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where the releasing rate of sterile mosquitoes is constant, and analyze the existence

and stability of the equilibrium. Using the stability theory and method of differential
equations, the threshold value of releasing sterile mosquitoes is obtained.
Furthermore, we establish a malaria-transmission dynamic model with sterile release,
and derive a formula for the reproductive number of infection and investigate the
existence of endemic equilibria. With the symmetry of mathematical expression, it is
also shown that this model may undergo backward bifurcation, where the locally
stable disease-free equilibrium coexists with an endemic equilibrium. Finally,
numerical simulations to illustrate our findings and brief discussions are provided.

Keywords: Stability; Backward bifurcation; Basic reproductive number; Malaria
transmission; Limited resource

1 Introduction

Malaria is an acute infectious disease caused by plasmodium through the bite of an in-
fected female Anopheles mosquito. It is the fifth leading cause of death from infectious
diseases worldwide and the second leading cause of death from infectious diseases after
HIV/AIDS [1, 2]. According to the World Health Organization, there were 241 million
cases of malaria in 2020, while 627 000 people died from it [3]. With the characteristics of
rapid transmission, high morbidity, and high mortality, it has been widely publicized, but
no vaccines are yet available.

In order to understand the dynamics of malaria transmissions, many scholars have done
much research in this field. As a simple research tool, mathematical modeling can help us
to perceive the population or disease invasion and provide reliable theoretical support for
relevant researchers. In [4], Ross first used the differential equation to explain the mecha-
nism of malaria transmission between humans and mosquitoes. It was suggested that the
spread of the disease can be controlled only by reducing the number of local Anopheles
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mosquitoes to a certain number, rather than eliminating them. Then, MacDonald further
improved the model, defined the basic reproductive number, and analyzed the influence
of parameters on malaria transmission [5]. However, their model is only a brief descrip-
tion of the transmission of malaria, and some biological factors affecting the transmission
of malaria were not considered.

An effective way to prevent malaria is to control wild mosquitoes. Biological controls of
mosquitoes have been proven to be biologically and economically more effective. Among
those control measures, the sterile-insect technique (SIT) has been investigated in de-
tail to reduce or eradicate wild mosquitoes. SIT is used to control the birth rate of wild
mosquitoes, it is a biological control method that disrupts the production of offspring by
mosquitoes [6—11]. Using rational chemical or physical methods, male mosquitoes be-
come sterile by genetic modification. They can mate successfully with females but the fe-
males cannot produce offspring. Therefore, releasing sterile mosquitoes into the wild can
successfully invade the wild populations under certain conditions, reducing the number of
mosquitoes and controlling malaria spread, which has also been demonstrated in experi-
ments [12—-17]. After the precursor work, a number of scholars [18—23] made remarkable
contributions to the study of malaria modeling with sterile mosquitoes. Of course, we also
point out that many other models have been made to describe the dynamic behaviors of
the transmission of mosquito-borne disease so that one can understand them and analyze
control strategies [24—28].

Recently, we proposed a malaria-transmission model that emphasizes the impact of lim-
ited resources [29], which is as follows:

d.

Bh — pj - rﬂV]’V—VhSh + O Ry — 141 S,
d. v

G = 1By 3eSi = (i + 8+ 1),
dRy,

i = Medi — O + wi)Ry,

% = rﬂh;{Thh(Nv - Iv) = pyly,

dNy _ ayNy _HVNV
’

dt 1+Ny

where Sy (¢) represents the number of susceptible humans, 7;,(¢) is the number of infective
humans who are infected, Ry (¢) is the number of humans who have recovered from in-
fection but have partly lost their immunity, respectively, N, (¢) = S,(¢) + In(t) + R;(2) is the
total number of humans at time ¢. To account for the transmission dynamics between hu-
mans and mosquitoes, we divide the mosquito population into groups of susceptible, and
infective individuals, denoted by S,(¢), and 1,(¢), similarly, N, (¢) = S,(¢) + ,(¢) is the total
number of mosquitoes at time ¢. Ay, is the input flow of the susceptible humans including
birth, py and p, are the natural death rates of humans and mosquitoes, respectively, &
is the disease-induced death rate for humans, 6y, is the rate of immunity loss for humans,
ny is the recovery rate of humans, and A, and A, are the infection rates for humans and
mosquitoes, respectively, r is the average number of bites that a single mosquito makes on
all human hosts, gy, is the transmission probability per bite to a susceptible mosquito, and
B, is the transmission probability per bite to a susceptible human.

In the above work, we derived a formula for the reproductive number of infections and
investigated the existence of endemic equilibria. It was shown that the model may un-
dergo backward bifurcation. In other words, even small fluctuations of parameters can
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bring about a completely different result, especially as the basic reproduction number is
near the subthreshold value. In addition, Bakare et al. [30] analyzed the potential impact
of multiple current interventions in communities with limited resources in order to obtain
optimal control strategies and provided a basis for future predictions of the most effective
control measures against the spread of malaria. In this paper, we developed a determin-
istic mathematical model with sterile mosquitoes that captures the dynamics of malaria
epidemics in human—-mosquito populations using a system of ordinary differential equa-
tions. It should be noted that only the adult female mosquitoes bite humans and animals
in order to take blood meals, and the male mosquitoes feed only on plant juices [31, 32].
Female mosquitoes, which are involved in the transmission of vector-borne diseases will
not lay viable eggs without blood meals. Therefore, this model ignores male mosquitoes.

