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endemic equilibrium. The findings reveal a strong connection between reduced
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1 Introduction

During the outbreak of an infectious disease such as SARS and COVID-19, especially
when no vaccines or effective treatments are yet available, non-pharmaceutical inter-
ventions (NPIs) are the natural choices in reducing the transmission of the disease
[4, 11, 25, 29, 47]. Common NPIs include wearing masks, maintaining social distance,
restricting travel, quarantine, isolation, and lockdowns. Studies have demonstrated that
NPIs were effective in controlling COVID-19 when case numbers and transmission rates
were relatively low. Many studies have demonstrated that timely government intervention
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is crucial in controlling the spread of disease, and early action during an outbreak signifi-
cantly accelerates the transition to a disease-free state [14—16, 37]. Saha et al. [37] demon-
strated that government actions, combined with clinical treatments, serve as an effective
control pair. Their study illustrated that implementing both strategies together leads to a
significant reduction in the disease burden. Dutta et al. [14] highlighted the importance
of social and governmental interventions in disease dynamics, emphasizing the value of
nonlinear dynamical modeling in epidemiological systems. Their findings showed that
government policies and pharmaceutical treatments are seen as the most effective con-
trol pair, and their simultaneous implementation significantly reduces the disease burden.
Dutta et al. [15] focused on factors such as varying susceptibility, government interven-
tions, social behavior, and public responses. They explored time-based strategies for man-
aging behaviors and treatments by framing the problem as an optimal control challenge.
Their analysis of periodic transmission rates revealed the significant impact of vaccination
rates and transmission patterns on the long-term dynamics of the disease. Dutta et al. [16]
explored the dynamics of transmission of diseases through asymptomatic carriers of the
disease to consider a societal and environmental perspective. Their study emphasized the
substantial impact that social behavior and governmental action have on disease transmis-
sion. However, government intervention and implementing NPIs can be quite challenging
in practice due to their economic costs and the influence of social media, which can some-
times disseminate delayed and/or false information.

Timely and accurate media reports can significantly enhance public health knowledge
and raise awareness about disease conditions. For example, a study by Chao et al. [8]
demonstrated that timely access to public health information from official sources and
reduced exposure to new media are beneficial for preventing and controlling COVID-19.
Similarly, Iyamu et al. [26] found that individuals using social media are more likely to
believe in the effectiveness of masks in preventing the spread of the novel coronavirus
compared to those who do not use social media. Wang et al. [45] emphasized that both
scientific and non-scientific events can substantially impact health beliefs on Twitter. Ad-
ditionally, Du et al. [13] highlighted the crucial role of social media in accessing, sharing,
and disseminating epidemic information during outbreaks of infectious diseases. This in-
formation is vital for raising public awareness of infection risks and for encouraging pre-
ventive measures to reduce transmission.

To better understand how media coverage affects the spread of infectious disease, there
has been some mathematical modeling work. For instance, Liu et al. [31] used a nonlinear
incidence rate function By = Be 1 E~%2~%H o characterize the psychological impact on
social behavior for exposed class (E), infected class (I), and hospitalized class (H). Liu and
Cui [32] proposed a model using a nonconstant transmission rate §(I) = 81 — B2 ﬁ Cui et
al. [12] suggested the contact rate as c¢(I) = ¢; — cpf (1), where ¢; represents the maximum
contact rate between susceptible and infected individuals, ¢, represents the reduction in
contact rate due to media coverage, and f (/) satisfies the conditions f(0) = 0, f'(/) > 0, and
lim;_, o f(I) = 1. Mummert and Weiss [34] studied the impact of social isolation on disease
transmission and analyzed the effects of three types of media influence functions (denoted
as f) and media reporting delays on transmission. Song and Xiao [40] investigated an SIR
model that incorporates media delay, employing the nonlinear infectious force Se */¢~),
Their findings suggested that the delayed media significantly impacts the transmission dy-
namics of infectious diseases. Misra et al. [33] assumed that the growth rate of awareness is
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proportional to the number of infected individuals and formulated an STAM model incor-
porating an awareness variable due to media coverage. Huo and Yang [28] considered fac-

~M into the characterization of

tors related to media coverage and integrated the factor e
the transmission rate, where this factor represents the extent to which behavioral changes
influenced by reading disease-related information impact the transmission rate. Sharma
et al. [38] explored the impact of media-driven awareness on reducing disease prevalence
through an SIRS infectious disease model. Furthermore, Zhou et al. [51] treated the aware-
ness change driven by media coverage as an independent compartment and proposed an
ordinary differential equation model parameterized with media data. Their results indi-
cated that the contact rate, transmission probability, and progression rate from the latent
period to the symptomatic stage were three key parameters.

The implementation of NPIs, together with the massive media coverage, will greatly
raise the awareness of the public about the spread of infection so that the public will be-
come more precautious and less social. Consequently, precaution due to NPIs and media
coverage will lead to the behavioral change of the susceptible individuals, and only prac-
tically susceptible individuals may make contacts with the infectious individuals and thus
become possibly infected [9, 10].

The aforementioned studies have demonstrated that precaution is one important factor
that influences the spread, prevention, and control of infectious diseases. For some infec-
tious diseases, such as influenza, COVID-19, and HBV, recovered individuals may only
gain temporary immunity, and they may become susceptible again when the immunity
is lost [5, 43, 46]. Immunity loss is therefore another important factor to be incorporated
into modeling for those infectious diseases, which could result in very complicated disease
dynamics [27, 35, 48].

With highly developed transportation and fast growing economy, travel/movements
between countries, cities, and communities have become more and more frequent and
convenient. Even during the course of an epidemic, banning travel is almost impossi-
ble. Thus dispersal is another important factor affecting the spread and control of infec-
tious diseases. Mathematical models concerning different patches via dispersal become
the natural choice to explore how dispersal affects disease dynamics. Since Hethcote’s
work [24] in 1976, which considered a two-patch infectious disease model with popula-
tion dispersal, numerous studies on patchy infectious diseases have been conducted (see
[1-3, 6,17-21, 30, 36] and the references therein). For example, Saha et al. [36] analyzed
the influence of the dispersal of susceptible and recovered individuals on epidemic dynam-
ics using deterministic and fractional order systems in a two-patch environment. They
found that higher dispersal towards one patch significantly controls the infection level in
the other patch. Their study revealed an increase in the number of recovery cases in both
patches through optimal control. Additionally, the implementation of public awareness
significantly reduces infection levels, even if people disperse at a comparatively higher
rate.

Several disease models incorporating precaution and dispersal have been proposed in
the literature. Sun et al. [41] investigated a two-patch SIS model, in which the infection
rate B(I;) = a; — b;f;(I;) was used, where f;(I;) represents the reduction in the transmission
rate due to media-reported cases in each region. The results indicated that accurate media
reporting can alleviate the burden of the epidemic and shorten the duration of disease out-
breaks. Sun et al. [42] examined a two-patch SIR model that incorporates travel between
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patches and behavioral changes of susceptible individuals due to past disease surveillance
information. The analysis suggests that the model demonstrates rich dynamical behavior,
influenced by various factors such as patch migration, media surveillance information,
and time delays in disease development.

To the best of our knowledge, no work has been carried out to explore the joint impacts
of precaution, immunity loss, and dispersal on disease dynamics to help control the spread
of infectious diseases. In this work, we will use a two-patch SIRS model to examine how
precaution, immunity loss, and dispersal jointly affect the disease dynamics.

The rest of this paper is organized as follows. We propose and study a single-patch
SIRS model with precaution in Sect. 2. The model is then extended to a two-patch
SIRS model with dispersal between two patches in Sect. 3. Its dynamics is also studied
in Sect. 3. Numerical simulations are carried out in Sect. 4. We conclude our work in
Sect. 5.

