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Abstract

In the present paper we study the existence and stability problems of positive
periodic solutions to a Gilpin—Ayala competitive model with periodic coefficients on
time scales. Firstly, based on Schauder’s fixed theorem, some sufficient conditions for
the existence of positive periodic solution to the considered system are obtained.
Furthermore, we establish asymptotic behavior by using the existence of periodic
solutions. Since the considered system is based on an arbitrary time scale, our results
are applicable to both discrete and continuous scenarios. We provide a specific
example to verify the above results.
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1 Introduction
In 1973, Ayala, Gilpin and Eherenfeld [1] introduced the following competition population

model:
T o) 1- (@) ~bu ),
dt B1 B2 w1
ave) _ Vo\* _, U@ '
0 ol ()]

where U(¢) and V(¢) denote the population density at time ¢, 4; and a, denote inherent
growth ratios, b5 and by; denote the measures of competition between species, 81 and 8,
represent the maximum number of species in a completely noncompetitive environment,
positive constants «; and o, can measure the degree of influence of nonlinear terms. Sys-
tem (1.1) is the so-called AG model which is a generalization of Lotka—Volterra system.
After that, many results for the AG model and its generalizations have been obtained.
Chen [2, 3] studied the permanence and extinction of nonautonomous GA competition
model with delays. In [4], the authors investigated the GA competitive model with the
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effect of a toxic substance as follows:

x, (1) = x1(D)[a1(t) — b1()x]" (£) — c1 (x5 (t) — dr (B)xy" (x5 (D)),

x5(t) = xa(B) a2 (8) — ba(D)x]" (2) — c2(B)x52 (1) — da()x} (£)x32 (1)].

(1.2)

Based on a comparison theorem, some sufficient conditions for the extinction of system
(1.2) have been obtained. For attraction, persistence and extinction, see [5—8]; for existence
and stability, see [9, 10]; for the GA model with mixed delays and impulses, see [11-14].
In this article, we focus on the periodic solution problems of the AG model. Zhao [15]
studied global exponential stability of positive periodic solutions for a class of multiple-
species Gilpin—Ayala system with infinite distributed delays. Next, Zhao [16] further stud-

ied the following GA model with infinite distributed delays on time scales:
0
UA(®) = ar(®) - bu®)[e"1" ~ biy(2) / ki(s)e" " As — g (t)e !,
0
VA®) = ax(t) ~ bn®)e” 1 — bu(®) f ka()e ™) As — pr(t)e™",

where ¢ € T which is a time sale and A is the delta (or Hilger) derivative. When T = R,
letting u(t) = ™ and v(¢) = V9, the system (1.3) is changed into the following form:

0
u'(t) = u(t) [m(t) - b (@®[u@)]™ - bu(t)/ ky(s)v(t + S)dS] — ¢1(8),
™ (1.4)

0
V() = () [dz(t) — by (O[V()]*? — ba1(¥) / ko(s)u(t + S)dS] — (D).

We find that if the system (1.3) has a solution (L(t), V(¢))7, then the system (1.4) has a
positive solution (e“®, eV 7T for ¢ € T. However, a positive periodic solution of the sys-
tem (1.4) is represented by e exponential functions, not general positive functions. In this
paper, we attempt to obtain the general form of a positive periodic solution for the system

(1.4) on time scales. Hence, we study the following periodic GA model on time scales:

0
u™(t) = a1(Ou(o () — by (O[O = bro(B)u(t) / ki(s)v(t +s)As — ¢1(t),
e (1.5)

0
VvA(0) = ax(t)V(a (1)) — by () [VO]* - bz1(t)V(t)/ ky(s)u(t + s)As — ¢a (D),

where ¢t € T, which is a periodic time scale (see Definitions 2.1, 2.2), A is the delta (or
Hilger) derivative, u(¢) and v(¢) denote the population densities at time ¢, a1, a; > 0 de-
note inherent growth ratios, b; > 0 (i,j = 1,2) denote measures of interaction between
species, positive constants «; and o, can measure the degree of influence of nonlinear
terms, k1(¢), ko(t) > O denote kernel functions corresponding to infinite distributed de-
lays, ¢1(¢), ¢2(¢) > 0 denote the measurement constants of nonlinear interference within
species. The time scale dynamical system includes continuous and discrete systems, and
its research has always been one of the hot topics in the study of differential dynamic sys-
tems, see [17-19].
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The main contributions of this paper are listed as follows:

(1) We first study the GA model on time scales and obtain the existence of positive
periodic solutions which have general forms which is different from corresponding results
in [15, 16].

