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1 Introduction

Dengue fever, one of the most prevalent mosquito-borne diseases, is a viral infection trans-
mitted to humans through the bites of infected mosquitoes. Currently, about half of the
global population is at risk of infecting dengue. The WHO Americas region has reported
4.5 million cases and 2300 deaths, the number of cases in Asia was also high: Bangladesh
(321,000 cases), Malaysia (111,400 cases), Thailand (150,000 cases), and Vietnam (369,000
cases) [1]. So far, there is no effective vaccine that prevents dengue and other significant
mosquito-borne diseases [2, 3]. Therefore, controlling mosquito populations to cut off
transmission pathways remains crucial for preventing these diseases. The best way to con-
trol mosquito populations is through population suppression, commonly using chemical
© The Author(s) 2025. Open Access This article is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License, which permits any non-commercial use, sharing, distribution and reproduction in any medium or format,
as long as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and
indicate if you modified the licensed material. You do not have permission under this licence to share adapted material derived
from this article or parts of it. The images or other third party material in this article are included in the article’s Creative Commons

licence, unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain

L]
@ Sprlnger permission directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by-nc-nd/

4.0/.


https://doi.org/10.1186/s13662-025-03907-x
https://crossmark.crossref.org/dialog/?doi=10.1186/s13662-025-03907-x&domain=pdf
https://orcid.org/0009-0005-5658-2278
mailto:ghp8013@gzhu.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

Guo Advances in Continuous and Discrete Models (2025) 2025:35 Page 2 of 28

insecticides. However, this method has high costs, environmental pollution, increased re-
sistance, and unintended harm to non-target organisms [4].

A promising and environmentally friendly approach to controlling mosquito-borne dis-
eases involves using the endosymbiotic bacterium Wolbachia. Infection with Wolbachia
in Aedes aegypti can greatly reduce the mosquitoes’ dengue transmission potential [5]. In
mosquitoes, Wolbachia often causes cytoplasmic incompatibility (CI). This leads to early
embryonic death when Wolbachia-infected males mate with uninfected females [6, 7]. On
the contrary, Wolbachia-infected females can produce viable embryos after mating with
either infected or uninfected males, bringing them a reproductive advantage over unin-
fected females. To reduce or even eradicate the wild mosquito population, Wolbachia-
infected male mosquitoes are continuously released into control areas. This method in-
duces sterility and effectively suppresses target Aedes mosquito populations. Thus, it can
reduce the spread of mosquito-borne diseases.

Numerous publications have explored the dynamics of Wolbachia transmission using
different dynamical equations. Notable works include studies on population suppression
models [8—15] and population replacement models [16—24]. Among them, Huang and Su
[8, 20] considered Wolbachia-driven dynamics with mating competition and incomplete
CL Liu and Zhang [10, 15] established delay differential equations with stage structure
to study the release strategies of sterile mosquitoes and bifurcation structures, respec-
tively; Farkas [16] developed an age-structured model and demonstrated significant differ-
ences in the existence and stability of equilibrium solutions compared to the unstructured
model; Hu and Yang [17, 21] developed stochastic differential equation models to study
Wolbachia invasion. Yu and Zheng [12, 23] established delay differential equation models
to study the suppression and replacement of mosquito populations. Additionally, Huang
[18] considered a reaction—diffusion model that describes the spatial dynamics of Wol-
bachia spread in a mixed population of infected and uninfected mosquitoes. They indi-
cated that diffusion can lower the threshold value of the infection frequency above which
Wolbachia can invade the entire population. Li [19] developed an impulsive mosquito
population model with general birth and death rate functions to study the cytoplasmic
incompatibility (CI) effect caused by the mating of Wolbachia-infected males and unin-
fected females. Yu and Zheng [22] formulated discrete dynamical models to study the per-
sistence of Wolbachia infection through the release of Wolbachia-infected mosquitoes,
which display rich dynamics, including bistable, semistable, and globally asymptotically
stable equilibria. Finally, there has been significant interest in periodic succession models
for mosquito suppression, as seen in works such as [11, 13, 14], along with other related
literature.

Furthermore, Wolbachia can trigger resistance in mosquito vectors to various human
pathogens [5, 25]. As a result, we can release Wolbachia-infected female mosquitoes into
control areas, gradually replacing the wild population through the reproductive advan-
tage conferred by CI. Subsequently, Wolbachia induces the host to express resistance to
pathogens, ultimately leading to the interruption of mosquito-borne disease transmis-
sion in the release area. Population replacement is similar to vaccinating vector insects.
Field applications of Wolbachia-based population replacement have been carried out in
15 countries, including Australia, Indonesia, Malaysia, Brazil, and Vietnam [26—28]. How-
ever, due to the limited resources in the production of Wolbachia-infected mosquitoes,
the possible shortage of labors and mosquito factories and the continued release of female
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mosquitoes raise the risk of mosquito bites for local residents, while male mosquitoes do
not bite humans. Therefore, we propose an innovative approach: initially release a small
number of infected females, which makes that there are both infected and uninfected
mosquitoes in the wild, then followed by the release of Wolbachia-infected males impul-
sively and periodically at discrete time points T, = nT, n = 0,1,2,.... This will ultimately
achieve vaccination of the wild mosquito population (complete population replacement).

The primary objective of this study is based on the Wolbachia dynamic model, further
releasing infected male mosquitoes periodically to address the following inquiries: What is
the optimal frequency for releasing infected males, and how many should be released each
time to guarantee the successful completion of wild mosquito vaccination (population
replacement)?

Based on the aforementioned discussion and as mentioned earlier, in Sect. 2, we present
a periodic release policy derived from the population replacement model, aiming to accel-
erate the control of wild mosquitoes. In Sect. 3, we provide essential lemmas to establish
the global existence and uniqueness of the semitrivial steady states. We present our main
results in Sect. 4. To illustrate our findings, we provide numerical examples to validate our
theoretical analysis in Sect. 5. The paper ends with a discussion in Sect. 6 and an outlook

about future work.