2 Asingle-patch SIRS model and its dynamics

In this section, we present an SIRS (Susceptible-Infectious-Recovered-Susceptible) model
that incorporates precaution and immunity loss. The population is divided into three dis-
joint classes: susceptible (S), infectious (I), and recovered (R). The model assumes that
recruitment into the susceptible class occurs at a constant rate A > 0. The natural death
rate is denoted by d > 0, and the disease-induced death rate is € > 0. Infectious individuals
recover at a constant rate y > 0. Additionally, recovered individuals lose their immunity
and become susceptible again at a rate « > 0. If & = 0, the system simplifies to an SIR epi-
demic model with permanent immunity.

Following the studies by Cui et al. [12] and Sun et al. [41], precaution is characterized
by the infection rate S(I) = ,3 - Bf (), where /§ > B > 0 represents the maximum infection
rate and the reduction in infection rate due to precaution, respectively. If the parameter
B = 0, the incidence rate simplifies to a bilinear form, meaning no precautionary measures
are present in the model; and as a result, such measures will not influence the model’s
dynamics. Moreover, we assume that there is a response delay 7, that is, the infection
force is modeled by B(I(¢ — t))I, which depends on the number of infectious individuals
at 7 time units ago. Thus, the term 7, along with B, f, and the function f(I), is used to
capture the public’s precautionary measures in response to the spread of infection. The

model can then be described by the following system:

B~ A—dS(t) - BUE - ONLBOSE) + aR(D),
40~ Bt - DIDSE) - (y +€ + D), 2.1)

RO = yI(t) — aR(t) - dR(2),
where B(I(t - 1)) = B - BfU(t - 1)).

Incorporating the notion that people’s awareness of disease prevention amplifies as the
number of infected individuals increases but the rate of growth for this awareness dimin-

ishes as infection cases escalate, we can refine the function f(I) so that f(0) = 0, f'(I) > 0,
f"(I) <0, and lim;_, o, f(I) = 1. Then B(0) = B, B'(I) = —Bf'(I) < 0, B"(I) = —Bf"(I) > 0, and
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lim;_, oo BU) = ﬁ - B. Typical f(I) may have the following forms:

fh=1-¢€", (2.2)
In
f([)zm,n>0. (2.3)

Let C = C([-7,0],R) be the Banach space consisting of all continuous functions defined
on [-1,0]. Its positive cone is C* = {¢p € C : $(6) > 0,0 € [-1,0]}, where ¢, € C is defined
as ¢;(0) = ¢(t + 0). The associated initial condition is

¢ = (1,02, ¢P3) € X := C*xC"xC*. (24)

Theorem 2.1 System (2.1), subject to the initial condition (2.4), globally possesses a unique
solution. Furthermore, the variables S(t), I(t), and R(t) remain nonnegative for t > 0. Addi-
tionally, the total population N(t) = S(¢) + () + R(t) is bounded and falls within the interval
[min{-A, N(0)}, max{4,N(0)}].

The proof is standard and is thus omitted.
For system (2.1), the disease-free equilibrium (DFE) is Ey = (4,0,0). By the next gener-
ation matrix method [44, 50], we find the basic reproduction number

A

0= m (2.5)

Theorem 2.2 The DFE E, is globally asymptotically stable (GAS) if R} < 1, and it is un-
stable if R§ > 1.

The proof is similar to [9, Theorem 3.1] and is given in Appendix A.

Theorem 2.3 If R} > 1, then there exists a unique endemic equilibrium E,,, and it is locally
asymptotically stable (LAS) when t = 0.

Proof 1f R} > 1, then it follows directly from the equilibrium equations that there is a

unique endemic equilibrium (EE), E, = (y[;&:)d o1, 25 1L), where I, is the unique solution

of the following equation:

A—(y+e+d—

ay )I_d(y+e+d)
a+d/” B

Linearizing (2.1) at E,, we obtain the characteristic equation
JT) =23 +porl 4+ pid+po— A+ d)h + a + d)B' (L).S,.e T =0, (2.6)
where

Pr=a+2d+ B, p1 =da+d)+(d+a+a)B)], po = ((e +d)(a+d)+dy),3(1*)1*.
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At T =0, we have
J(A,0) = A% + pad? + P + Py,
where

D2 = +2d + BU)IL — B L)LS, > 0,
pr=da+d)+d+a+a)BI)L - (o +2d)8' (L)S, >0,

o = ((e rd)a+d)+ dy) BUL, - d(a + d) (I)LS, > 0.

By a straightforward calculation, we know that pop; — po > 0. (The detailed calculation is
presented in Appendix B.) The local stability of E, then follows from the Routh—Hurwitz

criterion. O

Next, we explore the occurrence of possible Hopf bifurcation as 7 increases. Note that
J(0,7) = po — d(a + A)B' (I,)[,S,e™* > 0 for T > 0. This implies that A = 0 is not an eigen-
value. The EE E, may lose its stability as 7 increases only if there is a pair of purely imagi-

nary eigenvalues A = i with @ > 0. Substituting A = wi, w > 0 into J(, 7) = 0 gives

J(i, T) = —pr® + po — (d(et + d) — ©*) B'(L)L.Ss cos(wT) — (o + 2d)
x B (I)I.S, sin(wT)
- &’i + proi — (o + 2d)wB (I)LS, cos(wt)i + (d(a + d) - *)

x B'(I)1S, sin(wT)i.

From which we get

(o — p2&*)(d(e + d) — @?) + (p1 — )« + 2d)* 1

cos(wt) = 5 - =C), (2.7)
(d(a +d) - @*)" + (o + 2d)*@? B/ (L)L Sx
— pa@? 2d) — (py — @) (d(o + d) — %)@ 1
sin(@r) - L@ N@ 20 -1~ 0 dlo+d) - &) : =Cy  (28)
(d(a +d) - @*)" + (o + 2d)?@? B'L)LS,
where @ = /x and «x is a positive root (if it exists) of the following equation:
H(x):= 2% + gox®* + qux + qo = 0, (2.9)

with

02 = (p2)* = 2p1 - (B LILS.)’,
01 = (01)* = 2p0ps — (@ + 2da + 24%) (B L)LS.),

qo = (po)* — (e + d)* (B'1)LS.)".

Page 6 of 29
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For this @, there exists a sequence 7%,#=0,1,2,..., given by
arccos C1
" 0 2N 0 o ) CZ = O)
t"=1"+ —,1" = (2.10)

2m —arccos C1
2}

’ C2<0»

such that (2.7) and (2.8) hold. A straightforward calculation also shows that
d

Sign<d_r r:fn) - Sign(H(x) x:(a’)ﬂ)'

dx
Theorem 2.4 IfEq.(2.9) has a positive root x satisfying H' (x) # 0, then system (2.1) under-
goes a Hopf bifurcation at E, when t = t", where t"(n =0, 1,...) are determined by (2.10).

3 Our two-patch SIRS model

In this section, we couple Model (2.1) with dispersal by extending Model (2.1) to a two-
patch setting. More specifically, we assume all individuals traveling between two patches
do not change their disease states, that is, susceptibles (infectives/recovered) who traveled
from one patch to the other are still susceptible (infectious/recovered). The flow chart is
presented in Fig. 1. Patch specified disease states and parameters are labeled with subscript
i (i = 1,2). The travel rates from patch j to patch i are assumed to be m;j >0, mfj >0, mf; >0,
ij=1,2.

