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Abstract

The existence-uniqueness theory for solutions to stochastic dynamic systems is
always a significant theme and has received tremendous attention. This article aims
to study the theory for stochastic functional differential equations (SFDEs) driven by
the G-Lévy process. It derives the existence-uniqueness theorem for solutions to
SFDEs driven by the G-Lévy process. Moreover, it shows the error estimation between
the exact solution x(t) and Picard approximate solutions x”(t), n > 1. Ultimately, the
exponential estimate has been derived.
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1 Introduction

Several authors have studied stochastic dynamic equations based on G-Brownian motion
[1,8,10, 13, 26]. Among them, the existence-uniqueness, stability, moment estimates, con-
tinuity and differentiability properties of the solution with respect to the initial data have
been explored in detail [4, 7, 14, 17, 19, 22, 27]. Stochastic differential equations (SDEs)
based on the Lévy process perform a leading role in a broad range of applications, con-
taining financial mathematics for describing the observed reality of financial markets [2],
physics for various phenomena [25], genetics for the movement designs of many animals
[9] and biology for modeling the spread of diseases [12]. In [11] Hu and Peng initiated
the G-Lévy process. In [18] Ren represented a sublinear expectation related to the frame-
work of G-Lévy process as an upper expectation. Paczka then inaugurated the integrals
and It6 formula based on the G-Lévy process [15]. The existence and exponential es-
timates for solutions to SDEs driven by G-Lévy process were established by Wang and
Gao [23]. They also constructed the BDG-type inequality in the stated framework [23].
The existence theory for solutions to SDEs based on G-Lévy process having discontinu-
ous coefficients was given by Wang and Yuan [24]. The quasi-sure exponential stability of
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SDEs in the framework of G-Lévy process was initiated by Shen et. al. [21]. To the best
of our knowledge, no text is available on the study of existence-uniqueness and exponen-
tial estimate for solutions to stochastic functional differential equations (SFDEs) driven by
G-Lévy process. Consequently, the current research aims at working on the stated theme.
Let R? be the d-dimensional Euclidean space and R¢ = R?\ {0}. Consider BC((—o0, 0]; R%),
the family of bounded continuous R?-valued mappings ¥ defined on (-oc, 0] with norm
1%l = sup_no9<0 1¥(0)] [20]. Let F; = o {B(v) : 0 < v < ¢} be the natural filtration defined
on a complete probability space (S, F, P). Assume that {F; : ¢ > 0} assures the usual char-
acteristics. Let f : [0, T] x BC((-o0,0]; R?) — R?, g : [0, T] x BC((—00,0]; R?) — R4,
h:[0,T] x BC((~00,0];R%) — R and K : [0, T] x BC((—00,0];R?) — R¥*" be Borel
measurable. We consider the following SFDE driven by G-Lévy process:

dx(t) =f(t,x:)dt + g(t,x,)d < B, B> (t) + h(t, x,)dB(t) + , K(t,x,_,2)L(dt,dz), (1.1)

Ro

on t € [0, T] with initial condition ¢(0) € R?, x; = {x(¢ + 0),—00 < 6 < 0} and x,_ in-
dicates the left limits of x,. B(¢) is a d-dimensional G-Brownian motion. The coeffi-
cients f(.,x),g(.,x), h(., x) € M%((~o0, T1;RY) and K(,%,.) € HE((~00, T] x R%; R4) for ev-
ery x € R Please see [23]. Equation (1.1) has the following initial condition.

%o =¢ ={¢(0):—00 <0 =<0}, (1.2)

is Fo-measurable, BC((—o0, 0]; R%)-value random variable such that ¢ € MZ((~o0, T]; R%).

The rest of the article is arranged as follows. Basic results and definitions of the G-
framework are given in Sect. 2. The existence and uniqueness of solutions to SFDEs driven
by G-Lévy process is studied in Sect. 3. Here, the boundedness of solutions is determined.
The error estimation between the exact and approximate solutions is shown. The expo-
nential estimate for solutions to SEDEs driven by G-Lévy process is constructed in Sect. 4.

2 Fundamental settings

In this section, we include preliminary results and notions of the G-framework required
for the subsequent sections of this article 3, 5, 6, 17]. Consider St = Cy([0, T1,R%), the
space of real-valued continuous mappings on [0, 7] such that w(0) = 0 endowed with the

distance
— 1
1.2\ _ L Loy 2
PO =3 5 (max Wl - w0l A 1).