2 Model formulation

Let R(¢) be the numbers of Wolbachia-infected male mosquitoes at time ¢, R is the re-
lease rate, w;,i = 1,2, are the density-independent death rates of the infected mosquitoes
and uninfected mosquitoes, respectively. Then the dynamic of newly released Wolbachia-

infected male mosquitoes is governed by

dR
— =R - u1R@®), t>0. 2.1
i wiR(®), t> (2.1)

We let
T(t) = Ur(t) + Uy (t) + Ip(t) + 1,,(2)

denote the total population size that already is in the wild, with U (¢), U,,(t), I(t), and I,,,(£)
standing for the numbers of uninfected female mosquitoes, uninfected male mosquitoes,
infected female mosquitoes, and infected male mosquitoes at time £, respectively. Let
8i,i = 1,2, be the density-dependent death rates of the infected mosquitoes and uninfected
mosquitoes, respectively. Let by (resp. by;) be the natural birth rate of infected (or unin-
fected) mosquitoes and 0 < § < 1 be the proportion of individuals born female, thus the
proportion of male mosquitos bornis 1-4. Asin [29, 30], here we assume that the released
infected male mosquitoes only affect the mating behavior of the wild healthy mosquitoes,

without impacting their other behaviors (i.e., ignoring interspecific and intraspecific com-
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petition). With perfect maternal transmission and complete CI [31-33], we have

dly
e 8bily — 811 T(t) — paly,
t
d—'" = (1= 8)byly — 811, T(t) — 1Ly,
¢ (2.2)
W st " SoU, T u
- = - t‘ — ,
dr ut R v U, 2UT () — poly
Al L syt — $,U,, T U,
—=(1- — U, T () - ol
T ( )ufR+Im+L[m 2 &) — 2
To reduce the dimension of the model, we set
x(t) =1Ir +1,, and y(¢) = Ur + U,,. (2.3)

There is equal sex determination, which means é = 1/2 with Ir = I,, and Uy = U,,. Also,
for convenience, rename the system parameters as b; = b;/2 and b, = by;/2. Then (2.2) is

reduced to

dx
dt

dy y
E:y[bzm —uz—éz(x+y)],

=x[b1 -1 —8i(x +J’)],

(2.4)

dr R R
— =R - R
7 H1R(2)

Notice that female mosquitoes can survive for more than five months with sufficient
food, while the male mosquito life expectancy is only six to seven days in general [34].
Then the period during which a male mosquito can effectively mate a female mosquito is
very short compared with the life span of female mosquitoes. And the only role that the
Wolbachia-infected male mosquitoes released into the wild play in the interactive dynam-
icsis just to mate with wild uninfected females, so that the wild female mosquito that mates
with a Wolbachia-infected male mosquito either does not reproduce or produces eggs that
will not hatch. Thus the death of those released Wolbachia-infected male mosquitoes can
be ignored, and the number of released Wolbachia-infected male mosquitoes R(¢) can be
treated as a known function. This idea is due to Yu and Li [13, 35], and later Zheng et al.
[36—-38] extended this idea in mathematical modeling.

Considering the release cost, Wolbachia-infected male mosquitoes are released at reg-
ular intervals. Our main concerns here are the release period and the release amount: to
manage the release starts at time ¢ = 0 such that R(¢) = 0 for £ < 0, and that a constant
amount r/2 of Wolbachia-infected male mosquitoes are released after a constant waiting
period T so that infected males are released impulsively and periodically at discrete time
points T, = nT, n = 0,1,2,.... Let T be the sexual lifespan of Wolbachia-infected male
mosquitoes. Then there are three possible release strategies T' < T, T=T,and T >T.In

this paper, we consider focus on the case of T > T.

Page 4 of 28
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For the case of T > T, R(¢) becomes a piecewise constant, and a T-periodic function is
defined as

r12, te[nT,nT +T),
R(t) = B (2.5)
0, temT+T,(n+1T),

for n =0,1,2,..., where r is a constant. Then system (2.4) becomes the following two
subsystems:

dx

E:x[bl - M1 —81(x+y)],

(2.6)
dy
d—=y|:b2 — U —&r(x +J’)i|
t X+y+r

fort e [nT,nT +T),n=0,1,2,...,

dx
E:x[bl - M1 —51(9“’)’)],
dy
de

(2.7)

y[bzi ) —82(x+y)]
x+y

forte (nT+T,(n+1)T),n=0,1,2,....Here, we extend continuously to (0, 0) by the special
case

Y
x+y

= O’
0,0)

and maintain this remediation in our following discussion without further notice. As we
examine the issue of mosquito population replacement, it is important to note that the

equilibrium point (0, 0) is always unstable. Define

_bi-m
81

_bz—ﬂz

5 (2.8)

K1 ’ K2

k1 and k3 measure the carrying capacity for a single population of infected and uninfected
mosquitoes, respectively. If k1 > k;, we say that Wolbachia infection is favorable for in-
fected mosquitoes, or Wolbachia infection brings a fitness benefit. On the other hand, if
K1 < kg, we say that Wolbachia infection brings a fitness cost. Our main interest in this
paper is to study how often, and in what amount, should the Wolbachia-infected male
mosquitoes be released, so that the entire wild mosquito population can be accelerated

replaced by Wolbachia-infected mosquitoes. This is achieved if the solutions of systems
(2.6)—(2.7) approach steady-state («1,0).

3 Useful lemmas and the main result of the subsystem of (2.6)-(2.7)
To process further and discuss the global asymptotic stability of («1,0), we need to first
study the stability of semitrivial T-periodic steady state (0, %(¢)) of (2.6)—(2.7), where ¥(¢)
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is a T-periodic solution of the following equations:

d _
& =y[sz —M2—52y:|,f0r te[nT,nT +T),

jt y+r 3.1)
d_)t) =y[b2 ) —82y],for tenT +T,(n+1)T),
where n=0,1,2,....
If the release period equals the sexual lifespan of infected males, i.e., T = T, model (3.1)
becomes
d
Y =y[b2L —uz—ézy],Vt>0. (3.2)
de y+r

For the equilibria of system (3.2), besides Ey = 0, its component satisfies
r
Y+ (r—i)y + /;_2 =0. (3.3)
2

The corresponding discriminant for (3.3) is

2(by + 142) )
e R Y

A, =r? 2. (3.4)
8
It is easy to see that
A =0, ifr=rjorr=r;,
A>0, ifO<r<rforr>r;, (3.5)

A, <0, if re@i,r),

where

(b2 + o) = 24/bapiy _ (ba + p2) + 24/bo 12

) 2 )

*_
ry =

With the above preparation, we summarize the existence and stability results for the equi-

libria of system (3.2).

Lemma 3.1
(1) If0<r<rf, then system (3.2) has the trivial equilibrium Ey = 0 and two positive
equilibria

Ei(r) = M, Ey(r) = M

Furthermore, Ey and E, are both asymptotically stable and E is unstable;
(2) Ifr =r}, then system (3.2) has the trivial equilibrium Ey = 0 and a unique positive

Ko—r
2

semistable, i.e., stable from the right side and unstable from the left side;

equilibrium E*(r) = . The equilibrium Ey = 0 is asymptotically stable and E* is

Page 6 of 28
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(3) Ifr>ry, then Ey = 0 is the only nonnegative steady-state of system (3.2) and is
globally asymptotically stable.

