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and global asymptotic stability of equilibrium points are investigated and some

criteria are established. Next, Hopf bifurcation analysis is executed, and the critical
values of such bifurcation parameters as fear and delay for the determinate system
are obtained. Then we extend it to a random environment and study the
boundedness of expectation of solutions and the global asymptotic stability. Finally,
the main findings are validated by numerical examples. It is worth noting that the
specific influences of fear by predator, time delay, and white noise are explored
numerically. Simulation figures intuitively exhibit that fear, delay, and white noise
bring serious influences on the stability of the system. Fear from predator leads to a
lower equilibrium state of prey and predator, and it can change the system stability
from unstable to stable after exceeding a certain critical value. The time delay has a
significant impact on the system stability by producing Hopf bifurcations
accompanied by limit cycles, and even lead to multiple stabilities. Larger white noise
can change the system stability from stable to unstable.

Keywords: Delay; Fear; Prey; Predator model; Hopf bifurcation; Stability

1 Introduction

For a predator—prey system, functional response is an important index of assessing the
speed of feeding prey by per predator, and it often brings large influence to the system
stability and bifurcation dynamics. The original functional response is assumed that the
feeding rate of predator is proportional to the amount of prey and predator species, i.e., it
is linear [1]. Graphically, it is a straight line passing through the origin. By analysis, it is not
difficult to find that the assumption is not reasonable. For each predator, the feeding rate
is limited and there is a maximum, that is, it is impossible to be proportional to the prey
amount if the prey is superabundant. At this situation, the predation rate should be related
to the predator density, so it is modified to the Holling II functional response, which well
describes the predation rate up to a limited range [2]. Whereas for large predators in a

population system, there always exists mutual interference and competition among indi-
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viduals. It will reduce the predation rate of predators, and hence Holling-II type is changed
to the Beddington—DeAngelis functional response, which is first introduced by the au-
thors 3, 4]. The main difference between them is the competition and interference among
predator individuals, which is inferred by experimental data [5]. Usually there are three
kinds of predator-dependent functional response, i.e., Beddington—DeAngelis, Crowley—
Martin [6], and Hassell-Varley [7]. Compared with other ratio-dependent responses, the
Beddington—-DeAngelis type is very popular since even in the case of low density, it will
not appear the singular phenomena. By grouping effect of predation, the Beddington—
DeAngelis functional response can be found in [8]. In the last few decades, there have been
many research works on the dynamics of system with Beddington—DeAngelis functional
response [9—11]. The traditional prey—predator system with Beddington—DeAngelis func-
tional response is listed below:

dx by
—=x|lrn-ax-————— ),
dt 1A 1+ p1x + oy
dy X

— =y|l-rn-ay+ ——,
dt 4 2=y 1+ pix + poy

where x denotes the prey biomass and y denotes the predator biomass at time ¢. For the
biological meanings of all parameters, the readers are referred to [3, 4].

Direct predation is a popular phenomenon that has been studied for a long time. Apart
from the direct killing by predator, the fear of prey to the powerful predator is also a
crucial factor affecting the system dynamics, and sometimes it even changes the prey’s
demography [12-14]. It is natural that when the prey perceives the predator’s signal or
predation cue, it will always present some instinctive reactions like reducing its forag-
ing activity, shifting to another safer place and presenting physiological stress resulting
in the decrease of fecundity. For example, in Reference [15], an experiment was carried
out between the garter snake (predator) and salamander (prey). The experimental results
showed that when the salamander perceived the danger through chemical cues of being
predated by garter snake, the salamander reduced its foraging activity. For a system with
no direct predation, in order to explore how the fear from predator would affect the pop-
ulation reproduction, in 2011, Zanette, White, and Allen [16] executed an experiment on
songbirds during the whole breeding period. They found that due to the anti-predation re-
sponse, the female declined foraging activity and laid few eggs resulting in the decrease of
the birth numbers of songbirds and survival numbers of descendants, which led to about
40 percent reduction of offsprings. Recently, more works about how fear affects the sys-
tem dynamics have been reported [17-19]. Incorporating the effect of fear from predator,
we get the following model:

dx 2] byy

— =X —agx - ————— |,
dt 1+ky 14 pax + poy
ﬂ bzx

=y\-r-—ay+——1,
dt Y Y 14 px+ oy

(1.1)

where k represents the level to which the fear affects the birth rate of prey. In addition, we
know that time delay is inevitable in most of the biological processes. There exists a time
lag in almost all proceedings of population dynamics [20]. For example, for predator, it
will take some definite time to digest the prey. There is a time lag to convert the prey into
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the growth of predator [21]. For young predator to mature, it needs some time. Almost
identically, in the process of the predator consuming prey and breeding its progeny, it will
take a long period of time. This is so-called gestation delay [22]. For delayed fear effect
on the system dynamics, it is more usual. After the prey feeling risk from predator, it will
assess the level of fear and take some measures like decreasing foraging activity or shifting
to another safer zone, and so on. These counter predation manners are not immediate and
will take some time to accomplish. That is, there is a time lag between the prey’s perceiving
risk and presenting some anti-predation measures [23-25]. The negative influence of fear
on the population dynamics cannot be seen right away; for example, it will take a long time
to see the influence of fear from predator on the prey’s birth number. On the other hand,
from mathematical perspective, time delay can change the system stability, even lead to
multiple stability [19, 24]. Therefore, it is necessary to incorporate the delay effect into
model (1.1).

As mentioned above, incorporating the effect of delayed fear on the birth rate of prey
(71), as well as the effect of gestation delay of predators (7;), we get the delayed version of
(1.1) as follows:

dx ry by >

— =g - — ),

dt 1+ky(t-11) 1+ pyx + poy (1.2)
@ B . P bzx(t - ‘52) '
ar I\ TR px(t =) + poy(t—12) )

The initial data is as follows:
x(0) = x1(0) > 0,y(0) = x2(8) >0,-1 <6 <0,

where (x1, x2)7 € C([—‘L’,O],R%) is positive and continuous defined on [7,0), T = max[ty,
7]. We assume all parameters are positive to meet the biological requirements.

For the determinate model, the stability of equilibrium state is and is going to be an im-
portant topic. Some nice results have been reported, such as the Lyapunov-based stability
for a prey—predator system [7, 19, 22, 23] and an epidemic system [26, 27], finite-time
stabilization for an impulsive system [28, 29], and stochastic stabilization for a stochastic
system [30, 31]. Based on the importance of system stability, in this paper we aim to study
the local or global stability of the system and explore when the Hopf bifurcation occurs if
the stability is lost. Our main contributions are as follows:

(1) A prey—predator model with fear and two delays is formulated, then it is extended

to stochastic scenarios.

(2) The sufficient conditions of local or global stability of the model are established.

(3) The critical values of fear and time delay resulting in the occurrence of Hopf

bifurcations are obtained.

(4) How the fear, time delay, and stochastic environment affect the system dynamics is

numerically investigated.

