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1 Introduction and preliminaries
In the past few decades, the Leslie predator-prey model has been widely studied in [1-5].
Generally, the Leslie predator-prey model takes the following form:

% _ xg(x) - p(x)y,

dy _ y
dr _Sy(l - m)’

(1.1)
where x and y represent the population sizes (or densities) of prey and predator, respec-
tively, as functions of time; the predator growth equation belongs to the logistic type; the
carrying capacity K(x) of environment to predator is a function on the population size of
prey; s is the intrinsic growth rate of predator.

It is assumed that the carrying capacity of the environment for the predator is propor-
tional to the prey abundance, i.e., K(x) = 7, where & is the conversion factor of prey into
predator. Thus, the following model, first introduced by Leslie [6], is obtained:

& = xg(x) — p(x)y,

D = sy(1 - h),

(1.2)

© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives
4.0 International License, which permits any non-commercial use, sharing, distribution and reproduction in any medium or format,
as long as you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and
indicate if you modified the licensed material. You do not have permission under this licence to share adapted material derived
from this article or parts of it. The images or other third party material in this article are included in the article’s Creative Commons
licence, unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons
licence and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain

L]
@ Sprlnger permission directly from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by-nc-nd/

4.0/.


https://doi.org/10.1186/s13662-024-03855-y
https://crossmark.crossref.org/dialog/?doi=10.1186/s13662-024-03855-y&domain=pdf
https://orcid.org/0000-0001-8784-115X
mailto:mathxyli@zust.edu.cn
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

Chen and Li Advances in Continuous and Discrete Models (2024) 2024:58 Page 2 of 23

where h% is called the Leslie-Gower term. Leslie and Gower [7] and Pielou [8] explored
model (1.2).

In system (1.2), g(x) describes the specific growth rate of the prey in the absence of
predator. It is assumed that the prey grows logistically with growth rate r and carrying ca-
pacity & in the absence of predator, i.e., g(x) = r(1 - 7). From this, one derives the following
model from system (1.2):

& = (1= ) - p)y,
@ ) (1.3)
7 =8y =h).

Here, the function p(x) is the predator’s functional response to the prey. If one takes

px) = A’;’fx, itis referred to as a ratio-dependent functional response, where the parameter

m is the maximal predator per capita consumption rate, and the parameter A is the num-
ber of prey necessary to achieve one-half of the maximum rate 7. Accordingly, the Leslie
predator-prey model with a ratio-dependent functional response is expressed as follows:

dx _ X\ _ _mx
dr ~ rx(l - k) Ay+xy’

9 = sy1-hb),

(1.4)

where r,k,A,m,s, h are positive constants. In [9], this model is referred to as a ratio-
dependent Holling-Tanner model.

For a complex model, one seeks to study its equivalent and simple form mathematically.
To achieve equivalence and simplicity, the system (1.4) is nondimensionalized using the
following scaling:

x m
rt—>t, - —>x,—y—>Y,
rk

k

which results in the following system

dx
g =1 =) e (15)
d_{ = 8.)/(:3 - %)’

where o« = %,8 = %,,3 = %

Generally, solving a complicated system of ordinary differential equations without com-
putational assistance is challenging. As a result, one often relies on computers to analyze
such systems. This naturally leads to the consideration of discrete versions of continuous
systems. How can one discretize a continuous system? Various discrete methods and the-
ories, such as the forward Euler method, backward Euler method, and semi-discretization,
can be employed. For a detailed discussion, interested readers are referred to [10-19] and
the references therein.

S. Md and S. Rana in [20] employed the forward Euler method to the system (1.5) to get
and study the following discrete system

X1 = % + 02, [(1 = 26) = 221, 16)

Yn+1 =Yn t+ (S_yn[d(b - 1_2)]

How about applying other discrete methods to the system (1.5)? The goal is to identify dy-
namical differences arising from the application of different discrete methods to the same
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continuous system. Such an approach highlights the significance of various discrete meth-
ods. This serves as a motivation for this paper. To do this, one uses the semi-discretization
method that does not require consideration of the step size and reduces the number of pa-
rameters in the discrete model to derive the discrete model of the system (1.5). For this,
see also [15, 18, 19, 21, 22]. To do this, suppose that [£] denotes the greatest integer not

exceeding t. Consider the average change rate of the system (1.5) at integer number points

1 dx@) _ y(tD)
wo a ~ =2 UD) - Gan (1.7)

1O _ g ytD
50 ar =B~ )

It is easy to see that the system (1.7) has piecewise constant arguments, and that a solution
(x(2), y(2)) of the system (1.7) for ¢ € [0, +00) has the following characteristics:

1. On the interval [0, +00), x(¢) and y(¢) are continuous;

2. % and % exist for ¢ € [0, +00) except the points {0,1,2,3,...}.
The following system can be obtained by integrating the system (1.7) over the interval

[n,t]foranyte€[nn+1)andn=0,1,2,...

x(t) _ xnel—xn—a‘yﬁxn (t _ }’l), (1 8)
oy BB ’
(&) =yt - n),
where x, = x(n) and y, = y(n). Letting ¢ — (n + 1)~ in the system (1.8) produces
Xn+l = xnel—xn—ay%xn ’ (1.9)
Yn+1 = ynea(ﬁi%)r '

where «, 8,6 > 0.