From Lemma 3.1, we know that the wild mosquito population goes to extinction as long
as the number of released infected mosquitoes remains greater than r7, i.e., r > r}. Hence,
in this paper, to achieve the goal of accelerated population replacement, we focus on the

case of
T>T,r>r;. (3.6)
Let y(T) = y(T;0,v) = v, then ¥(¢) = y(¢;0,v) is a T-periodic solution of model (3.1). To

find such a periodic solution of model (3.1), we only need to find an initial value v > 0 such
that y(T;0,v) = v. To further process, we denote

h(v) := y(T;0,v), h(v):=y(T;0,v). (3.7)

Then /(v) and h(v) are two continuously differentiable functions in v and 4(0) = 4(0) = 0.
For every v > 0, define two function series {/,} and {h,) by

B(v) = y(nT50,), ()= y(uT + T50,v), n=0,1,2,.... (3.8)
By induction, we have
Hpe1(v) = y(T; 0, hn(V)) = h(hn(V)), ]jl,,(V) = }_Z(h,,(V)), n=0,12,.... (39)

Before proceeding further, we first need to solve the initial value problem (3.1) with
9(0) = v. That is,

A,
— — E*(1)2 — —
ﬂ_|:b2y }y_ 523/|:()/ EX(r) 4} o

dt

——— 2 — b
y+r Ha =02y y+r

Then, (3.10) is equivalent to

o, _BUE® y __
[y Toror-& T o Eor ¥ ] dy=~hdttor & <0,

v _ 3.11
[%+m+m]dy——82dtforA,>O, ( )

B _ —
[% T B @_55<r>)2] dy = —8,dt for A, =0,

where

82 82 * % b2
a=—, B=-a=-—, y=1+aE*"(r)=1-BE(r)=,—,
M2 2 2

r+Ei(r) r+ Ex(r)

TEOEN-EM T BEOE®-E0)
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To this end, we study the following equivalent problem for the case A, < 0:

Y —1[ y-E*®)
~y tan ( 2,

B
d|In f(@—Eﬂwf—%ﬁze‘4 4) = —8ydt. (3.12)

Integrating (3.12) from 0 to 7', we see

B
h*(v) ((12@) ~EX(r)* - %) Tl

B Y 1 v-E*(n)
A 2 " tan ( " > _
:VQ(W‘EW”f‘if) eV - gl (3.13)

By similar computation as above, one can conclude that if A, > 0, then (3.13) becomes

i) [ [ -Eo | [iw-EB0 | .10
v v—E(r) v—Er) | ’ ’

And for the case A, =0, (3.13) becomes

1 ) (h(v) - E*(r))ﬂ ¢ T = (v- E*(r))ﬂ ¢ T Em e T (3.15)

Moreover, for ¢ € (T, T], we need to solve the initial value problem (3.1) with y(T*) = y(T).
By a series of calculations, we can verify that

h(V) _ ]:1(11) eK282(T—T)_ (316)
Ky — h(v) Ky — h(v)

It follows from (3.13)—(3.15) and (3.16) that function /(v) is implicitly determined.
Since h(v) — 0, h(v) — 0 as v — 0, we have, from (3.13), (3.14), or (3.15),

171 8T
nmiﬁzf%x (3.17)
v—>0 vV

and from (3.16) that

h(v) — g2da(T-T)

lim —
v—0 h(V)
Therefore
h h(v) h .
v—=0 vV v—0 h(V) v
* _ _by
where T* = e

Lemma 3.2 Assume that T > T*. If r > r}, then system (3.1) has a unique T -periodic solu-
tion.
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h(v)

Proof From (3.18) we see that 1iH(l) =~ >1for T > T*. Hence, there is a sufficiently small
v—>

€ > 0 such that
h(v) >vforve(0,e¢). (3.19)

Since solution y(£) = y(£;0, k) is strictly decreasing for ¢ € (0, T], we have h(ks) < k3, and
s0 h(k3) < ko. Therefore, there must be v, € (¢, k) such that

h(vo) = vo, W (vy) <1, and h(v) > v for v € (0, vp). (3.20)
This means y(t; 0, vo) is a T-periodic solution of equation (3.1).
Now we prove the uniqueness of the T-periodic solution of equation (3.1) by contradic-
tion. Assume that equation (3.1) has another T-periodic solution v; € (vg,«2) such that

h(vi) =v1, W (v1) <1, and h(v) < v for v € (v, k2). (3.21)

It follows from (3.20) that there exists vy € [vp,v1] such that one of the following cases

holds:
case I: W) <1,K(vy)>1, and W'(v;) < 1. (3.22)
case 2: vo = vo and 4 (vo) = 1; furthermore, #'(v;) < 1. (3.23)
case 3: K (vy) < 1; furthermore, v; = vy and #/'(v1) = 1. (3.24)
case 4: Hwy)=W{y)=1land H(v;) < 1. (3.25)
case 5: Ho)=1, H(v) <1, and ' (v;) = 1. (3.26)
case 6: Ho)<land W (vy) =W (v))=1. (3.27)

Note that we have assumed r > r]. We first show that cases (3.22)—(3.27) would not
happen separately in three regions, namely » € (v{,r3), r = r;, and r > r}. See Table 1 for
specific parameter symnols in different cases.

I) For the case r € (r],r3), we know A, < 0. Set

g VA lan’1 L*A(’)
F(v) = v ((V—E*(r))z—%> eV <F>

Table 1 Symbols for the three cases I), II), III)

r h h l3=P1(0) P1(k2)
(rf,2) >0 <0 >0 <0
K> >0 <0 = <0
(K2, 1%) <0 >0 <0 <0
r T T T =P2(0) -
r >0 >0 <0 -
r ai ep} g3 =P3(0) -

r>r;y >0 >0 <0 -
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Simple calculation yields

, a  Bw-E()+y
Fyy={—+——"—""—""—"—1|FW).
v) (V + -E0) %)) )

Then equation (3.13) becomes

E(h(v)) = F(v)e™T, (3.28)
Taking the derivative with respect to v in (3.28) yields

F(h)i (v) = F e T,

which implies that

o Bh(W)—E*(r)+y \ -, e BO-Em)+y
-— + — X h (V) = -+ ——,
hw) () =B = ) v (- E R -5

or, equivalently,

i = TG — B @) = ) +7)
(v =E*(n) = §)(h(v) + 1)

Taking the derivative with respect to v in (3.16), we obtain

Hy) K
h(v)(c2 = h(v)) ~ h(v)(ky — h(v))’
micoh(v)
(m - Dh() + k.
(micy — E*(r)(m — 1))h(v) — k2 E*(r)
(m = DhW) + Ky '
- (my + (m — Dr)h(v) + ricy
h(v)+r=
(m—1Dh) + ks
Ka(ica — h(v))
(m=Dh) + Ky

h(v) =

h(v) —E*(r) =

ey = h(v) =
By simple algebra, we see

hw) [ (micz = EX1)m = 1) hv) = 12E* (1) = 5 ka + (m = DO (747
Hv) = , (3.29)
Vi) [(v —Ex(r)? - %] [Kkor + (mxy + r(m — 1))h(v)]

Page 10 of 28
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where m = e292(T-1)_ Ve further obtain