The rest of this work is organized as follows. The existence and boundedness of solutions
and the existence and stability of equilibrium are discussed in Sect. 2. The Hopf bifurcation
analysis is carried out in Sect. 3. The dynamics of stochastic scenario is executed in Sect. 4.
Some numerical examples are performed in Sect. 5. Finally, a brief conclusion is given to
end this work in Sect. 6.

Page 3 of 29
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2 Properties of the equilibrium
By the theory of delayed differential equation, we conclude that system (1.2) has a unique
positive solution under above conditions, so we begin with the existence and stability of

the equilibrium state of (1.2).

2.1 Existence of the equilibrium
Let E(%, ) be the equilibrium of system (1.2), then it satisfies the following equation:

ri ~ bly
-~ X = ——= 7=
1+ky B 1+ p1x + poy @2.1)
b2x - :
— =1y +a)y.
1+ pax + poy

By the second equation of (2.1), then

(ry + a2y)(1 + p2y)
by — pa(ry + azy)

x=

which is positive under the condition that b, — t1(ry + ay) > 0. Substituting ¥ into (2.1),

then y should meet the following quartic equation:

ka1a2M§y4 + Q1y3 + Q2y2 +03y+04=0, (2.2)

where

01 = mar (2 + k(1 + p1X)) + kaypo(as + rapa) — kb prao,

02 = kb1(by — p1r2) — bijpuran + ar(aapa(1 + paX) + krira iy + (az + rajia)
(12 + k(1 + 11%))) + ras 3,

03 = b1(by — rap1) + riaa o (1 + pa %) + ar((@z + rapea)(1 + pix)
+1a(pa + k(1 + n1x))),

04 = (r2(ar + rip1) = r1bo)(1 + p1%).
We verify that if
ray(ar + riu1) <riby and  biuy < aipg,
then
0;>0({=1,2,3) and ©4<0.
By Descartes’ rule of sign, (2.2) has a unique positive solution y. Therefore, system (1.2)

has a unique positive equilibrium. In the rest of this paper, we always denote the unique

equilibrium of (1.2) by E (for simplicity).
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2.2 Stability of the equilibrium
Now we study the local asymptotic stability (LAS) and global asymptotic stability (GAS)
of E.

Theorem 2.1 System (1.1) with the initial data x;(0) > 0( = 1,2) is LAS around E under

the condition that,
bl,U«U’

T a4
A+ i+

Co
Proof By Talor’s formula, we linearize (1.1) and obtain the variational matrix at E as fol-

lows:

blulkj/ /(7'1 blfC(l + [/L19~C)

L+ &+ p09)? A+h2 (L + i + pof)?
byy(1 + u2y) by Xy

—ﬂl.;C +

Tz =

. ~ <9 —ﬂ2~ - T~ <~
(1 + 1% + way)? T H1X + 12))?
The characteristic equation of J|; is
by 12Xy b1 11Xy
22+ <6l156+a25’+ 2I~L2x)’ =5~ Uflxy - 2)
(I + 1%+ p2y)* (1 + p1x + [12y)

< - by Xy > ( . byaxy )
+\a\X———————= =9 DY+ ——— =5 >
(1 + p1% + (2y) (1 + 1 X + pay)

. ( kry bix(1 + ju1x) ) byy(1 + p2y)

— + — - _ —_=0. 2.3
A +ky)? A+ pix+ 2y ) L+ X + (2y)? 23)

Under condition Cj, we know that equation (2.3) has two negative roots. By the stability
theory of functional differential equations [32, Theorem 4.4], system (1.1) is LAS around
E. 0

As to the GAS of E, we have the following conclusion.

Theorem 2.2 For system (1.2) with the initial data x;(0) >0 =1,2),—t <6 <0, suppose
that the following conditions hold:

12Y73% by(1 y
(C) Amar— 1,l~L1y __ 2( +~sz)~ S0,
1+M1bx+ll2)’ 1+£le+uzy
(Cy) Bi=ay— L e o

1+ i+ 1465
Then (1.2) is GAS around the equilibrium E.

Proof For E(%,7), we make a transformation as x(t) = xeX®, y(t) = 7e¥®, then (1.2) turns

into
dX(t) ry ~ X b15/€Y
= - —axe” — = —,
dt 1+ kye¥tt-m) ! 1+ pixeX + poye¥ (2.4)
e _ byieX ™) '
dr T T R E ) ¢ el )

where X(¢) and Y (¢) are both positive on ¢ € [-7, 00). It is easy to know that the equilibrium
state of system (1.2) is changed to zero (X, Y) = (0,0) (trivial equilibrium state) of (2.4). By
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the stability criteria of delayed equations [20], it is sufficient to find a functional V'(¢) such
that the Dini derivative D* V(¢) < 0. From (2.4) we have

dX(t) ri - b15/€Y
= = - al eX - ~ ~
dt 1+ kye¥t-1) 1+ pixeX + poye?
by Y
= h’ril - ﬂl%ex — ,_lye =
1+ kye¥-m) 1+ pixeX + poye?
ry ~ b15/
- — tad1xX+ = =
1+ky 1+ X + poy
ky
- e —1) - " Y1) _q
e T R P )
byjnFye* —1) - bije’ - 1) (2.5)

(1 + pa& + o)1 + paxeX + poye?)’
Then

Vlkji
(1 + kyeY=)(1 + k%)
N bypixyle’ — 1| + biyle? — 1))
(A + X + o)1 + prxeX + poyel)

D |X(t)| < —a %X — 1) + eV _

by xy |eX— 1|

G
< —aFle 1] 4 2 je¥em) gy, U
1+ky 1+ 1% + uay

b
2 _le¥ - 1. (2.6)
1+ pix + poy

Similarly, we have

dY(t) bzx(t - ‘L'z) 8%
—— =-r-—ay+ - =

dt 1+ pix(t— o)+ poyt—1) 2
byxeXt-T2)

1+ Ml&:ex(t—'rz) + sz’/eY(t—Tz)

= —ry—arye’ +

box
1+ p1X + oy
box(1 + o) (€M) — 1) — by puoxy(e¥ "™ - 1)
(1 + p1XeXE™) 4 1oyl o) (1 + p & + 10y)

+ry + ayy —

(2.7)

= —aje’ — 1)+

and

bo%(1 + p2§)| X — 1| = bypajle’ "™ — 1]
(1 + p1xeXE2) 4 o yeY ) (1 + i X + noy)

D*|Y(t)] < —ayle’ —1] +

DoxA+ 12)) | v g, (2.8)

< -ayjle’ —1|+ R4S
1+ p1x + oy

Page 6 of 29
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Adding (2.6) and (2.8), then

DX+ 1Y) < — (@i - M) leX — 1

1+ M[;%j M2y
- 1
—| a2y - S le¥ —1
O 1+ ax s+ poy s
, b hi sz)~ X ) r1/<y~ Y ),
1+ X+ pay 1+ky

To eliminate the delay term, we define

t+1y b 1 t+711 k
Wt = / 2x(1 + HZJ’) |eX6™) _ 11ds +/ "y 6™ _1|ds.
t

1+M1x+uzy k~|

Differentiating (2.10) on ¢, then

dW(t) byx(1 + pyy) (|e)((t)