(2) We develop Schauder’s fixed-point theorem for investigating differential systems on
time scales.

(3) This study enriches and develops the research on the GA model, which can promote
further research on the aforementioned system.

The remaining of the paper is organized as follows: Sect. 2 gives the preliminaries. In
Sect. 3, some sufficient conditions for the existence of positive periodic solution of the
system (1.5) are given. Section 4 gives asymptotic behavior of the system (1.5). In Sect. 5,

an example is provided to show theoretical results. Finally, we provide some conclusions.

2 Preliminaries

A time scale T is a nonempty closed subset of R. The specific meanings of the following
symbols can be found in the book [20]: the backward jump operator is p, the forward jump
operator is o, regressive functions are denoted by R and positive regressive functions by
R*. The interval [x, y]r means [x,y] N T. The intervals (x,y]r, (x,y)1, and [x,y)T are de-

fined similarly. Also C,;([a, 00)T) denotes the set of all rd-continuous functions on [, c0)T.
Fors,t € T, the exponential function es(Z, s) is defined by e;(t,s) = exp (fsl $M(T)(8(r))Ar>,

where

1
6o B(0)) = { 70 BT HONDN 1D >0
8(1—)! M(T)ZO

Lemma 2.1 ([20]) Let ¢,y € R. Then
[i] eo(t,s)=1andey(t,t)=1;
[ii] es(p(2),8) = (1 - m(OP(D)ey(t,s);
[iii] eq(t,8)ey (L,8) = epgy (L, $).
[iv] e4(t,s) = ﬁ =egy(s t);
V] es(t,8)es(s,r) = es(t,r).

Definition 2.1 ([21]) A time scale T is periodic if there exists w > 0 such that for each
v€ T onehasv+w e T. For T #RR, the smallest such positive w is the period of the time

scale.

Definition 2.2 ([21]) Let T # R be a periodic time scale with period w. A function f :
T — R is periodic with period p if there exists a natural number # such that u = nw and
fv=Ep)=f) for each ve T. When T =R, f is a periodic function if « is the smallest
positive number such that f(v & k) = f(v) for each v € T.

Lemma 2.2 (Schauder’s fixed point theorem [22]) Let E be a convex, closed, and nonempty
subset of a Banach space B. Let I : E — E be a continuous mapping such that I'(E) is a

relatively compact subset of B. Then I' has at least one fixed point in B.
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3 Main results
Let

B={z=(z1,22)" : 21,20 € Co(T, R), zi(t + ) = z,(t), i = 1,2}

with the norm |[|z|| = sup,cy |21(£)| + sup,cr |22(£)], where z € B and T is a periodic time

scale. Under the above norm, B is a Banach space. For L;,L; > 0, let

Py(Li,Ly) ={z= ()T €B:Li <ut) <Ly, L <w(t) <L, teT}

Lemma3.1 Let-ay,—a; € RY,andz = (u,v)T € P,(Ly,Ly). The system (1.5) has a periodic
solution z = (u,v)T € P,(Ly,Ly) if only if

t) = 1 t ) [ ]D(Hl
u(t) = eg(-ap)(bt—w)—1 /t—a) |: 11(8)[u(s)
0
+ b1z(s)u(S)/ ki(t)v(s + T)AT + ¢>1(S):| eaan(t, $)As,
: t - (3.1)
- ap+1
ut) = es(-ay(tt—w)—1 /H) |:b22(5)[v(s)]

0
+ b21(s)v(s)/ ko(Du(s + T)AT + qbz(s)] ec(—ay)(t, S)AS.

