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1 Introduction

Human immunodeficiency virus (HIV) attacks the immune system of a human body. The
major target of HIV infection is a class of lymphocytes, or white blood cells, known as
CD4+ T cells. Because of the central role of CD4+ T cells in immune regulation, their
depletion has widespread detrimental effects on the functioning of the entire immune
system and results in the immunodeficiency that characterizes AIDS [1].

To understand the HIV infection mechanism in hosts, various mathematical models
have been formulated and extensively studied, some of which focus on infection between
viruses and cells [2—6]. However, HIV can be transmitted efficiently through viral synapses
(VSs) in lymphocytes [7-16]. It is more effective to spread the virus directly between cells
than from virus to cell [14]. Although the cell-to-cell transmission is the main mode of
rapid viral development [17], the underlying mechanism is not completely clear and at-
tracts the attention of many researchers.

For the models with two transmission modes, Li [18] studied the cell-to-cell propagation
model and analyzed the global dynamic properties and the existence of Hopf bifurcation.
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A differential equation model of an HIV-1 infection with logistic growth for target cells,
time delay, the classical cell-free infection, and the direct cell-to-cell transfer infection
modes was put forward by Hu et al. [19]. A within-host viral infection delay model with two
transmission modes was investigated in [20], and results showed that delay may destabilize
the infected steady state and lead to Hopf bifurcation. Zhang and Liu [21] also put forward
an age-structured HIV infection model with cell-to-cell transmissions and found that the
model has a nontrivial periodic solution bifurcating from the positive equilibrium. Lai and
Zou [22, 23] developed some models that incorporate two models of viral spreading with
and without the logistic target cell growth and obtained the existence of Hopf bifurcation.
Yang et al. [24] also studied a within-host viral infection model with two transmission
modes and obtained some results on global stability of the equilibrium point. Especially,
Wang, Tang, et al. [25] put forward an HIV latent infection model incorporating both the

cell-free virus infection and cell-to-cell transmission. Their model is as follows:

a0 — s_drT(t) - BTV () - KT ()I(D),

dt
A0 _ BTt — ) V(- 11)e ™ + kT (¢ - T)I(E - T1)e ™1™
—(a + 8p)L(8),

dl(t) _5 (1)
== (1-HBTE-1)V(E-12)e™ 12 + (1 - kTt - )t - 12)

dt
xe 1™ _ §I(t) + aL(2),

O = NSI(t) - cV(b).

They obtained the global stability of the disease-free and disease equilibrium under the
condition f = n and consistent persistent results. However, in reality, the constants f and
n may be not equal. In addition, the actual incidence rates are probably not strictly linear.
For example, the following viral model took into account the nonlinear incidence, that is,

. BTV .
the saturated mass action oV [26]:

O — s drT(t)+aT(1- 7= - ELOVD

dr ; Trnax T+bV (@)
dL(t) _ fBT(-t)V(t—t)e 171
ar - DbV (a +380)L(), @)
dl 1-HBT(t-1)V(t-12)e °172
a0 - WDPIER e 22 51(t) + aL(t),

O = NSI(t) - cV ().

The symbols have the same meanings as in system (1). Obviously, model (2) does not
reflect the phenomenon of cell-to-cell transmission.

To obtain the stability of disease-free equilibrium and endemic equilibrium without the
restriction condition f = 5 by constructing a proper Lyapunov function, in this paper, we
propose the following more general HIV infection model (3) with both virus-to-cell infec-
tion and cell-to-cell transmission inspired by the saturation incidence and logistic growth
terms to model (2):

dIO - gy aT(1 - Trz:ax)_ dpT(t) — ETOVO _ ki

dt 1+bV (t) 1+nl(t) ’
AL fBTG-t)V(-1)e™ 1T pkT(t—t)I(t-11)e 0171
ar T+bV(=11) + Tenl(t—11) —(a +38)L(),
dar@) _ (1=NBT(t-1x)V(t-Tp)e*172 (I=KT(t=tp)I(t-T2)e 172
ar T bV (i-13) + Tenl(i—13) —381(2) ®3)
+aL(t),

O~ NSI(t) - cV(b),
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where T'(¢) denotes the concentration of uninfected CD4+ T cells at time ¢, L(£) represents
the concentration of latently infected T cells at time ¢, I(¢) is the concentration of produc-
tively infected T cells, and V(¢) denotes the concentration of virions in plasma. The model
assumes that uninfected CD4+ T cells are produced at a rate s, and they are infected by
free virus at a rate 8 or by direct cell-to-cell transmission at a rate k. The parameter a is
a logistic growth rate of the CD4+ T-cells, T, is the carrying capacity of the T-cell pop-
ulation, and d7 is the per capita death rate of uninfected CD4+ T cells. The constants f,
n € (0,1) are the proportions of infection that lead to latency. Latently infected cells die at
a rate 8, per cell, and productively infected cells die at a rate § per cell. Latently infected
cells can be activated by their relevant antigens to become productively infected cells at a
rate . The factor N is the viral burst size, representing the total number of virus released
by one infected cell during its lifespan, and c is the viral clearance rate. The parameter §;
is the death rate of infected cells in which viral DNA has not integrated into the DNA of
the host cell. The time 1; represents the time from viral entry to viral DNA integrating
into the host cell DNA, and 1, represents the time from viral entry to viral production. It
was clear that 7 < 7, according to the viral life cycle. Thus ™17 and e™*1™ represent the
probabilities of an infected cell will survive 7; and 7, ages, respectively.

