In the previous section we calculated the first free energies F'9) by a direct integration
along the base direction. The results were expressed in terms of the holomorphic fiber
energies F j(Eg), which are known from heterotic-type II duality. Even though the results
were rather compact and transparent, the information we have extracted is somewhat
partial, since we have not used the holomorphic anomaly equations for the fiber moduli.
In order to exploit the information they contain, we will construct building blocks for the
automorphic forms in the fiber which enable us to perform the direct integration of the
remaining holomorphic anomaly equations. Recall that we argued in the previous sections
that the almost holomorphic modular form

EQ(S, S) = —— + EQ(S), EQ(S) = OJglog®, (5.26)

contains all non-holomorphic dependence of F(9) along the base direction S. It will be the
task of this section to introduce the analog of F5 for the fiber directions t*. Furthermore we
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will define the fiber analogs of the holomorphic modular forms E4(S) and Eg(.S). This will
lead us to the definition of a new class of holomorphic automorphic forms of O(10,2,7Z).
Eventually, in section [f.d we will argue that a direct integration along the fiber direction
allows us to express all F(9) in terms of these almost holomorphic and holomorphic forms
of 0(10,2,7).

Let us now introduce the fiber analog of the almost holomorphic modular form
EQ(S, S). This can be done by recalling that the genus one free energy FM) is an in-
variant of the full symmetry group Si(2,7Z) x O(10,2,Z) and hence its first derivatives
transform in a particularly simple way. For the derivative with respect to S one finds

dsF) = %EQ The derivative with respect to t* we denote by A® = —%C“b(?bF(l) and
evaluate
¢ + ¢ 1
A= T () = () - Klt)C™, (1) = 7C%0ulog®,  (5.27)

where Y = 10y (t +1)°(t +7)® and @ is given in (:34). The function €?(t) is holomorphic
in the coordinates t* and is the fiber analog of F5(S), while A® plays the role of Es. To
see this note that €® transforms with a shift under the duality % — t/t2:

e = tHITHI(E 417 . (5.28)

This shift is precisely canceled by the shift of the non-holomorphic term in (f.27) such that
A® simply transforms as
A N TTHeEAb) . (5.29)

Note that Eg and A® are sufficient to parametrize all propagators AU , Ai, A introduced
in (.17). Indeed, one has

A= _ L abg, A = A (5.30)
12
) 1 A 1~ A 1~
AS = — 0, ACAY A = —ByA° A = ——FEyCpA®AY
2Cab y 12 2 s 12 2Cab

Using the explicit form of Eg and A? it is straightforward to check that these propagators
fulfill the defining conditions (R.17). The fact that all A—propagators can be expressed
as polynomials in Eg and A® will be used in the next section to argue that all non-
holomorphic dependence of F9 only arises through EQ,AG. However, we also have to
extract the non-holomorphic dependence in the covariant derivatives D, defined in (E)
Following the logic of section || we will show that each derivative can be split into a
holomorphic covariant derivative D, plus holomorphic terms times the propagators A“.
As an important byproduct, the definition of D, will also allow us to find an interesting
construction of holomorphic automorphic forms.

Let us now construct a holomorphic covariant derivative D,, which has the same
properties as D, under automorphic transformations ({.5§). More precisely, given an
automorphic form ¥ of weight k& we define its first derivative as

D,V = (aa — k:Cabeb> 0, (5.31)
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where € is defined in (f.27), and note that Dy = Dy — kCoy A, D, can be viewed as the
analog of the Serre derivative (B.19) for modular forms of subgroups of Si(2,Z). It is not
hard to check that it transforms under (£.5§) exactly as D,. This transformation property
was given in ({.6§). Note however, that D, maps holomorphic forms into holomorphic
forms, while D, contains an anti-holomorphic contribution. Moreover, by definition of €®
one has

Da®(t) =0, (5.32)

for the automorphic form ®(¢) given in (f.34). In order to evaluate second derivatives we
need to introduce the holomorphic analog of the Christoffel symbol in the definition ([A.3)
of D;. To do that, let us consider a section ¥, which transforms as ¥, — t2kJ3\Ilb under
the action ({.5§). The covariant derivative is then defined to act as

Doy, = (aa - kC’acec> U, — 16,0, . (5.33)

Here we have included the holomorphic Christoffel symbol

A 1~ A A A
Iy, = sz‘ded = §CCd <3bcda + 0aCap — 8dCab> , (5.34)

where f’gdm is defined in ({.14) and related to I’lc’d by Flc’d =TI (C%°K,. We also have

cd|a

introduced the holomorphic ‘metric’ C’ab. Explicitly, C’ab is defined as
Cop = 0V2C,,,  Cup — JJIC,, (5.35)

where ® is given in (4.34) and we have also displayed the transformation behavior of Cob
under ([£.5§) as inferred from ({.74) and (.65). Once again we evaluate the transformation
behavior of D, ¥, under (f59) and finds the holomorphic analog of (f69). It is now easy
to show that every non-holomorphic derivative D, can be split as

DaWy = DUy + kCoe A° Uy + TG, ,A0 0, (5.36)

In other words, whenever W, is holomorphic the non-holomorphic dependence in D,y
arises through the propagators A® only.

Let us now discuss a second interesting application of the holomorphic covariant deriva-
tive D,,. Namely, we will now show how it can be used to construct new holomorphic
automorphic forms. To start with let us note that e, = Cype® transforms in (.2§) similarly
to a vector field. We can use this analogy and define a field strength

1~
el = 0,6 — §F2bec = Dgep — €q€y + Cape? €a = Cope’, (5.37)
which transforms covariantly, X, — J¢Jdet  under automorphic transformations (f53).
Note that by using the wave-equation (f.7() one shows that J,e* = —4C €%’ such that
C%ed, =0 . (5.38)
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Nevertheless, we can use Eib to construct holomorphic automorphic forms. To do that, we

define

~

€2 0. =Dg, ... Dy, e (5.39)

ai...ar T azazal
which is shown to be totally symmetric in the indices. Holomorphic automorphic forms

are now constructed by contraction with C%. For example, forms of weight 4 and 6 are
given by

weight 4 : CPCel ey, (5.40)
weight 6 : CacheCdfeibeédeif , C“CCbeCdfegbdegef .

It is tempting to conjecture that holomorphic automorphic forms of this type are sufficient
to parametrize the holomorphic ambiguity of F(9). The fact that there is no holomorphic
weight 2 automorphic form of this type due to (5.38) matches nicely the fact that there is
no holomorphic ambiguity for F2). Also the forms in (b.40) can be shown to be sufficient
to parametrize the ambiguities of F®) and F®). This will be analyzed in further work.

5.3 Direct integration of the holomorphic anomaly

We will now use the material developed in the previous section to perform the direct
integration in both fiber and base directions. This will allow us to give closed expressions
which determine the F9) up to a holomorphic ambiguity. To begin with, we show that
cach F9) can be written as

g—1 2g—2
~k .
FO =33 BfAm Al g1 (5.41)
k=0 n=0
where cg')alman are holomorphic functions of S, t* and all anti-holomorphic dependence

arises through the propagators A® and E» introduced in (5:26) and (5.27). Note that by
using the transformation properties of F9) and A® given in (f72) and (5.29) one infers
that

4g—4—4n 7b bn
Cl(gg‘)alnﬂfn = t I nJai e Jan clgig|)b1bn (542)

under automorphic transformations (|£.5§).
Let us now show that each F9) for ¢ > 1 can indeed be written as (F4J) by using

induction. We first note that F?) is of the form (F-41),
1~
F® = —§E20abA“Ab, (5.43)

as is immediately inferred from (f.16) and (f-27). So let us assume that (5.41]) is true for
all » < g and show that this implies that (f.41]) is true for g. In order to do that we use the
Feynman graph expansion (R.14) of F(9) [f], which states that each F9) can be written as
an expansion with propagators AU AL A and vertices Cz(f)n with r < g. We have already

1

shown that the A—propagators are polynomials in Eg and A% in (5.30). Hence, it remains
to show that also the vertices Cz(lr)ln are polynomials in Fy and A% By definition (R.7)
and our assertion, the vertices are defined as the covariant derivatives of amplitudes F(")
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of the form (f.41]). Using (F.36) each of these covariant derivatives D, can be split into
a holomorphic covariant derivative D, and an expansion in A* So we only have to show
that D,Ab admits again an expansion into A’s. A straightforward computation shows that

R 1
DaAb deﬁda

[0 AN, (5.44)
where e}, and f”é da AT€ defined in (§.37) and ([.14). Altogether one infers that all vertices

and A—propagators are polynomial in A® and hence that F9) is of the form F-41).
Having shown that every F(9) is of the form (f.4])) we will now derive a closed expression

for F(9) by direct integration of the holomorphic anomaly equation (B-1(). Applying the
definition (R.17) of the propagators we can write the holomorphic anomaly equation as

g—1
F) = %aA“ﬁ <DjDkF(9_1) +) DjF(T)DkF(g_T)> . (5.45)
r=1

This equation captures the anti-holomorphic derivatives dgF @) along the base as well as
the derivative 9;F9) along the fiber of the Enriques Calabi-Yau. Recall that the only
non-vanishing propagators are A% = —%C“bEg and A® = A% As we have shown, they

=

contain all anti-holomorphic dependence such that we can rewrite (p.45) as

OF(9) 1 1

= ——C® <DanF(9_1) + DGF(T)DbF(g_T)> , (5.46)

OF, 24 ;

OF(9) ! ; .

N D,DgF@—1 —i—ZDaF( )DgF—7) (5.47)
r=1

As we have seen above, the first equation is already very powerful and can be integrated
easily. We can write the solution (p.4) as

[e.e]

RS
FO — 213 E ab(D Dyt +Z 3" Dacl Dycld ”>> +c?, (5.48)
r=11l4+m=k—1

where ¢\t is defined in (b-1). Note that cgg)(A, S,t) arises an integration constant of the
Eg integration and hence can be a function of the propagators A% but not Eg.

Let us now determine a second closed expression for F(9) by integrating the second
anomaly equation (547). Since F() is not of the form (F:41) we first split off terms
involving F'M). Inserting the definitions of the propagators A% and E» we find for g>2
that

g—2
<D5+ E2>D FO=Y —2C, A°DsFU™) + 3" D, FIDgFO™). (5.49)
r=2

oF(9)
0A®

To make the dependence on the propagators A® explicit we expand the covariant derivative
D,F9. The covariant derivative D, can be split into a holomorphic derivative ﬁa defined
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in (5.33) plus a propagator expansion using (5.36). Moreover, using the chain rule one
rewrites

Do =do + (DgAY)Ops (5.50)

where cza is the covariant holomorphic derivative not acting on the propagators, i.e. we set
d, (A“l...Aancal___an> =A% A" Dyca,..a, - (5.51)

Combining (5.3§), (5.50) and (5.44) we immediately derive

D,F9 = [d + el CPDp + (29 — 2)Cog A ——P AN | FO . (5.52)

cd|a
This expansion makes the dependence of D, on the propagators A% explicit. We note
that the d, term on the right-hand side of this expansion does not change the number of
propagators. The second term lowers the number of propagators by one, while the two
last terms raise the number of propagators by one. Inspecting the holomorphic anomaly
equation we note that only the first derivative along the fiber direction appears on the right-
hand side of (5.49). Hence, at least for the integration of (5.49) it will not be necessary to
evaluate the second derivative D, Dy F9) as a propagator expansion.

To integrate expressions such as (5.59) for D,F9) we also need to keep track of the
number of propagators in the expansion of F(9). Therefore, we introduce the following
short-hand notation

g—1
FO =59 9 =SB AT Amed) (5.53)
n k=0

(9)

where each ¢ n) contains n propagators A®. By counting the number of propagators one

finds

1 A 1 49 —4—n
@gne — a L aa 4 veb g 2 (9
/DaF dA® = E {n+1A da+nA €0cC 8Ab+7n+2 A }c(n), (5.54)

where as defined above A? = %C’abA“Ab. This integral together with similar ones for the
remaining terms in (f-49) yields a closed expression for F9) of the form

1~ 1 A 1 49g—8 —n
(9) — E : a a4 b g 2| (9-1)
F <DS‘|’ 2E2) a {n 1A d, + —nA €,.C 8Ab + 771 5 A }C (n)

g—2
_ Z —AQDSc(f(’;)” +33 Y Dsc% ’”’{%HA%ZG (5.55)

r=2 n k+l=n

1 a_4 ,vcb dr—4—-n 2 (r) (9)
+EA GacC aAb + WA C (k) +c (0) *

Here (())) (Eg, S,t) is the integration constant of the A integration and hence can depend
on Eg but not on A?%.
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Before turning to the discussion of an explicit example, let us consider the fiber limit

of (b.55). We therefore apply (B.13) and (p.11]) to show that

lim DgF9 =0 . (5.56)
S,5—00

We also denote by csgg)(k) the fiber limit of the coefficients c' (22) in (5.53). Inserting (f.50)
into the formula (5.57) for direct integration along the fiber direction one finds

(9) _ 1 a ach ceb 49—-8—1n 9\ (o-1) , (9
FEg _§Z<?A d + — A C 8Ab+n7+2A >Cg(n) +0Eq(0)a (5.57)

where cg)(o) (t) is a holomorphic ambiguity in the fiber. Recall that the full expression (£.40)

for F J(Eg ) (t,t) is known from heterotic-type II duality. Therefore, verifying that this closed
expression fulfills the differential equation (5.57) provides a non-trivial check of our deriva-
tions.