Proof Change the first equation of the system (1.5) into the following form:

0
u®(t) — a1(Ou(o 1)) = by O[] - bia@)u(t) / ki()v(t +)As—p1(t).  (3.2)

Multiplying both sides of (3.2) by e_,, (¢, 0) and integrating them from ¢ —  to ¢, we obtain

t t
/ [e-a, (5,0)u(s)]* As = / [bn(S)[u(S)]“1+1
t-w t-w

(3.3)
0
+ blg(s)u(s)f ki(t)v(s + T)AT + ¢1(s)] e_q,(s,0)As.

Dividing both sides of (3.3) by e_, (¢,0), we get

1 t
u(t) = / [1’911(S)[u(5)]““1

ee(_al)(t, t— CU) -1 t—-w

0
+ blz(s)u(s)/ ki(t)v(s + T)AT + qbl(s)] eo(-ap)(t S)As.

Similar to the above proof, we obtain that the second equation of the system (3.1) holds.

The proof is completed. d
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Remark 3.1 We can verify that eg_s,)(¢,t — w) and eg(_4,)(¢, t — w) do not depend on ¢. In
fact, from the definition of eg,(Z,s), we have

e ap (bt — ) = exp ( / log(1 + &(~ai(s))u(s)) AS)
- u(s)

_exp ( /0 log(1 + O(-a1 (D))
t-w p(s)
N /‘“ log(1 + ©(-a1(s)p(s))
0 wu(s)
N / log(1 + ©(-a1()u(s)) AS)'
o u(s)

Using the periodicity of a; and u, letting s = u — w, we have

f * log(l+ SCa1 (MG / “log(1 + ©(-a1(w)u®))
t-w M(S) t /,L(Lt)

Thus,

(bt - exp</w log(1 + ©(-ai(s))u(s)) As).
0 w(s)

We also obtain that eg(_4,)(t, £ — @) does not depend on ¢.

Remark 3.2 Using the periodicity of the function eg_4,)(¢,s) for s, ¢ € [0, w]T, we can give
its bounds as follows:

t
ee(_ﬂl)(t, S) = exp (/ IOg(l + GIEL_(Z;(M))M(M)) AM)

1
=exp /t o LW Ay
s w(u) )

Thus,
w ]Og D S
A = exp ( _ f TSWA) < eoian(tss)
° . (3.4)
o log —
Sexp(/ MAM) = )\'2'
0 w(u)

Similar to the above proof, we also have

A3 = €g(-ay) (L) < Aa (3.5)

log a ) é’ﬁ
where A5 = exp ( fo 1#(215))M( : Au), Aq = eXp (fw —— M(z;))m ! Au)

Now, we show that the system (1.5) has at least one positive periodic solution by the use
of Schauder’s fixed point theorem. For this, define the mapping I : P,,(L1,L,) — B by

(C2)(@®) = (Tw@®), T, teT, z=w,v)",

Page 5 of 17
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where
F b= : t b a1+l
Tu)(®) = egap(tt—w) -1 ’/tlw [ 1()[u(s)]
0
+ bu(s)u(s)/ ki(Dv(s + T)AT + ¢1(s)} €ceap(t,5)As,
) (3.6)
(F )(t)_ ]. /t [b ()[ ()]a2+1
s eoaytt—w) =1 J;_, 22(8)[v(s

0
+ bzl(s)v(s)/ ko(D)u(s + T)AT + ¢2(s)] €o(-ay)(t, S)As.