The remainder of this paper is organized as follows. In Sect. 2, we consider a two-
dimensional dynamic model that contains only sterile mosquitoes and wild mosquitoes
with limited resources, and the existence and stability of the equilibrium are analyzed.
We first give general modeling descriptions, then we verify that the model is well-defined
mathematically as well as biologically. Through qualitative analysis, the threshold of re-
leasing sterile mosquitoes is obtained. Furthermore, we formulate a malaria model in the
human-mosquito populations affected by limited resource, and analyze the dynamical
properties of the model, including the basic reproductive number, the existence of the
disease-free equilibrium and endemic equilibrium, local stability of the disease-free equi-
librium, as well as backward bifurcation in Sect. 3. In Sect. 4, some numerical simulations
are presented to interpret the behavior of the model. A short conclusion is given in Sect. 5.

2 The model formulation

We follow the line in [31, 32] to formulate our model. With the impact of limited resources
on mosquito populations, we let w(¢) and g(£) be the number of wild mosquito and sterile
mosquito populations at time ¢, and consider the following system:

do a,w w

& Tvo wig M o
% _B()- ugg |
dt e

For wild-mosquito populations, we adopt a saturated birth-rate function a,0w/(1 + ),
where a, is the maximum value of the recruitment rate of viable mosquito eggs (we always
assume that a, > u,), u, and p, are the natural death rates of wild and sterile mosquitoes.
We assume that the number of releasing sterile mosquitoes per unit time is constant. That
is to say, B(-) = b. Then, the differential equations that describe the dynamics of the wild
and sterile mosquito populations are formulated as shown below:

do a,w w

dt 1to w+g VY -
‘. (22)
dt 2&-

By simple calculation of equation (2.2), it can be obtained that

. ro . b
lim w(t) = —, lim g(¢t) = —.
t—00 v t—00 /’Lg
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Let

b
_};

Q= {(g): 0<w<-2,0<g<
My Mg

where rg = a, — u, > 0, thus 2 is positively invariant for solutions of system (2.2).

2.1 Existence of equilibrium

In this section, for system (2.2), it is easy to see that there is only one boundary equilibrium
Ey =(0,g0), where gy = Mig' Then, we solve the equilibrium by setting the right-hand sides
of (2.2) to zero and the system takes the form:

a,w 10}

1 : - = O)
tow w+g (2.3)
b— g =0.
Through direct calculations, with g = i, we have:
I'Lvﬂng +(uvb + Hyllg — Ugly)® + uvb =0. (2.4)
If ¢ = (a, — ) g — v b, then equation (2.4) has two solutions:
ct /2 —4ulu.b
ot = Hole?. (2.5)
2y g
We define
by = (ay - Mv)ﬂg )
ey

Thus, we conclude that for the existence of a solution for equation (2.4):
(1) Ifc<0, b> by, system (2.4) has no positive solution.
(2) Ifc=0, b = by, system (2.4) has no solution.
(3) Ifc¢>0, b < by, the properties of the solution for system (2.4) depend on its
discriminant. If A < 0, system (2.4) has no solution. If A =0, system (2.4) has a
unique positive solution. If A > 0, system (2.4) has two positive solutions.

It follows from equation (2.4) that we know its discriminant:

A=(a, - ,u/v)2ﬂz + M%bz - zﬂvbﬂg(av - My) = 4b“3:ug
=(a, - ,U«v)zﬂé + MEbZ - 2,vab/ng(av + )

= 1gb? = 2y pg(@y + )b + (ay — ) a5

Let the right-hand side of the above formula be f(b). Obviously, f is a quadratic function
of b. We also note that the discriminant of f(b) = 0 is greater than 0:

Ay = 4@y + ) = 4@y = (1) >0,
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thus, equation f() = 0 has two positive solutions

_ M@y + py) = 2ug/ay by
Ky

bt (2.6)

Through image analysis, we obtain, if b~ < b < b*, f(b) <0, system (2.4) has no solution. If
b<b~orb>b* f(b) >0, system (2.4) has a solution. Since

Mv(b() - b_) = Hg(av - /’Lv) - Mg(av + //Lv) + 2Mg\/ ayLy
=2ug(aypy — i) >0

and

_ Mg(ay + ) + 2 g /avfhy . wela, — fy)
My My

b+

= by,

we have b~ < by < b*. Respectively, if b > b*, system (2.4) has no positive solution. If b =
b, system (2.4) has a unique positive solution. If b < b~, system (2.4) has two positive
solutions.

As an immediate consequence of the above result, we present the main results on the
equilibria of system (2.2):

Theorem 2.1
(i) Ifb> b, system (2.2) has no positive equilibrium, and only has one boundary
equilibrium Ey(0,go);
(i) Ifb=>b", system (2.2) has a unique equilibrium E1(m,go) and boundary
equilibrium Ey(0,go);
(ili) If b < b, system (2.2) has two positive equilibrium Ex(w™, go), Es(w*,go) and one
boundary equilibrium Ey(0, g), where w* is given by (2.5).

2.2 Stability of equilibrium
In this section, we investigate the stability of boundary equilibrium Ey, positive equilib-
rium E1, E;, and Es of system (2.2).

To calculate the stability of boundary equilibrium Ey(0, go), we need to linearize system
(2.2) about steady-state Ey and evaluate the resulting Jacobian matrix:

_ —Hy 0
1= ( 0 _I'Lg)’

It is clear that the eigenvalues of /; are all negative. When b > b~, the system has a unique
boundary equilibrium Ey, and hence E, is global asymptotically stable. When b < b~, E,
is locally asymptotically stable.