In the following, we mainly examine the dynamical properties of the system (1.9), for-
mulating the differences compared to known results.

The rest of the paper is organized as follows: In Sect. 2, the existence and stability of the
fixed points of the system (1.9) are studied. In Sect. 3, we derive the sufficient conditions
for flip bifurcation and Neimark-Sacker bifurcation in the system (1.9) to occur. In Sect. 4,
numerical simulations are presented to display the above theoretical results obtained. In

Sect. 5, we provide concluding remarks.

2 Existence and stability of fixed point
In this section, one considers the existence and stability of the fixed points of the system
(1.9), whose fixed points meet
—xel T TE, oy =y B0
x=xe o=, y=ye’PT)
Due to the biological meanings of the system (1.9), one only considers its nonnegative
fixed points. It is easy to find that the system (1.9) has exactly two nonnegative fixed points

E; =(1,0) and E; = (%9, o) for a > %, where
o Lr@BoB L BUtap-p)
0 1+af Yo 0 1+af
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The Jacobian matrix of the system (1.9) at a fixed point E(x, y) is

(1=®)(x+ay)®+xy el_x_“yTJ’ __ 2 gl
J(E) = (eray)? (ray)?
52 3B~ (1— 2)edB-0
X X

The characteristic polynomial of Jacobian matrix J(E) reads as

F(A)=A*-pr+q,

where
A-)x+ay)’+xy 1. 7 s B
p=TE) = = = 1 (1= Sl
) x
— 205 _ 2
g = Det((E)) = S IT TN E- 4T ity

x(x + ay)?

Before analyzing the properties of the fixed points of the system (1.9), one recalls the fol-
lowing definition and lemma (see [21, pp1682], [22, pp422]).

Definition 2.1 Let E(x,y) be a fixed piont of the system (1.9) with multipliers A, and A;.
(@) If |x1] < 1 and |Az] < 1, E(x,) is called a sink, so a sink is locally
asymptotically stable.
(i) If |A1] > 1 and |X3| > 1, E(x, y) is called a source, so a source is
locally asymptotically unstable.
(@) If |r1] < 1 and |Az] > 1 (or [A1] > 1 and |A3] < 1), E(x,y) is called
a saddle.
(iv) If either |A1] = 1 or |Ay| = 1, E(x,y) is called to be non-hyperbolic.

Lemma 2.2 Let F(A) = A2 + B\ + C, where B and C are two real constants. Suppose A, and
Ay are two roots of F(\) = 0. Then, the following statements hold.
(&) IfFQ) >0, then
(i.1) |AM1| <1 and |Ay| < 1 ifand only if F(-1) >0 and C < 1;
(i2) A1 =-1and Ay # -1 ifand only if F(-1) = 0 and B # 2;
(i.3) |M| < 1 and |Ay| > 1 if and only if F(-1) < 0;
(i4) |A1| > 1 and |Ay| > 1 if and only if F(=1) > 0 and C > 1;
(i.5) A1 and Ay are a pair of conjugate complex roots and, |A1| = |Aa| =1
ifand only if =2 <B<2and C=1;
(i.6) My =Xy = -1 ifand only if F(-1) =0 and B = 2.
(i) If F(1) = 0, namely, 1 is one root of F()) = 0, then another root
A satisfies |A| = (<,>)1 ifand only if |C| = (<,>)1.
(iii) If F(1) < 0, then F(A) = 0 has one root lying in (1, 00). Moreover,
(iii.1) the other root A satisfies A < (=) — 1 if and only if F(-1) < (=)0;
(iii.2) the other root —1 < X < 1 ifand only if F(-1) > 0.

Now one formulates some results about the stability of the fixed points E; and E; in the
following theorems. First, consider the fixed point Ej.
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Theorem 2.3 The fixed point E; = (1,0) of the system (1.9) is a saddle.