Let us end this section by presenting the first non-trivial solution to the closed ex-
pressions (5.48) and (5.55) for F(9). More precisely, one derives that the free energy F®)
admits the following propagator expansion

At _%Eg (14A4 + 10e, ACAY — €2 ¢} C“b00d>

—£E4< —2A* 4 2¢H ACAL — egcef;dcabccd> , (5.58)
where ¢, is defined in (5.37). Note that the last term in the first line has to be deter-
mined by the direct integration with respect to F2 by using (5.4§). Moreover, the purely
holomorphic term

FO(S,t) = E4eacedeabCCd (5.59)

48
is the holomorphic ambiguity at genus 3, determined by the fiber limit. In other words,

applying (B.11) one easily derives

1
AaAb A4 4 4 CabCCd, (5.60)

3
Fé‘ ) = 4 €actbd

4 €ab
which is readily compared with the general expression (f.40) for the fiber free energies. It
is straightforward to derive all F9) for g < 7 by evaluating (5.49) and (5.59) and fixing the
ambiguity by comparison with the fiber result ([.4(). Clearly, at genus greater than 6 we
will encounter the same difficulties as in section p.1. Only additional boundary conditions
can help to fix the ambiguities in these cases. In the next section we will summarize possible
additional conditions.

5.4 Boundary conditions

One important feature of the formalism of direct integration is that modular and holo-
morphic properties of the F(9) are manifest. In particular the ambiguity is holomorphic,
modular invariant and for given genus expressible in terms of a modular form of finite

,36,



weight. This implies that a finite number of data will fix it. The latter must be pro-
vided from additional information at the boundaries of the moduli space of the Calabi-Yau
manifold. Let us give a short overview over the the nature of these boundary conditions.
In the large radius limit the holomorphic limit of the F(9) has an expansion in terms
of Gromov-Witten invariants N, [(39). Since the an-holomorphic part is fixed, the F) can
be completely determined by calculating a finite number of Gromov-Witten invariants.

(ﬁg ) is useful

The reorganisation of the expansion in terms of Gopakumar-Vafa invariants n
here, because the latter vanish if the degree is higher then the maximal degree for which a
smooth curve exists in a given class.

For K3-fibered Calabi-Yau threefolds, the limit of large base volume corresponds gener-
ically to a perturbative heterotic string theory on K3xT2. If the heterotic theory is known
one can calculate the dependence of the F9) on the fiber moduli by calculating a BPS
saturated one loop amplitude in the heterotic string [, fi1]]. In the Enriques CY case this
yields most of the information and is the reason that one can tackle an 11 parameter model
at all. Even if the heterotic dual is not known, one may get all the holomorphic F'9) in
the fiber from the modular properties of the B-model on the K3 and the formula for the
cohomology of the Hilbert scheme of points on the fiber [[I{].

If the Calabi-Yau admits controllable local limits, e.g. to toric Fano varieties with anti-
canonical bundle, then the F() can be unambiguously calculated using the topological
vertex [Q]

One can also find boundary conditions by looking at the behavior of the topological
string amplitudes near the conifold point, as we discussed in section B.J. When there is
only one hypermultiplet becoming massless at the conifold point, the amplitudes behave
like (B.39), where tp is a suitable coordinate transverse to the conifold divisor. This yields
2g — 2 independent conditions on the holomorphic ambiguity.

In contrast to generic NV = 2 compactifications, the four dimensional massless spectrum
at singularities of the Enriques Calabi-Yau is conformal, which requires hyper- and vector
multiplets to become simultaneously massless. The leading behavior of the corresponding
effective action is less characteristic. We will find a partial gap in the reduced model
considered in section [.J, which is similar to the partial gap structures that were found
in [B4] at a point where likewise several RR states become massless. The determination
of the subleading behavior is possible in the field theory limit and yields conditions on
the anomaly. We will consider here only the complex codimension singularities that we
discussed in section [|. The nontrivial information about the F(¥) comes from the N =4
locus: as we will show in section fi, the residue of the leading singularity near (f.1§) can
be computed using instanton counting in field theory.

Let us now analyze the leading singularity of F) near the singular loci in the fiber
limit. This can be done with the heterotic computations of [[] reviewed in section [
These computations give us expansions around two special regions in moduli space, the
large radius limit (where t* are large) and the region appropriate to the BHM reduction
(where t%, are large). As in [}, id], we can use the computation at large radius to obtain
the leading behavior of the fiber amplitudes near ({.1§), and the computation in the BHM
reduction to obtain the behavior near ({.2().
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Let us first look at the behavior near (.1§). A possible singular behavior there must
come from the vector 7 = (1, —1) in ({.25), since this leads to a polylogarithm which, when
expanded at the singular locus (.1§),

(29 —3)!

IS H0(0), gz, (5.61)

Lig_zg(ei'z) =
exhibits a pole. Here, z = t! — t2. However, since cy(—2) = 0, the coefficient of this
polylogarithm vanishes and we conclude that the amplitudes are regular at ({.1§). This is
indeed consistent with the fact that the field theory limit of this model at (j.1§) is massless
SU(2), N = 4 super Yang-Mills theory, which has F) =0 for all g > 2 [3, [3, [J.

Let us now look at the behavior near ([.2(). To understand this, we look at the
heterotic result for the holomorphic couplings in the BHM reduction (f.41)). Again, the
singular behavior comes from the vector = (1, —1). Since the coefficients are defined now

by ((42), we find
_ 49 -1 ’BZg’

dg(=1) = 5= 29(2g — 2)I”

(5.62)

If we set
p=tp—th, (5.63)

and we take into account the behavior of the polylogarithm (F.61)), we find that the singular
behavior of F g;) (tp) near (f.20) is given by

49 —1 | Byl 1 0
@ 5.64
37 3g2g ) e + O (5.64)

for g > 2, while for g = 1 we have a logarithm singularity

F(tp) —

1
—3 log . (5.65)

Since the full F9)(S,tp) can be written for g < 6 in terms of (A1), as we showed in
section p.I, we can compute its leading singular behavior at the locus (f.2d). This will
be useful in section [f to compare to the field theory limit. The above computation shows
that along the fiber direction the topological string amplitudes F ég ) show the gap behavior
discovered in [B3, B4]. In order to see if the gap also holds in the mixed directions, it is
clear from the formulae above that we need a precise knowledge of the regular terms in
u in the expansion of F j(Eg ), Unfortunately, this is something we cannot extract from the
heterotic expressions. We will however be able to do this in the reduced model introduced
in [[] and studied in more detail below. We will see that indeed the strong gap condition
obtained for the fiber direction in (f.64) does not hold for the mixed directions.

5.5 The reduced Enriques model

In this section we discuss a reduced model for the Enriques Calabi-Yau introduced in [&1].
The main advantage of this model is that the target symmetry group becomes much simpler,
and one can easily parametrize the holomorphic functions which appear in the expansion of
F9) in the propagators A%(t, 1) and EQ(S ,S). In particular, the holomorphic ambiguity can
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be parametrized in terms of a finite number of coefficients at each genus. Also the mirror
map is known explicitly and can be used to translate the F9) into a simple polynomial
form. In these aspects, the reduced model is very closely related to the Seiberg-Witten
theory studied in section f.

5.5.1 Special geometry and the mirror map

We begin with a brief discussion of the reduced special geometry and recall the mirror
map derived in [[]. Out of the eleven special coordinates S,t* the reduced model is only
parametrized by three parameters. More precisely, it is obtained by shrinking 8 out of the
10 cycles in the Enriques fiber as

(S,t%) = (S,t,t%) — (S,t0), i=12, a=3,...,10. (5.66)

We denote the reduced moduli space spanned by the remaining coordinates S, t!,t? by M,.
Explicitly, the full coset ([£.5) reduces in this limit to

SI(2,R) [ SI(2,R)\?
M, = 0@ ( so<2)> : (5.67)

inducing a split of the full target space symmetry group as
S1(2,7Z) x 0(10,2,2Z) — SI(2,Z) xT'(2) xI'(2) . (5.68)

The generators of SI(2,7) are precisely the Eisenstein series F2(S,S), E4(S), Fe(S) as
already introduced for the full model in (5.1)). The generators for I'(2) have been intro-
duced in the Seiberg-Witten section [J. More precisely, we will generate the ring of almost
holomorphic modular forms of T'(2) by Fa(t, 1), Ko(t) and K4(t) explicitly defined in (F-3)
and (B.5)). In the following we will simplify expressions by abbreviating

Ey = BEy(t), Ky = Ky(t'), Ky = K4(th),

Ey = Ey(t?), Ky = Ky(t?), Ky = K4(t%) . (5.69)

Whenever not stated otherwise, we will keep the S-dependence explicit. Let us also note

that the matrix Cg, splits as

Cii 0 01
Cw=|"" - , 5.70
b <0 Ca5> J <1 0) (5.70)

as already given in ([.10). Hence, the holomorphic prepotential (.§) and the fiber Kahler
potential Y = (¢ +¢)? reduce to

Fr = iStht?, Y, =t +tH (2 4+ %) . (5.71)

As we have already noted in section this prepotential and fiber potential are exact and
receive no instanton corrections.

Let us now turn to a discussion of the mirror map for the reduced Enriques model.
In order to determine this duality map we first note that the reduced Enriques has an

,39,



algebraic realization. Applying standard techniques, one can thus derive the three Picard-
Fuchs equations for the holomorphic three-form Q(z) as

[,19(2) = O, ﬁQQ(Z) = 0, ﬁgQ(Z) = 0, (5.72)

where z¢(t), 23(S) with i = 1,2 are the mirror coordinates of ¢!, S respectively. The Picard-
Fuchs operators are found to be

L; = 07 — 4(46; + 46, — 3)(46; + 46; — 1)z; , i,j=12, i#j, (5.73)

L3 = 36(2% — 1)%(2® — 2)03 + 3623(2% — 1)05 + 2° (823 —4(2%)?% - 31) . (5.74)

where 0; = 2 88 . The Picard-Fuchs equations (5.79) can be solved to determine the mirror

. Zi
maps 2'(t), 23(S). This was done in [[H] and we will only quote the result here. We first

abbreviate ( )
Kyt

2(q;) = = (5.75)
K3(t7)

Using this shorthand notation the fiber mirror map reads

(0 = 2(a) (1~ ). 20 =) (1-:w) . 610

These coordinates are related by a factor of 64 to z1, zo used in ref. @] In the base one
evaluates

B(8)=1-E;**Eq . (5.77)
Compared to [i]] we have rescaled z3 by a factor 864. Using these explicit expressions for
2! 2?2 and 23, one immediately verifies their invariance under the target space symmetry
group S1(2,7Z) x T'(2) x T'(2). Also the fundamental period X° can be obtained from the
Picard-Fuchs system (b.79) and reads
N 1 ~
XY =20x0, (X2 = 1 IR, (= E, . (5.78)
We immediately verify that X° is not invariant under the symmetry group SI(2,7Z) x
['(2) x T'(2). The S-duality transformation ({58) reads for the reduced model t* — 1/t2
and 2 +— 1/t'. Applied to X this yields precisely the transformation behavior given
in ([.63). Before turning to the higher genus amplitudes in the next section let us also note
that the discriminant of the reduced model is given by

A2, 2%) D(2%), (5.79)

where A(z!, 22) is the discriminant along the fiber and D(z3) is the discriminant along the
base. Explicitly, we find in the coordinates (5.75) and (5.76) that

2
A@%£>=(1—4m>—4@0 (5.50)

=12z 4+ 22+ 212%) + (21?2 + (22)?. (5.81)
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The second discriminant D(z3) is given by

1
3 3\2 3
In the next section we will use the mirror coordinates z!, 22 to express the reduced free
energies Fr(g). Since along the base direction all equations are expressed in terms of simple
Eisenstein series E9,(S) we choose to keep this S-parametrization also in the following

discussions.