Let for any w € St and ¢ > 0, B(¢, w) = w(t) be the canonical process. Let F; = o {B(v),0 <
v < t} be the filtration generated by canonical process {B(¢),¢ > 0} and F = {F;}s>o.
For any T > 0, define L;)(St) = {¢(B(t1), B(t2),...,B(tg)) : d = 1, t1,t5,...,t4 € [0, T],¢ €
Cb,Lip(RdX’”))}, where Cb,Lip(Rd””) is a space of bounded Lipschitz functions. A functional
[E defined on £;,(St) is known as a sublinear expectation if it ensures the characteristics
given as follows. For every &,y € L;,(St)

(1) Monotonicity: E[x] > E[y] if x > y.

(2) Constant Preserving: For all c e R, E[c] =c.

(3) Sub-additivity: E[x] + E[y] > E[x + y].
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(4) Positive homogeneity: For all k > 0, E[«xx] = «E[x].
For t < T, Liy(S) € Lip(St) and Ly(S) = U2 L, (S,). For p > 1, ,CIZ;(S) indicates the
completion of £;,(S) endowed with the Banach norm IAE[|.|"]11_’ and E’é(&) - .C%(ST) -
Eé(S) for 0 <t < T < o0. The triple (S, £;,(S7),E) is recognized as a sublinear expec-
tation space. For p > 1, a partition of [0, T'] is a finite order subset {A? : N > 1} so that
AI§ :0=1t9<t; <---<ty=T}. The space M@O([O, T1), p > 1 of simple processes is defined
by

N-1
M0, TD = {n1(2) = Y 6D 118 £4(2) € L)) 1)
i=0

1
The completion of space (2.1) equipped with the norm ||| = { fOT ]E[|n(s)|1’]ds} g is indi-
cated by MZ(0,7), p > 1.

Definition 2.1 Let 7, € M¥,(0, T), p > 1. Then the G-1t0’s integral is defined by
N-1

T
| naze = (i - ).
i=0

Definition 2.2 [16] For a partition 0 = £y < £; < - - - < ty_1 = £, the quadratic variation pro-
cess {(B)(t)};>o is defined by

N-1 t
B)© = lim 3" (B(tﬁl) —B(th))2 =B} -2 f B(s)dB(s).
—> 00 i—0 0

A mapping g7 : I\\/JI%I(O, T)— ,CZG(]:T) is given by

T N-1
Mo = [ n6dB6 = 3 6( Bl - B10)
i=0

It can be extended to M;(0, T) and for n € M(0, T) this is still given by

T
/ n($)d(B)(s) = Io,r(n).
0
Let Q be a weakly compact set representing E. The capacity 1 is given as the following

V(A) =supP(A), Ae Fr.
PeQ

The set A is polar if D(A) = 0. A characteristic holds quasi-surely (q.s) if it sustains outside
a polar set.

Lemma 2.3 [3] Let x € £, and E|x|? < co. Then

E[lxl"]
C )

(] > ¢) <

forany c> 0.
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The proof of the Lemmas 2.4 and 2.5 can be seen in [10].

Lemma 2.4 Let A € M‘Z(O, T),p>2.Then

14
2

f A(s)dB(s)‘ f |A(s)|2ds] ,
0

where 0 <o = ky T2 < 00, ky is a positive constant depending on p.

]E[ sup

0<t<T

Lemma 2.5 Let A € MZ(O, T),p>1.Then

]E[ sup
0<t<T

V4
/ A(5)d(B, B) (s)‘ / |k(s)|2ds 2

0

where 0 < B = kyTP™! < 00 and k, is a positive constant depending on p.

Definition 2.6 [15, 21] A stochastic process {x(¢), ¢ > 0} defined on a sublinear expecta-
tion space (S, L;(St), E) is known as a a G-Lévy process if it ensures the upcoming five
characteristics:

(1) x(¢)=0.

(2) Foranyt,s> 0, the increment x(¢ + s) — x(s) is independent of x(¢1), x(t2), . .., x(%,), V

neNand0<t <t,...,<t, <t
(3) For everys,t > 0, the distribution x( + s) — x(s) does not depend on ¢.
(4) For each t > 0 there exists a decomposition x(£) = x(£) + x%(t).