[((micy — E*(r)(m — 1) vo — ka2 E*(r))* = 52 (k3 + (m — D)vo)*] (vo + 1)

/4 =
) 2 [(v0 — E* (1)) — &2 [icar + (s + 1 — D)wol
o) - [((mKcy — E*(r)(m = 1) v1 = k2E*(r))? = 22 (a + (m = Dv1)? ] (v +7)
v k2 [(v1 = E*(r))? = 5] [iear + (miacy + r(m = 1)1] " (3.30)
vy = L2 EX)0m = D) va — 2E* ()" — G ko + O = Dy ] 0 +17)
? ko [(va = E*(r))? = &2 [iar + (mikcy + 7(m = 1))vs] '
Set
Pi(v) = 111/2 + v+ 13, (3.31)
where
* 2 A" 23 2
L= ( (r)y” - Z) (1 —m) + CmkoE*(r) + riy — mky), (3.32)

I = |:r (E”‘(r)2 - %) - 2r/c2E*(r)i| (1 -m)

(3.33)
2 * 2 Ar
— | ry(m+ 1) + 260 | E*(r) 2 )
2 * 2 A" 2
I3 = (k5 —rio) | E*(r)” — T + 2rky E*(r). (3.34)
Then cases 1-6 can be equivalently written as follows:
Py(vp) <0, P1(v1) =0, P1(v2) > 0.
Py(vp) =0, Pi(v1) <0.
P1(vo) <0, P1(v1) =0.
P1(vg) =0, P1(v1) <0, P1(v2) = 0.
Pi(vg) =0, P1(v1) =0, P1(vy) <0.
P1(vp) <0, P1(v1) =0, P1(v2) = 0.
We see that
sk 2 AV 2 * 2 AV
Pi(ky) =— | E*(r)" = — | mky —rmicy | E*(r)" — —
4 4 (3.35)

+ (m/c; + rm1c22)(—/<2 + 2E*(r)).

Sincer € (r],13), wesee —ky +2E*(r) = -r < 0, EX(r)?— %

0.

= l;—;r > 0. Hence, we have P;(k3) <

Page 11 of 28
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Next, we subdivide the condition r € (r], r}) into three cases:
re(ri,ka), r=ky, and r e (k,r}3).
I ) r € (r}, k2). In this case, P1(0) > 0 and P;(x7) < 0. It is easy to see case I, cases 3—6 are

impossible. We now focus on case 2.
Let A > 1 be small enough such that

[% +K22] (1-rm)

rm <1, r< )
SL;(l—m)+K2(1—)Lm)

and /&(v) — Av has three roots 1, V5, and 73 with
0<V1 <Vy<Vp<V3<¥

and
W) <&, W () =2, H(03) < A

From (3.29), we have

3 [(Omicy = E*(r)(m = 1)) ATy = 12 E* (1) = B2 (i3 + (m = DAT)] (7 + 1)

") = o [ — E*()? = 2] [iear + (macy + r(m — )75 '(3.36)
i=1,2,3.
Set
Py(v) = LOW* + LW + B(A), (3.37)
where

L) = (E*(r)z - %) (1= m)* A + AmkcZ(Am — 1)
— 2E*(NA2kam(m — 1) — hicyr(m — 1),

L) = <E*(r)2 - %) (r2(m = 1)* + 2hkea(m = 1)) + k7 r(A°m* = 1)
+ 20rE* (r)ica(m — 1)(1 — Am),

AOE (E*(r)2 - %) [i3 (1 = Am) + rucy(m — D] + 2E*(r)ric(1 — Am).

Thus, from 4'(V1) < A, ' (Vo) > A, K (¥3) < A, we obtain

LWV + L) + 13(A) <0,
LWV, + LWy +13(0) > 0, (3.38)

LW)VE + LWV + () < 0.

Page 12 of 28
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(22 4 k2] - 2m)

Asr< %(512_ D+ ka1 = Am)’ we have

P (0) = l3(1) > 0. (3.39)
And from (3.38) we see

Py (v1) <0, P,(13) =0, P,(v3) <0. (3.40)

It thus follows that the quadratic polynomial P, (v) has a root in each of the three intervals
(0,711, (1,95, and (95, 73]; this is impossible, thus gives a contradiction.

L) r = k5. In this case we know I3 = 0, which implies that P;(0) = 0. Combined with the
fact P;(k2) < 0, we immediately know that cases 1-6 are impossible.

I3) r € (k2,73). In this case P1(0) = I3 < 0 and P; (k) < 0, it is easy to see case 5 is impos-
sible. For the cases 1-4 and case 6, we obtain that P;(v) is a convex quadratic polynomial,
hence /; <0, [, >0, and /5 < 0. It is easy to see that

A
0> rly — Iy = 2rk2 + 262 (E*(r)* - Z’) >0,

which leads to a contradiction.

II) For the case r = r}, derivation (3.15) with respect to u gives

( (24 ﬁ 14 ) 7
— + = + — )
h(v) (h(v)—E*(r))  (h(v) — E*(r))*

(3.41)
(0 =5 o)
= -+ + ,
v (V=EXr) (v-EX1))?

or, equivalently,

- hW)() = E*(r)*(v + 1)

W)= - .

V(v — EX(r)*(h(v) + 1)
By simple algebra, we see that
s« s« 2
W) = h(v) [(mk; — E (rz)(m = 1) h(v) = 2E*(n)]” (v + r). (3.42)
Vicy [V — E*(r)]” [kor + (miky — r(1 — m))h(v)]

Similar to (3.31), we have

Py(v) :711/2 +72v +73, (3.43)
where

71 = E*(r?(1 - m) + @mikoEX(r) + ricy — m1c22),

Ty = [FE*(r)? = 2ric0E*(r)](1 = m) — [ric2(m + 1) + 266, E*(r)?], (3.44)

73 = 11 E* (r)* + 23 E*(r)r + k3E*(r)* <O when r = r3.

Page 13 of 28
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We obtain that P,(v) is a convex quadratic polynomial, hence 71 >0, 72 > 0, and 73 <0.
Thus, it is easy to see that cases 1-2 and cases 4—6 are impossible. Case 3 can get the
contradiction using the perturbation method similar to the proof I).