Our two-patch SIRS model is then described by the following system:

BUO = Ay — di Si(8) - Bri(t = TDLBS1(E) + a1 Ry () — m3, S (8) + 115, S5(8),

A = Bt = TNL(DS1(E) — (1 + €1 +dDE (D) = mi L (0) + mi, B(0),

B =11 (8) - Ry () = dr Ry (£) = miB Ry (2) + Ty Ro(2), -
B0 = Ay — dySa(t) — Pola(t — TNL(D)SH(E) + aaRo(£) — m3,Sa(8) + M3, S1(8),

O = B (It — TNLB)SE) - (va + €2 + d) Iy (8) — miy Ly (8) + miy [y (8),

% = Yolo(t) — aaRy(t) — daRy(t) — Ry (8) + m& Ry (8),

(31
dy
Al Pt — 7))
7
mis migl mia
Ay
7
Bo(Ia(t — 7))
do
Qy
Figure 1 The flow chart of our two-patch SIRS model
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where B;(Ii(t — 7)) = Bi — BifiIi(t — T)). The associated initial condition is
¢ = (¢17 ¢2r¢3! ¢4~1 ¢57 ¢6) €EX:=C"xC"xC"xC*xC*xC(C". (32)

The well-posedness of our model is given by the following theorem with proof provided
in Appendix C.

Theorem 3.1 System (3.1)—(3.2) possesses a unique solution, which is nonnegative. The
total population N(¢t) = Z?:l(Si +1; + R;) is bounded satisfying

|: . { A1+A2 } { A1+A2 }:I
N(t) € [min ,N@O)¢,max{ ————— ,N©O0)¢ |.

max{d1 + €1, dz + 62} min{dl,d2} ’

3.1 The disease-free equilibrium and the basic reproduction number

The disease-free equilibrium E°® = (81,0, Ry, 85,0, R,) satisfies the following equations:
A1 - (dl + m§1)§1 + Wl‘fzgz = —0611_31,
AZ - (d2 + m'fz)gz + mglgl = —O[zl_ez,

- _ (3.3)
(061 + dl + mgl)Rl = Wlszz,

RA\D R 1
(012 + d2 + }’}’112)R2 = m21R1~

From the last two equations, we deduce that if R, =0, then R, = 0, and vice versa. More-
over, if R, #0and R, #0, it follows that

(o1 +dq + mgl)(om +dy + m1f2) = m’fzmgl,
which is impossible. Therefore Ry =R, = 0 and hence

A1 + mfzgz = (dl + mgl)gl,

_ _ (3.4)
A2 + mngl = (dz + Wl'fz)Sz.
This yields
o Audy + m3y) + Ayms, < Ayms) + Ay(dy + m5)) (3.5)

1= y =
dldz + dlmfz + dzmgl dldz + dlmfz + dzm‘gl

Thus, there is a unique disease-free equilibrium (DFE), which is E° = (5}, 0,0, S,,0,0) with
S and S, given by (3.5).

To determine the basic reproduction number, using the next generation matrix method
[44, 50], we get

AT ! 0
F = ﬁlSl AO_ and V= at };’121 leI ’
0 BS —nry Ayt My
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where a; = y; + €; + d; and B;(0) = B;; for i = 1,2. By a direct calculation, we get

Fy-1- 1 (31&(@ + mb) 6131"4{2 ) )

1 1 AT 1 3 T 1
a1ay + aimyy + daily; BaSamy, B2Sa(ar + my;)
Hence, the basic reproduction number R is given by

BiS1(ay + mly) + BaSa(ar + mby) + /A
1 7
2aray + aymy, + danty,)

Ro=p{FV 1} = , (3.6)

where
A= (,3131(612 +mhy) - BaSa(ar + mﬁl))z + 4/§1§1m{2/§23‘2m§1
= (ﬁlglmb + ,323'2””51)2 + (lélgldz - Bz§2ﬂ1)2~
Then from [50] we have the following theorem.

Theorem 3.2 The disease-free equilibrium E° is locally asymptotically stable (LAS) when
Ro < 1, and it is unstable when R > 1.

Theorem 3.3 If the travel rates are the same, m}l/ =m,Y €{S,I,R},i,j=1,2,i #], then the
disease-free equilibrium E° is globally asymptotically stable provided R < 1.

Proof Set Nj(t) = S;(t) + Ii(t) + Ri(t), i = 1,2. From system (3.1), we have

dJ\;lt(t) =A; —diNi(t) — mN1(t) + mNy(t) — €114,
=2 (3.7)
dl\iizt(t) = Ay — dyNo(t) — mNL(t) + mN1(t) — €3 15.

This implies that

Ay(dy +m) + Aom 3
dldz + dll’}’l + dzl’l’l -

. . Aydi+my+Aim -
Jim sup S(#) < lim sup Na(8) < didy 4 dom + dym =5

lim sup S1(¢) < lim sup Ny (¢) < P
t—00 t—00

Therefore, for sufficiently small 1 > 0, there exists T > 0 such that S;(£) < S; + 7, i = 1,2.
Thus, from the second and fifth equations of system (3.1), we have

I 1
) < povens (1),
L) I(®)
where B = diag(Bl, ,32). From [44], we see that Ry < 1 implies that both eigenvalues of
F — V have negative real parts. Thus, for sufficiently small > 0, both eigenvalues of F —

V + nB also have negative real parts. This implies that the unique equilibrium (0, 0) of the
following linear system

;(2) i(2)
=(F-V+nB 3.8
() - -vom () 39



Sun et al. Advances in Continuous and Discrete Models (2025) 2025:3

is globally asymptotically stable. Hence
lim () =0, k=1,2.
t—00

It then follows from a comparison that thm L(t)=0,k=1,2.
Thus, the third and sixth equations of system (2.1) lead to a limiting system

del(” —01Ry(8) — dh Ry (8) — mRy(2) + mRy(2),
(3.9)
RO — )Ry (t) — daRo(t) — mRy(£) + MRy (8),

which yields R;(¢) - 0,i=1,2 as t — oo.
Therefore, the first and fourth equations of system (2.1) lead to S;(t) — S;, i = 1,2, as
t — 00, as it has a limiting system

B _ Ay — dS1(8) - mSy(2) + mSa (D),
(3.10)
dS;t(t) = Ay — drS5(t) — mSy(t) + mSy(2).

By the theory of asymptotically autonomous systems [7], every solution of system (3.1)
with a nonnegative initial condition (3.2) converges to Eg as t — 0o, provided that R} < 1.
The proof is complete. 0

3.2 Existence of boundary equilibria EZ and E2
In this subsection, we consider the existence of boundary equilibria of system (3.1), de-
noted by EB= (31,0, gz,ﬁl,jz,fb) and EB = (81,11, R1, 55,0, Ry).

From system (3.1), it is easy to find that there are no boundary equilibria if m, > 0 or
mb, > 0. Next we consider the case m!, = m}, = 0. A direct examination reveals that the
equilibrium point E2, representing the presence of the disease only in patch 2, is deter-
mined by

-]
pal2)’

m12V2 i = 6122
(oq+d1)(o¢2+d2)+(oq+d1)m12+(o¢2+d2)m2 ’ (3 11)
f% _ a1+d1+m§1R _ a1+d1+m§1 I _ 1 .
2= R 1= 3 Cidy := Cady,
Mo My s s
3'1 Aj o] "1 ) 3'2 __A ajcl A2 My _ap
T )
ct'1+m21 d1+m§1 d1+mgl d1+m§1 d1+m§1 dl+m‘2§l Ba(lr)
where I, is a positive root of the equation
S S
Am3, aremsy \»  (didy +dimsy + dams)  ay
A2 + - <~ aj) —0aCy — S [ . (312)
dy + my, dy +my, dy +msj, Bo(lr)

S
After lengthy calculations, it is found that a3 — aacy — % > 0. Hence, the left-hand side
1+

of (3.12) is a decreasing function of I,. Meanwhile, since ,Bz(jz) is a decreasing function of
22, the right-hand side of (3.12) is an increasing function of 22. Therefore, a solution exists
only when

Almgl (dldz + dlmfz + dzmgl) ay
dy +mS, dy +m3, B20)°

A2+

Page 10 of 29
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That is, R2 > 1, where

R2 = 32&. (3.13)
az
Define
RY = 5.2 (3.14)
ai

Similarly, we can obtain that the condition of the existence and uniqueness of E is ﬁé > 1.