We now turn our attention to positive equilibrium. To calculate the stability, the lin-

earization of (2.2) about a positive equilibrium point yields the Jacobian matrix:

avw(g—wz) _ avwz
Iy = (1+w)%(w+g)? (1+w)(w+g)?

0 —g
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2
vo(g—w”) .
Let h(w,g) = %. At El(m,go), we obtain
a,c  Abplu, -2
aya(g - wg) _ % ) Uy, g _

2uvpg  AuGug

Hence, h(w, g) = 0. Furthermore, det], = 0, then E; is an unstable equilibrium.
At Ex(@7, 80)s

a,w(b — pew?)
pe(1+ )2 (w +g)*

h(a)i:g()) =

Since

2t phg(bpty — pgity@®) = 24y pg(2bpi, — co>”)

c—+/c?—4plugb

2y g

= 4b,ufug —c(c—/c —4ulugb)

= —\/02 - 4u§ugb(\/c2 —4u2ugb —c)>0,

= Zuvﬂg(ZbMv —-C- )

we have h(w™, go) > 0, which yields det/, < 0, then E; is an unstable saddle point.
Similarly, at Es(w™*, go), we have h(w™*, gy) < 0, which yields det/, > 0, then Es is a stable
node point.
Consequently, we can use the stability information about the steady states to understand

the asymptotic dynamics of our model and obtain the following results.

Theorem 2.2
(i) Ifb> b, system (2.2) has no positive equilibrium, it only has a unique boundary

equilibrium Ey(0, go), which is globally asymptotically stable;

(i) Ifb = b, system (2.2) has a unique positive equilibrium El(m,go), which is
unstable, and boundary equilibrium Ey(0, gy), which is locally asymptotically stable;

(iii) Ifb < b, system (2.2) has a unstable saddle point E;(w™, o), node point Es(w*, g),
which is locally asymptotically stable, and boundary equilibrium Ey(0, &), which is
locally asymptotically stable. Here, it is worth noting that the system approaches Ey
or E3 depending on the initial value of the system.

3 A malaria model with sterile release

3.1 The basic reproductive number

We follow the line in [22, 23, 29] to formulate our malaria model. To keep the model
tractable in mathematical analysis, for the human population, we divide it into groups
of susceptible, infective, and recovered individuals. We let S (£) be the number of suscep-
tible humans, I,(¢) be the number of infective humans who are infected, and R,(¢) be the
number of humans who hare recovered from infection but have partly lost their immunity.
Moreover, let Ny (t) = S;(t) + I(t) + Ry(t) be the total number of humans at time ¢. Note
that if there is no infection, the human population has an asymptotically stable steady-
state tl_l)I})lo Sp=Apluy = 52. Then, the differential equations that describe the dynamics of

Page 6 of 22



Xing et al. Advances in Continuous and Discrete Models (2025) 2025:14 Page 7 of 22

Table 1 Definitions in the system

Symbols Definitions

Ap the input flow of the susceptible humans including birth
A the infection rate for humans

Oh the rate of immunity loss for humans

Ih the natural death rate of humans

Sh the disease-induced death rate for humans

nh the recovery rate of humans

Ay the infection rates for mosquitoes

Wy the natural death rate of wild mosquitoes

g the natural death rate of sterile mosquitoes

human are formulated as shown below:

dsy,

i A= AnSp + OpRy — 4nShy

dal,

i *nSi = (e + 8 + i), (3.1)
Ry _ ® )R

- = — + ,

Jp = ndn = O+ 1Ry

where the definitions Ay, Ay, 6y, iy, 8, Ny in the system are given in Table 1.

To account for the transmission dynamics between humans and mosquitoes, we divide
the mosquito population into groups of susceptible and infective individuals, denoted by
Sy(¢) and I,(t), respectively. The vector component of the model does not include an im-
mune class as mosquitoes never recover from infection, that is, their infective period ends
with their death due to their relatively short life-cycle. Thus, the immune class in the
mosquito population is negligible and death occurs equally in all groups. Our model also
excludes the immature mosquitoes since they do not participate in the infection cycle and
thus in the waiting period, they limit the vector population growth. Consider the impact
of limited resources on population reproduction. Similarly, let N,(¢) = S,(¢) + I,(£) be the
total number of mosquitoes at time ¢, g be the sterile mosquito, and b be the release of ster-
ile mosquitoes. Then, the differential equations that describe the dynamics of mosquito

populations are formulated as shown below:

as, B a,N, N,

= - )“VSV - vSw

dt N,+g 1+N, H

dl
Y Sy — ol 3.2

—jt W (3.2)

g
2 _p- :
di Mg&

where the variables A,, 1, ttg in the system are given in Table 1.

Note that the total population size of wild mosquitoes satisfies the following equation:

dN, aN, N,
dt _N‘,+g 1+N,

— (N,
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Instead of system (3.1) and (3.2), we hereafter consider the following system:

dsy,

E = Ay — Sy + OpRy, — unSn,
dly,

s ASp = (g + 8+ np)Iy,
dRy,

T Nidp — Op + wp)Rp,

dN, ayNy Ny (33)
dt = Nytg 14N, = 1Ny,

dl,

— =AW, - 1) - u,l,

7 ( )— 1

dg

2 _p- g

dr g8

Observe that system (3.3) is a smooth system in the open set I" of R, given by
I := {(Sy, In, Ry, Ny, 1, 8) € R® : N, > 0},

It is easy to see that if ¢(¢) is a solution of system (3.3) with ¢(0) € I, then it is defined
for ¢ in a maximal interval [0, T%) with 0 < T < +00, such that ¢(¢) € " for all £ € [0, T*).
We are only interested in the solutions of system (3.3) in the following subset D of I':

D :=RS\({N;, = 0} U {N, = 0}).