1II) For the case r > 3, set

Fw) = v*(v=Ex(r)’ (v = Es(n))°". (3.45)
Then
Foy =1 s °_|F
W)=17+— 50 voE (r)] ). (3.46)

From (3.14), we see

E(h(v)) = Ew)e . (3.47)
Taking the derivative with respect to v in (3.47) yields

F )i (v) =F e T,

which implies that

h(v) +r ) = |: v+r ]
hW)(h(V) = E1 () (h(v) = Ex(r)) TNy =-E(mM)(v-E®m) |

Similarly, a direct calculation gives

)V + r)l(micy + (1 — mEL (Mh(V) — ko E1(0)][(mkca + (1 = m)Ex(r)h(v) — 2 Ea(1)]

W)= .
@ via (v = E1(1)(v = Ex(n)rca + (mka = r(1 = m))h(v)] (3.48)
In addition, set
Ps(v) = q1V* + @2V + g3, (3.49)
where
q1 = —/c22m + mko(E1(r) + Eo(r) + (1 — m)E1(r)Ex(r) + s, (3.50)
g2 = —rk3(m + 1) = ricy(1 = m)(EL(r) + Ex(r)) + [r(1 = m) — 21,1 E1 (r)Ex (1), (3.51)
q3 = K2(ka — P)E1(r)Ex(r) + ric3 (Ev(r) + Ea(r)). (3.52)
Since r > r;, we easily see
M2
qs = 21k (Kz + 28_) (ky —1) < 0. (3.53)
2

Hence, we obtain that Ps(v) is a convex quadratic polynomial with ¢; >0, g2 > 0, and g3 <
0. Same as case II). Hence, cases 1-2 and cases 4—6 cannot happen. Case 3 can get the
contradiction using the perturbation method similar to the proof I;). d
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Lemma 3.3 Assume that T = T*. Then
1. If rf < r <k, then equation (3.1) has a unique T-periodic solution;
2. If r> ko, then h(v) < v forallv> 0.

Proof 1. Since r} <1 < k3, then A, < 0. Hence, from (3.16) and (3.13), we see

B VA lalr1<v—£1(y)>
hv) Kk-h) (V=E(n)’ - )" eV T “ar

Vo iy —h(v) ) Y an-1 (i«(v)—f’w)) '
((n(v) = Ex(r)2 = Gr) ™ e*V"

(3.54)

Set

4 Y tan~1 v=E(r)
GW) = (kg —v)* ((V —E*(r))2 _ %) e -4 (ﬁ) >0 for v € (0, k). (3.55)

Clearly, we have h(v) = v if and only if G(v) = G(h(v)), where v € (0,k»).
Taking the derivative of G(v), we obtain

G,(V):[_ o +ﬂ(V—E*(r))+y} )

K=V (v=EX)* -

o o vV+r
) [_Kz A Ty 2 oy ﬂ]] o
4 (3.56)
:1|:_ oKy . vV+r :|G(V)
v kv =B -

—(1+aKkx))(v=")

= G )
P O S R

where v =ky —r,and v > 0 for r{ < r < ky, v =0 for r = k3, ¥ < 0 for k3 < r < r;.This also

implies

G'(v)>0for 0<v<vand G'(v)<0for ve (k). (3.57)
This shows that G(v) is strictly increasing for v € (0,7), and G(v) > G(]:I(V)) for v € (0,v).
Thus (3.19) holds and equation (3.1) has at least one T-periodic solution. Then, there must
be v € (0, k3) such that

h(vo) = vo and h(v) > v for v € (0, vp). (3.58)

Now we prove the uniqueness of the T-periodic solution of equation (3.1) by contradic-
tion. Assume that equation (3.1) has another T-periodic solution v; € (v, k2) such that

h(v1) = vy and h(v) < v for v € (v1, k2). (3.59)
Based on the properties of the function G(v) and h(v), we can obtain the following fact:

V< vy <vy and ¥ > A(vg) > h(vy). (3.60)
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Following from (3.57), we then obtain
G(vo) > G(v1) = G(h(v1)) > G(h(vo)) = G(v), (3.61)

which leads to a contradiction. Thus the uniqueness is confirmed.
2. Since v = 0 for r = ko and v < 0 for k3 < r < 7}, G(v) is strictly decreasing for all v €
(0, k2). Hence, from the above proof we have G(v) < G(h(v)) and
1
ho) _a-he) ( GO) ) k) (3.62)
v Ky —V G(h(v)) ko =V

which implies that #(v) < v for v € (0, k7).

If r > r}, then from (3.14) we see

@_xz—h(v)( v—E(r) )‘( v— Ex(r) )5 (363)
V. ky—h(v) \h(v)-Ei(r) h(v)-Ex(r)) '
Set

G1(v) = (ky = v)* (v = E1(r))" (v = E3(r))? >0 for v € (0, k»). (3.64)
Taking the derivative of G;(v), we obtain

P 1% o
Gm= [ o-v' W-E() —Ez('"))] G
(3.65)

—(1 + aky)(v—=")

" (- M- B — &)

Gi(v).

Since r > rj, we have v < 0, which implies that G} (v) < 0 for all v € (0, k). By similar analysis
as (3.62), we have h(v) < v.
The rest of the proof of the case r = rj can be dealt with in the same spirit of the case

r} <1 < ky, and so we omit the details here. The proof therefore is complete. O
Lemma 3.4 Assume T < T*.Ifr > ky, then h(v) < v for all v > 0.

Proof 1t follows from (3.18) that lirr(l) @ <1 for T < T*. Hence, there is sufficiently small
v—
€ > 0 such that

h(v) < vfor v € (0, ¢€). (3.66)
Since solution y(t) = y(t; 0, k) is strictly decreasing for ¢ € (0, T1, hence h(k») < ka, which
implies /(ky) < k5. Assume that there exists v € (¢, k) such that 4(¥) > v. Then there must

be v/ € (0, V] such that

hV)=v,H{#)>1. (3.67)
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Thus, from (3.31), (3.43), and (3.49), we see

L2+ LV + 13> 0forr € [ko, 73),
T2+ by + 13> 0forr = s, (3.68)

qitd? + g2V +q3 > 0forr>rj.
For r € [ko,7}), further calculation gives

[E*(r)? = 52) + 1]V + [1(E*(r)? = 52) = 216, E*(r) — 13 — 22 (E¥(r)? = 55V + I3
> [m(E*(r)? — 52) = 2mic E*(r) + mxc3]v'?
+m[r(E*(r)* = 8) = 2ri,E*(r) + re 1V > 0.

Set
; A, A,
Gi1(v) = [(E*(r)* - 2t rica]v* + [r(E*(r)* — =)~ 2E()

A,
— ric — 2y (E*(r)* — Z)]v +13.

Hence, G;(V) > 0.

The quadratic polynomial @1(1/) is concave up. Since G, (0)=1I3 <0forr > Ky, Gl(icz) =0
and G1(v) < 0 for u € (0, k), it contradicts the assumption of G1(v) > 0.

For the case r = 7, we can use a proof similar to the above. Thus we omit it here.

For r > r}, we obtain

(Ex(NEx(r) + rica)v'? + [(r — 262)E(P)Ea(r) — rica(Ex(r) + Ea(r) — ric; IV + g3

>[kym — miy(E1(r) + Ex(r)) + mE1 (r)Eo(r) V'
(3.69)

+ [rWIK22 — rmko(E1(r) + Eo(r)) + rmE1(r)Ey(r) ]V

>0.

Set
Ga(v) = (E1(NEa(r) + rica)V? + [(r = 2k2)E1 () Ex(r) — rico(Ex (r) + Ex(r)) — k2 1v + 3.