Summarizing the above analysis, we get the following result.

Theorem 3.4 If m’, = mb, = 0, then there exists a unique boundary equilibrium E? if and
only zfﬁ% > 1; while E5 exists and is unique if and only zfﬁ(l) > 1. Further, there are no

boundary equilibria if m%, > 0 or m, > 0.
For system (3.1) with mb, = m!, = 0, (3.6) yields
Ro = max {ﬁé, ﬁg} (3.15)
Then we have the following result.

Corollary 3.5 Consider system (3.1) with mb, = mi, = 0.If Ro < 1, then neither EY nor E}

exists.

3.3 Existence of the endemic equilibrium

3.3.1 Uniform persistence of system (3.1) with mi,mb, >0

Theorem 3.6 Let Xy = {¢ € X : $2(0) + ¢4(0) > 0}. If Ry > 1, then there exists a real num-
ber § > 0 such that any solution (S1(t;$), 11(; ), R1(£; @), S2(t;9), Ir (& @), Ro(E; @) of system
(3.1) with ¢ € Xo when mb, >0 and m'’, > 0 satisfies

hgélgf(sl(t) ¢)) Il(t: d))) Rl(t> d))r SZ(t) ¢)) IZ(t) ¢)) RZ(t: d))) = (81 ‘Sr 8) 6: 8; 8)-
Moreover, system (3.1) has an endemic equilibrium in X,.

Proof Set Xy =X \ Xo. Thus 90X, = {¢p € X : ¢2(0) = ¢4(0) = 0}.

As per convention, let us denote the solution semiflow of system (3.1) as ®(£) : X — X.
Here, ®(£)¢ = x:(; ¢) for every ¢ € X and ¢ > 0. Consequently, ®(¢) is deemed asymptoti-
cally smooth for £ > 7 [22] and exhibits point dissipativity (cf. Theorem 3.1). Thus, a global
attractor exists for ®(¢) within X. Furthermore, deduced from the proof of Theorem 3.1,
®(t)(Xo) remains within X, for £ > 0.

Let M = {Ey}. It is easy to show that M is an isolated invariant set in d.X,. By the proof of
Theorem 3.3, V¢ € M := {¢p € 0Xo: P(t)(¢) € 30Xy, t > 0}, its omega limit set w(¢p) C M.

Now, assuming R > 1, by the persistence theory [22], ®(¢) is uniformly persistent con-
cerning X if we can demonstrate that W*(M)N X, = @, where W*(M) represents the stable
set associated with M.
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Let us consider the contrary scenario where there exists ¥ = (Y1, Y2, V3, ¥, ¥s, ) € Xo

such that the solution tends to Ey as ¢ approaches infinity. In this case, for any given € > 0,
there exists a sufficiently large T such that

Si—e<SiY)<Si+e, 0<hiY)<e, O0<Ri(LY)<e,
Sr—€<StY)<Sate, 0<htLy)<e, 0<RyLY)<e

forallt>T. Thus,fort>T + 1,

L) = Bue)S1— OL(t) - arly(t) — mb L (8) + miyIy(2),
(3.16)

Ba(€)(Ss — O)a(t) — arlr(t) — miyIn(8) + mb L (8).

v

L
By the continuity of 8;, for sufficiently small € > 0, B;(¢) is sufficiently close to §;;. There-
fore, if Ro = p(FV~1) > 1, then for those €, p(F. V') > 1, where

r - B1(€)(S1 —€) (z
‘ 0 Ba(e)(Sa—€) )

Consider that F. — V' possesses two real eigenvalues A1 > A,. From the condition p(F, V1>
1, it follows that A; > 0. Furthermore, 1; corresponds to an eigenvector (1, v1)T, while A,

corresponds to an eigenvector (1,-v3)7, where v; > 0 and v, > 0.

By comparison, for equation (3.16), we have
Lo\ _(5O)_p ) (0®
I,(t) i(t) ir(?)

with

1(0)\ _ (40
i(0) L))

L) _ (a® Gt 1 L Gyt 1
T\ i2® ' V1 ? )

L(?)

So,

with
_ v111(0) — 15(0)

v211(0) + I,(0
—72 1( ) 2( )>0, C2
V1tV

V1 +Vy

Consequently, as t approaches infinity, both [;(¢) and I5(¢) diverge towards infinity, leading

to a contradiction. Thus, W5(M) N Xy = @ when Rq > 1.
To ensure the practical persistence of ®(¢), inspired by [49, Example 1.3.1], we define a

generalized distance function for the semiflow ®(%) as follows:

G

p(¢) = min{p,(0), p4(0)},Vep € X.
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It can be readily verified that W*(M) N p~1(0, 00) = @. Therefore, according to [49, Theo-
rem 1.3.2], there exists a real number § > 0 such that liminf,_, ., p(®(£)9p) > (3,4, 4,6,6,6).

In other words, for any solution (S1(¢, ¢), [1(¢, ), Ri(t, @), Sa(t, §), [ (¢, $), Ro(t, ¢)) of sys-
tem (3.1) with ¢ € X,, we have

hg})gf(sl(t) ¢)) Il(t) ¢)) Rl(tr d))) SZ(t) ¢)) IZ(tr ¢)r RZ(t) ¢)) = (81 ‘Sr 51 6) 5; 8)

Moreover, as per [49, Theorem 1.3.11], system (3.1) possesses a coexistence equilibrium
in Xo, which qualifies as an endemic equilibrium (given m; > 0 and m!, > 0). O

3.3.2 Endemic equilibria of system (3.1) with m’, = mb; =0
In this section, we consider the case where the infectives do not travel, i.e., m{z

mb, = 0. We will delve into the existence and uniqueness of the EE, denoted as E*
(ST, 1T, Ry, S5, I3, R;) in this particular case. For the EE E*, from the second and fifth equa-
tions of system (3.1), we have

% ay " a)

Si=——r S= .
ARG T AU

And from the third and sixth equations of system (3.1), we get

* R *

R = byyili + myyyely P R -
1_—bb R R =Tl + 1, 2_bb R R
102 — M)y 102 — My, iy,

R s *
myyili + biy,l; = oy I + ol
T 1 27

where by = ay +dy + mE,, by = oy + dy + mY,.
Substituting them into the other two equations of system (3.1), we get

ai S _a1 S _ay _
A1 —dlm + (0111"11 _dl)li( + 0517‘1213< — Wlmm + Wllzw = 0,
S S
A2 - dz#%) + (012}"22 - llg)I; + a2r211f - MIZ#Z*) + My, #}f) =0.
That is,
S az(d2+ms )
aprody + ””21#}@) = T@m + (ay — oarp)ly — Ay,
(3.17)
al(d1+ms )
arripdy + ms, ;323;) = Tf)ﬂ + (a1 —onr)lf — A

If Ry < 1, then our next result shows that there is no EE.

Lemma 3.7 Consider system (3.1) with m., = mb, = 0. If Ry < 1, then system (3.1) does
not admit an EE.