(5) (x”(t),xd(t))tzo is a 2d-dimensional Lévey process satisfying

%M 0, E[x‘®l<at, t>0,

where « is a constant depends on x.

If {x(¢), ¢ > 0} satisfies only the first three properties, i.e., (1)—(3), then it is the classical
Lévy process. It is known that x°(¢) is generalized G-Brownian motion and x(¢) is of fi-
nite variation, where x¢(t) and x%(¢) are continuous part and jump part, respectively. Let
'H‘é([O, T] x Rg) be a collection of all basic fields defined on [0, T] x Rg x S of the form

n-1 m

Ku,2)w) =Y Y Aijliyn, ) @V5(2),

i=1 j=1

where n,me Nand 0 <t < tp.....<t, < T, {W; 1 C Cb,h-p(Rd) are mappings with disjoint

supports such that ¥;(0) = 0 and A;j = @ j(xy,, ..., %, — %y, ), Gij € Cb.;ip(RdXi). The norm

on this space is given by

1
K322 g0,71x ey = E / SUP/ |K(S:Z)|pv(dz)ds]p» p=12

14534
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Definition 2.7 The It6 integral of K € ”H‘g;([o, T] x Rg) w. I. t. jump measure L is given as

follows

t
/o /R ’ K(s,z)L(ds,dz) = Z K (s, Ax(s)), qs.,

v<s<t

where 0 <v<t<T.

Let ’Hé([O, T] x Rg) be the topological completion of H‘SG([O, T] x Rg) under the norm
”I<”Hé([0,T]><]Rg)’ p =1,2. We can sill extend the It6 integral to the space ”I(”Hg([O,T]ng)’
p = 1,2, where the extended integral has valves in E‘Z;(ST), p =1,2. For the above integrals,

we have the following BDG-type inequality. For the proof, see [23].

Lemma 2.8 Let K(s,z) € ’HZG([O, T] x Rg). Then a cadlag modification x(t) of x(t) =
fot ng K(s,2)L(ds, dz) exists such that for all t € [0, T] and p > 2

0<s<t

]E[ sup |5c(t)|2] < kgE[/t/D;d I(z(s,z)v(dz)ds],
0 JRy

where ks is a positive constant depending on T.

3 Bounded-ness and existence-uniqueness results for SFDEs driven by G-Lévy
process
In this section, we shall determine the boundedness and existence-uniqueness results for

solutions to problem (1.1). Let us first see the definition of solutions to equation (1.1).

Definition 3.1 An F;-adopted cadlag process x(¢) € MZG((—OO, T1; R%) is called a solution
to (1.1) with the initial data (1.2) if it satisfies

x(t) =¢(0) + / f(s,x5)ds + / g(s,x5)d(B,B)(s) + / h(s,x,)dB(s)
0 0 0

t
+/ / K(s,x5—, z)L(ds, dz).
o JRrY

A solution x(t) of (1.1) is said to be unique if it is identical to any other solution y(¢) of the

stated equation, i.e.,
Ellx(2) - y(1)|*] = 0,
holds q.s.

This article proposes the upcoming linear growth and Lipschitz conditions, respectively.
(A1) For every x € BC((—oo, 0L RY), a positive number c¢; exists so that

|f@&x) 12V | gt,x) 1>V | h(tx) > v / N K(tx%2) 1 v(dz) < ci(1+ | x %)
R

0
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(Ay) For all %,y € BC((—00,0]; R%), a positive number c, exists so that

|fty) - &%) >V gt y) —gt,x) >V | h(t,y) - h(t,x) |

Y% /d | K(t,y,2) - K(t,x,z|* v(dz) <co | y—x |>.
RO

In the forthcoming lemma, we prove that any solution x(¢) of equation (1.1) is bounded,
in particular x(¢) € M% ((—oo, T];]Rd).

Lemma 3.2 Letx(t) be a solution of equation (1.1) with initial data (1.2) such that E||x||> <
00. Assume that the growth condition A; holds. Then

E[ sup |x(5) | SEICI?+501 + ik T)e s, (3.1)

—00=<s<t
where k = (1 + ky)T + ko + k3 and ki, ky, ks are positive constants.