Now let us explain each item on the right side of model (3) in a biological sense. Since
the concentration of uninfected T cells at time is T'(¢), so s + aT (1 — ﬁ) is the growth
rate including natural production and cell division. Since CD4+ T cells can be infected by

HIV virions, the fourth term on the right-hand side of the first equation means that CD4+

BT®OV(®)
1+bV(t) ’

and infected T cells at a proportion 1 — f, respectively. Thus the first terms on the right-

T cells decrease at rate — then leading to become latency cells at a proportion f
hand sides of the second and third equations are formed according to the probabilities
€917 and e°17, respectively. Similarly, CD4+ T cells can be also directly transmitted by
infected T cells with transmission rate —% (the fifth term on the right-hand side of
the first equation), then becoming latency cells at proportion 1 and infected T cells at pro-
portion 1 — 7, respectively. Hence the second terms on the right-hand sides of the second
and third equations are formed according to the above two probabilities. Because latently
infected cells can be converted to productively infected cells at a rate «, the last terms
on the right-hand sides of the second and third equations are determined by aL(¢). The
first term N41(¢) on the right-hand side of the fourth equation represents the virus release
rate by infected cells. The last terms on the right-hand sides of the last three equations
represent the mortality rate of the corresponding cells.

This paper is organized as follows. In the next section, we give the derivation of the non-
negativity, boundedness, the basic reproductive number, and positive equilibrium point
of the proposed model. By constructing a Lyapunov function the results of the local and
global stability of the disease-free equilibrium without condition f =  will be proved in
Sect. 4. We study the Hopf bifurcation from the endemic equilibrium in Sect. 5. The last
section contains the conclusions.

2 Invariance

We denote the Banach space of continuous function ¢ : [-max{z1, T5},0] — R* with norm

lloll = sup{le1(@)I, [92(0)]; l@3(@)], [0a(0)[}
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by C, where ¢ = (¢1, 92, 93, ¢4). Further, let
Ci = {9 = (01(0), 92(0), 93(0), pa(0)) : ¢; > 0,V0 € [-max{1y, 72},0],i =1,2,3,4}.
The initial condition for system (3) is given by
(7°,L°%1°v% e C,. (4)

The local existence and uniqueness of solution to system (3) with the initial condition
(4) follow from the standard result in the theory of delay differential equations [27]. The
global existence of the solution on [-max{t;, 72}, 00) follows from Theorem 1.

System (3) is an autonomous differential equation system with constant time delays.

It always has an infection-free steady state Ey = (7%,0,0,0), where Tj = TL;"[LZ —dr +

2
[(a—dr)* + ﬂ].

Tmax

We have the following result on the positivity and boundedness of solution of system

(3).

Theorem 1 Suppose that (T(t),L(t),1(t), V(t)) is a solution of system (3) with initial con-
dition (4). Then it is positive and ultimately bounded for t > 0.

Proof The proof is divided into two steps. In the first step, we prove that the solution of
system (3) is positive. We state that T'(£) > 0 for all £ > 0. Otherwise, assume that there
exists £; > 0 such that T(¢;) = 0 and T(¢) > 0, t € [0,£1), and thus T’(¢;) < 0. From the
first equation of system (3) we have T'(t;) = s + aT(t1)(1 — %) —drT(t) - % —
k{fy};])(]fﬁ) = 5> 0. The contradiction implies that T(¢) > 0 for all £ > 0.

By the last three equations of system (3) and the variation-of-constants formula for non-

homogeneous linear differential equations we have

[fﬂe"sm TE-t)V(E-1)
1+bV(E-17)

nke 1M T(§ — t)I(E - 11)
1+nl(é -1)

_ Fr-HBe2TE - n)V(E - 1)
_ St
@) =10 + /0 [ 1+bV(E —1)

(1 - ke 2T(€ - )I(§ - 1)
1+nl€ -1)

t
L(¢) =L(0)e~ @0t 4 /
0

] e @8 e

+ aL(g)]e-w-f)ds,

t
V() =V(0)e™ + / NSI(E)e 5 dk.
0

It is obvious that L(¢) > 0, I(¢) > 0, and V'(¢) > 0 for small ¢ > 0. Next, we show that L(¢) > 0,
I(t) > 0, and V(¢) > 0 for all £ > 0. Assume that £, > 0 is the first time such that

min{L(t,),1(£2), V(£2)} = 0.
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If L(t;) =0, L(¢) > 0, I(¢) > 0, and V(¢) > O for ¢t € [0, t,), then we have L'(¢;) < 0. However,

from the second equation of (3) we have

fBT (- )Vt —t)e™ ™ kT (t — t)l(ty — 11)e™ ™™

L'(t) =
(£2) 1+6V(G—1) " L+nlty—1)

>0,

which is a contradiction.