X(t-12)
—le -1
dt 1+ U1X + oy - D

rlky YO _

T k~(| 1] —[e"™ — 1)),

(2.9)

(2.10)

(2.11)

Let V(¢) = |X(®)| + | Y ()| + W(t). Obviously, it is positive on ¢ € [-7,00). Adding (2.9) and

(2.11), we have

by 41Xy byx(1
DV() < —(alic— ezl A+ 27) ) X — 1]
1+ Mllax~+ 1oy 1 +/M1x+ W2y
- rk
—(&lzy—l iy - - 1y~ le¥ —1.
+ X+ ey l1+ky

Applying Taylor’s formula, then

(alfc— bipnxy — byX(1 + p1r)) ) X 1]
L+ X+ oy 1+ @+ oy
b1y ky
+<ﬂ25/— : v yN) le¥ — 1]
+ X+ ey  l1+ky
b1 xy byx(1
- <W~C_ 1A 2%( +sz))|X(t)|+
Lt i+ poj 1+ + of
~ b1y riky
(@y_ 2 o )|Y(t)|
+ U1X + o) 1+ ky
- A|X| + B|Y].

By A>0,B >0, then

D'V(t) < -A|X|-B|Y|<0.

(2.12)

Applying the stability theory of delayed functional equation [see Page 138 in 20], the equi-

librium E of system (1.2) is GAS.

O

Page 7 of 29
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Remark 2.1 Accordingto Theorem 2.1, if the condition Cy does not hold, system (1.1) may
change its stability and produce a fluctuation. Compared with reference [19], the com-
petition and the gestation delay of predators are incorporated in system (1.2). The Hopf
bifurcation caused by the change of stability of (1.2) is analyzed in the next section, which
is not studied in [19], but it is the main work of this paper. It is meaningful to investigate
the dynamic properties of species by analyzing their periodic fluctuations.

Remark 2.2 In the process of the proof of GAS, with the help of a transformation, the
equilibrium point of (1.2) is transferred to zero (the trivial equilibrium point), which makes
the subsequent computation easier. In addition, by constructing a suitable functional to
eliminate the effect of time delays, the sufficient conditions in Theorem 2.2 have no delays,
which means that, under certain constraints, the time delay of biological process has no
effect on the GAS of system (1.2).

3 Hopf bifurcation analysis
We begin with linearizing system (1.2) by Taylor’s formula. Make a transformation as
U(t)=x-x,V(t) =y -y, where X and ¥ are the equilibrium points of (1.2), then we have

i u) - u) o7 Uit-m) N U(t-1)
a\ve ) °\ve ) T\ve-w) P\vie-w) ]’

where
. b1 p1xy bix(1 + pu1x)

—a1x + _ = - _ =

Jo= L+ prx + poy)®  (L+ prx +p2y)* |,
0 —6125/
rlkfc

]1 = (1 + kjl)z )

0 0

0 0

I = byy(1 + p2y) by Xy

(L4 &+ p29)? (1 + & + pof)?

The Jacobian matrix at the equilibrium status reads

J=Jo+ie*™ + e 2.

Define
P i+ bl,ll,l??j/ P bli'(l + M19~C) P a 5/
1 =—d1 -~ <9 D = - <5 3 = —dy),
(1 + p1X + 2y)? (1 + 1% + way)?
rikx boy(1 + p2y) bypaxy
P4 = ps=———"— =

T 7 ~0? = ~ ~ ) ,0 -~ <~  ~9°
(1 + ky)? A+ mx+ g2 07 L+ ik + pay)?

We have p; < 0 under condition Cy,i = 1,2,...,6. Then the characteristic equation of J is
| = AI| =0, that is,

22— (o1 + p3 + pee ") + p1(ps + pee ™) = (py + pae” ™) pse ™ = 0. (3.1)
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By reorganizing, then

A2 = (p1 + p3)A + p1p3 + (P16 — Paps — peh)e ™ — papse 1) = 0.

For convenience, we rewrite it as

22+ 01A + 09 + (03 + 0ah)e " + gge 1) =, (3.2)
where
01=—(p1+p3), O2=p103, O03=pP106—P205 O4=—P¢ O5=—P4P5. (3.3)

The negativity of p,(i = 1,2,...,6) implies the positivity of 0}, i.e,, 0; > O forallj = 1,2,...,5.

3.1 Hopf bifurcation of (1.1)
System (1.1) is equivalent to the scenario of (1.2) with 7; = 75 = 0, then (4.2) turns into

A2+ (01 + o)) + (02 + 03+ 05) = 0. (3.4)
Now we analyze the existence of Hopf bifurcation around E on parameter k. Denote
u(k) = (o1 + a4)(k), v(k) = (09 + 03 + 05)(k),
then (3.4) becomes
A2+ u(r + v(k) = 0. (3.5)
For the discussion of Hopf bifurcation, we give the following Hopf bifurcation theorem.

Lemma 3.1 [33] Suppose that system (1.1) is LAS around E, and ) = (k) + iw(k) is a
pair of complex eigenvalues of (3.5). If there exists a constant k such that go(/~<) =0,w(k)>0
and Z—‘,f ‘k:/} #0, then E changes its stability from stable to unstable, and there is a Hopf

bifurcation around E accompanied by a limit cycle at k = k.
Take fear k as the Hopf bifurcation parameter, then we have the following results.

Theorem 3.1 System (1.1) undergoes a Hopf bifurcation around E when the bifurcation
parameter k crosses the threshold value k satisfying u(k) = 0,v(k) > 0.

Proof Due to the condition u(k) = 0,v(k) > 0, there exist two purely imaginary roots

Aj= :i:i\/Tl}) for equation (3.5), and hence the roots of (3.5) have the form A; = (k) L iw(k)
in an open neighborhood of k, where @(k), w(k) are real valued respectively. By Lemma
3.1, system (1.1) changes its stability through Hopf bifurcation provided the following
transversality condition holds:

d _dy(k)
ﬂ(Re,\,(k)) T ak #0.

k=k
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Putting A(k) = ¢(k) + iw(k) in (3.5) and differentiating k, and separating the real and the
imaginary parts, we have

2@ + u)¢' (k) = 2wa' (k) = u' (kg + V' (k),
209" (k) + 2@ + u)w' (k) = —u/ (k) w.