Proof If there exists an EE, from system (3.1) we obtain
dIST + sz; + (61 + dl)]ik + (62 + dz)]; + lel + dsz = Al +A2.

This implies that d, S} + d,S; < A; + Ay. Meanwhile, by the definitions of S,i=1,2, we
have d;S; + dyS; = A} + Ay. When ml, = mb, = 0, we get
R() = max {Slé,ggé}
ay a)
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And hence, if Rg < 1, then

< ar ¢ a
S$1 <8<+
B B2

As B;(i = 1,2) are decreasing functions, we have

_ a;
S1<—— =858, < =S
' ﬂl(l*) VS gy
Thus,
dIST + sz; > dlgl + dzgl :A1 +A2,

which is a contradiction. O

To consider the existence of EE when R > 1, we define

2 _ Aipy aym, (3.18)
0 ar(d +m3,)  ay(dy+ m3)py
Asp 58
RCD _ 282 vy o (3.19)

ay(dy + m3y)  ay(dy + mS)Pr

To better sort out the conditions on the existence of equilibria, we introduce the following
lemmas and omit their proof (readers can refer to the proofs of Lemmas 4.8—4.10 in [42]).

Lemma 3.8 R} >R\ ifand only if R2 > 1; R2 > R®V if and only if R} > 1.

Lemma 3.9 If Ry <1, there are three cases:
i) IfRY>1and R: <1, then RY™ >1and R}V < 1;
(i) IfRY<1and R2>1, then R\ <1 and RYV > 1;
(iii) IfRY>1 and R2 > 1, then either R\ > 1 0or RV > 1

Let
X1 = Ltl(ll) = a2r2111 + Wl 11 G 0 OO), (320)
2pih) <1 )’
Xy = M2(12) = 0517‘12[2 + Wl ]2 S [0 OO) (321)
mﬁ (1 )

S
It is easy to show that #; and u; are increasing functions. So, [; = u] L), %1 € [ ﬂltg)l , oo)

and I = u; Y(xy), %9 € [ Y0 ,oo)
Then, equations (3.17) define the following two functions:

_ . Ga(dy + m3y) -1 My
x1 =go(%2) 1= m +(a —012’"22)142 (%2) — A, %9 € [ B, (0) >, (3.22)
d S S
Xy =g1(x1) = a/;f(;;(’;cnsl)) +(a; — Ollrn)ufl(xl) — A, x1 € I:’Zf;g)l , OO) (3.23)

Page 14 of 29
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as(ds +m*1§2)
B2(0)

myar\ .
—A,, 70 ) in the plane

The function x; = g»(x;) passes through the point (

m‘lgzag al(d1+m‘2§1) _
B2000 7 B1(0)

x1-x7. Meanwhile, the function x, = g;(x;) passes through the point (

Al) in the same plane x;-x;.
We can define

Gi(x1) =g (gl(x1)) —X1. (3.24)

S S
And for this function, if g (r;ztg)l> z “/322(5)2 that is equal to ’R(l 2 <1,set x; € [ /ﬁg)l , oo)

S S
Otherwise, if g (m“al) < @iy that is equal to R(l P51, set ¥ € [gl‘l (m”@), oo).

B1(0) $2(0) £2(0)

Lemma 3.10 g (x1) and g,(x2) and G1(x1) are all increasing functions.

The proof of Lemma 3.10 is presented in Appendix D.

Thus, G;(x;) = 0 has at most one root. Consequently, the two curves x; = g5(x;) and
% = g1(x1) have at most one intersection point in the first quadrant of the plane x;x;. So,
in order to have an EE, it is needed that G; (

mglal

B1(0)

EE. Moreover, for an EE, it is required that x] = u(I]) >

) < 0; otherwise, there does not exist an

S
my, a1

B1(0)’

x5 = Mg(l*)> ﬂz(o)

B1(0)

G (ygﬁg)l) < 0, then there exists a unique EE.

Lemma 3.11 Assume RE)LZ) <1IfG (m21a1> > 0, then there does not exist an EE; if

~ S
Proof If G, (,;%1 ) < 0, then set the only intersection point as P = (X1, X,) with x; > ';ﬁg)l .

This implies ga(g1 (%1 )) %1 and X, = g1(%1). Then, according to the monotonicity of g, we

ay ay al(d1+ms ) ms ay azms
get & =ik > (51 ). Note that g (5 ) = ™ - and i () = 552

mS,
is equal to Rgm) < 1. So, there must be %, > —ﬂﬁo)z. O

Similarly, we can define

Ga(%2) = g1(g2(%2)) — 2. (3.25)
m12“2 aym 21 (2,1) mfz 2] i
And, if g ( 20) ) > 50 that is equal to R;"’ < 1, then set x; € [ 50) ,oo) Otherwise,
m12“2 aym 21 (2,1) -1 W’21“1
if g ( Y0 ) <50 that is equal to R;;" > 1, then set x; € [gz ( 50 ),oo).

We can prove that Gy(x7) is an increasing function. The following lemma also holds.

Lemma 3.12 Assume R(z D<o, If Gy (mlﬁg)2> > 0, there does not exist an EE; if

G2 (ygﬁgf ) < 0, there exists a unique EE.

We further have the following results.
(1,2) 1) . .
Lemma 3.13 If Ry, >1and Ry > 1, there exists a unique EE.
Proof If Rg’z) > 1 and Rf)z’l) > 1. According to the definitions of G;(x;) and Gay(xy), in

mfz a
B2(0)

this case, we only need to consider under the given conditions x; > g 1(

S
m21a1
& ( B10) )

) and x, >
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mS
Firstly, from R\ > 1 and R > 1, that is, g ( 2a2)

2141 mgl“l < m§2“2
B2(0) B1(0) B1(0) B2(0) ’
we get

my a1 <g;! <m192“2) '
$1(0) B2(0)

So,

WIS a WIS an mS a
G (o1 (2 _ 1My 1M
1@1Qumn @@%@(m@> ' (5o
S S
my,as 1( M1242
= <0.
g(m@) -4'(5,0)
This implies that the two curves x; = g5(x;) and x, = g;(x;) have one intersection point
jad mS a ~ Wls a

denoted by P = (%1, x,) with %; >gl’1< 12 2) and %, >g2’1( 21 1).

B2(0) B1(0)
S
Secondly, note that g; and g, are increasing functions. We know that x; = g»(%2) > 'Zﬁg)l
and X, = g (%) > iy This completes the proof. O

B2(0) *

Lemma 3.14 If R(l 2) <1 and G1< 21a1) < 0, then RE)Z’D > 1. If Réz‘l) <1 and

£L0)
m3yan (1,2)
G, ( 12 ) <0, then Ry™ > 1

B1(0)
my, a1 )) My, a1
@((ﬂm) =50

S
Note also that R\ < 1 & Mgty <& (m) Thus

Proof Note that G; ( 21 1) <0 is equivalent to

B2(0) — B1(0)
ax(dy + m3,) dy- <m‘1§2a2> m3 a
B2(0) B2(0) B10)°

that is, RS > 1.
Similarly, we can prove the second part of this lemma. d

Theorem 3.15 When R > 1, there exists a unique EE if one of the following conditions
holds:
(i) R(l 251 and R(Z Vs

(ii) ’R(l 2 <1, R(z V1, and G, (rgztg)l) <0;

(iii) ’R(l 25, RQ V<1, and G, (r;l%gf) <0.

With the above results, we summarize the existence of equilibria of system (3.1) with
ml, = mb, = 0in Table 1.