By a similar proof we can obtain that I(;) = 0 and V(¢,) = 0 are impossible. Thus L(¢) > 0,
I(t) >0,and V(¢) >0 forall £ > 0.

In the second step, we prove the ultimate boundedness of the solution of system (3).
From the positivity of the solution and the first equation of (3) we obtain that

aT T
E <s+ ﬂT(l - T—) - dTT(t),

max

which yields [28]

limsup T(¢) < Ty.

t—+00

From the second equation of system (3) we get

dL(t) - BTt —t)V(t—11)e '™ nkT(t—t)I(t - 11)e™17
dt — bV —1) " nl(t—1)

— (o +681)L(2)
_f,B T(t-1)e ™ pkT(t - 1p)e 10
B b * n

—81T —81T
S(_fﬂebll . nke 171

— (o + 80)L(2)

)To — (o + SL)L(E).

Then we have

limsup L(¢) <

t—+00

M.

(fﬂe_(m1 +’7ke‘51T1> To &
b

n o+

Similarly, we can get

. T()ﬁ —81T2 afe_al m
timsup 1(6) <= (- + 57 )
Tok s ke 1Ty A
- 1_ 172 _2 )= s
* né (( §e * o+ 05 ) 2
and thus

NSM
limsup V(¢) < 2,

t—+00

Let M = max{Ty, M1, M5, NoMy }. Then T'(¢), L(¢), I(t), and V(¢) are ultimately uniformly

c

bounded, and their upper bound is M. This completes the proof of the theorem. d
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Denote

M,

Q={(T,L,L,V) e C.: [ITOI = To, ILOIl = My, DIl < Mo, V(DI = il }.

Then it follows from Theorem 1 that the region Q is positive invariant with respect to
system (3). This shows that system (3) is dissipative, i.e., the positivity of system may im-
ply that HIV virus and all the CD4+ T cells including uninfected, latently infected, and
infected T cells may survive. Because of availability of limited resources or spaces, the
boundedness of the system may be viewed as the natural barrier to unrestricted expan-

sion.

3 The basic reproductive number and the existence of endemic equilibrium
Obviously, system (3) has a disease-free equilibrium point Ey = (7, 0,0,0). We define the

matrices
fﬂT(t—nzV(t—rl)e*‘Slfl nkT (t—11)I(t-71)e 171
1+bV(t-17) 1+nl(t-11)
F= (1—f)ﬁT<t—rz)vu—r§)e*51’2 + <1—n>kT(?—r2>Iét—rz>e*51’2
1+bV(t-12) 1+nl(t—19)
0
and
(o +61)L(2)
V= SI(t) — al(t)
—N§I(t) + cV(t)
Then we have
9 F(Eo) 0 T]k(fsln To fﬂeiﬁlrl To
0
“aLLy) - |0 -kl - T
Y 0 0 0
and
+4 0 0
V= OV(Eo) = o 1) 0
“annLv) | 7Y

0 -N§ ¢

Thus the basic reproductive number Ry is the spectral radius of the next generation
operator FV~! [29], that is,

NBT
R() Zp(FV_l) = ﬂ (ie_alfl + (1 _f)e—511'2>
c o+
kT,
+ %o (—an ehim - n)e—zhzz
8 o+ 68

A

=R01 +R02.

Similarly to [25], Ro; and Ry, represent the contributions to Ry from the virus-to-cell
infection and cell-to-cell transmission, respectively.
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Next, we show that the threshold condition guaranteeing the existence of the endemic
equilibrium is Ry > 1. An endemic equilibrium E* = (T*,L*,I*, V*) is a positive solution of
the equation system

S w _ BTVE  kTHI* _
stal*(1— g =) —drT" - Ty = 15F =0
fﬁT*V*e*“lfl nkT*I*e‘alrl

* _
A L (50‘ +3)L* =0, (5)
A-NBT*V*e 1™ | (A-pkT* e 12 o . _
TV + Tl —of +al” =0,

N&I* —cV*=0.