That is,

w’(k)Pl - w’(/()P2 = P3,
@' (k)Py + o' (K)Py = Py,

where Py = 2¢ + u, Py = 2w, P3 = u/(k)p + V'(k), Py = —u/(k)w. Then

P1P3 + P2P4

'(k) = 3.6
@' (k) PP (3.6)

By the condition that ¢(k) = 0,w(k) = +/v. When ¢(k) = 0,w(k) = \/v, we have P; =
0,P5 = 2/v,P3 =V/(k), Py = u/(k)/v. Then

d /
doth)| W o
dk ik 2 lkx
Similarly, the conclusion holds provided ¢(l~<) =0,w(k) = —Jv. O

Remark 3.1 For system (1.1), by the condition u(k) = 0, we have

by poxy _ b1 p1xy _
A+ X+ p2y)?> L+ ki +poy)?®

arx +axy + (3.7)

Solving equation (3.7) together with the definition of E, we have

- -T
k — r1—~’
Ty
where
byx(1 + pax + 2u2y)  b1y(1 + 21 + oY)
T = ry — 2 > .
(I + p1x + p2y) I+ p1x + (2y)

An easy computation yields

do(k)

=—kY #0.
dk 7

k=k

r=_1
Ty

Therefore system (1.1) has Hopf bifurcation at k = , which is indicated in Sect. 5 by a

numerical example.

Take b, as the bifurcation parameter, then we have the following result.
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Theorem 3.2 System (1.1) undergoes a Hopf bifurcation around the equilibrium point E
when the bifurcation parameter by crosses the threshold value l~91 where

B - (a1X + a2y)(1 + p1X + n2y)? + bopoxy
' ES '
3.2 Hopf bifurcation of (1.2)

For the discussion of Hopf bifurcation of delayed differential equations, we give a useful

lemma given by Yuan and Wei [34].

Lemma 3.2 For the following exponential polynomial:

PO e e ety = A pI T p0 A+ P
A"t p p e

+P" T el A+ pl e

where 1 > 0(k = 1,2,...,r) and p;(i =0,1,...,rj=1,2,...,m) are constants. Denote the
zero of P(\,e™*™,e™*%2, ... &™) in the open half plane by Ao, ¢ is the sum of the orders of
o. Then ¢ will vary as (11, T2, . .., Tr) varies only if a zero appears on or across the imaginary

axis.

3.2.1 Model with one delay
In the subsection, we begin with one delay case. In system 1.2, let 7; =0, 7, > 0, then (1.2)

leads to

( % o )
dx=x| ———— —ax— ————— |,
1+ ky(2) 1+ pix + oy (3.8)

dy = Ty —doy + boat - ) ) dt
IEI\ TR T m1x(t — 1) + pay(t — 1)

Now we discuss the dynamics of system (3.8).

Theorem 3.3 For system (1.1), suppose that there is a unique positive equilibrium state E
which is LAS, then we have the following conclusions:

(i) Suppose that Hy holds, then system (3.8) is LAS around Efor all Ty > 0;

(ii) Suppose that H, and Hs hold, then there is T, such that t, < T, system (3.8) is LAS
around E, while Tty > %), a Hopf bifurcation occurs at Ty = Ty;

(iii) Suppose that Hy and Hs hold, then there exists an integer r such that system (3.8)
changes from stable to unstable to stable and multiple Hopf bifurcations occur at t, = tz(]_D

and Ty = 12(12), j=1,2,...,r, respectively, where conditions H, — Hs are defined in the proof.
Proof It is easy to get the characteristic equation of (3.8) as follows:
22+ oA+ 0y + (03 + 05 + ogh)e ™2 = 0. (3.9)

Denote the root of (3.9) by A(t2) = ¢(72) + iw(ty). Since E is LAS for non-delayed case,
then ¢(0) < 0. By the continuity of A(7;) on variable 73, we conclude that ¢(z;) < 0 for
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sufficiently small 7, > 0, and whence ¢(t3) < 0, which means that E keeps the stability
unchanged. Now we are interested in finding a critical value of 7, such that A(ty) is a
purely imaginary number. We denote it by 7,, i.e., (7)) = 0 and w(7;) # 0. In such case,
the coexistence steady state loses its stability. Otherwise, if there is no such 7,, then the
steady state will always be stable regardless of any 7. Substituting A(72) = ¢(12) + iw(72) in
(3.9) gives

%72 (03 + 049 + 05) COSWT) + 04w SINWTy) = —(9? — W? + 019 + 09),

{ %72 (040 cos Ty — (03 + 049 + 05) siNWTy) = —(2wY + o).

Now let ¢(13) = 0, then

i (03 + 05) COS WTy + 01w SINWTy = W? — 09,

. (3.10)
04w COS Ty — (03 + 05) SINWTy = —01W.

Squaring and adding the two sides of (3.10), we get a biquadratic equation of w as follows:
ot + (012 - 042 —207)w? + 022 — (o3 +05) =0. (3.11)

Denote y = @?,¢; = 0f — 07 — 209,¢3 = 0 — (03 + 05)%, then (3.11) is equivalent to the

following quadratic equation:
Y +cy+c=0. (3.12)
Next we prove the conclusions given above one by one.

Hypothesis H; :¢; >0and ¢y > 0.

If H; holds, then there is no positive real root, and therefore there exists no real o for
equation (3.12). Hence, for any 7, > 0, the coexistence equilibrium point E is still locally
asymptotically stable. Otherwise, if H; fails, then E is unstable, yet H, keeps instability of
E unchanged. Therefore (i) of Theorem 3.3 is proved. Next we prove (i) of Theorem 3.3.

Hypothesis Hy : ¢y <O0.

Under Hj, system (3.12) has exactly one real root, denoted by y. Then & = :I:ﬂ are
two real roots of (3.11). Then we can find a threshold value of 7;, denoted by 7,, such
that ¢(72) = 0,w(7,) = @, that is, the roots of the characteristic equation (3.9) are purely

imaginary +i@®. From (3.10), we obtain that the critical value of 7, is

1 03 + 05 — 0104)0w? — 02(03 + O 27f
7y, = = cost T3+ 05 —0108) 2(0s + 05) + 20,12, (3.13)
j 2.2 2

53] o, w* + (03 + 03) w

Let

fzzminrzj,j=0,1,2,....
j
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Then, by Lemma 3.2 and Butler’s lemma, we obtain that EisLASif0 < 1, < 7, and unstable
if 7y > 7. Whether the Hopf bifurcation occurs, we only need to verify whether the below
transversality condition holds or not.

4 )
—Ké
d'[g

> 0.

a9
To=Ty d‘L’z 70=T9

Differentiating (3.9) w.r.t 7, leads to

|:d)\.:|_1 _ 2)\+O'1 Ty 04

— == - =+ .
dry AMAZ+o1A+03) A Aoz + 05+ 040)

Hypothesis Hz : 02 + 2@* — 0 — 205 > 0.
At 1y = Tp, combining (3.10), under condition Hs, we get

-1 -1
][]
2 =Ty dry =1
2

2 )
o + 2w =209 o}

ola? + (0y —@*)?*  0ld? + (03 +05)2

2 ~9 2
of +20° —0; — 20

= 2o, (3.14)

0;®0* + (03 + 05)

That is, under H, and Hs, the Hopf transversality condition holds at 7, = 7. Then E
keeps stable when 1, < 75, while if 7, > 75, then E changes from stable to unstable, and
Hopf bifurcation appears. The case (ii) of Theorem 3.3 is verified.

Hypothesis Hy :¢1 <0,¢2 > 0,¢2 > 4cy.