In view of Lemma 3.1, the fixed points of I' are solutions of the system (1.5). Since
P,(L1,Ly) is equicontinuous and uniformly bounded, by Arzeld—Ascoli theorem, P, (L1,
L,) is compact. Obviously, for each z € P,(L;,L;), then I'z € B. So, I is well defined.
To apply Schauder’s fixed point theorem, it suffices to prove that I' is continuous and
['(Py(L1,Ly)) C Py(Ly,Ly). Letting f(£) € Cy(T, R) be a bounded function, denote

fM=suplf@], f'=inf|f(2)].
teT teT
Throughout this paper, we need the following assumptions:

(H,) The functions a;(t), ¢;(t), b;(t) € Crq(T,R) are all w-periodic, where i,j = 1, 2.
(Hz) The kernel functions k; () and ko(t) satisfy

0 0
/k1(S)AS=K1,/ ka(s)As = Ky,

where K; and Kj are given positive constants.
(Hs) The following inequalities are satisfied:

ml\lw<b§1L§”“ + b, LK, + ¢{) > Ly, (3.7)
MAw (bﬁL‘;”l +BIL2K + ¢{”> <Ly, (3.8)
Nahs® (bgzL;*z“ + by LK, + ¢g) > Ly, (3.9)
Nahaw (bgngz+1 + D L2K, + ¢§4> <Ly, (3.10)

where 77 and 1, are defined by (3.11), A; and A, are defined by (3.4), A3 and A4 are defined
by (3.5), K7 and Kj are defined by (H>), L; and L, are positive constants with L; < L.
(Ha4) The following inequalities are satisfied:

m <2b’1V{L§‘1*1x2 + 2™+ BMLI ey 4 26M 2K 0y + bnggl) <M,
T (2b’2‘§L§‘2+1k4 + 24+ BALP gy 4 260 L2 K0y + bgngg)) <M,

where M > 0 is a given constant, ¢; and ¢, are defined by (3.25) and (3.26), respectively.
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Lemma 3.2 If the assumptions (H;) and (H) hold, then the operator T is continuous on
Py(L1,La).

Proof From Remark 3.1, let

1 1

- , Mo = s (3.11)
69(_a1)(t, t—w)-1 69(_a2)(t, t—w)-1

m

where 71,7, > 0 are constants. Let zy,2y € P,,(L1,Ls), where z; = (u1,v1)T, 2o = (42, v2)7.

From the first equation of the system (3.6), we have

|(Cur)(@®) = (Tuz)(D)]

< mAsb}l / 1 ()] = [2(s)] | As (3.12)

t—-w

t 0 0
+ nl)\zbﬁ ul(s)/ ki(t)vi(s+ 1)AT - uz(s)/ ki(t)va(s + T)AT|As.
t—w —00 -0

Using the mean value theorem, we have

L1 ()1 = [2 ()1 | = (o1 + 1E [y — us|
(3.13)

<(a1 + DL3||z1 — 2]l

where & is between u; and u;. By assumption (H,), we have

0 0
ul(s)/ ki(t)vi(s+ 1)AT — uz(s)/ ki(t)va(s + 1)AT

=

0 0
ul(s)/ ki(t)vi(s+ 1)AT - uz(s)/ ki(t)vi(s + T)AT

(3.14)
+

0 0
uz(s)/ ki(t)vi(s + 1)AT - Mz(S)f ki(t)va(s + T)AT

< KiLs|[uy — us|| + KiLa|[vy = val|

< 2K1Ly||z1 — z2]].

From (3.12)—(3.14), we arrive at
|(Tu) (@) — Tu)(@)| < (771)»21911\/{(0!1 + DLy o+ 2771)»257%1(@20)) [lz1 — 22| (3.15)

Furthermore, from the second equation of the system (3.6), we have

[(Tvi)(8) = (Tva)(D)

t
< 772)»417%[ Vi1 = [va()]*** | As (3.16)
t-w

0 0
+ n2k4b% vl(s)/ ky(Dui(s + T)AT — vz(s)/ ko(D)ua(s + T)AT|As.

t
t—w

Page 7 of 17
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Using the mean value theorem, we have