After some calculations, we obtain that

B To(1 +bV*)(NS + cnV*)
" Ro1(NS + cnV*) + NSRyo(1 + bV*)’

*

Ns§’
I o 1 (fﬁT* V*e iim . nkT*I*e‘51’1>
o +6r 1+bV* 1+ nl*

and V* satisfies the equation
Agx® + Asx® + Apx® + Ajx + Ag = 0,

where

2
_—aly

Ay = b2,
Tmax

—aT?
As =ﬂ(2bn2c2 + 2N8b*nc) + To((a — dr)bnc)(Roync + RygNSb)

max

— ToRo1 Bn*c® — ToRo1kebne — TyNSBRyzbnc — TokcRy,NSb?,

—aT?
Ay = ﬂ(n% +4NSbnc + N282b?) + ToRo1(a — dr)(n*c? + 2N§bnc)

+ ToRo2N8(a — d7)(NSH? + 2bnc) + nglnzc2 + 28Rp1 RyaNbnc
+sR2,N?8%b* — 2ToRo1Npnc + To(nc + N8b)(—kcRo; — NSBRy)
— 2TOR02kCN8b,

2
—aly

A= 2N§(nc + N8b) + To(a — dr)[Ro1(2NSnc + N28b) + RyyNS(2N b

max

+1¢)] + 2sN8[Ro1*nc + Ro1 Roa(NSb + nc) + R2,N8b) + ToNS[—Ro1 NS

— kcRoy — N8B Ry — keRos ],

—a (Ty\* T
Ao =N252R2 | 2 (20 - s .
0 =N RO|:Tmax 2 +(a—-dr) 2 +s

When Ry > 1, there must be at least one positive root for this quartic equation. In fact,
we define the function g(x) = Agx* + Asx® + Aox® + A1x + Ag. Noticing that 0 < ;—8 < Tp and
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s+aTy(1- %) —drTy =0, we get that g(0) = Ag > 0. From A4 < 0 we have that g(x) — —oo
as x — +0o. Thus the equation g(x) = 0 has at least one positive real root, denoted by V*.
Based on the above analysis, we get that when R > 1, there is an endemic equilibrium

E* = (T*,L*,I*, V*) for system (3).

4 Stability of the disease-free equilibrium
In this section, we study the local and global stability of the disease-free equilibrium. The
following results show that the basic reproductive number provides a threshold value de-

termining the local and global stability.

4.1 The local stability of the disease-free equilibrium

Next, we give the locally asymptotic stability of the disease-free equilibrium.

Theorem 2 For system (3), if Ry < 1, then the disease-free equilibrium Ey is locally asymp-
totically stable, and if Ry > 1, then it is unstable for all time delays t;, T, > 0.

Proof Let E= (7", L1, V) be an arbitrary equilibrium of system (3). Then the characteristic

equation of the linearized system of system (3) at the equilibrium Eis

2aT + BV kI 0

A—atdr+ Tmax © 14bY ' 1+nl

Be 1Y pke1T1T\
_(f 1+bV ! 1+nl )e " Aot 8L
_(U-npe1nV  a-npke 12T\ i, _
( 1+bV + 1+nl € o
0 0
kT 8T
(L+nl)? (1+bV)?
77)kTE_81 T g=AT1 —fB Te 0171 =211
(L+n)2 (1+bV)? =
34§ WmkTe12e?  (-f)pTed12en2 0. (©)
(1+nl)? (1+bV)2
-N§ A+c

Substituting Ey = (T}, 0,0, 0) into Eq. (6) and expanding the determinant by the first col-

umn, we obtain A —a + dr + ZT“i =0or
max

A+a+8)A+0)A+8) =+ +38.)(h + )1 — nkTpe 127472
+(A+a+8)NSBTH(1 —fle*12e™2 1 a(A + c)nkTpe "1 e )

+ N8B Toafe 17,
Therefore one of the characteristic roots is

2aT 4,
- Ja-drp+ —=

Tmax max

)»=6l—dT—

<0,

and the remaining roots are determined by Eq. (7). When Ry < 1, we claim thatif A = x + yi
is the solution to Eq. (7), then the real part x < 0. Assume that x > 0. By dividing both sides

Page 8 of 18
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by (A + & + 8.)(A + ¢)(A + 8) Eq. (7) becomes

N8BToafe 1M  NSBTo(1—fle 12w
+

T ta+ o)At O+ ) o+ 00 +9) -
ankToe1Me?™ (1 = nkToet172em2
+ +
(A+a+38)(A+6) A+

Taking the modulus of the left-hand side of Eq. (8), we obtain

N8B Toafe 1710 NSBTo(1 —f)e 17274
+

N A+a+6)A+c)A+9) (A+c)A+9)
ankToe1me™?™ (1 = nkTet172e 72
+ +
A +a+38)(A+9) A+6

<’ N8B Tyafe 117401 ‘ NSBTy(1 - fle b1
< +

A+a+8)A+c)A+0) A+c)(A+06)
ankTye 117401 (1= nkTye 1727472
A+a+0)(A+9) )

_N8BafToe ™ NSBTo(1-fle 1

+
cd(a +8r) cd
ankTye 1 (1 — n)kTye 1™
+
8(a +81) 8
NBTy (afe™1m s kTy [ ane™1® s
= 1- 172 — 1-— 172
; (a+5L +(1-f)e Ml s +(1-ne
ZRo.