Proof The Jacobian matrix J(E;) of the system (1.9) at the fixed point E; is given by

0 -1
J(E1) = (0 e‘sﬂ)'

Obviously, [A1]| =0 <1 and |Ay| = €% > 1, so E; is a saddle. O

Remark 2.4 In [20], the authors used the forward Euler method to the system (1.5) to
produce the system (1.6). They obtained that the fixed point E; of the system (1.6) has the
following properties: if § < 2, then E; is a saddle; if § = 2, then E; is non-hyperbolic; if § > 2,
then E; is a source. However, our results display that the fixed point E; is always a saddle.
This is the first difference between these two different discrete methods.

2B+2(1+af)(1+B+ap) and 81 _

Now consider the stability of fixed point E,. Let & = Trap) s prab)f =

BQ2+ap)-(1+ap)?

B2(1+ap) . ObViouSlY; 81 < 6.

Theorem 2.5 For a > %, E, is a positive fixed point of the system (1.9). Moreover, the
following statements about the fixed point E; hold.

1. When § < &,
a) if § > 81, then E, is a sink;
b) if § = &1, then E, is non-hyperbolic;
¢) if § < 81, then E, is a source.
. When § = 8y, E, is non-hyperbolic.
3. When § > 8, E; is a saddle.

Proof The Jacobian matrix J(E;) of the system (1.9) at the fixed point E, is given by

BR+af) 1
J(Ey) = | (+ep? A+ap)® | |

582 1-458
The characteristic polynomial of Jacobian matrix J(E;) can be written as

F(L) =22 = po) + ¢,

where p = 82+of) 4 1 _ Bs and

T (1+apB)?

BA+aB)d-8B)+B _pQ2+ap)-8p1+apf) (i -5) .

1 +apB)? 1 +apB)?  1+ap 1

92 =

It is easy to see that

B _Bsi+ap-p)

Fly=po01 - 1+otﬂ) 1+ap 0
2 ) g
FeD= s + Qo pie o)
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Table 1 Properties of the fixed point £,

Conditions Eigenvalues Properties Reference
8§ < 8o 8> 6 Al <1, A <1 sink (i)
§=6 Al =|As] =1 non-hyperbolic (i.5)
8 <8 (A1 > 1, 1A > 1 source (i4)
§=204¢ M=-1, A #-1 non-hyperbolic (1.2)
8> 8o (X >1, 1A <1 saddle (i3)

_2B+2(0+af)1+B+af) (1+B+aB)Bs
- (1+ap)? T 1l+ap
_BA+B+ap)
 1+ap

(8o — 5).

If § < 8, then F(-=1) > 0. For § > 81, g < 1. It follows from Lemma 2.2(i.1) that [A; | < 1 and
|A2| < 1,0 Ej isasink. For § = 81, g2 = 1. It follows from Lemma 2.2(i.5) that |11 | = [A3] = 1;
therefore, E; is non-hyperbolic. For § < 81, g2 > 1, which reads |A1] > 1 and |X3| > 1 by
Lemma 2.2(i.4), so E, is a source.

If 5 = 8, then F(—1) = 0. Namely, —1 is a root of the characteristic polynomial; therefore,
E, is non-hyperbolic.

If § > 8y, then F(-1) < 0. Lemma 2.2(i.3) shows that [A1]| < 1 and |A»| > 1, so E, is a saddle.

O

The results summarized above are presented in Table 1 for illustration.

3 Bifurcation analysis

In this section, one uses the center manifold theorem and bifurcation theory to analyze
the local bifurcation problems of the system (1.9) in the fixed points E; and E,. For related
work, see [14—19, 23-28].

3.1 Bifurcation of the system (1.9) in the fixed point E,
Theorem 2.3 shows that E; is always a saddle, so the system (1.9) has no bifurcation in the

fixed point E;.

Remark 3.1 In [20], the authors produced the system (1.6) using the forward Euler
method. They found that a flip bifurcation of the system (1.6) exists in the fixed point E;.
However, our results show that the system (1.9) has no bifurcation in the fixed point E;.

So, this is the second dynamical difference between these two different discrete methods.

3.2 Bifurcation of the system (1.9) in the fixed point E;

One can see from Theorem 2.5 that the fixed point E; is non-hyperbolic when é = §y or
8 = 8;. When the parament § goes through these critical values &y or 8;, the dimensional
numbers for the stable manifold and the unstable manifold of the fixed point E; vary. Thus,

a bifurcation may occur in each case. One is concerned with the paraments

-1
(@,B,8)€Sg, = {(@, 8,8) eR? |@>0,8>0,6 >0, > p
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3.2.1 Flip bifurcation

Notice that F(—1) = 0 is a necessary condition for a flip bifurcation to occur. When § = §,
F(-1) = 0. So, a flip bifurcation may occur in the fixed point E;. Actually, one has the
following result.

