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1 Introduction

Pattern formation, Turing’s pioneering work in 1952 [1], has become a very active area
of research, motivated in part by the realization that there are many common aspects of
patterns formed by diverse physical, chemical, and biological systems and by reaction-
diffusion equations [2]. Understanding the pattern formation of interacting species is sig-
nificant interest in conservation of biology, ecology and biochemical reactions [3, 4].

It is well known that the predator-prey model plays a major role in the studies of bi-
ological invasion of foreign species or epidemic spreading [5]. Among these, the classic
predator-prey model with Holling-type III functional response can be described by the
following ordinary differential equations (ODEs) [6-8]:

du (1 u) quv
—=ru(l-+)- ,
dt k/ u’>+a
) &)
dv pu-v
— =—cv+ ,
dt u’+a

where u(t) and v(¢) respectively describe the prey’s and predator’s densities at time ¢, a

is the prey’s density at which the predator has the maximum kill rate, g the consumption
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rate, § the conversion efficiency, ¢ death rate of the predator, k the carrying capacity of the
environment, r the intrinsic growth rate. All parameters of the reaction term are positive
constants.

The corresponding reaction-diffusion model to model (1) is

9 2

_uzdlAu+ru(l—z)— wy )

ot k/ u*+a @)
9 2

v =dy Av—cv+ puy ,

ot u’+a

where the Laplacian operator A describes the random diffusion of these two species from
the higher density region to the lower, and the diffusion coefficients d; and d, are positive.

For simplicity, we call model (1) as ODE model, and (2) as PDE model. Obviously, these
two models have the same equilibria. And we sign the positive equilibrium as E* = (u*, v*).

Turing instability According to Turing’s idea [1], if the positive equilibrium E* = (u*, v*)
is stable for ODE model (1), but unstable with respect to solutions in the case d; > 0 and
dy > 0 for PDE model (2), then E* is called diffusion-driven instability (i.e., Turing insta-
bility), and model (2) may exhibit stationary Turing pattern.

Unfortunately, for PDE model (2), E* = (u*,v*) is stable when d; > 0 and d; > 0, and
hence there is nonexistence of diffusion-driven instability, and the model cannot exhibit
any stationary pattern [9, 10].

On the other hand, in recent years, much attention has been paid to incorporate frac-
tional derivatives in the population models. Typically, the fractional derivatives are incor-
porated in an ad hoc way by replacing integer order time derivatives with Caputo fractional
derivatives directly [11-14]. These models and their analysis are mathematically interest-
ing, and there are some motivations for incorporating memory effects [13]. And a number
of fractional-order reaction-diffusion models have been formulated to describe the impact
of diffusion on Turing instability and pattern formation [15-21]. Biomathematics experts
currently focus on two types of fractional-order reaction-diffusion predator-prey systems:
one is to use fractional-order operators to represent the rate of change of population den-
sity [15—17], and the other is to use the fractional-order diffusion operator to represent
the integer-order in the reaction-diffusion models [18—-21]. However, the integer-order
models corresponding to these fractional-order models already exhibit Turing instability,
and the introduction of fractional order has no substantial impact on the pattern forma-
tion. It is worth pointing out that, in [10], Yin et al. investigated the Turing instability of a
fractional-order reaction-diffusion predator-prey model.

Based on the discussions above, in the present paper, we investigate the Turing instability
of the fractional-order reaction-diffusion predator-prey model with Holling III functional

response:
9" 2y
il :dlAu+m<1—E) - s
otn k u+a 3)
My 2
— =dhyAv—cv+ puy ,
atn ur+a

with the positive initial conditions:

u(x,0) > 0,v(x,0)>0,x € €,
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and the zero-flux boundary conditions:

ou Jv
—=—=0,x€0%,
v Jdv
where 1 € (0,1), u(x,t) and v(x, t) respectively describe the prey’s and predator’s densities
at time ¢ on the spatial position x. €2 is the bounded open domain in R”, v the outward unit
normal vector on d€2. We will study the stability and obtain the conditions of the Turing
instability for system (3).
And the corresponding ODE model is

d"u (1 u) quv
=ru(l--)- ,
dgn k/ u’+a

dv puv

—=—cv+ ,
den u+a

(4)

d"u
where — is the standard Caputo’s partial derivative with respect to the time variable ¢

as follows:

d”_u_ 1 Pdu(s) ds
dt" T(1-n)Jy ds (t-sn

For simplicity, we call model (3) as frPDE model, and (4) as frODE model.