This contradicts Ry < 1. Thus all the roots of the characteristic equation have negative
real parts. Therefore the disease-free equilibrium is locally asymptotically stable when
Ry<1.

Next, we turn to the case of Ry > 1 with delays 7, 7, > 0. The characteristic equation (7)

can be written in the form
F(A\) 223 + ByA2 + Byh + By = 0, )
where

By =(a + 8, + ¢+ 8) — (1 — n)kTpe 12772,
Bi =(a +8.)c+ (a0 +8.)8 + ¢8 — (¢ + & + 8.)(1 — n)kTpe *12e7™2
—N8BTo(1 —f)e12e™*™ — ankToe "1™ 1,
Bo =(a +81)¢d — (o + 8)e(1 — n)kToe™®12e™2 — (o + 8, )NSBT,
x (1 —f)e_‘Slrz e _ oo nkToe_‘Slrl e _N§S Toafe_alrle_m.
Obviously, F(0) = By = (@ + 8.)c8(1 — Rp) < 0, and lim; _, ;oo F(A) = +00. It shows that

Eq. (9) has at least one positive root. Therefore the disease-free equilibrium Ej is unstable
when Ry > 1. This completes the proof of the theorem. d
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4.2 The global stability of the disease-free equilibrium
We use the Lyapunov direct method to study the global stability of the disease-free equi-

librium of system (3).

Theorem 3 If Ry < 1, then the disease-free equilibrium E of system (3) is globally asymp-
totically stable for all time delays t;, 7, > 0.

Proof Let G={(T,L,[,V)e C,:To>T >0,L >0,] >0,V > 0}. From Theorem 1 we

know that the region G attracts all solutions of system (3). Let (T'(¢), L(¢), 1(¢), V(¢)) be the

solution of system (3) with any initial value (4). We claim that T(¢) < T for all £ > 0. In
d

fact, if there is t; > 0 such that T'(t;) > T and % > 0, then we have

dT(t) T(t1) BTV () kI (t)I(t)
g ST - —dr T () - S e T T @)

- _ﬂT(tl)V(tl) _ KT (41)I(t1) -
1+bV(ty) 1+nl(t) ~—

Here we have used T'(t1) > Ty and s — d7 Ty + aTy(1 — %) = 0. This is a contradiction to

% > 0, so the claim is proved. Thus G is positively invariant with respect to system (3).

Define the function W () = W1(t) + W5(t) on G, where
o 1- R02
Wi(t) = ——L(t) + I[(t) + ————V(¢),
o+ SL N

and

Wz(t):ozfe‘5”1 TETE-OV(E-6)
a+d Jo  1+bV(E-06)

ane i1 /‘Tl kT(t—@)I(t—O)de
a+d; Jo 1+nl(t-0)

2 BT(E-60)V(t-0)
0 1+bV(t-0)

e [*HIC0E-0)
g o 1+nl(t—0)

Calculating the derivatives of W;(¢) and W5(t) along the solution of system (3), we obtain

+(1—fer

dt o +6r 1+bV(t-17) " 1+ul(t-1)
A-PHBTE-)V(E-T12)e1™ (1 =T (t—1)I(t - T2)e 1™
" 1+bV(i—-1) " 1+ nl(t— 1)
cV(t) . RypcV(t)
N N

AWi(t) _ae < FBT(t—t)V(t—11) nkT(t— )t~ m)

— 8RoI(2) -

and

AW (t) _ af [T ABT{E-0)V(t-0))
dt a+8. o dtl+bV(E-0))
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a2 / dKT(E=O)I(t=0)) |
0

e dt(L+ nl(t—0))

o+ (SL
5yt 2dBTt-0)V(E-0))
rend _f)/o a1+ bVE—0)
s [ KT = 0)I(t - 0))
rernd ”)/0 dt(1+ nl(t - 0))
o of [T ABT-0)V(t-0)
a+38; Jo do(1+bV(t-0))
an /fl A(KT (¢t - 0)I(t - 6))
s do(l+nl(t—6))
e [ ABTE-O)V(E-6))
~(-pe /o 60 ovi_ay
e [T AKT(E -0t - 60))
—(1=me 2/0 A6+ nl(t—0))
o o BTOVO) ., of BTC-m)V(-m)
N o+, 1+bV(@) a+d, 1+bV(t-T1)
an KTOIO 5. on KT(E-)IE-1)
o+ 0 1+nl(t)_e a+6, l+nl(t—1)

_eim

Ot+8L

+ein

—0172 BT®V(@) (1 _ 0172 BT(t-1)V(E—-12)
e v T -

—8172 kT(t)I(t) _ _ —811T IBT(t - TZ)I(t - T2)
e e T )

W) _dWi(t) dWa()

dt

dt dt
_ehim af BTOV(@) 4 g-tin 9T KT (H)I(¢)
a+d, 1+bV(2) a+8 1+nl(t)