Theorem 3.2 Suppose the parameters (o, 8,8) € Sg,. Then, the system (1.9) undergoes a
flip bifurcation in the fixed point E, when the parameter § varies in a small neighborhood

Of&).

Proof First, let u, = x,, — %0, V,, = ¥, — Yo, which transforms the fixed point E; = (xg, o) to
the origin O(0,0) and the system (1.9) to

1= (up+xg)— ——220
Uns1 = (Un +Xo)e " @O — X, 31
(ﬂ vn+yo ) ( . )
Vir1 = (Vy +Yo)e 907 — g,

Second, giving a small perturbation §* of the parameter § around &y, i.e., §* = § — §p with
0 < |8*| <« 1, the system (3.1) is perturbed into

Vnt)o
Uyt = (14, + xo)el—(un+xo)— A HRTR) — g0 39
(5% +80)(B- 1220 ) (3.2)
Vi1 = (Vn + Yo)e 07— Y.
Letting 8, = 8% = 6%, we can write the system (3.2) as
Vnt)o
Uyt = (thy + )61*(“’4“60)’ai(vao)mnmo — %o,
(B5+80)(B- 720 (3.3)
Vil = (Vn +}’0)€ 0T = Yo, ’

8:+1 = 8:
Third, performing a Taylor expansion of the system (3.3) at (¢, 8,,6) = (0,0, 0) gives

_ 2 2
Upe1 =  Ar00Un t Ao10Vn + d200U,, + Ao20V,, + A110UnVn

3 2
+ 210UV, + A120Un V2 + 0(p3),

+61300M3 + do3oV),
Vsl = biootty + borovu + 170015,, + bzoouy, + bozoV,,
+D0028% + br1oUnVy + b1014n 8} + bo11Vn S (3.4)
+b300bt2 + bogoVi + b003823 + bzwuivn ’
+b12()lztn1/z + bomel(SZ + bz(nblfl(s: + blogun&jz

2 3
+b012Vn5;§ + blllunVn(S; +0(p7),

8:+1 - 8;;’
where p; = /12 +v2 + §*2,
. ﬁ(2+aﬂ) 1 o 1-28-aBf?-a’p?
O Trap? T A ap? M T A rap) - A+ )
—A+af)t + 2L +aB)? - 281 +aB) +28%(1 + af) + ﬁ2
200 = 2[(1+aB)* - B(L+ ap)’]
21 +af) +1
ap20 =

2[(L+ap)t - p(L+ap)’]’

Page 7 of 23
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ap3o =

ao =

aio =

aspo =

) —68%(1+aB)? +3B3(L +aB)? —4B%(1L +af) + B2 +apf) + B3

blOO =

b200 =

b020 =

biio
bio1 =

b030 =

b210 =

bZOl =

b021 =

blll =

b300 =

+

b120 =

+

60%(1 +aBf)?® +6a(l+af) +1
6[(1+aB)° —28(1+aB) + B2(1 +ap)*]
90383 + 21?2 B? + 1208 — a?B* — 2 8% — 30?2 B2 - 6% + B + B3
6[(1 +ap)® —2B(1+ap)’ + (1 + ap)']
20183 + 6382 + 4B — 4a?B + 20383 + af? —8a + 4B -2
6[(1+ap)® - 281 +apf)’ + B2(1 +apf)]
2(1 +af)® - 3B(L + af)® — 3B(1 + af)* + B3(1L + af)’ — 3B(1 + ap)?
6[(1+apB)® - 281 +apf)’ + B(1 +af)*]

’

’

6[(1 +ap)® —2B(1 +ap)’ + B2(1 +ap)*]

282 +2B8(1 +af)(1 + B +ap) P 28 -1 +aB)1+ B +apf)
Q+rap)dl+B+ap) 0 (A+ap)l+B+aB)

282 +2(1 + B +aB)(1 +ap)

1+ B+ap)*(L+af)’ - B(L+ B +afy(1+ap)
28 +2(1+ B +af)1 +apf)

(1 +B+af)’(L+ap)y - Bl +B+afy(l+apf)
4% +4B(1 + B +aBf)(1 +af)

T+ B +ap) (L +ap)’—B(L+f+ap)’(L+ap)

/321 bOll = _,3: b102 = b012 = b002 = bOOB = 0:

21+ B+aB)’(1 +aB)® - 6821+ B +aBf)(1 +af) — 483
321+ B+ af (1 +ap)’ll - L1 '
201+ B +aB)’(1+ap)® —2B2(1 + B +af)(1 +ap)
31+ B +apP(L+apPll - ghr]’
481+ B +aB)*(1 +ap)® - 48°