Furthermore, we conclude that D is the manifold on which both vectors and hosts have
nonzero population sizes.
Define the set

Q:={(N},N,,g): 0 <N, <N,0 <N, <N;,0 < g < g},
where N := Ap/pp, NO = rolpy, ro = a, — py > 0, go = b/ g and let
Do =1{Iy =Ry =1, =0} ND.

Then, Dy is a subset of D, and every solution ¢(¢) of system (3.3) with ¢(0) € D\Dy is
defined and bounded for ¢ in [0, 00), ¢(t) € int(Ri), and its w-limit set lies in the compact
set €2, which is positively invariant for solutions of system (3.3).

In the absence of infection, the model has a steady state, which is called the disease-free
equilibrium. To establish the stability of this equilibrium, the Jacobian of system (3.3) is
computed and evaluated at the disease-free equilibrium. The local stability of the disease-
free equilibrium is then determined based on the signs of the eigenvalues of this Jacobian.
The equilibrium is locally stable if the real parts of all these eigenvalues are negative. Fur-
thermore, we derive a formula for the basic reproductive number by investigating the local
stability of the disease-free equilibrium.

For system (3.3), there exists a disease-free equilibrium point (Sy, Iy, Ry, I, Ny, g) =
(52,0, 0,0,N?,go), where 52 = Ap/tan, go = b/ 11y Note that N? corresponds exactly to the
positive equilibrium w of system (2.2). That is, the disease-free equilibrium Gy, Gy, G,, G3
of system (3.3) corresponds to Ey, E1, E3, E3 of system (2.2).
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We shall use the techniques in [33, 34] to find the basic reproductive number Ni.

From [29], we know that

N 5 I N 5 1,
=7 -, =7 ]
v hNh h th

where r is the average number of bites that a single mosquito makes on all human hosts,
B is the transmission probability per bite to a susceptible mosquito, 8, is the transmission
probability per bite to a susceptible human.

Note that the Jacobian matrix at disease-free equilibrium (8%,0,0, O,N‘? ,£o) has the form:

Jai 0 0
J=10 Jn O
0 0 Js

Here,

Jay = —h On
0 —(On+upn) ’

(o +8p+mp) 1By

J32 = NO
r:Bh K2 —My
h ’
ayNy(Nyg+Ny+2¢) __ aN?
Jas = [ M@t TR TNy
0 —Mg

At disease-free equilibrium Gy, where N? = 0, we have:

| —(n+8p ) 1By f-mv 0
Ja2 = J33 =
0 My , 0 ~Hg )

Obviously, all the characteristic roots of /31, /32, /33 have negative real parts, then disease-
free equilibrium Gy is locally asymptotically stable. Since E; of system (2.2) is unstable, the
disease-free equilibrium G; of system (3.3) is also unstable. At G, det/33 < 0, and its char-
acteristic root has a negative real part, then disease-free equilibrium G; is also unstable.
At Gs, the characteristic roots of J3; and /33 have negative real parts. If the characteristic
root of /3, also has a negative real part, then disease-free equilibrium Gj is locally asymp-
totically stable. It is easily seen that:

N 2By Buiinew*
Usal = o1ntty = 1 BuBn—p = O1ntn(l - ————),
S, o1y A

where o1, = wy, + 8 + e
We define

S}io:\/ 2B, Bunw* (3.4)

(o + S+ niv Ap
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Furthermore, if iy = 1, we have

rzﬂvﬂhﬂhw+

-1,
oy Ay

where,

Lot Ve —aulugb

2y g

w

and

c=(ay— wy)itg — wyb.

Hence, 912 can be represented as a function of b, and let i3 = /(b). Through a simple
calculation, we know that there exists a unique positive root b; to equation /(b) = 1:

b = MgolhAh(ﬂv - ,U«v)rzﬂvﬁhﬂh - U-%/*Lgo'th]%
1= .
2By Buikn(r? By Brttn + yo1n A p)

(3.5)

If b < by, then Rg > 1. If b = by, then Ry = 1. If b > by, then Ry < 1. Thus, the disease-free
equilibrium Gj3 of system (3.3) is locally asymptotically stable if b > b;. Hence, the positive
equilibrium Ej of system (2.2) is locally asymptotically stable. However, as we obtained in
the previous section, if b > b~, there is no positive equilibrium of system (2.2), and hence
b <b.

Theorem 3.1
(i) Ifb> b, system (3.3) has no endemic equilibrium, it only has a disease-free
equilibrium Gy that is locally asymptotically stable;

(i) Ifb = b, system (3.3) has a unique unstable disease-free equilibrium Gy, and
disease-free equilibrium Gy, which is locally asymptotically stable;

(ili) If b1 <b< b, then Ry < 1, and system (3.3) has an unstable disease-free equilibrium
Gy, and two disease-free equilibrium Gy and Gs, which are locally asymptotically
stable. Solutions approach either the unstable or the stable disease-free equilibrium,
depending on its initial values.