+(1-f)e T V0 +(1-ne A0
V() RpcV(t

—8R021(t)—cz\§)+ Ozj\[()

S(aﬂhe +(-fe Z)1+bv(t)

+ (ﬂefslfl +(1_n)661t2) M
a+d 1+ nl(t)
V(@)  RocV(t)

— SR I(2) - N TN

< (—“f e (1= f)e-51f2) BToV(t)

T \a+ L
+ (ﬂe_‘Slrl +(1- n)e“sm) kTol(t)
o +0f

V(t) RpcVit
—8R021(t)——cz\§) +Lj\[()
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c [NﬁTO (iﬁm +(1 —f)e‘51f2> V(t) - V(t)}

N c oa+6r
KT, RoacV(¢
v Ko (90 oy (g Z e ) 1) - Ropl(e) | + RV O
) o+ (SL N

- %(Rm V(t) = V(1) + 5(RoaI(£) — RopI(£)) + %Roz 70
=%(R01 + Ry~ V(D)

:%(RO D)V,

It is clear that % < 0 when Rj < 1. Moreover, dvgt(t) =0 if and only if V(¢) = 0. The
largest invariant set in {(7,L,1,V): % = 0} is the singleton set {Ey}. Therefore by the
Lyapunov-LaSalle invariance principle and Theorem 2 the disease-free equilibrium Ej is

globally asymptotically stable. O

Remark 1 Theorem 4.1 in [25] requires the condition f = 1 to ensure the global stability of
the disease-free equilibrium. However, in clinical practice, these two parameters may be
not equal. Our Theorem 3 removes the condition f = 5. Therefore our conclusion is more
consistent with the actual situation. In fact, by using the method of proving Theorem 3,
we can prove that Theorem 4.1 in [25] holds even if two parameters are not equal.

5 Hopf bifurcation from the endemic equilibrium

Once the system generates the Hopf bifurcation, the HIV viral load will fluctuate periodi-
cally in the hosts, which is not conducive to the prevention and control of AIDS. Therefore
it is necessary to explore the existence conditions for the Hopf bifurcation in the system,
s0 as to bring enlightenment to the prevention and control of AIDS. In this section, taking
77 and 1, as the bifurcation parameters, we consider the existence of Hopf bifurcation of
system (3) from the endemic equilibrium E* = (T*, L*, I*, V*). We know that the endemic
equilibrium E* exists when R, > 1. Substituting E* into Eq. (6), the characteristic equation
of the linearized system of system (3) is

Po(A) + PL(M)e™ ™ + Py(L)e™*™ =0, (10)
where

Py(A) =24+ dg)\?’ +a)? + aih + ao,
Py(A) =byA? + by + by,

Py() =3\ + oA + c1h + co,
and

az = —(an + ax + azz + da),
aj =aia + a11ds3 + ai1dag + adsz + ddag + A3z,

a) = — a11d22d33 — A11422044 — 411433044 — A22033044,
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ag =a11a22a334044,

by = — azyby3,

by = — azagbiy — aizaznba + anby(an + au),

bo = — a14a32a43b71 + a11a32a43b24 + A13a32a44b21 — A11032a44D93,

C3 = — (33,

€y = — ag3C3q + €33(a11 + A + daa) — A13C31,

c1 =(a11 + axn)as3csq — A14443¢31 — €33(A11a22 + A11444 + A22A44)
+ai3(an + asu)cs,

Co = — A11422043C34 + A14022043C3]1 + A11A22044C33 — A13A22044C31

with
— g _ 2aT* _ BV* _ _k* — __kr* _
an =a dT* Tmax  1+6VF  Tenlm H13 = (20
T
ays = ——(lﬁ,v*)z, dzy = —(a +8p),
az =a, asz = =9,
ags = N§, agq = —C,
—81T *
_sim (([BVE ok _ ne kT
by =e <1+bV* 1o ) bas = (L+nl*)2 ?
_ Tt _ ohiry ((ANBVE | (A-nkl*
b =gy ca1 =€ (g + o )
Can = (LzmeP12kT™ Cag = ADEI2BT
33 — (L+nl*)2 ’ 34 = 1A+bV*)2

Now we discuss the Hopf bifurcation of system (3) in three cases.
Case (1): when 11 = 7, = 0, Eq. (10) is reduced to

W4+ (G3 +C3)A + (g + by + E)AE + (a1 + by +E)A + (Gg + bo + Co) = 0, (11)

where a; = a;, 1_9,» = bj(r;-0), and ¢ = Cx(ry-0) (i,k = 0,1,2,3;5 = 0, 1,2). By the Routh—Hurwitz
criterion the roots of (11) must have negative real parts if the following condition is satis-
fied:

(Hy) as3+c3>0,a;+by+¢1>0,and (@) + by +¢1) (a3 +3)(@z + by +€2) — (a1 + by + 1)) >
(a3 +€3)*(a@o + by + ¢9) > 0.