B(1+B+ap)y’(1+af)’[1 - ghis]

283 +28%( + B +ap)1 +aB) - B2
3[A+B+ap)1+aBf)—B(L+B+ap)]’
28+2(1+B+af)1+aB)-1
3[A+B+ap)1+aBf)—B(L+B+ap)]’

~ 282 +2B8( + B +ap)1+aB)-B
3[(1+B+ap)d+aB)—B(L+B+ap)]’

10821+ B+aBf)?(L+aB)? +6(1+ B +aBf)(1 +apf)®

3(1+B+af)’d+ap)’[1- (1+ffxﬂ)]2

—4B3(1+ B +aBf)’ (1 +apf)? +4B% + 4B3(1 + B + af)(1 + apf)
3(1+ B +ap)’(1+ap)’ll - ;LT '
1+8+ aﬂ)3(1 +apf)® —88%(1 + B +aB)1 +ap)
3B(L+ B +apP(+ap)ll- sl
-38(L+ B +ap)’(A+ap)* - B>(L+ B +ap)’ (1 +ap)
361+ +ap)’(L+ap)’ll- Lo’

27
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—BL+B+ap)’’(L+ap)’ —4p°
BB(1+B+af)’(1+ap)’[l - ghs]

R

Let

ao doro O

J(E2) =] bioo boww O [,

0 0o 1
ie.,
B2+ap) a1 0
(L+ap)? (L+ap)?
](EZ): 2/32+2/3(1+af$)(1+;6+a/3) -28-(1+aB)(1+B+apB) 0
(1+ap)(1+B+apf) (1+aB)(1+B+apf)
0 0 1

Compute three eigenvalues of /(E;) to obtain

_ BQ+ap)d+prap)-2p(1+ap)-(1+aB)*(1+p+ap) F 1

Ao 21+af)*(1+B+ap)

)"3:1’

and their corresponding eigenvectors are

ELnL )T =21+ B +apf),K + 1,007,
(E210)" =21+ B +ap), K — 1,07,

(‘531 N3, GB)T = (0, O) 1)T1

where

K=1+B+af)d+apf)?+aB?+28]+2801+ap),
w=1+B+af)1+apf)?+aB?+28%

= BCiap)1+prap)-2p(iap)-(+ap)’(sprap)p _ _q
2(1+aB)2(1+B+af) :

One can see that A;
& & &
Take Ty = | n1 1n2 n3 |, namely,

61 6, 65
20+ B+aB) 20+B+af) O
T, = K+pup K—-pu 0
0 0 1

Then, its inverse matrix is

n—-K 1 0
u(1+p+af)  2n
-1 _ n+K 1
no= | mpem " O

0 0 1
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Taking the following transformation
(s Vi» SZ)T = T1(Xy, Y, wn)T;
the system (3.4) is changed into the following form

Xn+1 = _Xn + F(Xm an a)n) + 0(10;’):
Y = Y, + GXy, Yy, 0,) + 0(/03); (3.5)

Wyl = Wy,

where pp = /X2 + Y? + w2,

2 2 2
F(Xy, Yy, 0) = moo X, + Mmoo Y, + Mopaw,” + mi10X, Yy, + mioi X, oy,
Y, X3 Y3 3 X2Y,
+ mo11 £ Wy + M3p0AX,, + Mo30 L, + Moo3Wy,~ + 210X, Ly
+ My X, Y2 X2 X, 0, Y2
120 L, + M1 A, Wy + M1028,W, "~ + Mo21 L) Wy,
2
+m012ann +m111XnYna)m
2 2 2
G(Xy, Yo, 04) = oo X, + lono Yy, + looawn™ + 110X, Yy + Lio1 Xuwy,
+ lo11 Yy + 300 X2 + lozo Y2 + looswy,” + 1210X2Y,
011 L @y + L3004, T L0301, T Lo03Wn t L2104, Ly
Lo X, Y2 + o1 X2 LoaXuwn? + lon Y2
t L2080 L, + 02014, 0, + L102A 0wy, + Lo21 X, Wy