(iv) Ifb< by < b, then Ry > 1, and system (3.3) has a disease-free equilibrium Gy, which
is locally asymptotically stable, and two disease-free equilibrium Gy and Gs that are
unstable.

3.2 Existence of endemic equilibrium and backward bifurcation
In this section, we investigate the existence of endemic equilibria of (3.1) and (3.2).
For system (3.1) and (3.2), if there exists endemic equilibria:

E* = (SZ}IZ! Z;Ij;Nj;g*):
then E* should satisfy equations (3.1) and (3.2), its coordinates should satisfy the con-

ditions S} > 0, I} >0, R}, > 0, I} >0, N; > 0, and g* = b/j1,. Assume the parameters are
nonnegative and E* is an endemic equilibrium of system (3.1) and (3.2), then we solve for
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the equilibrium by setting the right-hand sides of (3.1)and (3.2) to zero and the system
takes the form:

Ay - )\.ZSZ + QhRZ - ;,LhSZ =0,
1S = (o + 8y + I, =0,

nudy, — On + un)R}, = 0,

N* N*
D NSt A,SE=0,
1+N}Nf+g*

AESE— I =0,

b— 8" =0,
where

I* rBul;
)"Z = ri‘[’*‘/ 4 )": = I]‘il;*h
h h

(3.6)
and Nj =S} + I} + R}. A straightforward computation shows that
01h02n A i Ay,
St - 1 a - *’ (3.7)
o1h0m (o + Ap) = Opnphy,  pp + K1,
where, K; =1 — afzzzh, O = Wiy + O,
S Ap\s
Y L B (3.8)
O1h o + KiAy)
Sy ARl
Ry = Mg T (39)
011021 o1n02 (e + Ki2})
By equations (3.7), (3.8), and (3.9), we have
NF =S4T 4+ RE = (14 Kphl)— 20 (3.10)
n =9t t Ky hﬂh"'I(l)\Z, .

o9+
where, K = %

Substituting I} of equation (3.8) and N of equation (3.10) into A} of equation (3.6) yields:

I",Bh)x*
pE—— (3.11)
O'lh(l + 1(2)\'],,)
It follows from the second equation of (3.2) that:
)\'*
Iy = M—Vvsi‘, (3.12)

then

A+
Nr=§t o= Mg

(3.13)
Iy
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Define ¢ = %, then N = tS}. Substituting the first equation of system (3.2), and g* =
b/ug, we have

A5+ W)+ [0 + )1+ g9t —ayt®1SE + (O + y)g* = 0. (3.14)
Let t; = a,t? — (A% + w,)(1 + g*)t. Since a, — i, > g* 4., then

ti/t =a,t — ()"i + (1 +g*)

Ay + [y

=a, -5+ )1+ g9
v
a,— [
= (O + ) ——— —g" (A + 1)
v
a _ — *
=(At+ﬂv)M s 0.

v

Thus, ¢; > 0, moreover, £2 — 4(A* + 11,)*t2g* > 0. Hence, equation (3.14) has positive solu-
tions in the range of real numbers. Consequently, S can be represented by A}.
Hence, substituting ;' in (3.12) and N} in (3.10) into A} of (3.6) simplifies to the follow-

ing:

r 1+ K3A}
o TP KGR 6.15)
mvAn(1 + Kahp)
where, K3 = K1/,
Then, substituting A% in (3.11) into A} in (3.15), it is easily seen that A satisfies

o P BuBrin(+ KA,

= , 3.16
" AL+ KadjPon (310

which is equivalent to

_ PR+ Ky

= 3.17
A1+ Karp) o, ” (3.17)

Since

then equation (3.17) is equivalent to

_ 7By Buitn(l + K3hj)Ny
oy An(L+ Kodf)pey + (M + o Ko)ag ]

where M; = % From the previous section, the reproductive number

Vzﬂv,Bh,thw+
No=,[———.
o1y Ny
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Hence,
Lo (1 + K320)N; ey
TOL+ KAy + (M + w Ko)A ot
Defining

* *

N N
F(A, N7 = Ky(My + i, K)(A5)? + (M + (2K, — ﬂigl(gw—:)))»;t +(1- mgw—;)uv,

then a positive root of equation F(A}, N;) = 0 corresponds to a positive endemic equilib-
rium for system (3.1) and (3.2). From Theorem 2.2, we obtain if b < by, E; is an unstable
saddle point, so its corresponding endemic equilibrium must also be unstable. Hence, if
N = w*, we have

g0 = KoMy + o Ko)(A)* + (M + 2Ky — RK3)Ag + (1= Rty
Let Ky = % + K, then g(1}) = 0 is shown below:

I(Q + I<4

KK\ )2 + K.
2Ka(Ay) 3( K

—RA+(1-RH=0. (3.18)

When Ry > 1,1 — %2 < 0, equation (3.18) has a unique positive root A} = % if and
only if K, + Ky < K3, then if %y > 1, there exists a unique endemic equilibrium for system
(3.1) and (3.2).