5.5.2 Reduced free energies and direct integration

Let us now discuss the free energies Fr(g) and their holomorphic limits .7-}(9) for the reduced

model. In the limit (§.66) they are simply defined as
FO(S ' #2) = FO(S ' 2t = 0) . (5.83)

The reduced form of F(!) can be derived by direct computation as was already discussed
in [|]]. Explicitly one finds

FY = —2log [(s + 33+ (2 + ?)} —log |®.(S,t)|, (5.84)
where
B.(S,t1,1%) = 24(9) H <ﬂ>ca(2mn> (5.85)
r ) 7 e 1 —"_ qnqm . .

The coefficients ¢ (n) are given through the modular form

S )" = —W‘;g@@(q)m% . (5.86)

Note that in comparison with the expression (.2§) for the full Enriques model the Eisen-

3

stein series E4(q?) appears in (5.8f). This extra factor arises due to the summation over

n

the Fg vectors in (f.34) and precisely counts their degeneracy. It was further shown in [[]
that the following denominator formula holds

1 N
O, (S, 1", 1%) = 1—67724(5) § = (S)(X0)*Al/? (5.87)
where
6(t',t%) = K2K2 — K4K2 — K3K, . (5.88)

Here the T'(2) generators Ko, Ko as well as Ky, K4 are defined in (5.69), while the funda-
mental period X° and the discriminant A were given in (§.79) and (5.80)).
The holomorphic reduced amplitudes restricted to the Enriques fiber can also be com-

puted directly by reducing the heterotic expressions ({.25) and ([L.41]). The result reads [[]

fr(ng)'(t) - Z CZ(TQ) |:23_29Li32g(€_r.t) — L13,29(€_2r't) ,

- (5.89)
fr(;qE)‘(tD) = Z dg(T2/2)(_1)n+mLi372g(e_r.tD) ,
r>0
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where the coefficients c'(n), dj(n) are defined by

P,
}j@mw:—ﬂwfﬁqu

22+g7)g(q4) _ 22fgfpg(q) (590)

nt2(27)

S & (n)g" = Ei(g?)

Once again we recognize the additional factor Fy(¢?) counting the degeneracies of the Eg
lattice. Clearly, also the expressions .7-;(5%(25) and ]:r(“[g(t p) can be expressed in terms of the
holomorphic generators (5.69) dependiﬁg on # and tiD respectively.

Let us now turn to the discussion of the complete reduced amplitudes including the base
and the non-holomorphic dependence. In order to do that we describe the direct integration
for the reduced model focusing on the essential differences to the considerations presented

in section f.3. To begin with, note that the propagators of the full model reduce as
AP - O, A — 0, (5.91)

where O° is obtained from (f-27) by setting t* = 0 and using (5.85). That A% reduces to
zero arises from the fact that in summation over the Ejg lattice the vectors cancel pairwise.

In order to perform the direct integration we first have to find recursive relations which are

)
two sorts of recursive relations (5.46) and (5.47) capturing the properties F(9) in the base

valid for the reduced free energies Fr(g . Recall that in the full Enriques model we found

and in the fiber of the Enriques. It turns out that only the second anomaly equation (b.47)
admits a simple reduction. More precisely, it can be rewritten for the reduced model as

aFr(g) ) g-1
o = DsD;F9™1 + 3" D;F" DgF¥~), (5.92)
r=1

since performing the reduction t* = 0 interchanges with the differentiation with respect
to t!,t2. Note that this is no longer true for derivatives with respect to t®. In particular,
the first equation (p.46) involves a summation over the « indices and one shows that the
resulting terms do not vanish under the reduction t* = 0. Nevertheless, one can directly

integrate (5.92)) for the reduced free energies

29—2
FO =Y or..gnd?, +e9, g>1. (5.93)
n=1

1. 0n

The function ¢@ is holomorphic in ¢ and generally depends on Es(S,S), E4(S), Eg(S).
Note that due to (5.91)) the coefficients of the full and reduced model are related by ég? )Zn =
(9)

i1...0n

model and results in a closed expression similar to (5.59). The important difference is that

c (t* = 0). The direct integration is performed in analogy to the integration in the full

the efij as well as the covariant derivatives D! are not obtained from the full el and D,

4

by simply restricting to the ¢, j indices and setting t* = 0. Both €, . as well as ﬁ; have to

rij

be defined with respect to a new holomorphic metric C’Zr] = @3/ QCij but otherwise analog
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to (5.37) and (p.33). If one had been using the old connection, an additional summation
over the « indices would arise and yield extra contributions. Applied to the specific free
energy F®) one finds the reduction of the holomorphic ambiguity .59

1 iy 1 g
(5.0 = g5 Br( duelaCICH + LelyCP?) (5.94)

After these considerations it is not surprising that the contraction of the new ef‘ij with C%

does not vanish as it is the case in the full model (5.3§).

5.5.3 The free energies F9 on the mirror

So far the reduced free energies Fr(g ) were expressed as functions of the variables t%, S or
3), S. In the reduced model we know the mirror map explicitly and thus will be able to
translate the expansion (5.93) of Fr(g ) into a function of the complex coordinates 2. We will
show that the holomorphic coefficients become polynomials in z* divided by an appropriate

)

power of the discriminant. Since the dependence of Fr(g is rather transparent we chose to
keep this variable and do not replace it by its mirror counterpart z>.

The F9 transform non-trivially under the reduced automorphic transformations. We
already discussed the actually invariant combination in ({.73). In the coordinates 2%, S we

thus set
FUY(z%,8,8) = (X°2"2 9 (18, 8) . (5.95)

This definition is consistent with the fact that the z’(t) are invariant under the target
space group (F.68), while (X°)29-2 transforms exactly as F©)(t,S). To rewrite the ex-
pansion (f.99) we first note that the propagator O can be written in the z° coordinates
as

0" = (X9)

ott 4 i Sigi [ 2 1
2@51, 0¥ = -C J<sz—§azjlogA>, (5.96)

i . A
where 0% is a function of z*, Z" and we have used

N 0zF 52 . A
o= (X072 = = K(z,z) = —log || X°?Y,(2,2)]. )
Oy = (X°) 20 5208 (2.5 = ~log | XPYi(2)|. (597

It is not hard to use the expressions (5.76) for z! and 22 to evaluate C,:,; explicitly as

1 1

1 1
m(l—z —22), Czlzl 2 1

C,2= = —2z Co2=—-"-22
=z Z122A ’ =z Z122A

(5.98)

Once again (§.96) and (5.97) are in accordance with the transformation behavior of the O
and C;; given in (5.29) and (f.69). Similarly, we transform the coefficients églg)zn in (5.93)

and set ‘ '
82]1 azjn é(g) (Z)
otin T Ptin 291...z0n ’

AC) (X0)29—2—2n

11...0n

(5.99)

which is consistent with (p.43). It is also straightforward to rewrite the direct integration
expression for Fr(g ) by using the z* coordinates. Let us once again only discuss the appearing
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building blocks. We begin by noting that the holomorphic covariant derivative transforms

as
. A 02 92m .
D;V; = (XO)%@ 5 DaVem (5.100)
where the covariant derivative Dzi is given by
. k ol
Dzivzj = BZiVZj — g(@zz log A)sz + inzj Sl - (5.101)

The holomorphic Christoffel symbol in this expression is defined by

A 1 A1 m A N N N
Pjizj = 502 # <8ziczmzj + 3chzizm — 8zmczizj> , Czizj = A1/4CZiZj . (5.102)
The second important object in the general equation for the direct integration is the auto-
morphic form efij. One shows that it can be decomposed as

1 9zt92m
4 4
(S ij = 2122 5 _8t’l 5)t] GZlZm . (5103)

where for i = 1,2, i # j one finds that

€= —1—16zj <(z’)2 (1+327) + (—1+zj)2 (14+327) —22" (1-527 +3(zj)2)> ,
e = %zi 2 (—2—|—zi—|— ()2 4+ 27 4+ ()2 — 22 zj) . (5.104)

Note that e‘zlizi is polynomial due to the fact that we extracted the denominator z'z2A?

in (5.103). This turns out to be possible for all the coefficients é,(jz?zm appearing in (5.99).
We thus define

P, (2, By, By, Eg) = (2'22A)971 &9 (5.105)

91...0 211 ...z )

where P are polynomials in z¢ as well as Eg, FEy4, Eg. The reduced free energies are thus
of the form

g>1. (5.106)

FY9(z,28,8) = W > ooto P,
n

In particular, this implies that at each genus the holomorphic ambiguity is parametrized
by a polynomial P(g)(z,E4, FEg) holomorphic in z¢ and S. As it was the case before the
coefficients in P have to be determined by boundary conditions. For the lower genera this
can be done explicitly by using the fiber limes. At higher genus additional information are
needed and we will discuss in the next section the possible input from a small gap condition.
We believe that essentially all results on the mirror rewriting can be generalized to the full
model in case one is able to determine the full mirror map. For the ten parameters along
the fiber this is however a technically challenging task.
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5.5.4 Boundary conditions and the small gap

As we have seen in (b.6§), the automorphism group acting on the fiber variables is simply

T'(2) x T(2), (5.107)

where these groups act on t!2, respectively, plus the exchange t' « t2. Moreover, we see

from (f.19) that the {#* = 0: i = 3,---,10} locus maps to the {t;, = 0:i = 3,---,10}
locus. If we now define

< 1,2 1,2 - 1,2 1,2
it = —t0%, 2mity” = —t5. (5.108)

we see that the transformation ({.19) relating the geometric and the BHM expressions
reduces to
2 11 (5.109)
THh=T, Tp=—=—>. :
b b 272
By using the explicit expressions for flf(%(t) in terms of modular forms (which can be

obtained for example by direct integration), one finds that under (5.109)
ff,’ﬁ(t) — 21_97’5,@(@), (5.110)

where the factor of 2 is inherited from the factor of 2 in (5.109) and ffﬂ%(tp) are also given
in (5.89). Therefore, one can obtain expressions for the amplitudes in the BHM reduction
in terms of modular forms by simply applying the transformation (p.109) to the results of
the direct integration in the reduced model (which are valid for the geometric reduction).

These expressions for the BHM amplitudes can also be used to study in detail the
behavior near the singularity ({.2(]), and in particular to calculate the subleading terms.

One can verify that the discriminant (f.8() transforms under (5.109) as
A(t',t%) = Altp,th) = (2(ap) — #(ab))?, (5.111)

which vanishes at the locus (f.20). This leads to the singular behavior of sl (tp), and
one can now verify the behavior (5.64) by expanding the expressions in terms of modular
forms. One finds,

1 1 1
ff%(tz)) =73 log(p) — 5 log | —=KoK4(K3 — K4)(g%)| + O(n),

) 128
1 80FE2K2 — 16 K5 + 3K2K, + 9K?2 + 16 Eo (K2 + 3KoKy)
}_(2) tn) — . 21449 2 2 4 2 2 )
1E(tD) 16,2 0216K2 (¢p) + O(w),
1 1
Ftp) = 207 + 53081160 (—800E4 K4 + 214K§ — 726 K5 K,y + 1431 K4 K3
2

+405K} — 320E3 (K3 + 3K3 K4) + 120E5(10KS — 15 K3 Ky + 9K2K3)
—540K35 Ky — 40F> (14K7 — 5AK5 Ky + 2TK5 K3 — 27K — 2K3)) (¢) + O(w).

However, if one includes the base directions, the gap is “partially filled” starting at genus
three (for F)(S,tp), the gap property away from the fiber limit is trivially satisfied).
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Indeed, one finds that the term C“baafg)(tp)abfg) (tp), leads, in the reduced model, to
the expansion

alf(E)j(tD)82f(E)'(tD) + 52.7'—(1%(151))31.7:(}%(151))
1 20E5Kp +17K3 + 3Ky Ky + 4By (K3 +3Ky) 5, 1

T 9216 K, (D) iz +
(5.112)

Although there are some nontrivial cancellations (for example, there is no term in p=3),

generically one finds, for finite S, singular terms in p beyond the leading one.