Proof Consider equation (1.1) and use the basic inequality |Z?=1 a;|> < SZL | a;]? to
derive

¢ 2 ¢ 2
(0P =510 45| [ fisna| +5[ [ gs.madisBio)|
0 0

t 2 t 2
5| / (s, 2)dBGs)| +5| / / K(s,%,-,2)L(ds, d2)| -
0 o JRY
From the G- expectation, Lemmas 2.4, 2.5, 2.8 and the Cauchy inequality, we get

t t
E[ sup | x(s) |2] <5E|£(0) |? +5tIE/ [f(s,xs)ds|2+5k1ﬂE/ 125, %,)|ds
0 0

0<s<t

t t
+ 5k2Ef |h(s, )% ds + 5k3Ef / |K (s, 25—, 2)|>v(dz)ds.
0 o JrY
In view of assumption A;, we deduce that

E[ sup | x(s) |2]

0<s<t
t
<SE|I>+5ci(T + kT +ky + k3)T + 5c1(T + ki T + ko + kg)T/ E|x,|>ds
0

<5E|¢||* +5c(T + ki T + ky + k3)T

t
+5c1(T+k1T+k2+k3)/ [IE||{||2+E( sup |x(u)|2)]ds
0 0

<u=s

t

<5E|¢ )12 + 56,kT + 56, kTE| ¢ || + 5c1k/ ]E[ sup |x(u)|2]ds
0

0<u<s
where k = T + k1T + ko + k3. From the Grownwall inequality, it follows

]E[ sup |x(s)|2] <5[(1 + ok DE|¢|? + e kTP T (3.2)

0<s<t

Page 6 of 14
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Noticing that

E[ sup 1xoP] <Elc)? + B[ sup o]

—00<s<t 0<s<t

it yields

E[ sup [x)P] SEICI+ 51+ clk DEIC I + ik T1e

—00=<s<t
Letting ¢t = T, we deduce the desired expression. O

Fort € [0, T], define x°(t) = £ (0)and x) = ¢. Foreachn = 1,2,..., we set xj = ¢ and define

the Picard iteration,

t t t
x"(t) = £(0) + / Sf(s,x" ds + / g(s, " Md(B, B)(s) + / h(s,x""1)dB(s)
t 0 0 0 (3.3)
+ / / K(s,x"*,2)L(ds,dz) te[0,T].
o JRY

Next, we prove the existence-uniqueness result and error estimation between the exact

solution x(¢) and Picard approximate solutions x"(¢), n > 1.

Theorem 3.3 Let assumptions A, and A, hold and E||¢||? < 0. Then equation (1.1) ad-
mits a unique cadlag solution x(t) € MZ((—oo, T1;R%). Moreover, for all n > 1, the Picard

approximate solutions x"*(t) and unique exact solution x(t) of (1.1) satisfy that

CLMLY"

n!

E[ sup Ix”(S)—x(S)|2] <

0<s<t

where C = 4¢;[(T + Tky + ko + k3)(1 + E|| ¢ |D)T, M = 4cy[(T + Tky + ko + k3) and ky, ko, ks

are positive constants.

Proof Consider the Picard iteration sequence {x", n > 1} given by (3.3). Obviously, x°(¢) €
M2 ((—oo, T};R?). From the fundamental inequality | Y7, ;> <537, |4;|?, Lemmas

2.4, 2.5, 2.8, the Cauchy inequality and assumption A;, we deduce

]E[ sup |x"(s)|2] <5E|¢|)? + 5¢,AT + 5¢,kTE| ||

0<s<t

t
+5c1k / IE[ sup |x”—1(u)|2]ds,
0

0<u<s
where k = (1 +k1)T + ko + k3. Noticing that

max E| sup |x”’1(s)|2] < max {E||§||2,lmax']E[ sup |x”(s)|2]}
<nsj

1=nsj |:0§s§t 0<s<t

<Elg|* + max B[ sup v'(9)"]

0<s<t
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it follows

max'E[ sup |x”(s)|2]