3.4 Stability of E* at a special case
We have shown that if #,m}, >0 and R > 1, then system (3.1) has at least one endemic
equilibrium E* and the boundary equilibria E¥ and E% do not exist; If m!, = m}, = 0 and
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Table 1 The existence of equilibria when m/21 = m’w2 = 0. Notation is as follows: x (does not exist); v/
(exists); US (unstable); LAS (locally asymptotically stable). Ré, Ré are defined in (3.13) and (3.14). Ry,

’RS’Z), Rg’”, Gy, and G are defined in (3.6), (3.18), (3.19), (3.24), and (3.25), respectively

Eo £8 £8 E*
Ro<1 Ry<1,Re<1 LAS x x x
Ro=1 v X X X
Ro>1 Ry>1,RI<1 RU2 51, REV < us x v x
Ry<1,RE>1 RU2 <1, REY > us v x x
Ry>1,Re>1 Ry >1,REY >0 us v v v

S
RUZ <1, REV > 1 G (%W(g)‘ ) >0 US v v x

S
Gi (r;f]*(g)‘ ) <0 US v ooV v

S
RYVSLREV <1 G (”;g(g;) >0 US ooV x

S
G (”:;;@’f) <0 US v v

Ro > 1, then boundary equilibria £2 and EZ exist and there is a unique EE E* if one of the
conditions in Theorem 3.15 is satisfied. The stability analysis of the EE E* of system (3.1) is
quite complex in general. Next we consider the stability of the EE at a special homogeneous

case with
A=A, B)=P-BfD), di=d, e=¢  yvi=v,
o =a, my =m?, Y € {S,R}, mt. = 0. (3.26)

g g

For this special case, we get

~1 5 AR AB +am® 12 1
RIZRZ:R :Rlz— 7:73(:):73(,)'

0 0 0 7 ad < ad + am’ 0 0

It follows from Theorem 3.15 that there is a unique EE if R > 1.

Theorem 3.16 If R} > 1, then system (3.1) with (3.26) admits a unique endemic equilib-
rium E*, which is locally asymptotically stable when t = 0.

Proof Linearizing system (3.1) at E*, we obtain the characteristic equation
LA, 1) =L 1)L, 7) =0, (3.27)
where
LOut) = A3 + 1022 + Tk + Lo — (A2 + I h + bao) B/ (IS e

with

ho =a +2d + 2m® + BAHI* +2m' +2mR > 0,
Ly = (d+2m°)a +d +2m® + 2m'y + BU*(a +2m" + & +d + 2m")

+2ml (o +d +2m") > 0,

Page 17 of 29
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Lo = 2m!(d + 2m%)(a + d + 2m) + U ((€ +d + 2m! )@ + d + 2m") + y(d + 2mP))
>0.
221:oz+2d+2mR+2m5>0,

220 =d+2m°) o +d+2m5) >0
and

LOut) =A% + 1A + T + Lig — (W2 + by d + o) B/ (I)[*S*e T
with

lo=a+2d+ U >0, Ly=da+d)+pI") a+a+d) >0,

lio=BUM* (e +d)a+d)+dy) >0, Ly=a+2d>0, bo=d(a+d)>0.
When 7 =0, we obtain

LOu0) =22 + 002+ 20+ 1%, L(x,0)=23+ 1002 + R A + 10,
with (note that B(-) < 0)

B, =1y - BUHIFS >0, 19 =l —lnyf IS >0, [y=lo-lof TS >0.
B, =Ty - BUHIFS >0, 1 =1y —Inp UHIS* >0, 1 =1 —Ilof I)I*S*>0.
By a straightforward calculation, we know that 79,1, — 1% > 0 and 9,1, — 1% > 0. Thus,

all roots of L(,0) = 0 and L(%,0) = 0 have negative real parts, and hence E* is locally
asymptotically stable. O

In examining the potential for system (3.1) to undergo a Hopf bifurcation as t increases,

it is noteworthy that when 7 > 0,
£(0,7) = lo — loB/(I*)*S* >0,  L(0,7) = Lo — lpoB'(I*)*S* > 0.

Thus L(0,7) = L(0,7)L(0,7) > 0, which implies that A = 0 is not an eigenvalue. There-
fore, our investigation aims to ascertain whether pairs of purely imaginary roots exist for
i(k, ) =0 or Z(A, 7) = 0 as 7 increases. To achieve this objective, we substitute A = wi,
o > 0 into them, respectively.

Set = B/(I*)I*S*. For L(wi, ) = 0, by separating the real and imaginary parts, we obtain

(ho - 21267)2)(220 - %)+ (1 = Mo

cos(wt) =
(@7) Too —02) £ 1252
20 — W + 21w

21
—=C, (3.28)
"

A (ho = h2d®)lnd — (I - 652)(220 -1 .
sin(wt) = —:
m

= = =Cy, (3.29)
(12() — C?)z)2 + 1316)2
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where @ = /x and « is a positive root (if it exists) of the following equation:
H(x):=x%+ gox® + 16+ §0 = 0

with

G =13, = 2Ly —p? Gu =0y = 2holis + 2bop® — By pn®, Go = g — Bou.

Then there exists a sequence t”,n=0,1,2,..., given by

arccos C -~
An A0 2nmw ~0 TI: C>0
TET AT = 27 —arccos C -
[0) AL Cy <0
2]

at which L(%, 7) = 0 admits a pair of purely imaginary roots %ai.

Similarly, for Z(a)i, 7) = 0, we obtain

(ho — 1120 (lo — &%) + (i1 — @*)I1@?

1 .
cos(wt) = . ~ 1.¢
(oo - )" + By & n
Sil’l((:)‘[) (210 - 2125)2)7215) — (211 — 5)2)(720 _ 5)2)&) 1 _
= - i} L
(bo ~?)" + B2 "

Squaring and adding both equations, we see that @ = 1/ satisfies
H(x):=x° + x> + 15+ §o = 0

with

g2 = ng 2l -1 = 7%1 — 2010k + 2hou* - 21#2, do = Zfo - ~50M2~

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

If Eq. (3.34) has a positive root, then there exists a sequence 7%,n=0,1,2,..., given by

=T+ —,7T = “

T ” arcccjsCl , C2 > 0,
25 —arccos C -~
Tl; C2 <0,

at which L(wi, 7") = 0.

(3.35)

Further, we can directly verify the transversality condition by the following lemma.

Lemma 3.17 sign(% t—f”) = sign(%’? oy

where t" and T" are give;a by (3.31) and (3.35), respectively.

) and sign(% ) ) = sign(
="

x=(5))2>’

Theorem 3.18 Consider system (3.1) with (3.26). If Eq. (3.30) has a positive root x with
H'(%) #0 (or Eq. (3.34) has a positive root % satisfying H'(%) # 0), then Hopf bifurcation

occursatt =1t" (ort =7"),n=0,1,....

Page 19 of 29
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4 Numerical simulations
We first carry out some numerical simulations for system (2.1). To facilitate comparison
with the findings presented in [40-42], we adopt specific parameters as follows:

A=02,=1,d=02,e=01,y =0.050a = 0.06 (4.1)

and set § = 68, 6 € (0,1]. For convenience, we label Model (2.1) as Model-I for f given
in (2.2) and Model-II for f given in (2.3) with k = xS and # = 1, respectively. That is, in
Model-I,

B =p-0(1-e")B,

and in Model-II,

1

=P -0f——

We examine how precaution related parameters affect the disease dynamics. That is, 0,
h for Model-I and 6, « for Model-IL. It follows from the expression of R} that 8 does not
affect the value of R(l). But as we will see, B does influence the stability of the EE.