2
+lo12Yuwn” + hi1 X Yuop,

M1z = Mo12 = Mooz = Mooz = 0,
b
00 = HAdo + —2)(1 + B + o)
2p
b11o bozo 2
+2(Aayo + — )1+ B+ af) (K + ) + (Adoo + —— K + 1),
2 20
b
Mo = 8(Adaoo + —=)(1 + B + ap)?
2u
b1o bozo 2 2
+4(Aaro + —)A + B+ af)K + 2(Aagy + — )K" - u*),
21 21
b
Moo = HAdze + —2)(1 + B +apB)?
21
bio bono 2
+2(Aayo + ﬂ)(l + B +af)(K — )+ (Aa + o YK =),

b b
Migr = — (K + )+ —2 (1 + B+ ap),
21 iz

b b
Mo1y = —=(K = ) + —=(1+ B + apf),
21 "

b b,
Mzg0 = 8(Adsoo + 23—;1‘))(1 + B +aB) +(Aags + 2"—;‘))<K + )
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bao 2
+ 4(Aayio + ﬂ)(l + B +af) (K +pu)
b120 2
+2(Aajg + ﬂ)(l +B+af)K + ),
b30o 3 boso 3
mo3o = 8(Aasoo + 2—)(1 +B+af)’ + (Aagzo + —)K — )
i 2u
b
+ 4(Adg + ﬂ)(l + B +af) (K — )
+2(Aar + 1—”)(1 + B +aB)K - w2,
b,
Mgto = 24(Adse + %)(1 + B +aB)® +3(Aagso + —2)(K — p)(K + 1)’
I 2u
+4(Aayo + 1’22—5)(1 + B +aP)(3K + 1)
+2(Aan + b;—;"xl + B +ap)(K + 1) + 2(K* - )],
b b,
Mg = 24(Adse + ﬂ)(l + B +ap)’ +3(Aagso + 2°—Z°)(K - WK + )
+4(Adng + —)(1 +B+aB)’(BK - 1)
+2(Aayg + zl—lff>(1 + B+ aB)(K — w)? +2(K? - u?)),
b
ot = 2201 4 B+ apy? + 202 2. K w2+ P By B + ),
2 u
ot = 22014 B4 ap)? + ﬂ(K Cw+ P g -,
i 2u iz
b201 2 b021 2 2 blll
minn=—-20+B8+af) + — (K" —pu)+ —2(1+ B +aBf)K,
2 2 H
B2 = lo12 = looz = lpos = 0,
la00 = 4(Basoo — @)(1 +B+aB)’
+2(Bag - ﬂ)(l + B +aB)K + p) + (Bagyo - —><1< wy?,
I110 = 8(Bazoo — ﬂ)(l + B +aB)’ +4(Bayyo - %)(1 + B +ap)K
v
+ 2(Bago — ﬂ)(K2 u),
looo = 4(Basoo — ﬂ)(1 +p +aB)’

+2(Bayy — —)(1 + B +aB)(K — ) + (Baagyo — ﬂ)(K - w?

ot = —@m - ﬂ(l +B+ap)
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l bOll 101
011 = ——(K— W) — —(1 +B+ap),
b
bsoo = 8(Batson — 20)(1+ B+ af)? + (Baogo - “20NK + )
21 2
baio 2
+4(Bazio — ﬂ)(l +B8+aB) (K + )
b1 2
+2(Baiao — —)(1 +B+af)K +u)s,
loso = 8(Bazeo — —>(1 B +aB)® + (Bago - ﬂ)(K -y
+ 4(Basg — 22—;))(1 + B +af) K - 1)
b120 2
+2(Baigo — ﬂ)(l +B+af) K —pn),
b b
I10 = 24(Bazgp — 23—5)(1 + B +ap)® + 3(Bags - 2°—/ff)<1< — (K + )

+ 4(Bayyo — @)(1 + B +af) 3K + 1)

+2(Bayg — ﬂ)(l B+ aB)(K — w)? +2(K* - 1)),
L1p0 = 24(Basgo — 23—;’:’)0 + B +ap)® +3(Bagso - ﬂ)(l( )P (K + 1)

b
+ 4(Bago — 22—::))(1 + B +af)’ (3K — )

+2(Bay — @xl + B+ aB)(K + p)* + 2(K* - %),

bor = ——2(1 +B+ap) - ﬂ<1< W - %ﬂ +B+ap)K + ),
lont = —ﬂzu B+ap) - —Ml (K —py* - %(1 +B+aB)K - ),
Iy :—@2(1 +B+ap) - fj (1<2—M2)—%2(1+ﬂ+aﬂ)1<,

Brap) p_ (1+ap)’+pQ+ap)
u(l+B+ap)’ 2
Next, suppose on the center manifold

where A = —

Yn = h(Xn,wn) = hZOXi + hHXna)n + hOZwi + 0(p§),

where p3 = /X2 + w2. According to

Yn+1 = h(Xn+lr wn+1) = AZh(an wn) + G(an h(Xrn a)n): a)}’l) + 0(,0;)»
h(Xna1, @n11) = hao(=X + F(X, (X, @), 0))°