The main goal of this paper is to make an insight into the instability induced by the
fractional-order in model (3). Our main interest is to check whether the fractional-order
is a plausible mechanism of developing spatiotemporal pattern in model (3).

The rest of this article is organized as follows: In Sect. 2, we give the stability/instabil-
ity analysis of the models. In Sect. 3, we illustrate typical Turing patterns via numerical
simulations. Finally, conclusions and remarks are presented in Sect. 4.

2 Stability analysis
Easy to know that ODE model (1), PDE model (2) and frODE model (4), frPDE model (3)
have the same equilibria as follows:

1) Extinction equilibrium: Ey = (0, 0) (the predator and the prey go extinct);

2) Boundary equilibrium: E; = (k, 0) (the prey dies out);

3) Coexistence equilibrium: if p > ¢ (1 + 12), the model exhibits a unique positive equi-
librium E* = (u*,v*) (the predator and the prey exist), where

. [ac , aprtkyp=c-+/ac)
Y Np=e VT kqdacp-o

It should be pointed out that the focus of the present paper is on Turing instability and
hence we only study the stability of the coexistence equilibrium E* in the remainder.

2.1 The case of integer-order models

Theorem 2.1 For ODE model (1), assume thatp > ¢ (1 + %), i.e., there is a unique positive

equilibrium E* = (u*,v*). Then E* is stable if either of the following inequalities holds:
(H1) a > k%

(Hy) a < k? and kp + 2c 2 ke
Vp-c
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Proof The Jacobian matrix of ODE (1) at E* is

2r(k(c—§)—c ;—_CC) o

J- (]11 ]12) _ kp P . )
Ja O 2r[k(p - ¢) - Jac(p = 0)]
kq

The characteristic equation of (5) is
A% —tr())A + det(J) = 0, (6)

where the trace tr(J) and the determinant det(J) of J are

r (k 2c-p) - 26\/%)
kp
2cr (k(p - ¢) = /ac(p = 0)) _2erp-c (kyp=—c—Jac)
kp - kp

tr(J) =

’

> 0.

det()) =

If a > k? holds, it follows from p > ¢ (1 + %) that p > 2¢, and hence tr(J) < 0. If (H>) holds,
then tr(J) < 0. This completes the proof. O

Next, we consider the stability of E* for PDE model (2). For simplicity, we only consider

the special case of 2-dimensional space.

Theorem 2.2 If the conditions (H1) or (H2) of Theorem 2.1 hold, for PDE model (2), the

positive equilibrium E* is stable.

Proof Let u =u* +u, v=v"+7, where || < 1, |7| < 1. Thus, we add a small spatiotem-

porally inhomogeneous perturbation near £* and obtain the following linear system:

0 - - -
— =d1 AL+ 11k + J127,

i
at
v @)
- =d2A17 +]21£t +]22f/.
ot
According to [22], any solution of system (7) can be expanded into a Fourier series as

follows:

u(r,t) = Z Upm(F, t) = Z Qi (£) SID(W - 1),

n,m=0 n,m=0

WD) =Y Vun(t,0) = ) Bun(®)sinw - 1),

n,m=0 n,m=0
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where r=(x,y) and 0 <x < L,0<y< L. w = (W,,w,,) and w,, = nw/L, w,, = mn /L are the

corresponding wave-numbers. Substituting (8) into (7), we have

danm 2
T =11 — diw)tum + J12Bums
9
B ) ©
dr :]2105nm - dZW ﬂnm’

2_ 2,2
where w* =w;, + w;,,.

In general, the solution of model (9) is K7 e*1 + K,e*?!, where K, and K; are determined by
the initial conditions of frPDE model (3) and A; and X, are the eigenvalues of the Jacobian

matrix:

)
J(w) = (]11 dw J12 ) ‘ (10)

I —dyw?
The characteristic equation of (10) is
A2 —tr(J(w)A + det(J(w)) = 0, (11)

where

tr(J(w)) =tr(J) — (dy + do)w?,
det(J(w)) =dydyw* — dytr()w? + det(J).

It follows from Theorem 2.1 that tr(J(w)) < 0 and det(J(w)) > 0. Therefore, the positive

equilibrium E* of the PDE model (2) is always stable for any wave-numbers w. O

Remark 2.3 From Theorem 2.2, obviously, there is no effect of the diffusion on the sta-
bility of the positive equilibrium E* of PDE model (2). That is to say, there is no diffusion-
driven instability, i.e., Turing instability, in PDE model (2).