With (4.1), the basic reproduction number is R} = 2.8571. For Model-I with 6 = 0.9
and % = 3.5, we obtain E, = (0.6512,0.2061,0.0396) and a Hopf bifurcation occurs at 7 =
1%* 22 14.574. The EE E* is stable for T € [0,14.574) and is unstable for t > 7%* (see the
bifurcation diagram presented in the left panel of Fig. 2).

For Model-II with 6 = 0.9 and « = 0.03, the EE is E, = (0.8940,0.0626,0.0120) and the
first Hopf bifurcation value is T & 9.759. The bifurcation diagram presented in the right
panel of Fig. 2 indicates that the EE is stable for v € [0,9.759) and a stable periodic solution
may appear for 7 > 0.759.

Next we sketch the regions in parameter space to determine whether a Hopf bifurca-
tion occurs for some critical values of t. We restrict the parameter ranges as 6 € [0.6, 1],
h € [2.5,3.5] and k € [0.01,0.45]. The stability region is depicted in Fig. 3, where the
yellow-colored region indicates that E, is stable for all ¢ > 0, while the blue-colored re-
gion represents the case where the EE E, becomes unstable as t surpasses the critical value
9%, It is seen from Fig. 3 that a higher value of #, which corresponds to a higher value of

]
e

o
»
&

e ——mmm— -]

Figure 2 Left: Bifurcation diagram of Model-l with h = 3.5; Right: Bifurcation diagram of Model-ll with k& = 0.03.
The parametersare A=0.2, 8=1,d=02,€ =0.1,y =005, @ =0.06, and 6 = 0.9, resulting in RQ) =2.8571
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Figure 3 The stable regions of the endemic equilibrium. Left: Model-I; Right: Model-Il. The endemic
equilibrium £, is stable for T > 0 in the yellow-colored region, while in the blue-colored region, the endemic
equilibrium is stable for T € [0, 7%*) and a Hopf bifurcation occurs at T = 70"

0601 i 0.601
0.541 " 0.541
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Figure 4 The influence of travel rates on the Hopf bifurcation values 70F Left: Model-Ill with @ =09, h = 3.5;
Right: Model-IV with @ = 0.9 and k = 0.01 in the special case (3.26) with parameters given in (4.1) and m' =0,
where both m® and m* fall within the range [0.001,0.601]

B, is associated with a greater likelihood of the occurrence of Hopf bifurcation leading to
cyclical behavior in disease incidence.

Next we carry out numerical simulations for Model-III and Model-1V, which correspond
to Model-I and Model-II in a two-patch environment, respectively. For the special case
(3.26) with parameter values given in (4.1), if Ry > 1, then E?, E%, and E* exist. It can
be seen that the travel rates m° and m® do not affect the value of E*. However, they do
influence the values of £ and those of E? and E5. Moreover, travel rates also influence
the occurrence of Hopf bifurcations. To illustrate this, we set m°, m® both in the range
of [0.001,0.601] and numerically calculate the values of %* for Model-III with 6 = 0.9,
h = 3.5, and Model-IV with 6 = 0.9 and « = 0.01 in Fig. 4. This implies that travel rates do
influence the stability of E* when 7 > 0.

Next we fix m® = 0.01 and 7 = 15 to explore the impact of #° on the solutions of system
(3.26) for different values of m5, specifically m° = 0,0.02,0.04,0.06. At these parameter
settings, both Model-III and Model-1V exhibit periodic oscillations, as depicted in Fig. 5.
It is evident that 5 significantly influences both the amplitude and phase, particularly for
Model-III.
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ranges [0.001,0.3001] and [0.001,0.3001], respectively. Other parameters remain as defined in (4.2)

Next we consider some heterogeneous cases. To this end, we set the baseline parameters
as

A1 = 02, ,él = 1.1, 91 = 09, dl = 02, €1 = 01, Y= 0.5,0{1 = 006,
Ar=02,B,=1,6,=0.8,dy =0.2,¢1 = 0.1, = 0.5, = 0.06;
h1 = 1,]’12 = 3,/(1 = 0.1,K2 =0.15.

(4.2)

First we illustrate the impact of m3, and 3, on the existence of equilibria in Fig. 6. There
are six different colored regions corresponding to six different scenarios for the existence
of equilibria: Ey always exists, EZ exists in yellow-, red-, black-, and gray-colored regions,
EZ exists in green-, red-, blue-, and gray-colored regions, and E* exists in black-, blue-,
and gray-colored regions.

In conclusion, non-pharmaceutical interventions (NPIs) and media coverage can re-
sult in behavioral changes among susceptible individuals, meaning that only those who
are practically susceptible are likely to come into contact with infectious individuals and
thereby face the risk of infection. The varying infection force functions, resulting from
precautionary measures, have a considerable influence on the stability of equilibria within
the system. It is observed that a higher reduction rate § in infection correlates with an
increased likelihood of cyclical variations in disease incidence. While the parameters B,
mi, ml i and m influence the existence of equilibria and associated thresholds, the pa-
rameters 1, o, /3 , and f(I) do not affect these aspects, but instead impact the stability of
the equilibria and the occurrence of Hopf bifurcations. The dispersal of recovered individ-
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uals (mf;- > 0) does not impact the existence or stability of equilibrium points. If infected
individuals are allowed to travel between patches (m{l. > 0), the disease will either die out
or persist in both patches. If dispersal of infected individuals is restricted (mf.j =0) and
only susceptible individuals can disperse (m;j. > 0), then the system may exhibit complex
dynamical behaviors. For instance, boundary equilibrium points can arise and the disease

may only persist in one patch.

5 Summary and discussions

In this study, we integrated precaution, immunity loss and dispersal (travel between
patches) into a two-patch SIRS model and studied its dynamics. From the analysis of the
single patch SIRS model, we found that the precaution and its delayed effects can cause
oscillatory behavior in endemic disease situation due to the occurrence of Hopf bifurca-
tion. We then analyzed the impact of dispersal (travel) on disease spread patterns. Theo-
retical analyses were performed to ascertain the stability of disease-free equilibria and to
determine the basic reproduction number. We identified several travel-related thresholds
to determine the existence of equilibria including the disease-free equilibrium, boundary
equilibria (disease persists in one patch only) and the endemic equilibrium (disease per-
sists in both patches). For a special case, we established the stability result for the endemic
equilibrium and conducted the Hopf bifurcation analysis.

Numerical simulations were performed to illustrate the impacts of precaution and travel
on disease dynamics. The investigation highlighted the considerable influence of varying
infection force functions on the stability of equilibria within the system. It is seen that a
higher reduction rate in infection due to precaution correlates with an elevated possibility
for the observation of cyclical variation in disease incidence. This indicates the crucial role
of timely and precise dissemination of disease information in mitigating disease transmis-
sion.

The findings also suggest that the travel of individuals in different disease states yields
diverse effects on the system. For instance, when infected individuals remain stationary,
boundary equilibrium points, indicating the presence of disease in one patch only, can
arise. However, the mobility of recovered individuals does not influence the occurrence
of disease equilibria. The travel of susceptible individuals exerts intricate effects on the
presence and stability of equilibria within the system. Thus, our two-patch model allows
us to capture the heterogeneity of disease-related features across different regions and an-
alyze the combined effects of dispersal on disease transmission dynamics. Furthermore,
the implementation of public precaution significantly reduces infection levels, even when
people disperse at a relatively higher rate. These insights emphasize that restrictive mea-
sures targeting individual mobility may not consistently yield beneficial outcomes in curb-
ing disease transmission, thereby highlighting the necessity for governments to holistically
consider multiple factors in disease prevention and control efforts.