V()] = [va()]%2*] = (o + 1E*2|vy — v

<(a2 + DL?||z1 — 22|l

where ¢ is between v; and v,. By assumption (H;), we have

0 0
V1(S)f ko(Dui(s + T)AT — vz(s)/ ko(D)ua(s + T)AT

=

0 0
vl(s)/ ky(D)ui(s + 1)AT — vz(s)/ ky(Dui(s + T)AT

+

0 0
vz(s)/ ko(D)ur(s + T)AT — vz(s)/ ko(T)ua(s + T)AT

<Ky Ly||vy = val| + KaLa|uy — us|

< 2K3L5||z1 - 2zl
From (3.16)—(3.18), we arrive at

[(Cvi)(®) - (Tva)(®)] < (772)»419%(012 + DLy w+ 2772)»41712\/{1(2L2w> |21 - 2a]|-
Thanks to (3.15) and (3.19),

[(Tz1)(8) = Tz2)(®)] < (771)»21?%(“1 + DLy w + 201 kb3 K1 Lyw

+ Mahabby(ay + DL 0 + 2nzx4b§§1<2L2w) |lz1 = 2]
Therefore, I is continuous on P, (L1, L5).
Lemma 3.3 Suppose that the assumptions (H1)—(H3) hold, then
L <(T01)(®) <Ly and Ly < (I'd)() < Ly for all 9 € P,(L1,Ly),
where ¥ = (91,03)7.
Proof Since ¥ € P,(L1,Ly), then

Li<th <Ly, Li<th <L

(3.17)

(3.18)

(3.19)

Page 8 of 17
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For ® € P, (L1, L,), from (3.7)—(3.10), we have

1

') =
T9)(@®) o Bl -1

t
x / [bms)wl(s)]“l“ + b1a(s)01(s)
t—w
0
X / ki(t)0(s + T)AT + ¢1(S)] eo(-a)(t,S)As

> mxlw(b’uﬁ;“l + b, LK + ¢{)

ZLI’

1
eg-ap (bt —w)—1

T9)() =
t

X/ |:bn(S)[ls‘l(S)]Wrl + b12(8)01(s)
t—w

0
X / ki(T)0(s + T)AT + q)l(s)] es(—ay)(t,S)As

o0

< mxzw(h’f{L;‘l” + LK + W)

=< L21
1

I'dy) () =
(T"92)(®) o Bl -1

t
x / [bzz(s)wz(sn“z“ + b (95(5)
t—w
0
X / k(D) (s + T)AT + ¢>2(S)] ec(—ay)(t, S)As

> nzxgw(bgzLi‘”l +bh LK + ¢§)

ZLlr

1
e@(—az)(tr t-w)-1

(T9)(0) =
t

X/ |:b22(s)[1§‘2(s)]“2*1+b21(s)192(s)
t—w

0
X f koy(T)H (s + T)AT + ¢2(s)] eo(—ay) (L, S)As

o0
< s <b’2V§L§2” + b L2y + ¢t )

<L,.

Due to (3.20)—(3.23), the proof is completed.

(3.20)

(3.21)

(3.22)

(3.23)

Page 9 of 17
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Lemma 3.4 Assume that (H,), (H,), and (Hy) hold, then

|(T91)(E2) = (TP < Mty - 1]

and

|(T2)(£2) — (TD2)(21)| < Mty - 1]

fOl” all t1, b € T, v € Pw(Ll,Lz).

Proof Let ty,t, € [0, w]r with £ < £y, ¥ € P,(L1,Ly), then

[(DP)(t2) — (T)(£)]

=m

5]
/ <b11(5)[191(8)]“1“ + ¢1(S)>ee(—a1)(t2»S)AS
5]