If H, holds, then equation (3.12) has two positive roots, denoted by y; and ¥, respec-
tively. Consequently, @; = :I:\/j/_l are two real roots and @, = :i:\/)N/: are another two real
roots of (3.12), respectively. From (3.10), we obtain that

1 03 + 05 — 0104)@2%, — 09(03 + O 27
rz(f"):~—cos_l( 3T )y = 02(03 S)+~—],j:1,2,...,m:1,2. (3.15)
j Om 04@2, + (03 + 05)? Om

Aty = 12(;"), m = 1,2, combining (3.11), similarly we get

-1 .2 -1 .2
do 20y -0} —o0f — 20, do 20y -0} —0f — 20
L = — 5 - = ~
ATz | e ola? + (03 + 05)2 dty )@ 023 + (03 + 05)2
7 ]

(3.16)

Hypothesis Hs : 205 — 02 — 0} —2@? > 0,205 — 02 — 02 — 205 < 0.

Under condition Hs, we have

d -1 d -1
|:—Re(k)] >0, [—Re(k)] ” <0,j=0,1,2,....

dry 1) =r2 dr 0=y,

Page 13 of 29
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Then there is a positive integer r such that the equilibrium point E switches  times from

stability to instability to stability. That is, E is locally asymptotically stable when 7, €

[0, rzf)l)) U (rggz), 72(11)) U---u (Tzf)l, ‘L'Z(i)) and unstable for all 7, € [rzgl), tgéz)) U (12(11), 1252)) U
.U (1297)1, rz(,zf)l) U (729), 00). That is, system (3.8) experiences Hopf bifurcation at 7, = ‘L'z(],l)

and 75 = ‘52(1,2), j=1,2,...,r, respectively. Therefore, (iii) of Theorem 3.3 is verified. O

In system 1.2, let 7; > 0, 75 = 0, then (1.2) leads to

dx ( r by >
—=x|——agx-— ),

dt 1+ ky(t —11) 1+ pix + poy (3.17)
@ _ Ty — doy + byx(t) |

ar I\ TR p1x(E) + 2y ()

Hypothesis Hy : (01 + 04)> + 2(03 + 03 — &%) > 0.
For system (3.17), we have the following result.

Theorem 3.4 Suppose that system (1.1) is LAS around the unique equilibrium state E,
then under Hg system (3.17) undergoes Hopf bifurcation at v, = T, with

. . 1, @&*—(o2+03) 2m)
Ty =mint;, T, =—-cos —+—, j=0,1,2,...,
i 7 7@ o5 D)

where @ is the root of the corresponding characteristic equation.

3.2.2 Model with two delays
In this part, we study the Hopf bifurcation of model (1.2) with 7; > 0, 75 > 0. First, we let

7, € (0, 7,) and 77 be a parameter.

Theorem 3.5 Suppose that system (1.1) has a unique E that is LAS. Let 1, > 0, 73 € (0, T5)
and 1 is considered as a parameter. If H; holds, then system (1.2) is LAS around the equi-
librium point E for t1 € (0,71), and experiences Hopf bifurcation at t; = 71, where H; is
defined in the proof.

Proof We recall that the characteristic equation of (1.2) is as follows:
22+ 01k + 09 + (03 + 0al)e 2 + oge M) = (3.18)

First we fix 7o = T, € (0, T>). Take 7 as a variable, then by the same reasoning, the root of
(3.18) is denoted by A(t1) = ¢1(71) + iw1(71). Substitute A(7y) in (3.18) and separate the real

and imaginary parts, then

golz - a)f + 0191 + 03 + (03 + 0401)e” ¥ cos w1 Ty + ogwre” ¥ sinw Ty

= —oge M9 cos(1y + )1,
) ) (3.19)
20191 + o101 — (03 + 041 )e” 2 sinw) T + ogwie” 21 cos w To

= 0‘56_(TIHZ)¢1 Sil’l(l’l + fz)a)l.
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Let ¢1(t1) = 0. Now we eliminate 7;. By squaring both sides of (3.19) and adding them
leads to

~ . ~A\2
g(WI) = (—a)% + 07 + 03COSW 1Ty + 041 sma)1r2)

A . A\2 2
+ 011 + 04w COSW1 Ty — 038N W1 Ty) — Og =0.

Since this is a transcendental equation, one cannot predict the nature of its roots. We

assume that it has finite positive roots w(ll), w(lz), ,w1 " For some fixed wl), there exists a

sequence rl satlsfymg (3.19). Then (3.19) can be rewritten as

-G, cos(w(f)rll)) +Gy sm(w(f)rl’)) = (3.20)

Gy sin(wf ‘1,'1;)) +Gy cos(w(f)rll)) = Gy, (3.21)

where G = 05 cos w1 rz, G, = 05 5in w1 rz, Gs =—-(w; ))2 + 09 +03COS w(l)rg +a4w(1) sin W(ll)l'g,

Gy = olw(l) + 04w(1’) cos W(])Tg o3 sin w1 12 Then the critical value of T @ for each w(ll) is

o1 G2Gs+GrGa] 2
® "1[ 275+ 2 4} T i—0,1,2,....

GG W0

Assume that 7; = min{ru) j=0,1,2,...,} and w; is the corresponding root of (3.19) with
7, € [0, T). For verifying the transversality condition, we differentiate both sides of (3.19)

with respect to 71, and letting 7; = 71, w1(71) = @1, 91(71) = 0, then

d d
S R ol L
dtl T1=T1,0=01 dtl T1=T1,0=01

d d
H, [ﬂ] CH, [ﬂ} _H,.
dv 71 =11 0= dn T1=11 0=

By ellmlnatlng L, we have

[@] _ H1H3 +H2H4
dTl T1=T1,W=w] le +H22

where

Hl o1 + (0’4 — f20'3) Cos 67)1 fz - 045)1 fg sin 67)1 'Ez - 0'5('51 + ‘Ez) COS(‘EI + fz)d)],

H2 = —267)1 - 0'3'82 sin 67)1 ‘Ez + 04 sin J)l fz + 0’467)1 fz COoS 67)1 'Ez — 05 sin(fl + fz)d)l(fl + ‘Ez),
H3 = 0'567)1 sin(fl + '82)67)1,

H4 = 0'567)1 COS('El + ‘Ez)c\(l)l.
Hypothesis H; : H1Hz + HyHy > 0.

Under H7, then [d“” > 0, which means the transversality condition is satisfied.

dny :Irlzfl,a):d)l
By the theory of Hopf bifurcation, we conclude that system (1.2) is locally asymptotically

Page 15 of 29
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stable around the equilibrium point E for 7; € [0,%). Further, system (1.2) undergoes a
Hopf bifurcation at 7; = 7;. O

Similarly, if 7; lies in the stable interval (0,7;) and 1, is considered as a parameter, we
can derive the following theorem.