I<nsj Lo<s<t

t
<5E||¢|? + 56,kT + 10c,kTE||z | + 561/(/ 1maugﬂ—z[ sup |x”(u)|2]ds.
o l=nzj

0<u<s

The Grownwall inequality yields

max B[ sup ()] < 511+ 20 ADEIC | + ok T,

l<nsj Lo<s<t

but j is arbitrary and letting ¢ = T it follows

]E[ sup |x”(s)|2] < 5[(1+ 20,k T)E||Z |12 + e kT 1T | (3.4)

0<s<T

From the sequence {x"(¢);t > 0} defined by (3.3), we have
t t t
x' () -2°(t) = / f(s,20)ds + / g(s,20)d(B, B)(s) + / h(s,x”)dB(s)
0 0 0

t
+ / / K(s,x2_,z)L(ds, dz).
0 JRY

In view of G-expectation, Lemmas 2.4, 2.5, 2.8, the Cauchy inequality and assumption A;,

we derive

t
E[ sup [xL(s) —xo(s)|2] < 4¢,[(T + Thy + ko +k3)/ (1+E||}ds < C,
0

0<s<t

where C = 4c¢; [(T + Tky + ky + k3)(1+ E|| £ | T. Next, by similar arguments and assumption
A,, it follows

t
E[ sup |x2(s) —xl(s)|2] <4cey(T + Tky + ko + /(3)/ IE|xs1 —x?|2ds
0

0<s<t

t
<4co(T + Tky + ko + kg)/ E[ sup |x(v) —xO(V)lz]ds
0

0<v<s

<4dcy(T + Tky + ko + kg)ct.

Similarly, we derive

2
E[ sup [3(s) —x2(s)|2] < Cl4c[(T + Thy +ky + kg)]%.

0<s<t
Thus for all # > 0, we claim that

M n
E[ sup |x"“(s)—x”(s)|2]ds5 cl nf] , (3.5)

0<s<t
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where C = 4¢,[(T + Tky + ko + k3)(1 + E||C |1 T and M = 4co(T + Thy + ko + k3). With the
mathematical induction, we verify that for all #» > 0, (3.5) holds. For n = 0, it has been

proved. Let (3.5) holds for some # > 0. By using similar arguments as above, we derive

t
E[ sup |x"2(s) —x”*l(s)|2]ds <4co(T + Thky + ko + kg)/ I[E|x§+1 - xflzds
0

0<s<t
t
SM/ ]E[ sup |x”+1(v)—x”(v)|2]ds
0 0<v<s

tn+1 ~ C[Mt]nH
m+1)! (m+1)

L CIMt)"
§M/ [ '] ds < C[M]™*!
0 n.

This shows that (3.5) holds for # + 1. Thus by, induction (3.5) holds for all # > 0. By virtue

of Lemma 2.3, we acquire

K[2Mt]”

1
o{ sup -0 > o} <2E[ sup - w0 < =

0<s<T 0<s<T

Since Y 2, K[Znﬂ < 00, from the Borel-Cantelli lemma, we get that for almost all w a

positive integer 1y = no(w) exists so that

1
sup &) - &"(H)]> < —, as n > ny. (3.6)
0<t<T 2n

It implies that q.s., the partial sums
n-1
)+ ) IO - H (0] = x"(8),

i=0

are uniformly convergent on ¢ € (—oo, T']. Denote the limit by x(¢). Then the sequence x”(¢)
converges uniformly to x(¢) on ¢ € (—oo, T]. It follows that x(t) is F;-adapted and cadlag.
Also, from (3.5), we can see that {x"(¢) : n > 1} is a cauchy sequence in Cé. Hence x"(t)

converges to x(¢) in L2, that is,
Elx"(£) - x(£)|> — 0, as n — oo.
Taking limits n — oo from (3.4), we deduce

]E[ sup |x(s)|2] < 5[(1 + 20 ADIE|C |2 + e kT T . (3.7)
0<s<T

Next, we need to verify that x(¢) satisfies equation (1.1). In view of assumption A, and

using similar arguments as above, we derive

t

]E[ sup /
0<s<T JO

t

+E[ sup /
0<s<T JO

2
g6, ) - 85,501 (B B)9)| |

[f(s, %) —f(s,xs)]ds‘z] +E[ sup /Ot

0<s<T

2
[h(s, %) — h(s, xs)]dB(s)‘ ]