Certainly, given the myriad factors encompassed in the model and their intricate inter-
play, numerous unanswered questions remain. For instance, there is a pressing need for
comprehensive investigations into the stability analysis of equilibria within heterogeneous
environments. Further exploration in areas such as parameter estimation, model analysis,
and the development of policies tailored to real-world contexts are also worthy of attempt-

ing. To capture the heterogeneous of individuals’ immunity and infectiousness in the study
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of patchy infectious diseases, it is also crucial to distinguish between susceptible individ-
uals based on their immunity power, as well as between symptomatic and asymptomatic
infections. Another challenge is to illustrate how infection force changes under different
influencing factors. Future work may consider modeling infection force based on indi-
vidual behavioral shifts, media influence, spatial heterogeneity, and other factors to more
accurately reflect real conditions. Additionally, there is a need for further research into
how media reporting influences travel rates and the resulting dynamics of disease within
multi-patch environments.

Appendix A: The proof of Theorem 2.2
Proof Summing all three equations of system (2.1), we have

%:A—dM—elsA—dN.

This means
. . A
lim sup S(¢) < lim supN(¢) < —.
t—00 t—00 d
When R < 1, we can choose a sufficiently small n > 0 such that

ﬁ<3+n)<(y+e+d).

Then, for large T > 0, we have
A
S(t) < 7 +n,t>T.

When ¢ > T, the second equation of system (2.1) has the following linear ordinary dif-
ferential equation (ODE) as a comparison equation, where all solutions converge to 0 as

t — o0
dl) /A
% - (,3(5 +n) —(y +6+d)>1(t).

Therefore, employing a comparison argument, it can be concluded that the I(¢) compo-
nent of the solution of system (2.1) also tends to 0 as t — 0.
Thus, the third equation of system (2.1) has a limit equation

dR(t)

7 —(d + @)R(t).

This equation exhibits global convergence dynamics with R(¢) approaching 0 as t — oco.
Thus, the first equation of system (2.1) exhibits global convergence dynamics, with S(£)
approaching % as t — 00, as it has a limit equation

das(t)

L = A-dS().
= ds(z)
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So, according to the theory of asymptotically autonomous systems, every solution of
system (2.1) with a nonnegative initial condition (2.4) converges to Ej as t — 0o, provided
that R} < 1. O

Appendix B: The characteristic equation of one-patch SIRS
By a straightforward calculation, we know that

Papr —po = (o + 24+ BUDL - BU)LS.)
x (d(a vd)+(d+a+ Bl —(a+ 2d)/3’(1*)I*S*>
~ (e +d)a +d) +dy )BUIL + d(@ + ) UILS.

- <a +2d + UL, - ,3/(1*)I*S*>d(a +d)
+(+2d 4 BUDL — FULS. )@+ + @B,

— (w+2d+ BUIL = B UILS. ) (@ + 2B (LS.
~ (€ +d)a+d)+dy ) BUIL + d(e + DF (LILS.,

- (a +2d+ ,3(1*)1*>d(oc +d) - B L)LS,d(a +d)
+e+2d)d + @+ @BUNL + (UL — B ULS. ) d +a + @B,
= B (0o + 24 + BUIL - BU)LS, ) (@ + 24)LS,
~ (e +d)a +d) +dy )BUL + d(@ + B UILS.

- (a +2d+ ,3(1*)1*>d(a +d)
++(BUIL - BUDLS. )@ + @ + DB
~ ') (o + 2+ BUL - B LILS. ) (@ + 20)LS.

+ ((a +2d)(d + o +a) — (e +d)(a +d) - dy),B(I*)I*

- (a +2d+ ,3(I*)I*>d(oz +d)

4 +(/3(1*)1* - /3’(1*)1*5*)(61 ta+ UL

~ B o+ 2+ BUL - B LILS. ) (@ + 20)LS.

+ ((a +2d)d+a+a)—ala+d)+ ay)ﬂ(l*)l* >0
- <a +2d + ,3(1*)1*)01(0[ +d)

#+(BUDL - BUILS.)d + o + DU,
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— U0 +2d + BUIL - BULS, ) (@ + 24)LS,

+ ((a +2d)(d +a) +ad + ay)ﬂ(l*)l* > 0.

Appendix C: The proof of Theorem 3.1
Proof For system (3.1), we know that there exists a unique solution x(¢; ¢) for ¢ € (0,¢,,)
with ¢ = (¢1, P2, B3, Pa, Ps, P6) € X, as guaranteed by the fundamental theory of functional
differential equations [23], where (0, £,,,) represents the maximal interval of existence. Ad-
ditionally, it is straightforward to demonstrate that these solutions are nonnegative, as
shown in [39, Proposition A.17]. The nonnegativity implies that the existence holds for all
t>0.

Moving on, we proceed to demonstrating the boundedness of the solution. For this pur-
pose, we introduce N;(¢) = S;(¢) + I;(t) + Ri(¢) for i = 1,2 and define N(¢) = N1(¢) + Ny(¢t).
Then,

2

dN
pri Z(Ai —€d; — diNy).
i1

The nonnegativity of the solution implies
dN .
AL +Ay)— max{d1 +€1,dy + GQ}N < % <A +Ay; - mll’l{dl,dz}N.

Hence,

A1 +A2
max{d, + €1,ds + €3}

Al +A2
min{dl,dz}’

Nt e [min | N(O)}, max { N(O)}]. O

Appendix D: The proof of the monotonicity of g4, g,, and G;
Proof Firstly, by direct calculations, and noting g;(-) < 0, we have

aymy, d

i) = () = (- L g o
dey Y Nan U (Baytdn” ’

ayms, d

ilffl(xz) = (iuz(lz))il = airp - Ba(l>) ) >0
dxy, 2 dl, (ﬂz(lz))z dl, ’

and

d
&) = d—ngz(xz)

d S d d
= —wﬂé(%l(xz))—uil(xz) +(ay - azrzz)auil(xz) >0,
2

EES) o

d
g ) = d—xlg1(x1)
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ay (dl + Wl‘gl)

/-1 d -1 d -1
=————=B1(u; ¥1))5—u; (x1) + (a1 - 0611”11)%”1 (1) > 0.
1

CXRES) “n

So g1 and g, are increasing functions.

Secondly, because

052(051 + dl + mgl)

ay—0aryy =dy + €+ Yo — Y2
(o1 +dp) oy +do) + mfl(dg +03) + m’fz(dl +a1)

R R R
dyoy + didy + domyy + diymy, + a1my,
= dz + €9 +

V:
(0[1 + dl)(Olz + dz) + ngl(dz + 0[2) + Wllfz(dl + O[l) >

R
Q1

>
(O(l + dl)(()(z + dz) + mgl(dz + 052) + lefz(dl + 051) v2

=air12 >0,

and

ooy +dy + mﬁ)

a—oirn =di+ e+ - "1
(o1 +dy) oy +do) + mfl(dg + o) + mfz(dl +a1)

R R R
dl()lz + dldz + d1m12 + d2m21 + Qa1My;

=d
prat (0[1 + dl)(()lz + d2) + ngl(dz + 0[2) + WIIfZ(dl + Oll) "

R
Qo1y,

>
(a1 + dy)(a + do) + m5 (dy + ap) + M, (dy + 1) "

=0l > 0,

we get

4 (x2) x a (*1)
dJCng 2 dxlgl e

u(d+m5) a(d+ms)
—Z2 B (D) + (a4 — o) — 25 B(I) + (a1 — a1711)
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= aszz ’ x alngl ’
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' 0
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> X
7 v
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Thus,

, d d d
Gi(x1) = %Gl(xl) = agl(xz) X %gz(xl) -1>0.
1 2 1

This implies G;(x;) is an increasing function.
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