+ 11 (=X + EXy h(Xy, @), 0)) 0y + hop % + 0(p3),

Page 12 of 23
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comparing the corresponding coefficients of terms with the same orders in the above cen-

ter manifold equation, one gets
hao =0,h11 =0, hgy =0.
So the system (3.5) restricted to the center manifold takes as

Xe1 =f Xy ) = =Xy + F(Xop, (X, @), 0) + 0(p3)

= =Xy, + baooX> + o1 Xy + 1300 X3 + o1 X2, + 0(p3),
and

fZ(Xn: U)n) :f(f(Xn; a)n)x a)n)
= X, — 2001 X0, — (2h300 + 21350) X3

+ (Lot — 2la00l101)X 2wy, + Loy X2 + 0(03).

Thereout, one has

af afZ aZfZ
Xn: n :0:— :_L— :0:— :O;
S X 00,0y ox, l0,0 be, 0,0) e l0,0
9%f? _ boui(K + 1) +2b101(1 + B + ap)
0,0) =
X, 0w, O L
_ _2,3(1 +aB)1+ B +aB)1+ ﬂz +af) <0(£0),
uw
83f2
0% l0,0) = —1300 — L300
(1+B8+ap)®

76w+ B —2p(L+ ap) + FA(1 + ap)F]

x {[B2+ap) + (1 +ap)*1*[6a*(1 + apf)* + 6a(l + af) + 1]
+[B2+ap)+(1+ap)’

s [20 B2 + 603 8% + 42 B2 + 203 B3 + o + 48]
+[B2+ap) + (1 +ap)’Pl128°(1 + B + af)(L + af) + 86°]
+[BQ2+aB) + (1 +aB)*1*[9a° B> + 180> B% + 9B + 1208 + 56]
+[BQ2+af)+ (1 +ap)PI6B(1 + B +af)’(1+ap)’]
+[B2+ap)+ (1+ap)’]

% [2(1 +aB)® + B3(1 +aB)® + 38°(1 + ap)*]
+[B2+apf)+(1+af)’1[4B°(1 + B +aBf)(1 +ap) + 86°]
+[88°(1 + B +af)*(1 +ap)*} < 0(#0).
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According to (21.1.42)—(21.1.46) in [26, pp507], all the conditions for the occurrence of
a flip bifurcation are satisfied; hence, it is valid for the occurrence of a flip bifurcation in
the fixed point E;. The proof is over. d

3.2.2 Neimark-Sacker bifurcation

When § = §;, a pair of imaginary roots with [A;| = |A3] = 1 occur, implying a necessary
condition holds for a Neimark-Sacker bifurcation to occur, hence, there may be a Neimark-
Sacker bifurcation in the fixed point E,. In fact, one has the following result.

B-2+y/p2+48
2B

(1.9) undergoes a Neimark-Sacker bifurcation in the fixed point E, when the parament §

Theorem 3.3 Suppose the parameters (a, 8,8) € Sg, and a < . Then, the system

varies in a small neighborhood of 8. Furthermore, if in (3.9) L < (>)0, then an attracting
(repelling) invariant closed curve bifurcates from the fixed point E; for § > (<)é;.

Proof Giving a small perturbation §** of the parameter § around 8, in the system (3.1),
i.e., 8 =8 — & with 0 < |§**| « 1, the perturbation of the system (3.1) reads

vnt+yo

1=(un+%0)~ Gy vun g — %o,

Uyl = (un + xO)e
V) +y0
" +81)(Bng) _ Yo.

(3.6)

Vns1 = (Vi + Yo)e

The characteristic equation of the linearized equation of the system (3.6) at the equilib-
rium point (0, 0) is

EF(k) =A% = p(8™)\ + q(8**) = 0,

where

2 k%
pe) =PIy gt s and g7 =L

(1+ap)’ 1rap

It is easy to derive p2(0) — 4¢(0) < 0 when & < ﬂ—2+27 Vﬁﬂz%ﬂ, so, when 0 < |§*| < 1, the two

roots of F(\) = 0 are as follows:

e PEF) £ \/P2(8%) —4q(6*)  p(8™) % iy/4q(6**) — p*(5*)
A12(8™) = = .
2 2
Moreover,

soro = /46"

The occurrence of the Neimark-Sacker bifurcation requires the following two conditions
to be satisfied:
#0;

1 (d‘)tl,Z(S**N)
. da**
§+=0

2. M,00#1,i=1,2,3,4.
By calculation, one finds

1.

(1A1,26")D)

s

132
sisg B +1

(M> <0(#0).

d(S**

Obviously A} ,(0) # 1,i = 1,2,3,4. So, the two conditions are satisfied.