When R < 1,1 — SR% > 0, if K3 + K4 > K3, then equation (3.18) has no positive root. If

K + Ky < K3 and 93 > 52254, letting

A =(Ky + Ky — K3N2)* — 4K K,y (1 — RD)

=K2(N2)* + [4K, Ky — 2K3(Ky + Ky)IR2 + (Ky — K3)* = 0

we obtain that the critical value of )iy and denote it as Ji§. Letting

Ks = K3(K + Ky) — 2K3 Ky, + 2 Ko Ky (K, — K3)(Ky — K3),

then

JEK
9 = 75 (3.19)
3

Through analysis, it can be concluded if Kz%f“ <o < NG, A <0, if Ny =NG, A =0, if
Mo > NG, A>0.
It should be noted that K; + K, < K3, which is equal to

2(0on +mn) 1By 1 Onnn
+ <—@1-

01h02) O1hildy  Mh O1h02h

)

or

Oonfbylp + Npthylbh + TBROapn < ShO2h Ly,
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that is,

Py s (3.20)

Sp > (1 + I +
02 My

As an immediate consequence of the above result, we present the main results on the
endemic equilibria of system (3.1) and (3.2).

Theorem 3.2 For system (3.1) and (3.2), if b < by,
(i) IfRo > 1, there exists a unique endemic equilibrium;
(ii) When 0 <38, <8;, Ro <1, there exists no endemic equilibrium;
(iii) When &, > 8, if o < NG < 1, there exists no endemic equilibrium; if R < Ro < 1,
there exists the endemic equilibrium.

Note that, if 0 < b < by, we have Rg > 1. If0< b < b,

A0 - c+/ct—4ulugb

- 2y g

v
where, ¢ = (a, — 11,) g — 1, b, since
) = = Apgugh = uib® = 2, ug(ay + w)b + (ay — 1) g

Thus, if 0 < b < b7, f(b) > 0 and f(b) is a monotonically decreasing function of b, then
by the expression for ¢, ¢ is also a nonnegative and monotonically decreasing function of
b. Hence, Ny is a monotonically decreasing function of b. That is to say, the more sterile
mosquitoes that are released, the smaller the reproductive number of system (3.1) and
(3.2).

It follows from the fourth equation of system (3.3) that:

Jlim Ny(t) = NC.

Then, system (3.3) takes the form:

dsy, I,

ok N = 1By LSy + 64 Ry, — i Shs
7 hVﬂNhh+hh whSh
al B0l S~ (4 8 +
— = rBy—Su— (U + 81 + ,
It N, Wh + O + i)y
Ry,

» = Ny — O + i)Rp, (3.21)
dl, I o

e — (N, _IV - vIw

P r,BhNh( y—L)— 1

dg

% b g

dr g8

Define Sy = x1, I, = %9, Ry = x3, 1, = X4, g = X5,% = (%1, %0, %3,%4,%5) ., and f = (i, fo,f3: farf5) s
then system (3.21) is equivalent to

dx
Z :f(xr ﬁv):

Page 14 of 22
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where,
X4
fi=An-1By X1+ Opx3 — (px,
X1+ %o + X
X4
=18y x1 — (Wn + 8 + Np)%a,
X1+ % + X
Sa = nuxa — O + i)xs,
X2 0
Ja=rBp——————(N, —x4) — Ly Xa,
X1+ X2 + X3
S5 =b— pgxs.

A
If o = 1, B, = B = Qv
o=1 B =F 2B Sy’

(2025) 2025:14

(ﬁ—:, 0,0,0,g*) of equation (3.22) has the form:

—p 0 On
0 —01) 0
J(Ao,By)=1 O Nh 02
0 rpZEE o
0 0 0

_r,BV

7By
0

—Hy
0

(3.22)

the Jacobian matrix at the disease-free equilibrium Ay =

(3.23)

oS O O O

—lig

Obviously, two of the eigenvalues of (3.23) are A; = —u;, and Ay = —pi,, the remaining

eigenvalues are the roots of equation

A+ o 0 —rBy
Ul A+ 0 0 |=0
SO
~rBu VA;;h 0 At Uy

then we have:

By BnitnSY
(A + 02) (A2 + (014 + o)A + O1fty — #) =0.
Hence, the eigenvalues of (3.23) are:
A3 = =02, Ay =—(015+ 1), As5=0.

Hence, 0 is the single eigenvalue of J(Ao, 8,), and all other eigenvalues of J(Ay, B8,) have

negative real parts.

To apply the Castillo-Chavez and Song Theorem [35], we essentially have to compute

two quantities, labeled 4 and b, which depend on the higher-order terms in the Taylor

expansion of the system. Let w = (w1, w2, w3, wa, ws)T be the nonnegative right eigenvector

corresponding to the zero eigenvalue with respect to J(Ao, B,), it is easy to show that

—pp(o1, + O) — 0,0y, Nh
w = ( W, Wy, — W7,
Oohldh O

7SO Buin
Ap

w7, O)T

Page 15 of 22
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Let v = (v1, vy, V3, V4, v5) be the nonnegative left eigenvector corresponding to the zero
eigenvalue with respect to J(Ay, B,), then

Apoyy

v=(0,vy,0, ———
? S Buiin

V2, 0).