6. The field theory limit

As we reviewed in section [, there is a line of enhanced symmetry in the moduli space of
the Enriques Calabi-Yau which leads in the field theory limit to SU(2), N' =2 QCD with
four massless hypermultiplets. This occurs at the locus ({.20)). Similarly to what happens
for other K3 fibrations [BH], we expect that near this locus the leading singularities of the
topological string partition functions become field theory amplitudes of the Ny = 4 theory.
At genus zero one should recover the prepotential, and at higher genus the gravitational
amplitudes introduced by Nekrasov in [pJ] by using instanton counting techniques. In this
section we will explain this in some detail, and as spin-off we will obtain some new results
on the modularity properties of the Ny = 4 theory and its gravitational corrections.

We first note that the behavior of the amplitudes near ({.18), in the fiber limit, has been
already determined with heterotic techniques in (5.64). The results of section ] including
the base were obtained in principle in the large radius limit, in terms of the “electric”
coordinates t. However, the calculations of F'9) performed there are also valid in the tp
coordinates, due to general covariance. In particular, the holomorphic limit F (9)(5, tp)
can be expanded in polynomials in Ey(S), E4(S), Eg(S) as explained before (p.1), and we
can write

F9(S,tp) Z PR(S) fL(tD). (6.1)

Near the locus (:20) the f,“g should show display a singular behavior of the form

bg
fitp) = oy (6.2)

as we checked in the fiber limit in (5.64). How does this compare to the field theory?
The prepotential and gravitational corrections of the massless Ny = 4, SU(2) N =
2 Yang-Mills theory depend on the vector multiplet variable ¢ and on the microscopic
coupling 79. They can be put together into a generating functional
00
F™Ma,m0,h) = > W9 F M (a,7), (6.3)
g=0

where .7:0Y M(a, 1) is the V' = 2 prepotential and the higher g amplitudes are the gravita-
tional corrections. The statement that the type II theory on the Enriques Calabi-Yau has
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this gauge theory as its field theory limit near the locus ([.20) implies that the leading
singularity of the topological string amplitudes is given by

F9(S tp) Z bipl(S) = FyM(a, 1), (6.4)

where S is related to the coupling constant of the theory 7p, and p is related to the a variable
of Seiberg and Witten in a way that we will make precise in a moment. Let us first look
at the prepotential. While it has been originally assumed [Bg] that the prepotential of the
self-dual theories with N' = 2, gauge group SU(NV) and 2N flavors is classically exact, it
was found in [R0] that it does get instanton corrections. Those can however be absorbed
in the following redefinition of the coupling 1],

1 92

k
T — T = 53—.7:8{1\/[(@,7'0) :TQ—F;quO, (6.5)
where
qo = exp(2miTy). (6.6)
We then have for the instanton-corrected prepotential
1
FoM(a.m) = gra?, (6.7)

in terms of the renormalized coupling 7. This is needed in order to match the type II
prepotential ([£.§), which does not exhibit instanton corrections. We will then express the
]:;(M obtained by instanton computations not as functions of qg, but of g = ™",

The computation of the field theory amplitudes proceeds as follows. The func-

tional (6.) has the structure

F™(a,10,h) = Fpmi(a,h) — h*log Z(a, 1o, ), (6.8)
where
B 2Bo, PN
fpert g(a7 h) - _4(9_1)29(29 — 2)( —4 )a29—2 (69)
is the perturbative piece computed in [@], and
(a,10,h ZZk a, h)q (6.10)

is an instanton sum. Nekrasov’s formula for the k-instanton contribution to the partition
sum Zj(a, i) can be written as [[2]

=> H H )S . (6.11)
{Ya} A seyA E(s)

The sum runs over sets {Y)} of Young diagrams labeled in the SU(2) case by A = 1,2. For
massless flavors,

PA(s) = ax — (s — si)h, (6.12)
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Figure 2: A sample pair of Young diagrams Y}, Y5 contributing to )

where s;, s; are the coordinates of the cell s inside the Young diagram Y). We also have
E(s) = a,5 — h(h(s) —v(s) = 1), h(s) = vs, — sj, v(s) = ﬁg], — 8, (6.13)

where vy, is the length of row s; in V), 7 the length of column s; in Y5 and h(s), v(s) are
the number of boxes to the right of s inside Y) respectively above s inside Y3, see figure 28
The constants ay = (a1, as) are set to (—a,a).

The relative normalizations between the results in [53] and the Calabi-Yau case can be
obtained from the limit ¢ — 0, which is the limit .S — oco. The only remaining singularity
on the Enriques is then (p.64), while in the Yang-Mills case we are left with the perturbative
piece (p.9). Comparing this to (5.64) and taking into account the relative sign in (p.4) we

find
2g—2

G

= b (6.14)

and one can immediately read off the normalization of a with respect to yu = tb — t%:

I
a=—. 6.15
e (6.15)
We notice the following factorization,
1 _

FoM(qo,a) = W%(Qa), (6.16)

where Z4(qo) is a power series in go. The relation between ¢y and ¢ is defined by
q = qoexp[Zo(qo)]; (6.17)

which can be inverted to obtain the relation between ¢y and ¢. The explicit power series

one finds is

¢ 11¢> 3¢* 359¢°  T75¢° 919¢" 41¢%
Go=qg-5+——— 2+ -

- O(¢°). 6.18
2 64 64 T 32768 32768 | 2007152 524288 (") (6.18)

,48,



If we now plug this series into .7:; M(a,qo) we find that all gravitational couplings are
functions of ¢2, that is to say, there are no odd instanton contributions, as it should be
since those are forbidden by a Zs-symmetry of the theory [fg]. The power series (.1§)
should be given by a mirror map, corresponding to some algebraic realization of an elliptic
curve. Indeed, when expressed in terms of

1
q=2%2, qs=e¢", (6.19)
we find

~ 95(gs)
-~ 04(gs)’

which is (up to an overall factor 16) the Hauptmodul of T'g(4). This equality between gq

1 3
qo = 163 — 128 g5 + 704 q% — 3072 Q@+ (6.20)

and the Hauptmodul has only be checked for the first few terms of the instanton expansion,
and we don’t have a general proof.

We can now express the couplings ]:;(M (a,qo), computed from (B.17), in terms of gg, p.
Due to the connection to the Enriques results and the field theory limit (B.4), we expect
them to be (up to an overall factor u?>~29) quasi-modular forms in gg of weight 2g — 2, and
belonging to the ring generated by F3(S), E4(S) and Eg(S). The results obtained with
the instanton expansion are in perfect agreement with this. We find at g = 2

1 3qs 9q2 21q4
pPFM = — - 22 T8 6l — S5 - 9¢% + 1848 + O (¢F)

Yew. .
2
Proceeding in the same way we find,

ptFIM = 2%<§E§ + éE4> : (6.22)

poFM = %(%ES + §E2E4 + 1—72E6> )

EFIM = %(197]33 N ?;E2E4 N 392E4 N 134E2E6>

plOF M = %(%EQ + 291)8EzE4 + %E2E4 + 4154041 E3Es + 434347E4E6>

pl2 M = 2—2(%@ - 522;’7572574 + 122874 8E2E4 + %Eg’&

g 0 0 )

We point out that we have not proved these equalities, but rather verified them by using the
instanton expansion up to high order. It is however highly non-trivial that this expansion
can be matched to a quasimodular form of the required weight. In addition, one can
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verify that the coefficients of the above combinations agree with the Enriques results. For

example, if we look at the singular behavior of (5.29) by using (p.64), one finds,

Ei(S) + ——(FX(S) - Ex(S)) = —(E2(S) + Eu(9)),  (6.23)

1
FO(S,t ——
(Sitp) = 55 7 Fa 484 96

in agreement with the result above. We have checked that the above polynomials are
in accordance with the field theory limit of the Enriques model also for ¢ = 4,5,6. For
higher genus the instanton results for the Ny = 4 theory provide a boundary condition
for the holomorphic anomaly equation, since they determine the coefficient of the leading
singularity near ({.20) as a function of S, and generalize the heterotic result (p.64) away
from the fiber.

In summary, we have verified with the instanton computations of [FJ our general re-
sults about the structure of the topological string amplitudes in the Enriques Calabi-Yau
(in particular our assumption after (f.]) about the modular properties of the holomor-
phic ambiguity). Conversely, the results on the Enriques side have been instrumental in
clarifying the modularity structure of the massless Ny = 4 theory.

7. Direct integration on generic Calabi-Yau manifolds

In this section we present a general formalism which allows for direct integration of the
holomorphic anomaly equation (R.10) for a generic Calabi-Yau manifold. In order to do
that we will first have to rewrite these equations by using new coordinates and introduce
the so-called big moduli space M in section ] The holomorphic anomaly equations on
the big moduli space have been also discussed in [I§, 9. The target space symmetry
group acts naturally on the coordinates of this extended moduli space and we will briefly
discuss modular forms on M in section [F-3. This has been also studied in [, see also 7).
Alternatively to the direct integration, the higher genus amplitudes can be derived using
a Feynman graph expansion in generalization of [[, pg, [l]. We introduce the appropriate
propagators and vertices in section [7.J. Finally, in section [.4 we derive a closed expression
for the F'9) using direct integration. This can be viewed as the generalization of the
discussion of the Seiberg-Witten example in section [3 for compact Calabi-Yau manifolds
with an arbitrary number of moduli.

7.1 The recursive anomaly for F9)

In this section we rewrite the holomorphic anomaly equations (R.1() for an enlarged moduli

21 coordinates t, ¥ on M are promoted to 221 + 2 coordinates

space in which the 2h
YE YK From a geometric point of view, this amounts to working on the moduli space of
complex normalized (3,0)-forms €2 on the Calabi-Yau manifold under consideration. We
denote this moduli space by M and call it the big moduli space. The coordinates Y on
M are defined as functions of ¢* by using the homogeneous coordinates X () arising in

the expansion ([A.f]) of the holomorphic three-form €. Explicitly, we define

vyi=X\'x't), T1=0,...,n%Y, (7.1)

,50,



where A is the complex string coupling. The big moduli space M is shown to be a rigid
special Kahler manifold with Kahler potential K and Kahler metric K7 given by

- L _ . .

K = §<YK.7:K(Y)—YK.7:K(Y)> y KIJ:BIBJK:ImTU, (72)
where 07 = Oy:r and 0f = Oy are the derivatives with respect to the coordinates on
M and 175 = 079;F is the second derivative of the prepotential. Note that the K&hler
metric Im77; is not positive definite, but rather has complex signature (h>!,1), i.e. has
one complex negative direction. The metric connection is shown to be

S P i
Pk = K"™M0yK ey = —5Cic (7.3)

where Crjx(Y) = 010,00k F is the third derivative of the prepotential F. This implies that
the covariant derivative of a tensor Vi on M is given by

i
DV = 0/Vi — T Vs = 0; Vi + icngvj . (7.4)

Here and in the following, we will raise and lower indices using the metric K 77 = Im77;. For
a more exhaustive discussion of rigid special geometry we refer to the existing literature [[[4,
7 @]

Let us now lift the holomorphic anomaly equations (R.10) for the free energies F(9)
to the big moduli space M. In order to do that, we evaluate F'(9) (t,t) as functions of
the homogeneous coordinates X . As reviewed in section [}, they transform as sections of
£2729 such that

FO(y,Y)=)29"2F0) (X, X), YK F9) = (2 —29)F9) (7.5)

Rewriting the holomorphic anomaly equations (R.10) using the Y coordinates and the
functions F9)(Y,Y) we find

. g—1
O;F9) = —%C}’K (DJaKF<91> +)° aJF<r>aKF<W>> . (7.6)

r=1

A detailed derivation of ([f.) can be found in appendix [D.]. We can also lift the equa-
tion (R.17) for F (@) to the big moduli space Mina way similar to the lift of the holomorphic
anomaly equations for g > 1. First recall that F(1) is a section of £° and hence as a func-
tion of the homogeneous coordinates X X (¢) homogeneous of degree 0 as seen in (F-H). This
implies that

YKayKayMF(l) = YKaYKaylVIF(l) =0. (7.7)

Using this property and the special geometry identities summarized in appendix [A], one
derives the holomorphic anomaly for F()(Y,Y) on the big moduli space (see appendix [D.2)

1 = _
d10;F1) = SCruC M (% - 1) K ;(Y,Y), (7.8)
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where the second derivative of the Kihler potential (B.§) is shown to be
K;7=0y105,K(Y,Y) =25 Ky + 4¢*KY7Yy (7.9)

and indices were lowered by contraction with the metric (.J). Note that the last term
in the expression for K ensures that the holomorphic anomaly ([.§) also implies ([.7).
In this big moduli space formulation, it is straightforward to integrate the holomorphic

1)

anomaly equation ([.§) for F (1), One thus shows that the genus one free energy is locally

of the form

FOY,v) = —% log det(Im7y) — (;—4 - 1) K(Y,Y)—I|®| + fY + O (7.10)
where ®(Y) and f(1)(Y) are holomorphic functions arising as integration constants. For
reasons which will become clear later, we introduced the seemingly artificial split of the
holomorphic ambiguity into ® and f(). The expression (7.10) provides the direct gen-
eralization for F1) in Seiberg-Witten theory (B.11]) and also reduces to the Enriques re-
sult (.39). Clearly, the holomorphic anomaly does not determine ®, 1) which were
derived in the Seiberg-Witten and Enriques example by using additional information due
to modularity and string dualities. In the next section we will briefly discuss modularity
from the point of view of the big moduli space M.