Hence, Gy(v/) > 0.

Clearly, quadratic polynomial G,(v) is concave up. Since G»(0) = g3 = I3 < 0 for r > Iy,
Gz(fcz) =0 and Gz(v) < 0 for u € (0,ky). Thus, it contradicts the assumption of Gg(v/) >
0. a

Based on the above discussion, we summarize the main results as follows.

Theorem 3.1
(1) The trivial equilibrium Eqy of equation (3.1) is globally asymptotically stable if
T<T*andr> K.
(2) Equation (3.1) has a unique globally asymptotically stable T-periodic solution if one
of the following statements is true:

Page 17 of 28
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(@ T>T*andr>rj.

(b) T=T*andrf<r<ks.

4 The global dynamics of systems (2.6)-(2.7)

Let H(t; 0, w) be a unique nonnegative global solution of systems (2.6)—(2.7) on [0, 00). Let
{Q1:}t=0 and {Qa;} ;>0 be solutions semiflow associated with system (2.6) and system (2.7),
respectively. Since systems (2.6)—(2.7) are T-periodic, we consider their associated period
map P defined as P(w) = H(T;0, ) for @ € R%. Thus P(w) = Qyr_7,(Qur)(w)), Yo € R2,
that is, P = Qyr_7) 0 Qu1)-

Let y*(¢) = y(t;0,vo) be the unique positive T-periodic solution of system (3.1). Then
(0,y*(2)) is a semitrivial T-periodic solution of systems (2.6)—(2.7). Write o* = (0, vp), let
DP(w*) be the Jacobian matrix of P at * and p(DP(w*)) be the spectral radius of the linear
operator DP(w™).

Lemma 4.1 Assume that T > T, r > r, and one of the following two conditions is satisfied:

(1) T>T1%

(2) T=T*andr} <r<ky.

Then the following two statements are valid:

@ Ifk1<kgand T > ;jj{i , then p(DP(w*)) < 1, and hence, (0,y*(t)) is an asymptotically
stable fixed point of P, i.e., the semitrivial T-periodic solution (0, y*(t)) of systems (2.6)—(2.7)
is locally asymptotically stable.

(i) If k1 > K3, then p(DP(w*)) > 1, and hence (0, y*(¢)) is an unstable fixed point of P, i.e.,
the semitrivial T-periodic solution (0,y*(t)) of systems (2.6)—(2.7) is unstable.

Proof Let fi(w) and f3(w) be the right-hand side vector fields of systems (2.6) and (2.7),

respectively. Then we have

Df( ) |:51K1—251M—(31V _31u
1\w) = —byv? 2byuv+byv2+2byvr
(usver? ~ 82v 2 Sout — 289V — Uy
and
81k1 — 281u — 81v 61U
Dfy(w) = by 2byuv+byy? .
B

Let Ui(t,w) := Quw), Us(t,w) := Qu(w) and Vi(t,w) = D,Ui(t, ) and Vy(t,w) =
D, Us(t, ). Then, for any given w € R?, the matrix functions Vi(¢,w) and Vi(t, w) sat-

isfy
dvi(o) i
It = DAL w) Vi), Vi(0)=1, te[0,T],
dVa(t) - _
It = Dfhy(Uy(t, ) Vi(t), Vo(T) =1, te[T,T].

Since H = Qu1 o Q;7, the chain rule implies that DH(®*) = DQyr o (Q;7(w*)). Then
D(Q7(@") = Dylh(t,w*) = Vi(T,0*) and DQor(Qi7(w*)) = Dylh(t,w*) = Vo(T),
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Q,7(w*)). Since w* = (0, vp), U1 (¢, w*) = (0, (2)) with

,1<y’f(z>—A>
05 @) (05 (@) - A)* + B) VB
_1{vo-A
=3 ((vo —A)? +B)g e%tan 1( v )e’azt forrf <r<rj,

RO [RO-E Y [R0O-E sy . (4.1)
[T] wE | | Tom | T€7 forr>r;,

B L
2 oVB

=

-t _r
GO (058 - A))° € TOA =4 (vy - A)P & A &2t for 1 = 13,

Uy (t, Uy (T, w*)) = (0, y5(t)) with

¥5(t) :< J’T(T)_ )e@(Sz(t—T)'
Ky — y5(t) Kz = y1(T)

Furthermore, y5(T) = vo, y{(T) = y5(T), and

yi(t), tenT,nT+T],
y(@) = } (4.2)
y5@), temT+T,(n+1T],

forn=0,1,2,.... Hence,

Df(U(t, ") St — d1yy () 0
] . Ll b} (0)2+2b2y} ()
()’;(t)l+r)2 - 32y>1k(t) % _ 282}’7(1') —us
and
_ $ — 51 (E 0
Dh(Us(t, Uy (T, %)) = | 1 1yf( ) 1
—by = 82y5(t) by — g — 282y5(2)
It then follows that
oo Brk1-s1y7 ende 0
VI(T; a)*) = 7 [ by )2 +2b0y%(t)r .
* e'f0 [W‘Z‘S%(f)—uz}m
and
- ef-TT[Bwl—aly;(t)]dt 0
* -_—
Vo(T, U(T,w™)) = " efTT[hz—Mz—252y§(t)]dt .

Thus, the matrix DH(w*) has two positive eigenvalues 7; and 7, given by

7 = oo -1yt @t _ 7 [S1k1 -1 (01t

7[ bat @) +2b0y% 0
=l 28y () |dt
Ty = efo |: F+n? 21012 . efg[bz—/Lz—ZSZyg(t)]dt
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Since (0, yj(t)) satisfies equation (2.6), it follows that

010 _ [b 7o

- -8y () .
v Ly er ”1()}

Integrating the above equation for ¢ from 0 to 7', we then obtain

T *
_ t
Iny{(T)-1nvy = / by %i(®

T
- dt — uyT — 8y f yi()dt. (4.3)
o N@®+r 0

Since (0, y;(t)) satisfies equation (2.7), it follows that

(0]

7@ = [ba = 2 = 8295 (0)] .

Integrating the above equation for ¢ from T to T, we then obtain

T
Invy —Iny5(T) = (by — o (T = T) = &, / yi(t)de. (4.4)
T

From (4.3), (4.4) and using the fact that y3(T) = vy, y’{(T) = yz(T), we have

T r A0 _ _
82 / yT(t)dt + ‘[ y;(t)dt = / bz " dt — ,UQT + (bz - Mz)(T - T), (45)
0 T o NM+r

this implies the following inequality:
T
ko(T = T*) < / Y (t)dt < i T, (4.6)
0

from which we calculate

T
)T 7 = ki T-31 Jo y*tdt < 651[(K1*K2)T+K2T*]

and

7 * 412
byt (T—T* )y [T 0@
. (by—p2)( )-b2 Jo T < 1.