Since v - w = 1, namely, vyw; + ‘%’“vzwz = 1. we have:
v

My O1h
wy = —, Vy =

O1h O1h + Uy

Here, the Taylor-expansion system (3.22) is represented by the f;(4o, 8,)(i = 1,2,3,4,5),

and we have

3%f ) 3%f ) 92f, ) 22f, o M
0x40%y  0x40%3  Oxp0xs  0x30%4 Ay
h _ Ph _ Bh 3 gt
0x40%y  0x40%3  Oxp0xs  0x30%4 Ay
3 P P P rS)Buny
39623961 N 8x18x2 N 896387C2 - 8x28x3 - Ai ’
3% _ 3%fa __"Bui

3x40%y  0%20%4 Ay

These second partial derivatives have the same result after switching the order of deriva-

tion, since

*fy  2rSYBuu;,
dxa A2

In addition, all other derivatives are equal to zero. Consequently, we can readily com-
pute the following quantity by substituting the vectors w and v and the respective partial
derivatives into the expression:

5
0%
a= E Viw;w;j —— (Ao,
4 kWi Wj axiaxj( 0 Bv)
kyij=1

SO Buiin s S0 Bunnitn Bt
My Ay Oontby A A
Anoun pn(ou + Op) + Oy

SO Buiin Oonldh

rSO By 2 rBuo
B "ﬂgu")+2v2w§(— Broniln
Ah My Ay

= 2103( )

+ 2vpw3(—

Apo1hnn
SO Bt oo

O1hlhh

)

) + 2vpw3 (—

on(wn(ow, +60y) + 6,8,)
o Ap

O1hMh _ NhthO1h
Ay oAy

= 2v2a)§(—

_OwNnih TBROuAE Ounith
1,V Ay

)

oAy

C 2y 2w 2m
My +01p Ay,

iCien + 8y + 1) + Op(pan + S) Vﬂhﬂh)

oy oon Ny My g

Page 16 of 22



Xing et al. Advances in Continuous and Discrete Models (2025) 2025:14 Page 17 of 22

203 ) L B

© Ao+ ) O My

).

2 92

Note that az ].;2 = 1, and all other derivatives -2 are equal to zero. Hence, we can
40y 0x;0By

calculate b by substituting the vector w, v, and the respective partial derivatives into the

expression:

7S Butin

b:ivwzﬁ(A B)) =vwy = —L——
owop, T T Ny o)

ki=1
Clearly, b > 0. Furthermore, we have:

r
=0+ n P
O2h My

Mhns

then when §;, > 8}, we obtain & > 0. Thus, the backward bifurcation of system (3.3) occurs.

Theorem 3.3 Ifb < by and ), > 8}, then the backward bifurcation of system (3.3) occurs at
Ro = 1.

4 Simulations and biological explanations

In this section, we give examples to illustrate the validity of our results. In order to interpret
the conclusions from a quantitative perspective, the dynamics of the malaria model with
sterile mosquito populations by numerical simulations will be analyzed in the following.
We find the numerical solutions of the model (3.3) and analyze the effect of threshold 47,
by and the basic reproductive number Ni.

Example 4.1 Let the parameters be given by:
fig = 0.6, a, =20, , = 0.5.

It follows from equation (2.6) that b~ = 17. With the initial values (200, 180), when
b =25 > b, system (2.2) has no positive equilibrium, only a unique boundary equilib-
rium Ey = (0,41.6677) that is globally asymptotically stable. That is to say, wild mosquitoes
eventually become extinct. When b = 16 < b™, there exists a positive equilibrium E3 =
(9.5374,26.6669), which is locally asymptotically stable, if the initial conditions are given
by (w,g) = (10,180), the boundary equilibrium Ey = (0,26.6671), which is locally asymp-
totically stable. as shown in Fig. 1.

Example 4.2 Let the parameters be given by:

Br=02, B, =024, r=10, A, =10, 6, = 0.5, 1), = 0.02,

8, = 0.5, 1y, = 0.07, @, = 10, j1, = 0.5, g = 0.6, b = 10.

It follows from equations (2.6) that b~ = 7.2334. As b = 10 > b™, with the initial val-
ues (200, 180,100, 100,300, 200), the solution approaches the disease-free equilibrium
Go =(271.2709,0,0,0,0, 16.6667), which is locally asymptotically stable, the disease finally
disappears. Here, only I, Ry, I,, and g are shown for visual convenience, as shown in Fig. 2.
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Figure 1 The red and green curves correspond to the wild and sterile mosquitoes, respectively. With the
parameter values given in Example 4.1, b~ = 17.If the initial conditions are given by (w, g) = (200, 180), when
b=25> b7, system (2.2) has no positive equilibrium, only a unique boundary equilibrium £q = (0,41.6677),
which is globally asymptotically stable. When b= 16 < b™, there exists a positive equilibrium

E3 =(9.5374,26.6669), which is locally asymptotically stable, if the initial conditions are given by

(w,g) = (10,180), the boundary equilibrium Ey = (0,26.6671), which is locally asymptotically stable, as shown in
Fig. 1

0 5 10 15 20 25 30 35 40 45 50

0 5 10 15 20 25 30 35 40 45 50

0 5 10 15 20 25 30 35 40 45 50

0 5 10 15 20 25 30 35 40 45 50
Time t

Figure 2 With the parameter values given in Example 4.2, b~ = 7.2334. The initial conditions are given by
(200,180,100, 100,300,200), when b =10 > b~, system (3.1) and (3.2) has no endemic equilibrium, when

t — o0, the solution of system approaches the disease-free equilibrium Go = (271.2709,0,0,0,0,16.6667),
which is locally asymptotically stable, the disease finally disappears. Here, only Iy, Ry, I, and g are shown for
visual convenience

Example 4.3 Let the parameters be given by:

B =0.25, B, =04, r=20, A, =10, 6, =0.5, = 0.2,

8, = 0.5, 1y, = 0.07, @, = 10, ju, = 0.5, g = 0.6, b =2.
It follows from equations (2.6), (3.4), and (3.5) that
b~ =7.2334, Ny = 1.6999, by = 3.61.
Note that 0 < b < b; and Ny > 1, and there only exists the endemic equilibrium (2.4630,
19.0374,2.5627,13.7171,15.4509, 3.3333), then the disease will persist, as shown in Fig. 3.
Example 4.4 Let the parameters be given by:

Br =002, B, =08, r=15, Aj, =100, 6, = 0.5, wj, = 0.12,

8, = 0.7, 1, = 0.07, @, =10, 1, = 0.2, g = 0.6, b =8.
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Figure 3 With the parameter values given in Example 4.3 and the initial values (200, 180, 100,400, 300, 200),
then b~ =7.2334, by = 3.61 and the reproductive number Ry = 1.6999 of system (3.3). As 0 < b < by and
No > 1, there exists the endemic equilibrium (2.4630,19.0374,2.5627,13.7171,15.4509, 3.3333)

It follows from equations (3.4), (3.19), and (3.20) that:
Ro = 0.9254, N =0.8782, &} =0.3135.

Note that &, > 8}, i < Rp < 1, though Ny < 1, we still have (I, I,) = (99.3414, 35.2888), the
disease still persists. as shown in the left of Fig. 4. Here, only I, I, are shown for visual
convenience.

With the parameters given by:

Bn=0.02, B,=0.8, r=65 A, =50, ,=0.5 u, =0.12,

8, =08, n,=0.7, a, =10, p, =0.32, 1, =0.6, b =18.
It follows from equations (3.4), (3.19), and (3.20) that:
Mo =0.9363, N =0.9981, §; =0.7430.

Note that 8, > &, Rp < NG < 1, then the disease disappears, as shown in the right of Fig. 4.

Here, only Iy, I, are shown for visual convenience.

For model (3.3), we show that it may undergo backward bifurcation, where the stable
disease-free equilibrium coexists with the stable endemic equilibrium. Moreover, we give
a more through mathematical analysis in Sect. 3.2 and derive a formula for the quantity
8, that is explicitly given by (3.20). Then, we give a complete determination condition
whether backward bifurcation occurs in Theorem 3.3, namely, 8, > ;. In other words,
when 0 < §;, < §}, system (3.3) has no endemic equilibria if i}y < 1 and backward bifur-
cation cannot occur. Solutions approach either the disease-free equilibrium, or the stable
endemic equilibrium, depending on their initial values. Furthermore, we obtain a through
analysis about the existence of backward bifurcation by applying a center manifold. It is
worth noting that owing to the existence of backward bifurcation, even small fluctuation

of parameters can produce a completely different result.
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Figure 4 With the parameter values given in Example 4.4 and the initial values (200, 180, 100,400, 300, 200),

when 8y, > 87, if Ry < N < 1, though Ro < 1, Iy, 1) = (99.3414,35.2888), the disease still persists, as shown in

the left of the figure. If Mg < NRF < 1, then the disease disappears. as shown in the right of the figure. Here, only

In, I, are shown for visual convenience

5 Conclusions

Malaria and other mosquito-borne diseases are transmitted by wild mosquitoes. To pre-
vent the transmission of mosquito-borne diseases, an effective way is to reduce or eradi-
cate wild mosquitoes. In recent years, the sterile-insect technique has been applied in ex-
periments. Hence, it is crucial to study the dynamic of mosquitoes and humans, and devise
effective and realistic methods for controlling mosquito populations in communities. As
is known, the dynamic of mosquitoes is closely related to the environment and resources
in a region. Hence, to obtain a more realistic model, it will be considered by taking into
account the impact of limited resources of mosquito populations. Thus, we establish and
study a malaria-transmission dynamic model of releasing sterile mosquitoes, which fo-
cuses on the mosquito populations affected by the impact of limited resource. In this study,
we first analyze a two-dimensional model that contains only wild and sterile mosquitoes,
through qualitative analysis, the existence, stability of the equilibrium, and the threshold
b~ of releasing sterile mosquitoes are obtained. When b > b~, the wild-mosquito popula-
tion eventually becomes extinct. When b < b7, system (2.2) has a boundary equilibrium
that is locally asymptotically stable and nodes. In other words, sterile mosquitoes and wild
mosquitoes may coexist. System (2.2) approaches either the extinction equilibrium or the
stable equilibrium depending on the initial values. Then, human and mosquito popula-
tions with sterile release were combined into one system, and we assume that the release
rate of sterile mosquitoes is a constant, and derive a formula for the reproductive number
Mo for model (3.3). For system (3.3), there exists the disease-free equilibrium that is locally
asymptotically stable if 9 < 1, and there exists a unique endemic equilibrium if Ry > 1.
When 9y = 1, arelease threshold b, for sterile mosquitoes is obtained, and there exists the
disease-free equilibrium, which is locally asymptotically stable if b > b, in other words,
the disease disappears. When by < b < b7, there exist two disease-free equilibria that are
locally asymptotically stable, and there exists endemic equilibrium if b < b; < b~. Based on
this threshold, malaria transmission can be better controlled in the presence of wild and
sterile mosquitoes. Finally, we show that a backward bifurcation may occur under certain
condition for system (3.1) and (3.2). The existence of backward bifurcation can make the
disease more difficult to control, we should pay more attention to the initial sizes of the in-

volved populations. If only the basic reproductive number is controlled to less than 1, the
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disease may still spread. Here, we conclude that ), is a monotonically decreasing function
of b. With the increase of releasing sterile mosquito populations, the basic reproductive
number will decrease. Therefore, releasing sterile mosquitoes is conducive for controlling
malaria.
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