7.2 Monodromy, symplectic group and modular forms

In this section we discuss the action of the target space symmetry group on the coordinates
of the big moduli space M and introduce some basic modular forms and modular deriva-
tives. To begin with, let us note that there is a natural symplectic action on the periods
(F7,YT) of the holomorphic three-form given by

)6)-6)

where a, b, ¢ and d are real integer-valued matrices obeying
ale=c"a, bv'd=d"p, ald—c'bv=1. (7.12)

These transformations change the basis of the third cohomology of the Calabi-Yau manifold
and form the symplectic group Sp(H?,7Z). Note that in general only a subgroup I'p of
Sp(H?3,Z) provides a true symmetry of the topological string theory. I'j; is the monodromy
group. We encountered specific examples for I'j; in the sections on Seiberg-Witten theory
and the Enriques Calabi-Yau: I'y/(SW) = I'(2) and I'j;(E) = S1(2,Z) x O(10,2,Z). The
monodromy group I'ps is a symmetry of all higher genus amplitudes F (g)(Y Y).

Given the action of Sp(H?, Z) on the periods, we can also investigate its induced action
on the geometrical objects on M. First note that both Kihler potentials K and K are
invariant under (.11)) since they contain the symplectic scalars Y5 Fx — Y& Fi. The
second derivative 775 = dy1F; of the prepotential transforms as

T = (et +b)(er+d)7 L. (7.13)
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This implies that 775 transforms as a modular parameter and is the higher-dimensional
analog of (B.4). Once again one easily shows that the inverse of Im7; transforms with a
shift

Imr!? —  (er 4+ d) g (er + d)7 Imr B — 2i K (er 4+ d)f; . (7.14)

On the other hand, the third derivative Cjji of the prepotential F transforms without
such a shift
Crik  — (er+d) " Mer+d)7 Y (er+d)H 'Cunp (7.15)

This is precisely the transformation property of a modular form of weight —3. In general,
we say that a modular form is of weight —n if it transforms as

Mp.p, — (er+d) " (e +d) "My, (7.16)

The holomorphic form @ appearing in (7.1() has no indices, but nevertheless transforms
under the modular group T'p;. It is chosen such that F(") as well as f(!) are invariant. This

implies that it has to transform as
& +— det(er+4d) P (7.17)

to compensate the transformation of det(Imr7;) in (f.I0). A major challenge is to find
the appropriate ® for a given Calabi-Yau manifold and show that it can be expressed as
a function of 77; only. In order to do that one can change f() by holomorphic modular
invariant combinations. ®(77;) can be explicitly derived for the Enriques Calabi-Yau. It
is desirable to explore further examples such as the quintic Calabi-Yau.

As we have seen before, the derivative 0y, My, . 1, of a modular form M is no longer a

modular form, since the derivative also acts on the matrices (C1 + D)I_il‘]". However, this

—

action can be compensated by using covariant derivatives on M. One easily shows that the
Christoffel symbols ([.3) shift under (7.I7) such that the covariant derivative Dy, My, 1,
of a modular form is again a modular form of weight reduced by one. If we express My as
a function of 777, we can also take derivatives

DMy = 8.

1J

MK - %(ﬁglmTI}LML, D[ = C]JKDJK, (718)

where {IJ} indicates symmetrization in the indices I and J with symmetry factor 1. In

D’E we have used that 9;7x 1, = Crxr. Since Crxr has weight —3

order to relate Dy and
this also implies that D! raises the weight of the modular form by 2. Let us note that
Dy and D!V are the higher-dimensional analogs of the derivatives D; and D, displayed

in (B.1§).

7.3 Feynman rules for F9): vertices and the propagators

Let us now come back to the discussion of the holomorphic anomaly equations (f.6). As
argued in [ and briefly recalled in section fl, the traditional way of finding a solution
to equations of the form ([7.6) is via a Feynman graph expansion. In this section we will
derive the vertices and propagators to describe such an expansion in the large moduli space.
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This can be done by first directly solving ([7.f) for the smallest possible genus g = 2. The
resulting section F?) can be identified as a sum over Feynman graphs counting degeneracies
of Riemann surfaces. This example allows us to identify the vertices and propagators, which
can be used to systematically construct every solution F9). The generating functional
encoding these Feynman rules is then derived and can be shown to be equivalent to the
generating functional of Bershadsky, Cecotti, Ooguri and Vafa [f].

In order to extract the solutions for the free energies F9) we first define complex

tensors
I I A0 iD[l ... DInCIn—2In—IIn for g = 0
and demand
Y, =0 for 29-2+n<0. (7.20)

These two equations are the big moduli space equivalents of (R.7) and (R.§). They imply
that C}lg ) 7, 1s a section of £27297" such that we can infer the homogeneity relation

Ykcy), | =@-2g-n)C¥ . (7.21)

In equation ([.10) we already displayed the general local form of solutions for the free
energy F(1). The next function to determine is F®)(Y,Y). Evaluating (F.§) for g = 2 one
obtains

1 F? = —%CIJK <D O FY) 4 aJF“)aKF(U) : (7.22)

As we discuss in appendix [D.] such an equation can be solved by an integration by parts
method. This amounts to writing the right-hand side of (F.22) as an anti-holomorphic
derivative of some expression I'®(Y,Y). The solution to (7.23) is then given by F(?) =
Iy, Y)+ f@(Y), where f? is the holomorphic ambiguity at genus two. This method
of solving ([7.29) is equivalent to the one used in ref. [ to solve the holomorphic anomaly
equations (2.10) for F(9)(t,#). However, in contrast to [fi] it will be sufficient to introduce
one type of propagator denoted by A/. The propagator A’/ has to be chosen such that

i
oAl = ZCKU : (7.23)

Clearly, this fixes the form of A’/ only up to an holomorphic function. As for the examples
discussed in the previous sections this ambiguity can be fixed by modular invariance and
compatibility with the solution F().

In order to derive an explicit expression for the propagator A” we note that a solution
to (7.29) is always of the form

1
Al = —§ImTU +&M(Y), (7.24)
where £77(Y') is a holomorphic function, which compensates the shift transformation (7.14)

of Im7!/. As in the Seiberg-Witten and Enriques example we want to express £/7 as a
derivative of the holomorphic part of F(!) given in ([f.10). In order to do that, let us assume
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that we can express ®(Y') as a function of 77 itself. To achieve this, it might be necessary to
appropriately split the holomorphic ambiguity of F(1) into ®(7) and an additional function
f (1)(Y). f1 is a modular invariant function which might not be expressible as a function
of 77;7. We then identify the holomorphic part in (.24) to be

i 0d()

EIJ - _
® I1ry

(7.25)
From this definition one can immediately conclude that A’ is a modular form of weight
2 under the target space symmetry group I'y;. To see this, note that since F(!) and K are
invariant under I'y; also the section

FO = —% log det(Im77;) — In |®(7)| + fO + fFO) (7.26)

is trivially invariant under I'j;. But evaluating the first derivative on the weight zero forms
F® and f® one finds

9 FW = —%C}?}KAJK +orfY, (7.27)

and infers from the discussion of section [[.3 that A’ is of weight 2 and does not shift
under I'y;.

Now that we have discussed the propagator A7, let us turn to the definition of the
vertices. We do that by continuing the evaluation of the F?) example. In appendix D
we determine by the partial integration method of [ that F @)(Y,Y) to be

_ 1~ 1~ ~ 1 1 ~
POY.Y) = 1= AT (500 + 0000 ) - ATKA (G0 + 5050

1 1
JK ANLM A QP (0) (0) ©0)  ~(0)
—ATERARMAC <ECKMQCPLJ+ gCKJQCPML>’ (7.28)
where f(2) (Y) is the holomorphic ambiguity. Note that in this expansion we introduced
the shifted F() vertices
e _ el <% - 1>KJKK, e — oW 4 (% - 1>KK L (7.29)

It is not hard to interpret the resulting F®) as being obtained from a Feynman graph
expansion. Each term in ([[.2§) corresponds to one Feynman diagram representing a de-
generation of a genus 2 Riemann surface. The vertices are C}?,)K, C}?])K ;, and C’(l), C’}?
which are connected by propagators A/, The whole Feynman sum is shown in figure .

From this example we can also infer the general Feynman rules which generate the
solutions F'(9) (Y,Y) to the holomorphic anomaly equation ([.6). The propagator is defined
in ([7.24) and (727) as the derivative of F1). The vertices take the form

T P I T Uy (a0

ol =0l w1 (;—4 - 1> Ky ...K;, for n>0, (7.31)
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Figure 3: The Feynman graph expansion for F(2),

where K1 = 0y1 K (Y,Y) are the first derivatives of the Kéhler potential (R.5). It is straight-
forward to check that by using K; = —K;/K and D;K; = 0 one finds

Y, =Dy ...D, FY, (7.32)

where () is defined in ([-26). This Feynman graph expansion can be obtained as a saddle
point expansion of the formal integral

N 1 _
ZM = /dZ Videt A exp< - 59;2 A} Z'Z7 + W2 Y, Y]> , (7.33)

where g, is the expansion constant playing the role of h. Here W[Z; Y,Y] contains the
vertices ([.30) and reads

ZZ g92CY gz (7.34)

gOnO

_Zzn,929 2011 I ZII---ZI"—<%—1>ln<1—ZIK1> .

g=0n=0

Note that the holomorphic anomaly equations on the big moduli space together with (7.19)
and ([.20) imply that the integrand of (7-:33) transforms as a wavefunction [f1, fi§, F9,
. Moreover, following [[d, fg] one shows that Z [Y] is actually holomorphic in Y/. One
thus concludes that each coefficient of 939*2 in the saddle point expansion of logZ is
a holomorphic ambiguity f(g)(Y). On the other hand, each coefficient is of the form
F(g)(Y, Y) - I‘(g)(Y,S_/), where T'@) are the Feynman graphs described above. We thus
solve for F(9) = TW)(Y,Y) 4 f9(Y) and find the desired result. In the remainder of this
section, we will argue that the big moduli space formulation is indeed completely equivalent
to the results obtained in [ff].

Let us now turn to the comparison of the big moduli space formalism with the standard
results of [ﬂ] reviewed in section f]. Firstly, note that we only needed one type of propagator
A7 This propagator is related to the propagators Aij, A® and A introduced in () by

A = NIATNT —\TATXT — XTAY] + XTAX7,

A A\ (X
— I I
= (x7xd) <_Ai Aii ) <xj) | (739
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where x! is defined in (A.d). To check this identity, we can evaluate the #-derivative of
A7 Clearly, from the form ([.24) we find

O Al = >\ Lk 1 (7.36)

Precisely the same equation is obtained by using the identification () the special ge-
ometry identities (A.1J) and the derivatives (B-13) of the small propagators A%, A? and
A. In other words, we found a non-holomorphic lift of the small propagators A to M such
that A’/ takes the simple form ([7.24). Even though we did not completely specify the
holomorphic dependence of A’ we already notice that all non-holomorphic dependence
entirely arises through the inverse of Im7;;. This already hints to the fact that in the
formulation on M we have much better control over the ¥/ dependence of each F9)(Y,Y).
In section [/.4 we will show that this fact can be used to directly integrate the holomorphic
anomaly equations, which provides an efficient and direct method to find F(9). In order to
show that expressions such as ([.2§) are completely equivalent to the ones of [[f], we also
need the projection of the vertices C’}f) 1,- These vertices are related to the correlation

functions Cz(lg)zn defined in (B-7) by

O, (4,1 = N2 I CY (VY (7.37)

i1...0n

In order to derive this equation we have used the special geometry relations (A.13) as well
as the scaling behavior of C( 9) \.1, When inserting YE = \7LXK(#). This equation also

holds for C}l.).. 7, since due to () the additional terms are zero under the contraction

with Xf . They are however of importance once one contracts CN'}f ) 1, by Y ¥ yielding
YECY), | =(@2-2g-n)CY . (7.38)

By using these identities and the identification ([.3§) of the propagators the expan-
sion ([7.2§) on M gets transformed into the known result of [[i. Moreover, also the gener-
ating function ([7.34) reduces to the one found in [ff] if we identify

7zl = —oy! 42l (v)Y) . (7.39)

This proves that the solutions for F(9) are actually identical in the formulation of section B
and the big moduli space formalism presented here. As already mentioned above, the
advantage of this new formulation is that all non-holomorphic dependence arises entirely
through Im7!/ in the unified propagator A’/ and the covariant derivatives D;. We will
use this fact in the next section to perform a direct integration and to derive a closed
expression for F9).