2.2 The case of fractional-order model

We first give the definition called fraction-diffusion-induced instability as follows.

Definition 2.4 If the positive equilibrium E* is stable in the cases of PDE model (2) and
frODE model (4), but unstable with respect to solutions of frPDE model (3), then this

instability is called as fraction-diffusion-induced instability.

Now we study the stability of frODE model (4). The stability of the positive equilibrium
E* can be determined by linearizing frODE model (4) around it, which leads to the fol-

lowing linear system:

i
den
dv

E =/,

=Juu +Ji2v,
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It follows from [23] that the positive equilibrium E* is locally asymptotically stable if all

the eigenvalues A of the Jacobian matrix J evaluated at the equilibrium point satisfies
b/
larg A| > % (12)

where A = o £ if are the roots of (6) with g > 0. If the positive equilibrium E* of ODE

T
model (1) is stable, i.e., & < 0, then |arg A| = arctan — + 7 > % holds. If ¢ =0, |arg | = % >
o

g
% always holds. In this case, it follows that tr(J) = 0. Therefore, we only need to consider

the case of & > 0, 8 > 0, that is tr(/) > 0 and 4 det(J) — tr*(J) > 0. Clearly, (12) is equivalent

to

g _ Vadet(J) — tr2(J) - tan (nn)' (13)

tan(argA) = () )

And hence, we can directly obtain the following results according to (13).

Theorem 2.5 For frODE model (4), if

a<k® kp+2c £<2kc and
Vp-c

\/4ckpr\/pTc<k\/pTc—\/E> —r2<k(2c—p)—2c /l%)z

> r(k(ZC—p)—Zc\/pag) tan(%) (14)

hold, then the positive equilibrium E* is stable.

Remark 2.6 Easy to prove that, if a < k%, kp + 2¢ % . 2kc, and
Vp-c

\/4ckpr\/}ﬁ<k\/}m -Jac)-r? (k(2c -p- ZC\/%)2

- r(k(2e-p) - 2¢, [ ) tan (%)

hold, then frODE model (4) undergoes a Hopf bifurcation around E*.

(15)

We next consider the instability of the positive equilibrium E* of frPDE model (3).
Similar to (7), after linearized frPDE model (3), we have

o"u . - -
P =di At + it + 2V,
. (16)
onv Ay AV + Jo108 + JooV
— = 1% u V.
3t77 2 21 22
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According to [22, 24], any solution of system (16) can be expanded into a Fourier series (8).
Substituting (8) into (16), we obtain

0"ty J 4 2) Jia
= —aw + ,
EYL 11 1 Uym + /12 Pnm
a"B
at;’m :]21anm - dZWZﬂnWV

The instability of the positive equilibrium E* of frPDE model (3) is more complex. For
convenience, we consider the case of det(J/(w)) < 0.
Notice that det(J(w)) can achieve its minimum

4d,d, det(J) — datr®())

mljn det(J(w)) = 1d,d,

t
*2 r7(]) > 0. Consequently, for some wave numbers w # 0, if
1

at the critical value w

4dydy det()) < d2tr*()), (17)

we have det(J(w)) < 0. (17) is equivalent to

tr(J) > 2 ﬂ det()).
\ 4>

Summarizing the discussions above, we have the following results.

Theorem 2.7 Let (14) hold. For frPDE model (3), if

r(k(2c—p)—2c\/%) oy 2d,cr /p—c(kA/p—C—\/%) (18)
kp dykp

holds, then the positive equilibrium E* is unstable.

From det(J(w)) = 0, we can determine w; and wy as

dotr(J) — /d2tr()) — 4d dy det())

dotr(J) + /d3tr*(J) — 4d, dy det())
2d.d, ’

2dyd;

2 _
w; =

2 _
wi =

In conclusion, if w} < w? < w3, then det(J(w)) < 0 and E* of frPDE model (3) is unstable.
That is to say, the fraction-diffusion-driven instability occurs, and frPDE model (3) may
exhibit Turing pattern formation.