Page 9 of 14
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t 2
+IE[ sup / / ‘[K(s,xgt,z)—K(s,xs,,z)]L(ds,dz)‘ ]
0<s<T Jo JRY
t t
< T/ E|f(s,x) — f(s,%5)|*ds + Tk1/ Elg(s, ) — g(s, x)|*ds
0 0
t t
+ kz/ E|h(s,x2) —f(s,xs)|2ds + k3/ /d E|K (s, %%, z) - K(s, x5, 2)|*v(dz)ds
0 0 JRY

t
<c(T+Tky +ky + kg)/ E[ sup |x"(v) —x(v)|*]ds — 0 as, n — oo,
0

0<v<s

in other words

t t
/ f(s’x:l) - / f(s!xs)) il’l EZG;
0 0
t t
/ h(s, x{)d(B, B)(s) — / h(s,x;)d(B, B)(s), in LZ,
0 0
t t
/ g(s,x)) — / g(s,x,), in L,
0 0
t t
/ h(s,x")dB(s) —> / h(s,x,)dB(s), in L%,
0 0

t t
f / K(s,2"', 2)L(ds, dz)ds — / / K(s,xs_,2)L(ds,dz), in LZ,.
0 JRY 0o JRY
For ¢t € [0, T taking limits n — oo in (3.3), we derive
t t
lim x"(¢) = ¢(0) + / lim f(s,x" )ds + / lim g(s,x"')d(B, B)(s)
n— 00 0 n— 00 0 n— 00
t t
+ f lim h(s,x?’l)dB(s)+ / lim K(s,xg’__l,z)L(ds,dz),
0 n—0oQ 0 n—00

which yields

t t t
x(t) = ¢(0) + / f(s,%5)ds + / g(s,%5)d (B, B)(s) + f h(s, xs)dB(s)
0 0 0

t
+/ / K(s,x5—,2)L(ds, dz),
0 JRE

t € [0, T]. This shows that x(¢) is the solution of (1.1). To prove the uniqueness, let us
assume that equation (1.1) admits two solutions x(¢) and y(£). Following similar arguments,

we derive

t t
E[ sup Iy(S)—x(S)IZ] <4t / E|f (s, y5) —f (s, x5)|*ds + 4ki ¢t / Elg(s, ys) — g(s, )| ds
0 0

0<s<t

t t
+ 4k, / Elf(s,y5) — f (s, x,)|2ds + 4ks / /d E|K(s, ys5-,2) — K(s, %5, 2)|2v(dz)ds
0 o JRY

Page 10 of 14
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By virtue of assumption A,, we deduce

t
E[ sup |y(s)—x(s)|2] §4c2(T+/qT+/<2+k3)/ ]E[ sup Iy(u)—x(u)lz]ds.
0

0<s<t 0<u<s

We notice the fact sup_,,_, <7 [y(@)[* < || + supy_,~7 [y(@)|* [10]. From the Grownwall

inequality and the same initial data, one can derive

]E[ sup |y(s)—x(s)|2]:0 (3.8)

—00<8<t

which means x(¢) = y(¢) quasi-surely, for all ¢ € (—oo, T']. Finally, we have to prove the error

estimation. From equations (1.1) and (3.3), using similar arguments as earlier it follows

]E[ sup |%(s) —x(s)|2]

0<s<t

2
ds

t 2 t
< 4Tf EL/‘(S,x;’) —f(s,x5)| ds+4ky T/ E‘g(s,x;’) —g(s,x5)
0 0

t
+ 4k, f E‘h(s, X0y — h(s, x5)
0

2 t 2
ds + 4ks / / . E‘K (8,%7_,2) — K(s,%5_, z)‘ wdz)ds
o JrY

t
<4c[(T + Tky + ko + kg)/ E[ sup
0

0<v<s

x"(v) - x(v)‘z]ds

x”(v)—x”‘l(v))z]ds+M/tE[ sup x”_l(v)—x(v)‘z]ds.
0

0<v<s

t
<M / E[ sup
0 0<v<s

In view of (3.5), we obtain

n t
E[ sup |x”(s)—x(s)|2] < VAT / ]E[ sup |x”(v)—x(v)|2]ds
0

0<s<t n! 0<v<s

Consequently,
CIMt]"
[ sup ') - x(o)] < ST
0<s<t n.

which yields the error estimation between the Picard approximate solutions x"(¢), n > 0
and exact solution x(¢) of problem (1.1). O

4 Exponential estimates for SFDEs driven by G-Levy process

To show the exponential estimates, let us assume that problem (1.1) has a unique solution
x(t) on t € [0,00). Now we derive the exponential estimate for (1.1) as follows.