7.4 Direct integration of the holomorphic anomaly

In this section we make use of the special properties of the big moduli space formulation to
directly integrate the holomorphic anomaly equations (7.6). To begin with, we will argue
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that every F9) for g > 1 can be expressed as a finite power series in the propagators A’/

as
39—3

FO(Y, V) Z AL AR D (7.40)

where ¢9) without indices is the holomorphic ambiguity at genus g. Due to modular

(9)

invariance of F(¥) the coefficients Clyy (Y) are shown to be holomorphic modular

forms of weight —2k on the big moduli space M. All non-holomorphic dependence of F(9)
arises entirely through Imr!/ appearing in the propagators A’ defined in (), It is this
fact which will allow us to directly integrate the holomorphic anomaly equations ([7.6).

First of all, we have to show that indeed each F¢ for ¢ > 1 can be written as a
power series in the propagators A’Y with holomorphic coefficients. We check this for F'(2)
first. F® was expressed in ([2) as a power series in A’/ with coefficients containing
é}?])K I C’}l) and ég) From their definitions ([7.3()), it is clear that these three quantities
are not holomorphic. Hence, in order to establish that ([-40) is true for F ), they have to be
written as power series in A/, For C’}?])K =D IC"(]OI)( ;, this requires that we have to expand
the connection D;. Note that Dj contains the Christoffel symbol rk = —501 srImr K
and is only non-holomorphic due to the appearance of Im7!/. However, by using ()
one can replace Im7¥ and split the connection as

D[VJ - D]VJ - C}?])KAKLV FIJ — IJ + C}O) AMK (741)
where we introduced the holomorphic connection
D[VJ =0;Vy — f%VM =0/Vy+ iC[JKgKMVM . (7.42)

The holomorphic connection D; maps holomorphic sections Vi (Y') into holomorphic sec-
tions DKVL(Y). Moreover, it maps modular forms into modular forms, decreasing the
weight of the modular form by one. D; are the generalizations of the holomorphic co-
variant derivatives (B.19) and (p.3J) for the Seiberg-Witten example and the Enriques
Calabi-Yau. We can now split é}?])K ;, into a holomorphic part and a term linear in the

propagator
0 0 0 0 0 0 0 0
CEJ)KL =Dy CSI)(L —AMN <C§J)MC](V%(L + C§13MC§V}L + C§L)MC](V?]K> . (7.43)

Clearly, due to the holomorphicity of C} J)K both D IC(O) o1, and the coefficient of AMN are
holomorphic functions.

Let us now evaluate C’}l) and C’}? The first derivative C’}l) = 9;FY) was already
given in (7:27) and shown to have an expansion in the propagator A’/ with holomorphic
coefficients. In order to also evaluate the remaining vertices, we will need to take derivatives
of &7, As in the examples, note that the first derivative g€’ is not a modular form, but
rather transforms with a shift. These shift transformations can be compensated by adding
another term quadratic in £/, Indeed, we find that the linear combination

KL = 9, KL _ 5KM5LNC§(])‘ZIN : (7.44)
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transforms as a modular form without an additional shift. Not surprisingly, ¥ Ij is not the
same as D;EXT but rather the field strength of £//. However, there is another important
representation of EX% in terms of derivatives of ®(7). Using ([.44) one finds

X = EfFMNCy (7.45)

where

1 P
52111€J1---1k=]k _ (—i k- 0 (T)

. 7.46
(138T[1J1...8T[kjk ( )

These holomorphic modular forms of weight 2k are the direct generalizations of the forms
2k introduced in (5-39). A direct calculation shows that we can also express the holo-

ai...ar
morphic modular derivative of A’/ as a propagator expansion,

DIAKL = _AKMALNGO o eKLMNGO) (7.47)

We are now in the position to evaluate the vertex C’}? = D;0;FY) . Using the deriva-
tives (7.47) of the propagators together with (.41]), one easily derives

OfY = SOl Oy 4 Dain s = S8R (D03 + 20 o)
+3 AR (00, 00, + 0,00 ) (749
Inserting (F:27), (743) and ([-49) into the expansion (7:2§) for F) one finds
PO = AMRATEARD (L0, O+ 16Ol ) (r.9)
-gAnnal (D, ) 0us )
_iAllJlgfLMNC}?g\chg?)[(L + %Dhahf(l) + %311f(1)3J1f(1) + 2

This shows that the calculation of F(®) using the partial integration and the expansion of
the non-holomorphic coefficients yields the desired expansion ([7.4Q) of F ). We will now
use an inductive argument to show that every F(9) can be written in the form ([-40) and
derive a recursive expression by direct integration.

Let us now go one step further and show that if all F(") for 1 < r < g can be written
in the form (f:40) also F(9) itself admits this expansion. To do that, we use the Feynman
graph expansion introduced in section [.3. It was shown there that each F(9)(Y,Y) can be

obtained from vertices ég) LT <9 connected with propagators A, But it is not hard

to see that C’X) I, 18 actually an expansion in A’ with holomorphic coefficients. More
precisely, note that the vertices are obtained by taking covariant derivatives Dj of F(")
and we can apply (7.41]) to rewrite these into holomorphic covariant derivatives Dy and a
propagator contribution. But since by our induction assumption F() is of the form (7.40)
for 7 < g we can apply ([.47) to show that this is equally true for F' @) jtself. This
proves that ([.40) is true for all g > 1. It is also straightforward to count the number
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of propagators arising in the expansion ([.4(). One simply notes that the term in the
Feynman graph expansion with coefficients C}g i only is already an expansion in A with
holomorphic coefficients. It has the maximal number of propagators, namely 3g — 3.

Having shown that F(9) can be always brought to the form (740, let us now determine
a closed expression by direct integration. Since all non-holomorphic dependence arises
through A’ the holomorphic anomaly equation can be rewritten as

oF(9)

1 194
SATT = 3D Fl-1 4 5 > o F o Flr) (7.50)

r=1

To integrate this expression we introduce the following shorthand notation

39—3
FOv,7) =3 4, Ay = Al AT, (7.51)
k=0
where C(é(]li) is the term containing k propagators A’’. We also rewrite the right-hand side

of the holomorphic anomaly equation as

g—2
D[aJF(gil) + 8[F(1)(9JF(971) + 8[F(g71)8‘]p(1) + Z OIF(T)&;F(Q’” . (7.52)
r=2
Here the first three terms can be rewritten as
Doy F9™D 49, FW e, o= 49, Fl9~D g, 1) (7.53)
— Do, F9=Y AKLC§?])K8LF(9_1) _AKLCS)L{IaJ}F(g_l) +23{If(1)aJ}F(g—1) ’

where we have applied (7:41)) and inserted (7.27). We also introduce the derivative d, which
acts on the coefficients of the A-expansion as the holomorphic covariant derivative D but
leaving A’7 invariant. For C(E(J])ﬁ) given in (J/.51]) we thus set

drclf)) = A A Dyl () (7.54)

Using this definition, we calculate

@ _ g o (paMyy_9 @
orc ?k) = djc ?k) + <D1A >8AMNC ?k) (7.55)
y 0 PQMN a
= dic%), + CfP (54 QMN _ APMAQN> SR 9. (7.56)

Note that the first term is homogeneous of degree k in A, the second is homogeneous of
degree k — 1, while the last is homogeneous of degree k 4+ 1. We also evaluate the second

derivative
2
Ny -1 MNQP 5 (0 0 0 1
DlaJC(?k) = [ 4 N SIUR C§Z\)4NCL(HZU} aAQPaARSC(?k)) (7.57)
0 0 (0 0) 3 0 1
+ &8 DKLMNC}()LICJ(M)NJ"‘&;C DFGC§}G1+25110 DFGCz(Pé{IdJ} OACD c(?k) :
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sy QCFG (0) 0) 0
+ [d,d 7 — 265 C;G{Icf]}QBABD SACD

2
CDEF ~(0) (0) MQANP 9 (9-1)
—28 7P Oy Coypr A YA W]C?@
%(0) © 5 |adcaBD 9 (9-1)
- |:CIJAB + 20,5l [AT7A GACD € ?k)
0 0 0
- [20} NN CigpASY ANCAPD -

2
(0) (0) M ANP A AC A BD 0 (g—-1)
+CrynCragA®M AN AACA IAQPHA CD:| ¢ E(Jk) ;

where {IJ} indicates the symmetrization of the indices and we abbreviated
= (0 5 ~(0
C}J)KL - DICL(]I)(L : (7.58)

Once again, we can specify the A-homogeneity of the terms: first line & — 2, second line
k — 1, third and fourth line &, fifth line k£ + 1, sixth and seventh line k + 2. In performing
the direct integration of the holomorphic anomaly equation we keep track of the number of
propagators on the right-hand side of ([7.5(). We can do this explicitly by inserting (7.59)
together with (7.55) and ([.57) into (F.50]). Due to the vast number of indices the result
looks rather complicated and will be presented in the following.

Performing the direct integration one finds

39—6

Fl9 — 1 Z 1 SMNQP ¢TURS (0)  ~(0) A1J 0
T 9 E_1°4 4 IMNY JTU
k=0

1 OARPHARS

1 ,
e (PN s+ EFPOC e,

. 0
r2eCProC, (4,0, 0) )ar s o

1 - .
e (AR [ R IR I
0

_9 <€ECFGC$éIC§%BA1JABD + ngCDC}E)])KCg)I)DQAIJAKL>

2
CDEF ~(0)  ~(0) AIJAMQANP 9
—2&4 CruniCrerA™ A °A W)
1 . - .
T3 (20}?,>KdLA” ARL 4 (c}O}AB +2000,(d, + 8y f<1>)> x

9
1J A AC A BD
xATTAACAPD Am)
s i ; <2 <c}?}Kc§‘}lQA” AKLAPCAQD

+C§?\)4NC§%BAUAQMANCABD> aAaCD
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+C(o) ) AIJAQMANPAAC ABD 0 )] (9-1)
IMNYJAB

9AQPHACD € (k)

158 1 (g—r) )

IJ( 35 (g—r j r

XY 5 (et (et ) (4,
r=2 k=0 m+n==k

PQMN oRSTU ~(0) ~(0) AIJ 9 (g—7) 9
to TG & CpCaRs A <8AMNC?M) ><5ATUC (n)>

L (0) ~(0) AIJAPM AQN APT ASU 9 (g-n) 0
+k—_|_:))CIPQCJRSA A A A A aAMNC(m) aATUc(n)

L rstu ) A7) (5 (9-7) 9 9 -\ (i @
+E€4 CrrsA dre g(]m) AT () ) T 8ATUC£(7m) dre’

1 (0) AIJAPT ASU i (g—r) G
—mCJRSA ATTA d[C(m) 8ATUC(")

9 @\ (;i
+<5ATUC (m) > <dfc ()

L PQMN ~(0) ~(0) AIJAPT ASU 0 (g-r) 0
“rric T CipCirsATATA SANTNC (m)

9 (g-r) G (9)
+ <3ATUC ?m) ) (aAMNc (n) tc ?0) : (7.59)

Let us end with some brief remarks about the properties of the direct integration in the

big moduli space. Firstly, we note that the building blocks of F'9) are the propagators A/
as well as the holomorphic modular forms

gh-te P .. D fY,  Dp..DCY .., (7.60)

induced by FM) and F©. It seems likely that also the holomorphic ambiguity can be
parametrized by ([[.6(). To determine these forms it is essential to find ®(7), which will be
harder for examples other than the Enriques Calabi-Yau. Moreover, in order to efficiently
derive all F(9) one also needs to show that the forms (f.60) are generated by a finite number
of holomorphic modular forms of I'j;. Clearly, the most challenging task is then to fix the
ambiguity by appropriate boundary conditions. To explore these issues for other interesting
examples will be left for further work.