For the sake of studying the fraction-diffusion-induced instability of frPDE model (3)
further, in Fig. 1, we give the bifurcation diagram in a — p space withr=1,k=1,¢c=0.5
and g = 1. Curve C; comes from the equation a = W, the Hopf bifurcation curve
C, is determined by (15) for frODE model (4) with n = 0.8, and curve C;s is obtained from
the equality case of (18). In domain II, fraction-diffusion-induced instability occurs, in

other words, Turing instability exists.
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Figure 1 The bifurcation diagram of the parameters p and a for the system (4) withr=1,k=1,c=05,g=1,
1 = 0.8, the position of the mark “x" is (p,a) = (0.701,0.005), and the mark “O" is (p,a) = (0.571,0.0165)
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Figure 2 The dispersion coefficient and the real part of the roots in (11):(a) the suitable dispersion coefficient
against the wave numbers w; (b) the real part of the characteristic roots against the wave numbers w
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Furthermore, in Fig. 2, we show the existence of the wave-number w. We take the pa-
rameters as r = 1, a = 0.005, ¢ = 0.5, p =0.701, k =1, n = 0.8 and d; = 1, d, = 20, whose
position of (p,a) (marked as “x”) is in the domain II of Fig. 1, and respectively plot the
suitable dispersion coefficient det(/(w)) of the characteristic equation (11) in Fig. 2(a) and
the real part of the characteristic roots in Fig. 2(b) against the wave numbers w. We find
det(J(w)) < 0 and the real part Re(A(w)) > 0 when 0.2490 < w < 0.4533, which indicates that

the Turing instability occurs.

3 Turing pattern formation
In this section, we perform extensive numerical simulations of frPDE model (3) to show

the qualitative results of Turing pattern formation in two- and three-dimensional space.

3.1 Numerical method
We use the Griitnwald-Letnikov method [25] to discrete the Caputo fractional-order

derivative operator in system (3). The Griinwald—Letnikov fractional derivative [26] is in-

troduced as follows.

Page 8 of 13
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Assume that the function y(¢) satisfies some smoothness conditions in every finite in-
terval (0,¢),¢ < T. Choosing the equidistant grid

O0=T9<T1< - <Tyy1 =1

and taking /1 = tx,1 — T, then the Griinwald—Letnikov fractional derivative of order 7 is

defined by
1 1 n+l
Gy i AT — Tim _ Ul
Dty(t) = ;1,15(1) h” Ahy(t) = %lj}l}) h” <y(fn+1) 2_1: va(rn+1—v)) ) (19)
where

-1 Tw-
cr=cy (M) s e
% '-n) T'(v+1)
and the Gamma function I'(#) is defined by the integral I'() = fooo 1 le7dr.
The Griinwald-Letnikov definition based on finite differences is not equivalent to the
Caputo definition. Their difference is expressed by [25]

m—-1
Dly(t) = “D)yt) - Y ri)y™(0), (20)
v=0
Especially, when 0 < 1 < 1, (20) will be simplified as

V-1
where rl'j(t) = m

€DIy(t) = °D]y(t) - r3(£)y(0),
N

ra-n*
From (19), when the step size # — 0, the Griilnwald—Letnikov approximation satisfies

where rg(¢) =

Dyt~ hi,, (}’(TVM) - Xij ng(fnu-u)) :
Therefore, when 0 < 1 < 1, from the following Caputo fractional-order differential equa-
tion

“Dy(t) = F((t)), (21)
we have

1 n+l
E (y(TnJrl) - Z ng(TVHl—V)) - Vg(fn+1)y(0) ~ F(y(fn)~

v=1
Thus, (21) will be discretized into

n+l

y(Tn+1) ~ Z ng(TnJrl—u) + h"fg(fnu)y(o) + hnF(y(Tn)'

v=1



Wau et al. Advances in Continuous and Discrete Models (2025) 2025:29 Page 10 of 13

Figure 3 Turing patterns of u in 2D square domain for frPDE model (3) with initial conditions
uo(i,j) = u* = 27 (x; = 0.1y; = L/2)(x; = 0.1y; = 1.50), voi.j) = v¥ = 3¢ (x; = L) = 1.2¢"*(y; - L/3). Times: (a) 0; (b) 150;
(0) 250; (d) 350

Figure 4 Turing patterns of u in 3D cube domain for frPDE model (3) with initial conditions
uo(ij, k) = u* - 2e77 (- 0.1yj =012z, = L/2)(x; = 0.1y; = 0.2z — 1.5L),
Volij k) = v* =3e7(x; - 1) = 1.2e7(y; — L/3) — 0.8¢™4(z - L/2). Times: (a) 0; (b) 150; (c) 250; (d) 350

3.2 Pattern formation
We take the parameters as follows:

r=1,k=1,p=0.701,c=0.5,a =0.005,g =1,d; = 1,d, =20, =0.8.