Theorem 4.1 Let assumptions Ay and A, hold. Then,
. 1 5
lim sup—log|y(¢)| < =c1k,
n—> 00 t 2

where k = (1 + ky)T + ko + k3 and ky, k, ks are positive constants.
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Proof From assertion (3.7), we know that

]E[ sup |x(s)|2] < 5[(1 + 20 kDRI |2 + e kT T, (4.1)
0<s<T

In view of (4.1), for each m =1, 2,3, ..., we have

E[ sup Ix(t)lz] <501 + 20k DIE||¢ |2 + ciATer .,

m-1<t<m

By using Lemma 2.3 for any € > 0, we derive

]E[ sup |x(t)|2]

m-1<t<m

N . 2 (5¢c1k+€)m
v { w: m_slilgsm [x(D)|” > e ] = oBeikrem
<5[(1+cikDE|C|? + c1kTle ™.

Since the series Y . ; 5[(1 + c11A<T)IE‘l||§||2 + 01/A<T]e’”” is convergent; from the Borel-
Cantelli lemma, we derive that for almost all w € €2, a random integer m = mo(w) exists
so that

sup  (0)|? < P as m > .
m-1<t<m

This implies that for m — 1 <t < m and m > m, we have
lx(®)] < el (5¢1k + €)m.
Hence,
. 1 1 A
lim sup—log|x(t)] < =(5¢1k + €),
t—00 t 2
the desired expression follows because € is arbitrary. O

Example 4.2 Consider the following scalor FSDE driven by G-Lévy process

dx, = x,dt + sin(x;)dB; + x,d(B); + / x.L(dt,dz), (4.2)

z>1

with x(0) = £(0) and the Lévy measure satisfies v(dz) = 4z Observe that SDE (4.2) pos-

1+|z|2
sesses a unique solution if it is shown to meet conditions A; and A,. Here f = x;, g = sin(x;),

h = x, and K = x;. First, let’s derive the growth condition.

f (&, x(0)1* + 1g(8, x(0)]* + |1t x(2)|* + /

uz

|K (¢, %, u)|>v(du)
1

= Joee] + [sin(xo) | + |xe | + /

u=
dz
2 2
< 3|x| +/ || 3
w1 1+l

T Tyxlt=3+ L 2
=3+ 2)+(3+ 5l B+ 7L+ 127,

EARICZ)
1
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The Lipschitz condition can be demonstrated as follows

|f(t’y) _f(trx) |2 + |g(t»3’) _g(t’x) |2 + | h(t,y) - h(trx) |2

+ f | K(t,y,2) - K(t,x,2) |* v(dz)
z>1

53|xt—yt|2+/ =0 [P v(da)
z>1

dz

:3|xt_t|2+/ |xt_t|2—
SR SR PP

g
<G+ % -y
2
Hence, the scalar SDE (4.2) admits a unique solution.

5 Conclusion

The G-Brownian motion theory extends classical Brownian motion in a non-trivial man-
ner. G-expectation, characterized by its monotonicity and constant-preserving properties,
introduces a non-linear expectation. In their work [1], the authors delve into the existence
and stability of G-stochastic differential equations (G-SDEs). Expanding upon this, [19]
extends the existence-uniqueness theory to G-stochastic functional differential equations
(G-SEDEs). The previous approach [19] relied on Lyapunov type functions and the G-
It6 formula to establish exponential estimates. But what if we introduce a jump process,
particularly the Lévy jump? In this paper, the existence-uniqueness result has been estab-
lished for stochastic functional differential equations incorporating G-Lévy jumps. The
existing article demonstrates that exponential estimates can be explored without the need
for Lyapunov-type functions and the G-Ité formula. Additionally, we provide error esti-
mates between exact and approximate solutions for SFDEs with G-Lévy jumps. We antic-
ipate that the ideas presented in this article will significantly contribute to future research,
particularly in exploring the existence, uniqueness, and stability of solutions to backward
stochastic differential equations influenced by G-Lévy processes.
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