)

t1
- / (1911(S)[191(S)]°‘1+1 + ¢1(S))ee<a1)(t1,S)AS
t1—w

(3.24)
ty 0
+m / 1912(5)191(8)/ ki(T)Da(s + T)ATeg(ay)(t2,5)As
ty—w —00
t] 0
—/ blz(s)ﬁl(s)/ ki(T)D2(s + T)ATeg(ap)(f1,8)As|.
1—w —00
From the theory of time scales, we have
les(-a)(£2,8) — €s(-ay)(t1,9)]
1 1
_ exp(/tz Mm> _exp(f“ Mm)‘
s w(u) s ()
1 1
:exp(/t2 MAL;> 1—exp</tl MAu) )
s w(u) t w(u)
thus,
t1 +w
/ lec(-ay)(t2,S) — €o(—ay)(t1,$)| As
51
»Jog —i— log —L——\M 3.25
< wexp ( / a1 (0 Au> ( T D > -t (3.25)
0 p(u) w(ue)

=4lb -t

M
198 g 198 Tzt o
where ¢; = wexp (fow ! Mg;;‘“ ) Au) < ! M&”“ ") . Similar to the above proof, we also

have

t1+w
/ lea(—ay)(£2,8) — ea(—ay)(t1, )| AS < Oty — 1], (3.26)

t

Page 10 of 17
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1 1 1 1 M
where ¢, = wexp (fow o 1;’(2;;‘)"(” Au)( * 1;7(2;;’)“(”) ) . In view of (3.25) and (3.26), we

have

t2
/ <1711(S)[191(S)]"1+1 + ¢1(S)) eo(-a)(t2,)As
¢t

2—W

—/ (bu(s)[l?l(s)]a”l + ¢1(3))ee(-a1)(tbs)AS
t1—w

t2
5/ <1711(S)[191(S)]D[1+1 +¢1(S)>66(—a1)(t275)AS
1

tr+w
’ / (bn(s)[ﬁl(s)]am + ¢1(s)) eo(-ay)(t2,8)As (3.27)
t

1+tw

t1+o
+ f <bll($)[791($)]w1+1 + ¢1(S)) les(-ar)(t2,8) — €a(-ap)(t1,8)| As
5]
(PHLS + ¢ ) aalta — 1] + DL 01|t — 1

<2
= <2bﬁL;‘”1xz + 200M + bﬁL‘;l“gl> Ity — 1.

We also have

ty 0
/ b12()D1(s) / ki(T)da(s + T)ATegay)(t2, 5)As
ty—w —00
t 0
—/ blz(S)ﬂl(S)/ ki(T)02(s + T)ATegay)(t1,8)As
t1—w -0
ty 0
S/ b12(5)191(5)f ki(T)02(s + T)ATegay)(t2; ) As
151 —00

tr+w 0
+ / b12(S)191(S)/ ki(T)0a(s + T) Atesay(t2, 5)As (3.28)
3 —-00

1tw

1 +w 0
+ / b12(5)01(5)/ ki(T)0(s + T)AT|ega))(£2,5) — ea(—ap)(t1,S)| As
t1 -0
< 2D LK Molty — ] + DL 011t — 1

= (2b§V§L§K1xz + bnggl) Ita — t1].

From (3.24), (3.27), (3.28), and assumption (H,), we have

[(T'9)(t2) — (TD)(E)]
<m <2b’1‘/{Lg”1A2 + 20+ DML ey 4 26M LK 0y + bﬁ@g) |t — t1] (3.29)

=Ml -t
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Similar the above proof, we also have

[(TD2)(£2) — (FP2) (1)

<m <2b’2‘§L‘2’2“,\4 + 2ha) + BAL 0y 4 2B LKy + bQ{L%;2> lt—t]  (3.30)
<M|t; - t1].
Due to (3.29) and (3.30), the proof is completed. O

Theorem 3.1 Suppose that the assumptions (Hy)—(Hy) hold. Then the system (1.5) has at
least one positive w-periodic solution on P,(Ly,Ly).