Theorem 3.6 Suppose that system (1.1) is LAS around the equilibrium state E. If T, > 0,
71 € (0,T1) and 1, is taken as a parameter, then system (1.2) undergoes Hopf bifurcation
at 1, = T provided that MiMs + MaMy > 0 holds, where My = 03 + (04 — 03T2) COS T3 —
O'4,L7)2f2 sin (Z)zfg - O'5(f1 + fQ)COS(fl + 7::2)(;)2, M2 = —2632 - O'3f2 sin (Z)zfz + U4Lbzf2 COoS Cbzfz +
0'5('?1 + fz) sin(fl + fg)d)b M3 = 0'35)2 sin 67)2%2 — 04 sin C\Z)gfg — 0’45)3 COS 61)27?2 — 0’567)2 sin(fl +
'Ez)(;)z, M4 = 0'367)2 Ccos (,7)2%2 — 04 COS (,7)2{2 - (74(,7)% sin 67)2%2 - (75(,7)2 COS(fl + fz)(;)g, and fl isa
fixed constant within (0, T1), @, = w(T,) is the root of the corresponding characteristic equa-

tion.

Remark 3.2 Theorems 3.5 and 3.6 reveal the impact of two delays on system stability, while
only one fear delay is studied in reference [24]. Compared to [24], the impact of two delays
is much more complex than that of one delay. Therefore, for food chain system, if three
or more biological process delays are considered, how will the system stability be? It is a
challenging subject that needs further research.

4 Stochastic model

Almost every population system is exposed in the open natural environment, and hence
it is unavoidable to be affected by random environment disturbances [30, 35-37]. Com-
monly, a colored noise is used to represent the random environmental fluctuation, but if
it is weakly correlated, then the Gaussian white noise is usually used to approximate the
colored noise. This approach is reasonable [38]. Generally speaking, the white noise is
introduced into population model by more than one way, whereas the authors [39] pro-
posed that the growth rate of population was influenced significantly by the white noise
and usually in the study of system dynamics, it was sufficient to study the impacts of en-
vironmental noise on the growth rate. Incorporating the stochastic environmental effect
on the growth rate of species, we have

ri—>r;+ Sidwi(t),
where 7; is the growth rate, w;(¢) is a Gaussian white noise defined on a usual probability

space, which is supposed to be standard and mutually independent as general discussion.
87 is the density of white noise, i = 1,2. Then we get the stochastic model

b
dx =x <771 —a1x— #) dt + d1xdw(¢),
1+ ky(t - 11) blzrﬂlx)ﬂtz)’ (4.1)
xX(t — 1o :
dy =y(-r— 2 dt — 8yydws ().
I a2y+1+pc1x(t—rz)+pczy(t—fz)) ()

For stochastic system, there is no equilibrium state, so the stability [30, 36] is a crucial topic
to understand the long behaviors of species. Qi and Meng [36] obtained the threshold of
extinction and persistence in the mean of predator by use of stochastic analysis techniques.
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Due to delay effect, the stochastic solutions of (4.1) do not possess Markov property, so
we focus on the existence, boundedness, and GAS of solutions.
Let U(t) be an N-dimensional stochastic process such that

dU(t) = F(t, U())dt + G(t, U(t)dW (2),

and V(U(t)) be a Lyapunov functional with respect to U(t). The operator L of V(U(¢)) is
defined as follows (see, Refs [35, 38]):

LVU®)) = Vu(U@®)FE U®)) + %tmce[GT(t, U®) Vuu(U@)G(L, U())].

First, we investigate the property of solutions of stochastic system (4.1).

Theorem 4.1 For system (4.1) with initial data x;(0) > 0,0 € [-7,0],i = 1,2, there exists a

positive stochastic process that is unique and global almost surely (a.s. for short).

The proof is standard. Readers may refer to Theorem 3.1 in Refs [19] or [35], and hence

we omit it.

Theorem 4.2 For system (4.1) with initial value x;(6) > 0(i = 1,2),0 € [-t,0], there are
constants M(p) and N (p) large enough such that

E@) = Mp), EO)=Np@), rz1
where E is the mathematical expectation.

Proof Applying It6’s formula to V(x, £) = e'4?, then

b
dv(t) = | e'x? + e'pa? _n —mx - oy
1+ ky(t—11) 1+ p1x + poy

2
2p(p-1
= elaf <1 + 1Pp-1 +p< N arx 7191)] )) dt

-1
+Me‘xp‘26fx2) dt + ' pa? 1 81xdw1 (2)

2 1+ky(t—r1)_ ! _1+,u1x+ugy
+e'aP p8idw (t)
82p(p -1
< efx? (1 + # +p(r) — apc)) dt + e xps1dw,(b). (4.2)

Integrating and then taking mathematical expectation of (4.2), we have
‘ Sipp-1)
E(V()) < xg + [ X1+ e + p(ry —ayx) | ds. (4.3)
0

Let

Spp-1
+ 119(1; )

glx) =" <1 +p(r; — apc)) .
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Compute the derivative of g(x) with respect to variable x and let g’'(x) = 0, then
Sip(p -1
g ) :pxl”‘1 <1 + # +p(r, — alx)) —aypx’ = 0.

By the monotonicity, thus

82p(p—
1+#+pr1

ai(1+p)

is the maximum point of g(x), and consequently, the maximum value is

1
2p(p-1) pr
1+ % +pr

=a
gmax 1 611(1 +p)

Substituting it in (4.3) gives
t
E(V(8)) <xg + / € Gnaxds < %o + Gmax(e' = 1).
0
Thus

E(xp) =< (xlg _gmax)e_t + Zmax-

Sowhen t =0, E(x?) < xg, and when ¢t — o0, we have

E(xp) ngax-
Let
2 p+l
1+ —alp(f_l) +pry
= xp’ N ’
M(p) = max { %y, a1 alop)
then
E(") < M(p).
By the same manner, we obtain
EQP) <N(),
where
82p(p-1) pl
1+ 25— +pb,/
N(p):max )/g,az 2 piin
ax(1+p)

Therefore the solution of system (4.1) is bounded in expectation. O
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Theorem 4.3 Suppose that the following conditions hold:

b by(1 k
(€ A* = ar - 141 __ 2(l+pmy)  n 0
1 +b,u,1x +u2y 21+ ,u;(x +u2y)  2(1 +ky)
1 2,
() B* = ap - 2 ( +~uzy) _ r _ ’
2(1 + pax + pnoy)  2(1 + ky)

) 8:= @ < min{A*, B*).
Then (4.1) is globally asymptotically stable around the equilibrium state E(%,5) almost
surely, i.e., for any initial data x;(0) > 0(i = 1,2),—t < 6 <0, the solution of (4.1) satisfies
tginoox(t) x, hm y(t) =9.