Therefore, if the conditions (H1) and Ry > 1 hold, then the endemic equilibrium E* is
locally asymptotically stable in the absence of delay.

Case (2): when 71 =0, 75 > 0, Eq. (10) is reduced to

W+ msA® + maA? + g+ mg + (A3 + A% + ch + co)e 2 =0, (12)

where mg = ag + by, m1 = a1 + by, my = as + by, and m3 = as.

Without loss of generality, we assume that Eq. (12) has a pair of simple and conjugate
imaginary roots A = +iw(ty), where w(7,) is a real and positive function of t,. It follows
that

(C30° = ¢p) oS WTy + (C30° — crw) sinWTy = W* — Maw? + My,
(13)
(¢o — cow?) sinwTy + (c3w® — crw) COs WTy = —M3w® + M.
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Squaring and adding the equations of (13), we obtain that
a)g + h36()6 + h2w4 + 1’116()2 + h() = 0, (14')
where

hs =m3 — 2m, — c3,

hy =m + 2mg — 2 —c+2

2 =My + 2mg mims — Cy + 4€1C3,
hy =m; -2 2c0¢y — ¢

1 =y momiy + 2CpC — €7,

22
ho =mg —cg.

Taking z = ®?, (14) can be converted to

G1(2) 2 2 + 1323 + hp2® + hyz + g = 0. (15)
Denote
8]’12 - 3h§ hg — 2]’12]’13 + 8h1 q2 pS
p= q = )DO =—+ =
16 32 4 27

and define

h h
Z; =max S 9T B Tl e py-o,
4 2 4 2

« h3 h3 h3 - s
z3 =max 1 + 2Re{a},—z + 2Re{ae},—z + 2Re{aE} if Dg<0,

_ 3 _q _ =1+4/3i
where o = /-7 + /D and & = =5,

By a similar argument as for Lemma 2.1 in [30], we have the following lemma.

Lemma 1 For Eq. (15), we have:
(H3) Ifho <0 or hy > 0 and one of the following conditions holds:
(1) Do>0,2] >0, and Gi(z}) <0,
(2) Do=0,25>0,and G1(z5) <0,
(3) Do<0,25>0,and Gi(z3) <0,
then Eq. (15) has at least one positive root.
(Hs) If ho > 0 and one of the following conditions holds:
(1) Do>0andz; <0,
(2) Dy =0andz5 <0,
(3) Do <0andz;<0,
then Eq. (15) has no positive root.

Without loss of generality, we assume that Eq. (15) has four positive roots, denoted by gj.
Then Eq. (14) also has positive roots wi = \/gx (k = 1,2,3,4). Furthermore, from Eq. (13)
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we have
i 1 2jm
1:2(’(;0 = — arccos(bq) + / ,
Wi Wi
where
9 (@f = myw} + mo)(cr0} — ¢o) + (~m3w; + Mywk)(c303 — c1w)
1= )

(e300} — c109)* + (2% — ¢0)?

k=1,2,3,4,j=0,1,2,.... Then tiwy is a pair of purely imaginary roots of Eq. (12) with

Ty = Tz(}k) Letty = min{1,2,3,4}{t2(2)} and wy = w(ty), where w(t5) is the value of w when t = £].
Let A(t2) = &1(12) + iw(12) be a root of Eq. (12) satisfying &1 () = 0 and wy = o(t;).
Differentiating both sides of Eq. (12) with respect to 15, it follows that

- M3+ A2+ A +¢o) A+ mzA3 + maAZ + A+ mg) A

( dir )_1 3c3h? + 200A + 1 4203 + 3msA? + 2moh + My 7
dl’z

Notice that

, { d(Rer) } , ( dx )‘1
sign =sign {Re | — .
de 1'2:'52* de «

=Ty

According to Egs. (12), (13), (14), and (15), we have

, {d(ReA)} , { Gy (wo) }
sign 7 = sign

12 (c303 — €1)?w} + (co — C209%)?

= sign {G’1 (a)o)} .

%Mﬂ; and G(wp) have the same sign. By applying

Since wy > 0, we conclude that
Lemma 1 to Eq. (15) and Hopf bifurcation theorem we get the following theorem about

the existence of a Hopf bifurcation.

Theorem 4 Suppose that t1 =0, 13 >0, and Ry > 1.

(D) If (Hy) and (Hs) hold, then the endemic equilibrium E* of system (3) is asymptotically
stable for Ty > 0.

(II) If (H1), (H3), and Gi(wo) # 0 hold, then the endemic equilibrium E* of system (3)
is locally asymptotically stable for v, € [0,1;). In addition, Hopf bifurcation occurs when
Ty = T, and system (3) generates a cluster of bifurcated periodic solutions near t;, where

|
T, = — arccos
o

(g — My + mo)(Cr3 — o) + (~mzw§ + mywo)(c3w3 — c1a) }
(e300 — €100)* + (€205 — ¢0)?