Ty =

(i) Ifwy <k T> :22—T:1 , then 77 < 1, proving the local asymptotic stability of the
semitrivial T-periodic solution (0,y*(¢)) of systems (2.6)—(2.7).

(i) If k1 > Ky, then we have 71 > 1, which makes the semitrivial T-periodic solution
(0,y*(2)) of systems (2.6)—(2.7) unstable.

This completes the proof. O

Corollary 4.1 The boundary equilibrium (k1,0) of systems (2.6)—(2.7) is always locally
asymptotically stable.
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Proof The proof of Corollary 4.1 is very similar to the proof of Lemma 4.1. Note that the

corresponding matrices V1(¢, (x1,0)) and Vi (¢, (x1,0)) are

_ _ ef()T —81k1dt *
Vi(T, (k1,0)) = Vo(T, UL (T, (k1,0))) = T ,
0 elo [=82x1-paldt

e,fTT[—Szkl—uz]dt

_ eszv—ﬁl}(ldt %
VZ(T) ul(T’(Kl»O))) = 0 .

Therefore, the corresponding two positive eigenvalues 73 and 7, are given by
3= T o1 gy = e GarT O
Now, we focus on the global dynamics for systems (2.6)—(2.7).
Theorem 4.1 Assume that k1 > k5. Then (k1,0) is globally asymptotically stable.

Proof From Corollary 4.1, we know that the boundary equilibrium (k1,0) of systems
(2.6)—(2.7) is locally asymptotically stable. Next, we are ready to prove that every solu-
tion of systems (2.6)—(2.7) goes to (k1,0). If (0, y*(¢)) exists, as in the proof of Lemma 4.1,
we know that (0, y*(¢)) is an unstable semitrivial 7-periodic solution of systems (2.6)—(2.7)
under the condition «; > k5.

The next proof investigates whether systems (2.6)—(2.7) have a positive T-periodic solu-
tion under x; > k5. Now we show the nonexistence of the T-periodic solution of (2.6)—(2.7)

by contradiction. Let (x*(¢),y*(¢)) be a positive T-periodic solution of systems (2.6)—(2.7).

=" _—
e =51[K1—(x +y )],
N (4.7)
o v -
= b2ﬁ—ﬂz—52(x +5)
y X+ y*+r
for t € [nT,nT + T), n=0,1,2,....
G _—
pe =8 [k1 - & +yM)],
N . (4.8)
O _ y .
= b e =& +y)
Y Xty

fort e [nT + T,(n+1)T), n=0,1,2,.... Integrating the first equation of (4.7) for ¢ from 0
to T and the first equation of (4.8) for ¢ from T to T, we then obtain

T
Ina*(T) — Inx*(0) = / 81 [k1 — (" + )] ds,
0 (4.9)

T
lnx*(T)—lnx*(T):[ 81 [k — (" +9)]de,
T

which implies that fOT(x* +y9dt =i T.
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Similarly, integrating the second equation of (4.7) for ¢ from 0 to T and the second equa-
tion of (4.8) for ¢ from T to T, we then obtain

7 .
Iny*(T) - Iny*(0) = / [bz% — = 8" + y*):| dt,
0 X+y +r (4.10)
T * :
Iny*(T) ~Iny*(T) = / [bz I ‘M2—5z(x*+y*)] dt,
T Xty

which particularly implies

T y* T y*
/ |:b27 - MQ:I dt + / |:b2 - /usz| dt = 62/(1 T. (411)
0 xX*+y*+r 7 x* 4 y*

Then we see k; < k3, which leads to a contradiction. Thus, Lemma 2.2 of [39] implies that

for any initial value (u,v) € Int(R?), every solution of systems (2.6)—(2.7) goes to (x1,0)
because here the map H satisfied the <x monotonicity and convergence. Hence, («1,0) is

globally asymptotically stable. O

Theorem 4.2 Assume that k1 < k3. If T < T* and r > k», then (k1,0) is globally asymptot-
ically stable.

Proof The local asymptotic stability of (k1,0) can follow from Corollary 4.1. We now focus
on the global attractivity of («;,0). First, consider the following system:

—82(5/+r)], te (nT,nT + T,n=0,1,2,...,

I
<x

d— -
9 [bz_ y

det y+2r
dy _ -
E:y[bz—(Szy], temT+T,(n+1)T,n=0,1,2,....

(4.12)

Since T < T* and r > «», it follows from Theorem 3.1 that

tgl;noo'y - O
Suppose that (x, y) is the solution of systems (2.6)—(2.7). We see y < y under the condition
9(0) < (0), which implies that lim;_, , ¥ = 0. For any given sufficiently small € > 0, there
exists Tp > 0 such that y < € for £ > T,.
For ¢ > T\, consider the following system:

dx s

a~hxlamenal (4.13)
o

4 =91l — 3]

We have x < x < x under conditions x(Ty) < x(Ty) < ¥(Ty) and t > Ty. The arbitrariness
of € allows us to conclude that lim;_, , x = 7. This completes the proof. O

Theorem 4.3 Assume that k1 < i3, If T > —2-T*, then systems (2.6)—(2.7) admit a unique

k2—K1
positive T-periodic solution initiating from w(u,v). Furthermore, there exists a continuous,
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unbounded, and one-dimensional curve H C R?* such that both 0 and w are in H, and the
following statements are valid:

1) Assume that w(u,v) € H, and for any w(u,v) such that u > u and v < v we have
limy_, oo H(;0, W) — (k1,0) = 0;

2) Assume that w(u,v) € H, and for any w(u,v) such that u < u and v > v we have
lim;_, ;00 H(2;0, w) — (0,%(2)) = 0.

Proof The proof1) and 2) and the existence of positive periodic solutions follow from The-
orem 2.4 (saddle-point structure) of [39]. Here we only prove the uniqueness of positive
periodic solutions. Suppose for contradiction that periodic systems (2.6)—(2.7) have two
different T-periodic positive solutions (x1(¢),y1(2)) and (x2(2),y2(2)), then x1(0) = x1(7T),
91(0) = y1(T), %2(0) = %2(T'), y2(0) = yo(T). There are four possible cases that determine
the relationship between the initial values of x;(0) and x,(0), and y;(0) and y,(0):

x1(0) < x2(0) @ x1(0) > x2(0) 3 x1(0) < x2(0) 4 x1(0) > x2(0)

¥1(0) > y2(0) ¥1(0) < y2(0) ¥1(0) < y2(0) ¥1(0) > y2(0).

By Theorem 5.1 of [40], if (1) or (2) holds, then for all £ € [0, T']

1y x1(8) < x2(2) or (2 x1(2) > x2(2)

¥y1(8) > y2(f) y1(8) < y2(2).