8. Conclusion and outlook

In this paper we have developed a new approach to solving the holomorphic anomaly
equations of [, based on the interplay between modularity and non-holomorphicity, which
makes possible to perform a direct integration of the equations at each genus. This approach
is more efficient than the diagram expansion of [[i] and leads to closed expressions for the
topological string amplitudes, once the ambiguities are fixed by appropriate boundary
conditions. The amplitudes obtained with this procedure can be written as polynomials
in a finite set of generators that transform in a particularly simple way under the space-
time symmetry group, making the modularity properties manifest. There are many open
questions and possible avenues for future work. We list here some of them.
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Although we have been able to improve the results of [[]] for the Enriques Calabi-Yau
manifold, it would be interesting to push further the formalism developed in this paper.
In section | we have introduced a set of holomorphic automorphic forms on the Enriques
moduli space which might be enough to parametrize the holomorphic ambiguity. Using
these forms, the boundary conditions obtained from the field theory and the fiber limits,
and some extra information coming for example from Gromov-Witten theory, one might
be able to obtain the topological string amplitudes at higher genus.

As explained in [B7], Gopakumar-Vafa invariants should provide a microscopic counting
of degrees of freedom for 5d spinning black holes, although in order to make contact with
the macroscopic Bekenstein-Hawking entropy one typically needs a knowledge of these
invariants (therefore of the topological string amplitudes F (9)) at arbitrary high genus.
Some of the results of this paper might be useful in studies of these black holes. For
example, the all-genus fiber result for the Enriques Calabi-Yau manifold should give a
detailed microscopic counting for small 5d black holes obtained by wrapping M2 branes in
the Enriques fiber.

Vast progress has been made in the understanding of compactifications which allow
to stabilize many or all moduli in A" = 1 supersymmetric vacua [[J]. These vacua often
rely on the inclusion of background fluxes and D brane instanton effects. Orientifolds
of the Enriques Calabi-Yau might serve as very controllable examples in which certain
corrections to the NV = 1 low energy effective theory can be derived. In particular, it is
an interesting task to identify and compute corrections to the four-dimensional super- and
Kahler potentials encoded by the higher genus amplitudes.

As shown in [B3, 9] the free energies of matrix models satisfy the holomorphic anomaly
conditions. Hence, the techniques of this paper could lead to a useful method to analyze
matrix models. Using matrix model technology one can also write down holomorphic
anomaly equations for open string amplitudes in local Calabi-Yau manifolds 2], and it
would be interesting to study them using the methods of this paper. In view of the results
of [ig], this could lead to a powerful approach to compute open string amplitudes on toric
Calabi-Yau manifolds.
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A. N = 2 special geometry

In this appendix we summarize some basics about A/ = 2 special geometry [[-[[J, R4]. Let
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Y be a Calabi-Yau threefold, i.e. a complex three-dimensional Kéhler manifold with SU(3)
or SU(2) x Zg, but no smaller, holonomy group. In particular Y has a no-where vanishing
holomorphic three-form 2, which is unique up to complex rescaling. ) depends on the
complex structure of Y and hence varies over the space of complex structure deformations
M. Local coordinates on M are denoted by t*,#. Q(t) can be used to define a Kihler
potential

K(t,t) = —log [z/yQ A Q} (A1)

K induces the following Kahler metric structures on M
Gi; = 0;0;K, Iy = GMo,G Ik = G%9,G);
5 mi 5 I_ 5
Rijki = —0;0;,Gy; + G (8inﬁ)(8ijf)7 R = _ajrlik

ik
Ri; = GH R ; = —9,0;log det(Gy) -

gl

(A.2)
Q and Q are sections of holomorphic and anti-holomorphic lines bundles £ and £ over M
respectively and holomorphic gauge transformations Q — efQ in £ correspond to Kéhler
transformations, i.e. e € £ ® L. The derivatives J; are with respect to coordinates t; of
M, and sections like Vj; in TM?LO) ® TMEFO,l) ® L™ ® L" have a natural connection with
respect to the Weil-Petersson metric G;; and the line bundle K; = 0;K, K; = ;K

¥

For a given complex structure €2 defines a Hodge decomposition
H3(Y,C) = H®Y ¢ HZD ¢ g2 g g(©03) (A.4)

The forms Q, x; = D;Q, X; = D;Q and Q provide a basis which spans the above cohomology
groups over C. Since it depends on the complex structure we call it the moving basis.
By Kodaira theory, infinitesimal deformations of the complex structure are elements of
HY(Y,TY). Q induces an isomorphism H'(Y,TY) ~ HZD(Y). Hence the harmonic
(2,1)-forms x;, i = 1,...,h%! can be identified as (co)tangent vectors to M and these
deformations are unobstructed on a CY manifold [57].

We also introduce a fixed integer symplectic basis (af, 8%) of H3(Y,Z) with

/YaK/\BL:—/YBL/\aK:@L(, /YaK/\aL:/YBK/\ﬁL:O, (A.5)

which is independent of the complex structure. We can expand the moving basis in terms
of the fixed basis

Q=Xa;—Fip, Xi = Xfar — xnifp, etc . (A.6)

The expansion coefficients are the period integrals

Xf:/ Q, F,:/ Q, xfz/ Xi» XIi:/ Xi » (A7)
Al B; Al Br
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where (A% By) is a basis of H3(Y,Z) dual to (ax,3"). Using (A.§) and (A.7) we can
express (A1) in terms of the periods

K = —logi| XX Fx — XK Fg| . (A.8)

Note that X! € £, Fr € L, x! € T(*LO)M ® L etc. Obviously the periods carry the
information about the complex structure deformations. The X!, I = 0,...h?' can serve
locally as homogeneous coordinates on M. Local special coordinates on M are defined by
th=X1/X0 i=1,... h(21) . The F; on the other hand are not independent. It follows

rather from 3
ON—0=0 A9

that there is a holomorphic section F of £? called prepotential obeying
1
.7::§XIF1, Fr=0x:1F . (A.10)

This also implies that F(X) is homogeneous of degree two in X’. In special coordinates t*
one also writes F(t) = (X°)72F(X). It turns out to be useful to introduce the second and
third derivative of the prepotential as

715 = 0105 F, Crjx = 01050 F , (A.ll)

which are homogeneous of degree zero and minus one respectively.
Special Kéhler geometry describes the relation between the metric structure and the

Yukawa coupling
O = iCyp = / QN 00,0, = — /Y QA D;D; D2, (A.12)

a section of Cj;, € Sym?’(T(*1 0)) ® L£2. Using (x;, Xz) = Gie ™ and transversality of (,)
under the the decomposition (A.4), i.e. (), Vom,n)) = 0 unless k +m =1 +n = 3 one
gets the special geometry identities [[[

D; X! = XZ-I, Dz‘X]I' = iCZ-jkak)ZéeK, Zx— G; XI (A.13)

From (A.3) and (A.9) follows [D;, Djlxx = —Gi7 + Riﬂixl and using ((A.1J) one gets

[Di, D' = Ry = G + G360} — CijmCP (A.14)
where we abbreviated
~(0)m 2K (0) ~mz 17 ~ml _ - ~0)ml
CIE CkijG G, C',—ﬁ = ZC% . (A.15)

Let us also summarize some relations obeyed by 775 and Crjx. One first notes that

by homogeneity and (A.12) and (A:13) one has

Crr X% =0, Ciji = Crirxix;}xr - (A.16)
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Using the above definitions and the degree two homogeneity of F one also shows that
25 X T X7 =1, XX/ =0, 2e5 y ] ImTIJx— Gj - (A.17)
Denoting by Im7!7 the inverse of Im77; it follows from these conditions that

- 1 _
X{G”)Z}—.JGK = 511117'” + XxIx/eK (A.18)

B. Theta functions and modular forms

Our conventions for the Jacobi theta functions are:

i(wlr) = I)(Ir) = i Y (~1)rgBlnH /A eimn

nez

Do (v|r) = I[)(v|T) = ZQQ (n+1/2)? gim(2n+1)v
nez

Ds(wlr) = B (vir) = 3 g3 e

nez

da(v|r) = 90 (v|r) = Z(—nnqén%m,

nez

where ¢ = €2™7. When v = 0 we will simply denote 9J5(7) = 9J2(0|7) (notice that 91(0|7) =
0). The theta functions ¥2(7), ¥3(7) and J4(7) have the following product representation:

) =208 [0 - g™+
n=1

95(r) = [ — a1 +q"2)2, (B.2)

n=1

Hl—q )(1—gq""2)?

and under modular transformations they behave as:

Da(=1/7) =y =0a(),

Do (7 + 1) =e™ (1),
~U3(7),  Us(7 +1) =va(r), (B.3)
194(7' + 1) :793(7').

U3(=1/7) =

Da(=1/7) =y =02(7),

S ﬁ‘ﬁ

The theta function ¥4 (v|7) has the product representation

o0

V1 (v|T) = —2¢5 sin(mv) H(l —¢")(1 = 2cos(2mv)q" + ¢*™). (B.4)

n=1

We also have the following useful identities:

J3(7) = 95(7) + 93(7), (B.5)
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and
D2(1)03(1)0a(7) = 21°(7),
where -
77(7_) _ q1/24 H(l _ qn)
n=1
is the Dedekind eta function. One has the following doubling formulae,

n(21) = W 92(27) = w

93(27) :\/—%“)203(7), 94(27) = \/D3(7)0a(7),
n(7/2) =v/n(r)da().

The Eisenstein series are defined by

4dn o k2n—1qk
B2n 1- qk ’

EQn(Q) =1-
k=1

where B,, are the Bernoulli numbers. The covariant version of Fs is
~ 3 61
By (7,7) = Ea(T) — = Ep(7) —

mlm T

The formulae for the derivatives of the theta functions are also useful:

d 1
—log V4 =— ( By — 03 — 03
qdq 0g V4 24< 2 2 3>,

d 1 4 4
qd—qlog 193 _ﬂ <E2 +192 — 193),

d 1
—log V9 =— [ By + 9% + 94
qdq 0og U2 24< 2+ 3+ 4>’

and from these one finds

d 1
“logn=—F
Ry 2(7)

and the Ramanujan identities

04 Bale) =15(E3(0) — Ex(a))
15 Eala) =3(Bala)Eala) — Eola).
d

15 Bola) =3(Bala)Eol) ~ E3(@),

(B.6)

(B.7)

(B.8)

(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

These can be used to compute the g-derivatives of the generators Ko, K4 introduced in (B.§):

1 1 1
90K = £ Ea(9) K (q) + 7 Kala) - EK22(Q),

041 = K1(0) (Fa(a) + Kala).
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The doubling formulae for Fy(7), E4(7) are

1 1
B>(27) =5 Ba(r) + 7(03(r) + 94(7),
B.15)
1 15 4 (
Ey4(27) :1—6E4(27') + 1—6193(7')194(7').
C. The antiholomorphic dependence of the heterotic F(9)

In this appendix we find the antiholomorphic dependence of F( t ,t) in the heterotic
theory. In section [C.J], we show how the complicated result of the heteromc computation
of the F9) in the STU-model given in [d] can be simplified, along the lines of [I0]. In
section [C.3 we write down the result for Fég ) in the Enriques Calabi-Yau and derive ({.44).

C.1 A simple form for F9 in the STU-model

In [, an explicit expression for the holomorphic and antiholomorphic dependence of the
topological amplitudes in the fiber limit of the STU-model was found. This expression
is obtained from a one-loop computation in the dual heterotic theory, given by the inte-
gral ([.24), which is then performed by using the technique of lattice reduction [L0]. One

finds that F(9) = ( ) Féﬁeg, where [44]

229—17'('49_3 9 i T l
F) = 4n°U1d,, + g 2% (0.0 g (Ui> C(22+1—g)), (C.1)
1 =0

29—2[g—1-h/2] s

(0>1) _ 42 -2 1 2 (27)!(2g — 2)!
D 2 S il DT =
j=0 a=

r#0 =0 h=
(=1)*" (s +a)!
2ita gl(s —a)!