Proof We recall that E(%,7) meets the following equalities:

b1y byx
o X W =0, —ry— sy + S A}

T s T MY % by
1+ky 1+ u1x + (oy 1+ u1x + poy

Define

<

Wix)=x—%—XIn=, Wa()=y—5-7ln

K
=

then W;(-) € C(R") is positive and continuous defined on ¢ > 0,i = 1,2. By It6’s formula,

we have
LW7() = ( *)( £ x by ) R
=x-X)|———-ax-———— -
! 1+ky(t—17) ! 1+ pix + (oy 2
=(x—X) . —ax— L
1+ ky(t—11) 1+ pix+ poy
ry ~ b15/ ) 8%56
- —tmx+ —————— | + —
1+ky 1+ X + pay 2
~\2 rlk ~ ~
= — — — t— — —
a(x - %) A+ k)0 + k= rl))(y( T) -y - X)
blpcly(x X)—bi(1+ uix)(y—y) X—F)+ 8%_56
(1 + p1X + p2y)(1 + pax + j1ay) 2
b
< a2ty K Y s
14 mx+py 21 +ky)
8%
4.4
2(1+/ )()’(t 1) -y’ + 1= 5" (4.4)
Define
W (t) B /HTZ r1k ( - ) )Zd
0= | ST s
Differentiating W5(¢) about variable ¢ yields
dwnh(t)  nk 9 rk 9
t— 4.5
d 2045 )(y() y)° - 20+ 5 )(y( )=y (4.5)
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Adding (4.4) and (4.5) leads to

b1y rik -
LWi(x) + Wh(8) < — (al - Mll‘; 2 R - ky)) (-5’
2~
2y = 4.6
2(1 k)(y()y)+ (4.6)
Similar computation yields
B - box(t — 1) 823’
LW30) = 0= <_r2 T et —1a) + oyt — rz)) Ty
- box(t — 12)
0=y <—r2 AR H1x(t — T2) + (oy(t — 72) T
i — b25c 82y
YTy M1X + (o) 2
(=5 + (y— bz(l + U)Kt = T) = %) = bypaR((t =) =§) 837
2 Ut ot — 1) + o)L+ i+ ) 2
. by(1 + 82y
<-—a(y-3)7*+ 2(7%( (t-1) =Xy -y + =
1+pux+p
. by(1 +M2)’) .
_ 2, P2 T HRY)) f—T0) — %)2
<-a(y-y)7°+ sk s 1) ((x(t—12) - %)
by(1 + p12%) ) 8%5/
pn T M 47
2(1+;1,1x+u2y)(y » 2 (*7)

Define

+T
Wy() = / ot i) ———————((x(s — Tp) — %)’ds.
2(1 + p1x + (n2y)

Then

dWa@)  by(1 + psy) () — )2 — by(1 + pay)

e a2
dt 201+ + (o) 2L+ 1% + 12) ((x(t—12) —%)". (4.8)

Let W(¢) = Wi(x) + Wa(t) + Wi(y) + Wu(t), and add both sides of (4.6), (4.7), and (4.8), then

b1y by(1 y k
L’W/(t))f—(al— 1lf1y __ 2( +~M2y) _ rik _ >( P
1+ i+ poy  2(1+ X + pnoy)  2(1 + ky)
B (dz ~ b,(1 +~u251) _ rk _ ) —?+ 82x + 83y
21+ pax + poy) - 2(1 +ky) 2

= —A*(x-%)*-B*(y-y)* +6.
By A* > 0, B* > 0, together with condition Cj, then the following ellipse
A*(x-%)*+ B (y-y)>=6

is situated entirely in R2. We denote the domain of ellipsoid by I/ and take a neighborhood
of U as O, thatis, U € O,then O C Ri. Therefore, for any (x,y) € Ri/ O,wehave LW(t) <0.
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Table 1 The values of E for different fears for (5.1)

Fear Value of the equilibrium state E(%, )
0 %=13499, j=05139
1 x=1.1272, y=03181
2 X=10528, §=0.2481
5 x=09647, y=0.1617
10 %=09125 7=0.1085
50 x=08416, y=00336

Then, by the stochastic differential equation theory (pp. 156—160 in [35]), we conclude that
system (4.1) is globally asymptotically stable. O

Remark 4.1 Having compared Theorems 4.3 and 2.2, we find that, by constructing dif-
ferent Lyapunov functionals, different sufficient conditions guaranteeing the stability of E
are obtained even if the white noise is absent. On the other hand, Theorem 4.3 implies

that time delays also have no effect on the stability of E if some required conditions hold.

Remark 4.2 Compared with [19], the impact of stochastic environment on birth rate of
prey is considered in (4.1), which is independent of the equilibrium point. However, in
[19], the impact of stochastic environment on birth rate of prey depends on the distance
between the species and the equilibrium point, which is closely related to the equilibrium
point. They are completely different. In addition, if the regime switching and Lévy jump are
included in the stochastic factors [40], then the system dynamics deserve further research

in the future.

5 Numerical analysis
Some examples are carried out by Matlab2014 to verify our theoretical results and explore
the impacts of such factors as fear, delay, and random environmental perturbations on the
system dynamics.

(1) Numerical verification of our findings
Fix a set of parameter values as follows:

ry = 05,k = 2,ﬂ1 = 02, b1 = 06, M1 = 0.1,”2 = 04, ry = 03, a) = 02, bz = 04, (51)

which are sufficient to guarantee the existence of unique positive equilibrium state, and
here the equilibrium is £(1.0528,0.2481). Now we study the impact of fear k on the equilib-
rium state. Take k = 0,1,2,5,10 and compute the corresponding values of E respectively,
which are given in Table 1.

From Table 1 we find that the values of equilibrium points of prey and predator change
along with the values of fear from predator. Specifically, from a biological prospect, if the
fear is larger, then the prey will produce some anti-predation acts and reduce its foraging
activity, which leads to the reduction of the prey’s offsprings, and vise versa. Due to the
reduction of prey, the predator can produce few offsprings resulting in the reduction of
predator species.

Second, we verify the stability of E. For system (1.1) with parameter values given in (5.1),
numerical simulation implies that E is GAS, which is accordant with Theorem 2.2 (see
Figs. 1 (a) and (b)). For system (1.2) with above coefficients, let the delays 71 = 75 = 2.
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Figure 1 Numerical simulations of system (1.1) and (1.2), the parameter values are taken from (5.1). (a) is the
curve of solutions and (b) is the phase graph of (1.1), () is the curve of solutions and (d) is the phase graph of
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Figure 2 The long time behaviors of stochastic system
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Using Theorem 2.2 again, system (1.2) is GAS, which is visualized by Figs. 1 (c) and (d). For
system (4.1), all parameters keep fixed asin (1.2) and §; = 0.2, 5, = 0.2. By use of methods in
[41], we simulate the long behaviors of prey and predator species; see Fig. 2, which means
that (4.1) is GAS around E.

(2) Impacts of fear, delay, and stochastic parameter

Next we begin to explore the specific influence of fear, delay, and white noise on the

equilibrium states. Take the parameter values as follows:
ry = 0.6,(11 =0.8, b1 = 10,/1,1 = 5, Mo = 4, ry = 006, ay = 1073,1’)2 = 073,/( =5. (52)

An easy computation implies that the £(0.1769,0.0664) is unique.

Case 1 Take fear k as the variable with neither delay nor white noise. If k = 5, then the
equilibrium E is GAS, which is showed by Figs. 3 (a) and (b), while if k = 0.5, then the
equilibrium is changed to E(0.1951,0.0985) and it is instable from Figs. 3 (c) and (d).