Therefore, from (4.11) we can easily get

T T
y1(0) 71(2) _
/0 |:b2 x—l(t) ; yl(t) T - ,LL21| dt + /7; |:b2 x—l(t) +y1 (t) — ,LL2:| dt = 82K1T (414)

and

T T
¥2() y2(t) B
| s e [ [ e i w9

We set

{Fl(é’ n = Eiéir’

Fa(€,m) = 2L,

Taking the partial derivative of F1(£,7n) and F»(§,n) with £ and 7, respectively, we have

AR ) _ _=bon
% =@ <O
OF1(Em) _ baE+r) 0
an (E+n+7)? ’
b (Em) _ —ban
31:8(&5 ) ) (Ebﬂé)z <
2En) _ by
o EE 0.

This is a contradiction to (4.14) and (4.15).
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We will now prove that it is impossible for cases (3) and (4) to hold. It follows from
systems (2.6)—(2.7) that

T
3 / [x1(8) + y1(O]dt = (by — u)T (4.16)
0

and
T
5 / Lea(6) + ya(OVdt = (by — ji)T. 417)
0

From (4.16) and (4.17), there must exist £* € (0, T') such that one of the following two cases
holds:

(@) x1(F") <x2(£%), y1(£7) = y2(t%),

(b) ®1(£) = xa(£7), y1(£7) < y2(£¥).
Again by Theorem 5.1 [40], for case (@), we have x;(¢) < x2(¢), y1(t) > y2(¢) for t € (¢*, T].
Therefore y1(T) > y,(T), by the periodicity of y(¢) and case (3), this is a contradiction. For
case (b), we have x1(£) > x5(8), y1(¢) < ya2(t) for t € (¢*, T]. Therefore x1(T) > x,(T), by the

periodicity of x(¢) and case (4), this also is a contradiction. O

5 Numerical examples
In this section, we first provide numerical examples to demonstrate our analytic results
for systems (2.6)—(2.7).

Example 5.1 Given the parameters

by =0.1988, by, =0.1077, p1=ps=0.002, T =20
_ (5.1)
81 =8,=8.5034x10° T=5 r=4720,

we calculate that «; = 23,144 > ko = 12,430. Given four initial values (1000,3000),
(2000, 3000), (3000, 1000), and (3000, 2000), it follows from Theorem 4.1 that (k1,0) is
always globally asymptotically stable as shown in Fig. 1.

3500 257

3000 -

2500 [-

2000 -

1500 1

1000 |

The population density of y(t)

@
2
3

] 05 1 1.5 2 25
The population density of x(t) %10 time t

Figure 1 The left figure represents the phase diagram of systems (2.6)—(2.7). The right figure represents the
solution curve graph representing x(t) and y(t)
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2000 (¥

0 2000 4000 6000 8000 10000 12000 14000
The population density of x(t)

Figure 2 The left figure represents the phase diagram of systems (2.6)—(2.7). The right figure represents the
solution curve graph representing x(t) and y(t)
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Py
2
8
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The population density of y(t)
8
8

1000 4 2000

[
2000 4000 6000 8000 10000 12000 14000
The population density of x(t) time t

Figure 3 The left figure represents the phase diagram of systems (2.6)—(2.7). The right figure represents the
solution curve graph representing x(t) and y(t)

Example 5.2 Given the parameters

by =0.1077, by, =0.1988, 1 =pp=0.002, T =501
- (5.2)
81=8,=85034x 10", T =5, r=47,200,

we calculate that «; = 12,430 < k = 23,144, T* = 5.0508. Given the initial values (1000,
3000), (2000, 3000), (3000, 1000), (3000,2000), it follows from Theorem 4.2 that T < T*

and r > Ky, (k1,0) is always globally asymptotically stable as shown in Fig. 2.

Example 5.3 Given the parameters

by =0.1077, by =0.1988, 4 =p2=0.002, T =20
_ (5.3)
81 =8,=85034x%x10° T=5 r=4720,

we calculate that «; = 12,430 < ky = 23,144, and T > —2-T* = 10.9111. Given four ini-

K2—K1

tial values (3000, 4500), (3000, 4000), (3000, 3000), and (3000, 2000), it follows from Theo-

rem 4.3 that there exists a continuous, unbounded, and one-dimensional curve, separating

the attraction domains of (k1,0) and (0, 7(¢)), shown in Fig. 3.
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Figure 4 The left figure represents the phase diagram of system (2.6)—-(2.7). The right figure represents the
solution curve graph representing x(t) and y(t)

Example 5.4 Given the parameters

b, =0.1077, by=0.1988, w1 =puy=0.002, T =20
) (5.4)
61 =67 = 8.5034 x 10’6, T=5 r=4720,

we calculate that «; = 12,430 < x5 = 23,144, and T > Kz'(fkl T* = 10.9111. Given four ini-
tial values (3000, 4700), (3000, 5000), (3000, 5500), and (3000, 6000), it follows from Theo-
rem 4.3 that there exists a continuous, unbounded, and one-dimensional curve, separating

the attraction domains of («1,0) and (0, y(¢)), shown in Fig. 4.

6 Conclusion

Population replacement involves infecting wild mosquitoes with Wolbachia, while popu-
lation suppression aims to fundamentally eliminate mosquitoes and reduce the problems
caused by mosquito bites. Therefore, a continuous release of Wolbachia-infected or sterile
male mosquitoes is a direct and efficient strategy to prevent mosquito-borne diseases. In
this work, we assume that there are both Wolbachia-infected and uninfected mosquitoes
in the target area initially. To speed up the process of replacing the mosquito population,
we further release infected male mosquitoes at regular intervals. We do this to determine
the optimal number and frequency of releases needed to accelerate population replace-
ment.

Our research differs from previous studies as we have developed a model for accelerated
mosquito replacement that considers the periodic release of infected male mosquitoes. In
this model, we introduced two measures, namely 1 = (b; — 1)/81 and ko = (b — 12)/82,
which determine the carrying capacity of infected and uninfected mosquito populations,
respectively. If k1 > ko, it indicates that Wolbachia infection is favorable for infected
mosquitoes. On the other hand, if k; < «3, it means that the infection brings a fitness cost.
Through the analysis of system (3.1), by defining a threshold value T* of releasing waiting
time, we found that population replacement can be achieved as long as one of the follow-
ing conditions holds: (i) k1 > k; (ii) k1 < k2, T < T*,and r > k,. While in the case of k1 < k3

and T > Kz’(_z’q T*, system (3.1) has a continuous, unbounded, and one-dimensional curve
H C R? such that both 0 and w(iz, ¥) (a unique positive T-periodic solution) are located
in H. This curve divides the (k1,0) and (0, (¢)) on each side, and the solution from both

sides converges to their two equilibrium points. Unfortunately, we are currently unable to
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provide a precise expression or providing sharp estimates for curve #, this will be a part of
our future work. Additionally, future research will explore the integration of environmen-
tal and spatial factors into our mosquito population replacement models. Understanding
how variables such as habitat, temperature fluctuations, and resource availability influence
the dynamics of mosquito populations will be crucial.
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