Proof From Lemma 3.1, it is easy to see that the system (1.5) has a solution z on P,,(L1, L;)
if only if the operator I' defined by (3.6) has a fixed point. In view of Lemmas 3.2—3.4, all
the conditions of Schauder’s fixed point theorem are satisfied. Therefore, I has at least one
fixed point on P, (L1, L,) and this fixed point is a positive periodic solution of the system
(1.5). O

4 Asymptotic behavior of positive periodic solutions

Definition 4.1 For a periodic solution z of the system (1.5), we define the following
asymptotic behavior: if, for a given constant §, there exists a positive constant & = (3)
such that

[|z(t) = z(¢)|| < 6 for all £ € [0, 00)T,

whenever ||z(0) — z(0)|| < ¢, where Z is a solution of the system (1.5), § > A1, A; is defined
by (4.6).

Theorem 4.1 Ifall the conditions of Theorem 3.1 hold, then the solution of the system (1.5)
has the asymptotic behavior which is defined by Definition 4.1.

Proof Since all the conditions of Theorem 3.1 hold, the system (1.5) has a positive periodic
solution u(t) = (u;(t),v1(£))T. Let @u(t) = (i11(¢), ¥1(t))T be another solution of the system
(1.5). Similarly as in the proof of Lemma 3.2, we have

t

|ur(8) — i1 (D] < mArabiy / [ (91 = [ ()] As

t-w

t
+ nl)\zbg /
t-w

0
- l:ll(S)/ kl(T)ffl(S + T)A'L'

0
ul(s)f ki(t)vi(s + T)AT (4.1)

As.

Obviously, we have
[ (1 = [ ()11 = [ ()] = [t ()]0

+11(0) — %1(0) — 41(0) + 11, (0)] (4.2)

< 2L 4 2Ly + [u1(0) — i, (0)].
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We also have

0 0
ul(s)/ ki(t)vi(s + 1)AT — ﬁl(s)/ ki(t)m(s+1)AT| < 21(1L%. (4.3)

From (4.1)—(4.3), we obtain

lur (8) — i1 ()] < 20mAbY LS + 20m AabY Ly + wm A b |1y (0) - i1(0))]

(4.4)
+ 20m A bR K, LY.
Similar to the above proof, we have
V1(6) = 11(O)] < 20mAabBLS ™ + 20myA0b5 Ly + @i dabbh | v1(0) - 71(0)] ws)
+ 2607]2)\.41’)%[(2[43.
Due to (4.4) and (4.5), then
() ~ (D] < Ay + Aalju(0) ~ (O], (4.6)

where
A = 20mAbM LI 4 20m Ao Ly + 20m A bY K L2
+ 20MAbM LS + 20900 Ly + 20m A bY K, L2,

A2 = a)m)»zb]lv{ + (,()T]g)u;b%.

Now, by choosing ¢ < 1;1 , in view of (4.6), we get

A
[|lu(t) — u(t)|| < for all t € [0, co).

Hence, the solution of the system (1.5) has the asymptotic behavior which is defined by
Definition 4.1. O

5 An example
When T =R, then the system (1.5) is changed into the following form:

0
u'(t) = u(t) |:6l1(t) = bu@®[u@)]™ - blz(t)/ ki(s)v(t + S)ds] - ¢1(D),
— (5.1)

0
V(t) = w(2) [ﬂz(t) = by @OV - ba(2) / ka(s)u(t + S)dS] = ¢a(t),
—00
where t € R. Let
20 . 20w
ay(t) =9.5+2cos Tt, ay(t) =10 + sin Tt,
207 . 20
b11(¢) = 0.06 + 0.03 cos Tt’ b12(t) = 0.04 + 0.02 sin Tt’

207 . 207
by (t) = 0.05 + 0.01 cos Tt’ by1(¢) = 0.02 + 0.01 sin Tt’
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2 1
k()= ———, k() = €%,
1) P 2(8)
510 2+c0s2oT”t 5al0) 3+cos2OT”t
) = _ = — )
! 100 2 100

a1 =0.2, oy =0.5.
By simple calculation, we have
w=09, 11 ~123x 1072, 5, ~6.57 x 10724, 1, ~ 1.2 x 1072, 1, &~ 8.12 x 10%,

A3~ 5.3 x 10728, Ay~ 1.7 x 107, b}, =0.03, b =0.09, b, = 0.02, b = 0.06,

bh, = 0.01, Y =0.03, b, = 0.04, b3 = 0.06,
¢! =0.01, pM =0.03, ¢} =0.02, p3 =0.04, K; =1, K, = 0.5.