For the discretization of Laplace operator, we use a 2 X 2 convolution matrix for 2D square
domain and a 3 x 3 x 3 for 3D cube domain with edge wrapping method.

In the case of two-dimensional square domain L x L, we take L = 100, At = 0.01, Ax =
Ay = 1, and the initial conditions u(i,j) = u* — 2¢77 (x; — 0.1y; — L/2)(x; — 0.1y; — 1.5L),
vo(i,j) = v* = 3e™>(x; — L) — 1.2e7*(y; — L/3). After 3.5 * 10* iterations for the discrete time,
the spatial two-dimensional frPDE model (3) ultimately converges to a steady state. The
gradual change process of the prey’s Turing patterns along time is illustrated in Fig. 3.

In the case of three-dimensional cube domain L x L x L, limited by computing power,
we take L = 30, Ax = Ay = Az = 1 and the other parameters as the same as the above, and
the initial conditions u(i, j, k) = u* — 2e~7 (x; — 0.1y; — 0.1z — L/2)(x; — 0.1y; — 0.2z — 1.5L),
vo(irj, k) = v* — 3e™>(x; — L) — 1.2 *(y; — L/3) — 0.8¢"*(zx — L/2). After the same iterations
for the discrete time, the spatial three-dimensional frPDE model (3) ultimately converges
to a steady state. The gradual change process of the prey’s Turing patterns is illustrated in
Fig. 4.

In addition, in order to check further Turing instability parameters, in the Turing insta-
bility region of Fig. 1, we take the parameters p = 0.571, a = 0.0165 in frPDE model (3),
which is labeled in Fig. 1 with the mark “O” The other parameters are taken as the same
as before. For the case of two-dimensional square domain, we take the initial conditions
uo(i,j) = u*, vo(i,j) = v* if (x; — L/2)* + (y; — L/2)* < L*/4 and zero otherwise. For the case of

three-dimensional cube domain, we take the initial conditions u(i, , k) = u*, vo(i,j, k) = v*
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Figure 5 Turing patterns of u in 2D square domain for frPDE model (3) with initial conditions uo(i,j) = u*,
voliij) = v* if (- L/2)? + (y; - L/2)? < [?/4 and zero otherwise. Times: (a) 0; (b) 150; (c) 350; (d) 500

(&) (b) (0) (d)

Figure 6 Turing patterns of u in 3D cube domain for frPDE model (3) with initial conditions ug(i,j, k) = u*,
Voli,j k) = v¥if (= L/2)? + (y; = L/2)? + (2 - L/2)? < [?/4 and zero otherwise. Times: (a) 0; (b) 150; (c) 350; (d) 500

if (x; — L/2)* + (y; — L/2)* + (z — L/2)* < L?/4 and zero otherwise. After a long time of cal-
culation, the prey’s Turing patterns are illustrated in Figs. 5 (2D) and 6 (3D), respectively.

4 Conclusions

In this paper, we study the spatiotemporal dynamics of a fractional-order predator-prey
reaction-diffusion model with Holling-type III functional response, i.e., frPDE model (3),
and obtain the conditions of fraction-diffusion-induced instability (i.e., Turing instability).

In the numerical simulation of frPDE model (3), we can easily use the Euler method to re-
alize the iterative process. However, because of the memory and heredity of the fractional-
order operator, when calculating the new iteration of fractional-order differential equa-
tions, we need to consider all the history values of the solutions. The consequence is that
in the process of discretization of frPDE model (3), we have to start calculating from
or v, for every new iteration, which leads to very large memory demand and greater com-
putational power for the whole simulation. Meanwhile, as the spectral length L increases,
the computational complexity increase also significantly. Therefore, it is necessary to use
parallel computing during the simulation process.

In [18], the fractional order Laplacian operator is introduced in a three-dimensional
first-order predator-prey model. The authors believe that the order of fractional diffusion
affects the stability of the system pattern. This prompts us to introduce the fractional-
order diffusion into our fractional-order predator-prey model in our future research.

Ruan et al [27] indicated that, the continuous random walk in the predator-prey model is
a Gaussian distribution and the corresponding reaction-diffusion is the only local spatial
spread of diffusion. When we deal with the cases of the long-distance geographic spread,
the random Laplace diffusion certainly is not suitable to describe the spread diffusion be-
havior, while fractional diffusion is a more reasonable approach. That is to say, fractional
diffusion has a wider range of applications than integer diffusion. In our future research,
we will focus on fractional diffusion in the fractional-order population models.

Page 11 0f 13
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