1 ~ —J—a T . —
s (Relr )" 77y (Relr9)' ™~ Lingarssr-ayle ™)
2m39=3¢, (0,9 — 1) &~ o (29-2) 1
LN TAT= Z —1—s)w<§+8>

s=

g
n Z 4l+gﬂ_29+l—5/209(0’ l)C(?) +2(l - g))

1=0 (TiUy)!
l;ég 1
2(s—29)+5 (29 —2)! § o
XZ )52 (25)!(9—1—5)!F 2+s+l g). (C.2)

We refer to F() F()

deg Fodeg 88 the degenerate and nondegenerate contributions, respectively.
Also, s:=12g—2—h—j—1-1/2|—-1/2; y=(T,U), the complex norm is defined as
r2 = 217y, and
ry = [Re(r - y)| +ilm(r - y).

The coefficients ¢4(m, 1) can be obtained from the expansion

E4E6 Py = Zchmlq 5, (C.3)

meQ >0
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where 7/59 are defined by
oA \? m? & 9
2 = (2w )9 C4
(5m) ©* ~ e P o
g=0
Note that these P, o(7,7) are the modular, almost holomorphic extensions of the Py(7)

defined in ([29), that is, 73 is obtained from P, by replacing Fo — E,. The only anti-
holomorphic dependence in 77 thus lies in the E (1,7). Using the explicit expressions for

739 given in [[], one can show that independently of the specific model,

-1
Cg(m’l) l('( ))l Cg— l( ) (05)
where c4(m) are defined analogously to ([£2§), that is
. ELE
> eg(n)g" = Pg(Q)—;246- (C.6)

n

In what follows, we will systematically express everything in terms of the coefficients ¢,(m).
It turns out that (C.g) can be dramatically simplified. We will need the identity:

v C)(A—Qj—l—C—B—l): B j< C ><B>
Ej:( 1) <j A3 Ej:( ()G (C.7)
This is valid for any A, B,C € 7Z, see [[Ld] for a proof. A special case of the above formula
is the following. Let C, [ and m™ — h™ be integers such that 0 <1 < C < m™* — ht — 1.
Then,
(=1)J(m* —ht+C—-2j—1-1)!
2 jlm* —ht = 25)(C =)t

J
The proof of this statement is easy. Set B =1,4A =m*™ — h* in (IC.7) to obtain

. (mt—=ht+C-2j-1-DlC" C l
Z(_l)]j!(m+ —ht =2)(C—H(C—-1-1) Zj: <m+ —ht —j) <]> (C8)

J

Since C' > [ > 0, any non-vanishing term on the right-hand side must fulfill m* —h*t —C <
j <1, in contradiction with the assumption C < m* — h™ — 1.
We also have the following three additional nontrivial identities. First of all, let s :=
|29 —2—h—j—1—1/2| —1/2. Then,
Sy (20 - 2)! (s +C~ D=1
DT g 2~k 3 — C T C )

h=0 j=0
_ { (29_(5’4) a 10) C <min(l,2g —3—1)

0 otherwise.

This is valid for any pair of positive integers g,l. The second identity reads,
g—1
(29 — 2 1
89—1))¢ <s + §> = —229-2) (g —9)1. (C.9)

s= 0
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The final identity we will need is

g—1

502(s— 2g —2)! 3 1)9 12 3—1
SZ; 1y 2g)+5(25)(!(§—1)—s)!r<5“”_9):( ()gg_(éq_m). s

(C.10)
which is valid for any I € N,I < g — 1. Making use of (C.§) and (C.9), we can convert
the sums over h, j,a in (C.9) into a single one over C = j +a = {0,--- ,1}. Then, (C.9)
and ([C.10) can be used to simplify the second respectively third term in (C.2). The sum
over 7 can be restricted for all g > 3 to a sum over r for which Re(r-y) < 0, or equivalently
to a sum over positive r and a finite number of boundary cases. At genus 2, however, there
is a contribution from Re(r - y) > 0, it reads [[if]

C T‘2
7106§T1/U21) Lig(e™"Y). (C.11)

We can then write down a simplified expression for the nondegenerate part of F'9) in the

STU model:

N g—1 min(l,2g—3—1) 29 l 3 Re(?" y))lfC 7“2

g> : . —r.

Frastu = Z Z Z l — ;20 Qo) Cg—l(?)ng—Zg-f—l-i-C(e ry)
=0

29 (29— 3 — 1)
(342 A2 TO T
T 2T1U1 Zz' 4T1U1 lC 2 =9 g, 3=y

(C.12)

where we also have used the fact that in the STU model, ¢; (0) = —22, and we have removed
an overall prefactor of 4(27i)29~2 to agree with the normalization of the topological string
amplitudes.

C.2 Application to the Enriques Calabi-Yau

The above expressions have to be adapted slightly for the Enriques Calabi-Yau. We only
consider here the geometric reduction suited to the large radius limit. As shown in [[t]], the
polylogarithm is replaced by Li,,(z) — 2mLim(x%) — Li,, (), and the norm of the reduced
lattice is doubled. We also replace the quantity 277U; appearing in the STU-model by
Y = e ¥ asin (1]), and the coefficients c,(m) are now defined by (f:2§). There is a new
important simplification: ¢o(r?) and ¢g>1(0) vanish, and thus there is no contribution from
negative r at any genus g > 1, since ) becomes

008(;2) (8Liz(e™"¥) — Lig(e >"¥)) = 0. (C.13)

Furthermore, the degenerate contribution (IC.1) and the last term in ([C.d) vanish for all
g > 1, while ¢;(0) = 4, and the full Fég) (t,t) for the Enriques reads

g—1 min(l,29—3—1) 2g l 3 —C
-1 (—2Re(r - 1))
FCHEDY Z 2 z — 120 Yl cg-1(r%) (C.19)
=0 r>0

1 1
g—1) Yot

(23 20 CLis ogpiio(e” )—L1372g+l+0(e_2r.t)> 2972
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Using
Re(t*)0aLin(e™"") = —Re(r - t)Li,_1(e™""), (C.15)

this can be cast into the following recursive form:

min
g—1(1,29g—3-1)

() B (29 —3—1)!
Fg (1) = ; CZO (29 —3—-1-0O)( - C)C2! % (C.16)
(19 - 100) - (10 4 FU-C)D, - Dy FUOD(1) 1
. y! 272 (g - 1YL

Notice that this exhibits the structure of the antiholomorphic amplitudes written down

in [[I].
D. Anomaly equations for F(9 on the big moduli space

D.1 Anomaly equation for F(9) (g>1)

Here we provide some details on the calculation of the recursive anomaly equations on
the big moduli space. We like to rewrite the equation () in terms of the variables
YE = \71XX(¢) and YX. First note that

) ) L, 0

a7 — Kidgy = A7 Xi 5yR

: D.1
ot oA (D-1)

where x! is defined in (A-6). This implies that the first derivative of F(9) can be written
as
DiF9 = X729t g FO)(v) (D.2)

where we have used the fact that AO\F9)(Y) = (29 — 2)F9)(Y) due to (7.§). Moreover,
one derives that the second derivative reads
DiD;F™Y) = X723 (Diy D) 0y FOD (V) + A=2F3\ID; 0y FO=D(v)
= INTHT3C . GRR L 0y UV (Y) + A2 T 0410y s FUTD(Y)

= )\’29+2X@IX3'] [%Cg)K@yKF(gl)(Y) + Oy 10y FUD(Y)| (D.3)

In order to evaluate the second identity we have used the special geometry relation (A.13)
and (D.3) while for the third identity we have used (A.1§). Also notice that from (D.2)
one infers that

g—1 g—1
> DiFTD; PO = X720 NI N " 0y FO(Y) 0y, FOT(Y) (D.4)
r=1 r=1

Finally, we need the identity

7 _
_eQKC}

7j U\ 1 _KAY)IT
5N @G = o e (D.5)
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Hence, we conclude that
i o 1
8}71F(g) - gé}(IJ aylaij(gil) + Z aylF(r) ay.lF(gir) - EC_'KIJCIJKa}/KF(gfl) 5

r=1
(D.6)

where Cryx and F() are functions of Y&, YX. This equation is precisely the recursive
anomaly equation given in ([7.).

Let us also present the derivation of the simplest solution to ([.6]). In other words,
we calculate F) by using the integration by parts method of [i]. To do that we use the
definition ([[223) of the propagator to replace C{/7 in ([223). We pull the derivative 9; in

front of all the terms and evaluate

o [F@) b IATK (pJaKm + 8JF(1)6KF(1)>] __ (1 _ 1> o [AJKKJ] O P

24
1 1
—50r [AJKALM] (c}?LMJ + 4C§(QM3KF<1>> -3 <% - 1) o; [AJKKJKK} :

where C}?])K = iCrjk as defined in ([(.19). In performing the derivative we used the
equation ([7.29) to eliminate the terms arising when Or hits the propagator. Furthermore
we commuted 07 with the covariant derivative D; by using the identity

1 _
[al, DJ] Vi = 4C S C MV (D.7)
One can then eliminate the second derivative 970 F1) by inserting the equation (F.§) and
applying the useful identities
DiK;;=D/K;=0, AYDIK e =2AY K Ky, Kj0;A’K =0. (D.8)

In the next step we once again pull the derivative 07 in front of all terms and evaluate

O; [F@) + %AJK (D JOxkFM + 9 JFU)aKF(U) + %(% - 1> AEK Ky (D.9)

1
AT A <c§§>LM ut 4C§°L>M0KF<1>> + (29‘—4 = 1> ATKK JaKF“)]

1/ x 0 1/ x 2
= —8j |:—2 <—24 — 1) CSI)MAJKALMKJ + —2 <—24 — 1) AJK KKk
1 0 0 1 0 0
—|—AJKALMAQP <_12C(P'3\/[QC(P[)J + _8C(F'L)]QC(P])\4[>:| .

We are now in the position to read off F(?)(Y,Y) up to a holomorphic ambiguity £ (V).
The corresponding solution can be found in ([.2§).

D.2 Anomaly equation for F(!) on big phase space

In this appendix we discuss the lift of the holomorphic anomaly equation for £ to
the big moduli space M. To begin with let us first note that

|)\|_2X{>23—76Yz6wK = Gy, YfﬁylawK =0, YJ(?Y@YJK =0. (D.10)
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where K is the Kihler potential (A.§) and Gj; is the Weil-Petersson metric. We also
evaluate the first derivative K of K and show that it satisfies

Kinl=o, Kiyl=—1. (D.11)

With these identities at hand we now lift the holomorphic anomaly equation (R.11]). Using
the homogeneity condition ([.7) one derives

0:0;FY) = |\ X[ x Oy 105, F(Y) (D.12)
Moreover, one shows that
%eQKG’“’?G”CMCM = A% éCILMC*JLM , (D.13)
as well as
(% - 1) G =\ 2xix? <1X—2 - 2> KO mry ;. (D.14)

Inserting (D:19)-(D.14) into the anomaly equation (R.11) we verify its big moduli space
counterpart ([(.§). It is straightforward to integrate (7-§) to find the local solution ([7-1()
for ) by applying the identity

1 _
Ry = Oy 10y logdet Im7 = —ZC[KLCJKL . (D.15)

It is however instructive to also recall a second alternative approach which integrates (R.11)
rather then (7.8).

Let us end this appendix by recalling the direct integration of (R.11)). First note that
the Riemann tensor on a special Kéhler manifold is given by

Risim = Gi5Gim + GimGi5 — €25 CyppCinpGPP (D.16)

ijlm Jmp

The Ricci tensor takes the form

R = 0;0;logdet G = G5 (W™ + 1) — €K CyyC5,7,,G™GPP ., (D.17)
such that 1 o
§e2KGkkG”Cile‘3H = G(h*' +1) — 0;0;log det G . (D.18)

Using this equation we solve (R.1]) as?

1 1 _
FO) = —5 logdet G + <§(h2’1 +1) — % + 1)1( + h(t) + h(t) (D.19)

where h(t) is a holomorphic function arising as integration constant. Now note that it

follows from ([A-1§) that [[[4]

det(2Imr;) = — det(Gy5)e "V det(yf, X 1) 72 . (D.20)

4The derivative of the determinate of the matrix A is given by Oy det A = det A - A9, A,
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This equation can be used to rewrite F(!) as

1 1 -
FO = D) log det(2Im7r.7) + (1— 2X—4>K+§ log (— ] det(XiI,XI)]_2> +h(t)+h(t) (D.21)

One can evaluate the determinate of the coordinate change and shows [[[4]
_ _o(p21 -
| det(x{, XT)[72 = | X0 727D det el 72 . (D.22)
where eﬁ- = 0,(X?/X"%). But since X" and eﬁ- are holomorphic in the coordinates ' they
can be absorbed into h such that (D.21) becomes ([.10).
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