Choosing L; = 1.5 x 1075, L, = 1, we get
nlxla)(bluLi”“ + b, LK + ¢{) ~ 1415 x 1072 > [,
M Ao (bﬁL‘;l” +BL2K + ¢{”) ~0.162 < L,,
Mahsw (bgzL;‘Z“ + by LK, + gbg) ~1.306 x 10752 > L;,
Noha® (bggy;z“ + D L2K, + ¢§”) ~0.157 < L,.

So all the conditions of Theorems 3.1 and 4.1 are satisfied, thus the solution of the system
(5.1) has the asymptotic behavior which is defined by Definition 4.1. A simulation of the

dynamic behavior of the system (5.1) is given in Fig. 1.
When T = Z, then the system (1.5) is changed into the following form:

0
Au(k) = ar(kyu(k + 1) = by ()[w(k)1* ™ = bra(yutk) Y ki(s)vk +5) = r (k),
T (5.2)

0
AV(K) = ay(K)v(k + 1) = by ()R> = by (kywik) Y Ka(s)u(k +5) — oK),

§=—00

where k € Z, Au(k) = u(k + 1) — u(k), Av(k) = v(k + 1) — v(k). Let

5 5
a1(k) =10 + 1.5cos gk, ar(k) =9+ 1.2sin Tnk,
5 . bm
b11(k) = 0.05 + 0.01 cos 7/(, b12(k) = 0.05 + 0.02 sin Tk’

5 5 1
by (k) = 0.07 + 0.02 cos %k, byy (k) = 0.04 + 0.01 sin gk, ki(s) = kas) = ¢,

3+2cos 2k 4+3cos

» §2(8) =

_— , o1 =04, ay =0.6.
100 100

¢1(k) =
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u()
v(t)

e
S}

(u(),vt)"

2-5 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

t

Figure 1 Existence and asymptotic behavior of a positive periodic solution to the system (5.1)

By simple calculation, we have

w=08, N1 ~562x 1078, 5y~ 4.17 x 107, 11 ~5.621 x 1078, 1, ~ 1.62 x 107,
A3~ 4171 x 107, Ay 20 1.82 x 10°, b}, = 0.04, b = 0.06, b', = 0.03, b = 0.07,
l l
bh, =0.03, bl =0.05, bh, = 0.05, b} =0.09,

¢! =0.01, pM =0.05, ¢ =0.01, ¢} = 0.07, K; = K, ~ 0.038.
Choosing L; = 1.25 x 10729, L, = 1, we get
n1A1w<bIHL‘f”1 +b, 12K+ ¢>{> ~253x 1077 > L,
mxzw(bmg“l +BIL2K + ¢{”) ~0.073 < Ly,
MA@ (bInL‘fZ” +bh 2K + ¢§) ~1.39 x 107° > L,
) <b’2‘§L§2*1 + BL2K, + ¢§4> ~0.021 < L,.
So all the conditions of Theorems 3.1 and 4.1 are satisfied, thus the solution of the system

(5.2) has the asymptotic behavior which is defined by Definition 4.1. A simulation of the
dynamic behavior of the system (5.2) is given in Fig. 2.

6 Conclusions

The GA model has been one of the hot research topics in the past few decades. This ecosys-
tem contains a large number of dynamic properties and ecological significance. This paper
deals with a classic GA model with periodic coefficients and distributed delays on time
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Figure 2 Existence and asymptotic behavior of a positive periodic solution to the system (5.2)

scales. Using Schauder’s fixed theorem, we obtain sufficient criteria for the existence of
a positive periodic solution to the system (1.5). Furthermore, we obtian the asymptotic
behavior of solution by using inequality techniques.

There are still many issues to be studied for the system (1.5). For example, in the system

(1.5), there could be pulse or random terms.
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