Case (3): when 17 > 0 and 1, = 0, this is similar to Case (2).
Case (4): when 71 > 0 and 7, > 0, let A = iw (notice that the w here has nothing to do with
the w in Case (2); it is just an expression) be the root of Eq. (10)). Then we obtain

ot — a30% — ay@® + aywi + ag + (=byw? + bywi + by)e T
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3 — cr0? + i + ¢p)e ™ = 0.

+(—c3w
Separating the real and imaginary parts, we get

(byw? — by)cos wty — biwsinwt, = 0* — ayw? + ag + di,

0 ’ (16)
(bo — byw*)sinwt; — biwcoswty = —asw® + ayw + g1,
where
dy = — c30° SiNWTy — Crw? COSWTy + L SINWTy + €y COS WTy,
g1=- C30° COS WTy + CH@? SIN WTy + €10 COS WTy — Co SN WTy.
Squaring and adding the above equations, we obtain
@® + e’ + eaw® + e300° + eyw® + ey + ey = 0, 17)

where

ec = a3 —2as, ey =as+2dg+2d, —2a1a3 - b3,

es3 = —2613g1, ey = —2610612 — 242611 + ﬂ% + 2bob2 — b%,
e1 = 2a.g1, eo = ag +d; +2apdy + g7 - b},
Suppose that

(Hy) Eq. (17) has at least one positive real root.
Then without loss of generality, we assume that Eq. (17) has eight positive real roots wy,
k=1,2,...,8,and from Eq. (16) we have
) 1 2]7'[

Ty = w—k arccos (6,) + w—k,

_ (w/f—azw,% +ag +d1)(b2w]% —b0)+(a3w]% —ay1wi—g1)b1wi
B (brw?~bo)? +h}w?

where 6, ,j=0,1,2,....

Let 7 = min{kzlyzwsl{rl(?,z)} and A(t1) = &(11) + iw(t1) be a root of Eq. (10) satisfying
& (1) = 0,and let wf = w(ty), where w(t{") is the value of w when 1; = 7{". Next, we consider
the transversality condition. Taking the derivative of A with respect to 7; in Eq. (10), it

follows that
da\"! Fy3 + Foui  Fo1Fo3 + FypFoy
Re —_— = Re L= 2 2 )
d‘L’l " F21 + Fzzl F21 + F22
T1=Z]
where

Fy1 =(bo — by(w}) Dy sin ity — by (wf)? cos wity,
Fop =(bo — by(w}) Mg cos wi Ty + by(w))? sinwy Ty,
Fy3 = = 3ay(w})? + 2byw sinwiti — 7 (bo — by(w})*) cos wiit) + by cos it

+a; — T b} sinwi T + (1 — 3c3(wf)?) cos wi Ty + 20207 sin Ty
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—15(co — cz(a)g)z) coswyTy — Ta(crwg — C3(a)3)3) sinwg T,

Foy = — Hw})? + 2a,0 + 2bys cos T} — by sinwi T} — 11 by o)y cos i T
+ 17 (b — ba(w)?) sinw} T — (c1 — 3e3(wh)?) sin Wi Ty + 2205 cOs W} Ty
- Ty(c1wy — cs(wé‘)s)cos Wy T2 + Talco — cz(wé‘)z) sinwg 7.

If we suppose that Fy; Fy3 + FyoFyy # 0, then Re(j—é);llzrf 0.
We obtain the following conclusion.

Theorem 5 Suppose that 7, >0, Ty > 0, and Ry > 1. If (Hy), (Ha), and Fy1Fy3 + FypFpy # 0
hold, then the endemic equilibrium E* of system (3) is asymptotically stable when t; €
[0, T{"), and Hopf bifurcation occurs when 7, = ;.

6 Conclusions

We constructed a latent HIV infection model (3) with virus-to-cell and cell-to-cell trans-
mission modes. In addition, we added logistic growth terms and nonlinear incidence to
model (3). According to [31], it is reasonable to assume that the infection rate of modeling

HIV infection has % and lliTnI] forms. Time delays between viral entry and the establish-
ment of latent infection or virus production were also included in the model. We derived
the basic reproductive number Rj. Our results show that Ry is a threshold that affects the
stability of the equilibrium point.

By constructing a proper Lyapunov function we obtained the global asymptotic stability
of the disease-free equilibrium when Ry < 1 without condition f = 1 of Theorem (4.1) in
[25]. This means that once drug treatment, such as antiretroviral therapy, makes Ry < 1,
the infection is expected to disappear. In addition, by using the method of Theorem 3
we can also obtain the global stability of the disease-free equilibrium point of system (1)
without the condition f = 5.

The analysis showed that the local stability of the disease-free equilibrium is indepen-
dent of the size of the delay, but the size of the delay may affect the endemic equilibrium,
leading to a Hopf bifurcation. We studied the existence of the Hopf bifurcation of sys-
tem (3) at the endemic equilibrium and gave the conditions for the emergence of Hopf
bifurcation of the system in four cases.
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