Case 2 Take 1 as the variable with 7, = 0 and no noise. Other parameter values are taken
as above. We take 7; = 0.01 and 7; = 10 respectively, and simulations imply that the
former is GAS but the latter is unstable (Figs. 4(a) and (b)). Analogously, we change
the values of 7, and keep other parameters unchanged; for example, take 7, = 0.001
and 7, = 5 respectively, then the system also changes from GAS to unstable emerging
periodic changes and stable periodic limit circle appears, see Figs. 4(c) and Figs. 4(d).
All these mean that different values of delays can make E alter from stable to unstable

and produce Hopf bifurcation, which is to be studied later.
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the unstable case with 7, =5, where 17 = 0 respectively. The red point is £(0.1769,0.0664)

Case 3 For the study of random environmental perturbations, we take §; = 0.01, and §; =
0.8 and 7; = 0, = 1,2, respectively, then system (4.1) turns from stable (Fig. 5 (a))

to unstable (Fig. 5 (b)) around E resulting in the extinction of some species. This
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and phase graph with §; = 1,7, = 2(i = 1,2), respectively. The red point is £(0.1769,0.0664)

phenomenon indicates that white noise can make (4.1) turn from stable to unstable
and affect the stability of E significantly.
Case 4 Finally, we consider the effects of delay and noise simultaneously. Take 7; = 5,8; =
0.5, (i = 1,2), then numerical examples show that system (4.1) varies from stable sta-
tus (Figs. 3 (a) and (b)) to unstable status, see Figs. 6 (a) and (b).
All above analysis demonstrates that fear, delay, and random noise are all very important
for the system stability. Different values of fear and delay can make system change from
GAS to unstable. The curves in the simulation show periodic changes, so Hopf bifurcation
may occur. Consequently, we should choose suitable parameter values to keep the system
stable for continuous development in the future.
(3) Hopf bifurcation analysis
The solution curves of above figures present periodic changes, then it is reasonable to
guess that Hopf bifurcation may occur. Therefore, we analyze the Hopf bifurcation of the
parameters k, by, 71, and 1, of systems (1.1) and (1.2), respectively. For a determinate sys-
tem, Hopf bifurcation is an important character for people to understand the long behav-
ior of population dynamics, which can reflect the stability and instability of species. The
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Hopf threshold of parameters is a significant index for researchers to make some scientific
decisions and keep the long balance of system dynamics.

In this part, we choose the parameter values given in (5.2). Select fear k as a bifurca-
tion parameter. By Matlab2014a, we depict the drawings of species of predator varying in
pace with the changes of fear k and find that the Hopf bifurcation appears at k = 1.0326,
see Fig. 7. It exhibits that when k < 1.326, the prey species is unstable, whereas when
k > 1.0326, the Hopf curves vary from unstable to stable, that is, the system gets stable
and the threshold of k is k = 1.0326. Similarly, we take b; as a bifurcation parameter and
k = 0, then we get the bifurcation diagram of prey (see Fig. 8). Figure 8 implies the thresh-
old is b; = 8.9815.

Second, we choose 7; as the bifurcation parameter with 7, = 0 and get the diagrams of
prey species, see Fig. 9. From Fig. 9 (a) we find that the threshold is 7; = 5.8762. Figure 9 (b)
displays that prey species show multi-stabilities varying from stable to unstable, to stable
and to unstable again, that is, multiple Hopf bifurcations appear. By same reasoning, when
73 = 0, the threshold of 1, is 7, = 1.5921. See Fig. 10.

Finally, take 7 as the bifurcation parameter and let 7, € (0,1.6921) and 7, = 1, then the
threshold is 7; = 2.1645, see Fig. 11 (a). Figure 11 (b) implies that multiple bifurcations
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after crossing the threshold 71 = 2.1645. (a) is with T € (1,3) and (b) is with T € (0,100), where multiple
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exist when 1, € (0,1.6921). Take 7, as the bifurcation parameter and let 7; € (0,5.8762)
and 7 = 5, then simulations show the threshold is 7, = 0.2342, see Fig. 12.

We summarize the thresholds of above parameters and simulation results in Table 2. In a
word, Hopf bifurcations further verify that all these parameters affect the system dynamics

significantly.
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Table 2 Threshold of Hopf bifurcation for (1.1) and (1.2) with parameters given in (5.2)

Bifurcation parameters Threshold of parameter Theoretical conclusion Simulation results
Fear k k=1.0326 Theorem 3.1 Fig.7

Parameter b, b, =89815 Theorem 3.2 Fig. 8

Delay 71 with 7, =0 T, =5.8762 Theorem 3.4 Fig.9

Delay T, with 71 =0 7, =1.5921 Theorem 3.3 Fig. 10

Delay 77 with 7, =1 T, = 2.1645 Theorem 3.5 Fig. 11

Delay T, with 71 =5 7, =0.2342 Theorem 3.6 Fig. 12

Table 3 The main results and numerical verification.

System GAS around E Theoretical result Simulation results
System (1.1) Yes Theorem 4.2 Figs. 1 and 3, (@) and (b)
System (1.2) Yes Theorem 4.2 Figs. 1 (c) and (d)
System (4.1) Yes Theorem 3.1 Fig.2

System (1.2) No \ Figs. 4 (b) and (d)
System (4.1) No \ Fig. 5 (b) and Fig. 6

6 Conclusions
For a prey—predator system with superabundant predators, it is necessary to introduce a
predator-dependent function response and consider the effect of fear from predator. Based
on the real world, we propose a delayed prey—predator model with fear and Beddington—
DeAngelis functional response and generalize it to a random environmental disturbance.
We study the dynamics of above systems like the existence and global asymptotic stability
of equilibrium and get their criteria, see Table 3.

Next, we analyze the Hopf bifurcation and get its thresholds of fear and delay for deter-
minate system (1.1) and (1.2). For the main results and simulation figures, see Table 2.

Finally, we numerically verify our findings and clarify the effects of fear, delay, and ran-
dom fluctuations in detail. Our study shows that the value of equilibrium is influenced by
the value of fear with the same tendency. The delay and white noise bring crucial influ-
ences to the GAS of the corresponding systems. They can make system dynamics change
from stable to unstable, or from unstable to stable. In particular, the changes of fear and
time delays will make the solution curves vary periodically and produce Hopf bifurcations.

To summarize, fear induced by predator, the delay of prey’s response to predator’s fear,
delay of gestation of predator and environmental white noise bring important influences
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on the long behavior of species. All our findings can help readers to understand well the
dynamics of this kind of system and afford theoretical basis for scientific decisions and
continuous developments.

Taking into account the complexity of biological processes, if there exist three or more
delays or regime switching and Lévy jumps [40], the system dynamics become more com-
plex and require further research. In addition, in recent years, fractional calculus has at-
tracted increasing attention due to its hereditary and memory properties [42, 43], so the
dynamics of fractional prey—predator system is also very interesting. All of these are left

for our future work.
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