Page 14 of 23
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In order to derive the normal form of the system (3.6), one expands (3.6) in power series

up to the third-order term around the origin to get

2 2
Upel =  CroUp + Co1Vn + Cooldy + C11UnVy + C2V),
+C30US + Co1 UV, + Crau V2 + co3V3 + 0(03), 57)

Va1 = diolhy + dorv, + dzoun +dunt,vy, + don,,
3 2 2 3 3
+d3()lztn + d21 U,vy + dlZMnVn + dogl/n + 0(,04 ),

where pg = \/u2 +v2,

Let

€10 = @100, €01 = @010, C20 = @200, C11 = 4110,

Co2 = 4020, C30 = A300, C21 = @210, C12 = @120, €03 = 4030,

ﬂ(2+aﬁ)—(1+aﬁ)2d _—B+(L+ap)’

o = 1+af T T 81 v ap)

(L+ap)* + B +ap)’ —ap?2+af) - B(1+af)’ (3 + Otﬂ)

o= 2B+ aB) — B(1 + aB)]
iy~ VBT aP) s (L1 ap)t = afP2 s ap) - B2 rap)(L+ap)’
2[B3(1 + aB)* — B4(1 + apf)]
g - aB2+af)+ B2 +aB)1+af) —aBi(l+af) -1 +af)*
ne B2(1 +ap)* - B3(1 + ap) ’
iy, = OF7=4B° + 20871 + aP)(2 + ap) + 4B*(1 + ap)’

6[B(1 +apf)” - 2B%(1 +ap) + B3]
, eB @+ ap)’ +28(1+ B @B~ 1) - B2+ B + ap)’
6[B(1+apB)* —2B%(1 +ap) + B°]
. e +apy - +ap)
6[B(L +ap)* 221 +ap) + B3]
_[BQ+aB)— (1 +ap)’T'[BA +2aB) + (1 +aB)’]
6[B%(1 +ap)® —2B5(1L +ap)* + B/(1+ap)]
3822 - + af)(L + af) + 3a 32 + af)I[B2 + af) — (1 + ap)’]

o = 2083(1 + aB)’ — 28*(1 + af)® + B5(1 + apB)]
, 13- 4871 +ap)” ~ 301+ ap)" B2+ af) — (1 + ap)’]
203(1 + aB)® — 2841 + aB)* + B5(1 + ap)]
o l0vap)' + 280+ apPNIBR + af) — (1 + ap)’]
BTt + aB)® - 2851 + o)’ + BS(1 + ap)]
| B2+ ap)” — 45’2 +ap)(1 + ap)IBQ2 + ) — (L + ap)’]
2[BH(L +af)® - 285(1 + aBf)® + BO(1 + ap)] '

Co1
E) = )
J(Ey) = (dw do1>
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namely,
B2+ap) __1
_ (1+ap? (L+ap)®
J(E,) = ( BR+af)—(1+aB)®>  —B+(1+ap)? > ’
1+ap B(1+apB)

It is not difficult to derive that the two eigenvalues of the matrix J(E;) are

o B22+apf)-BA+aB)+ (1 +aB)® iy
b2 28(1 + ap)’

’

where y = \/4ﬁ2(1 +aB)t - [B22 +apf) - (L +af) + (1 +aB)®].

Their corresponding eigenvectors are

-28 0
+i )
Y

Vi2 =

where M = 822 + aB) — B(1 + aB) + (1 + aB)>.

Let
0 -28 2L
T2 = ( ) , then T271 = Zﬂi/ 4
Y M —ﬁ 0

Take the transformation of variables:
)" =ToX, V)T,

then the system (3.7) is transformed into the following form

X = eoX +enY +E(X, Y)+0(p§’), 38)
3.8
Y —  fioX +f01Y+@(X, Y)+o(,0§),

where p5 = VX2 + Y2,
f(X, Y) = 620X2 + BHXY + 602Y2 + 630X3 + 621X2Y + 612XY2 + 603Y3,

GX,Y) = froX> + fuXY + foo Y + f0X3 + 1 X2Y + fiaXY2 + fi3 Y3,

(L o1+ L don)y,eon = (ocor + —don)M — (Acro + ~d10)28
€10 =57 —Co1 + —do1)V,€o1 = (75 —Co1 + —do1 —(z5—Co0t+ —aio ,
2By 14 2By 14 2By 14

y M
=——Co1Y,fo1 = ———Co1 + C10»
fio o1Y.for 28 01 10

28
M 1 M 1

e = (=———co + —do)y? €30 = (=——co3 + —do3)y>,
2By 14 2By 14

(L s+ Sdo)M? + Ay + - )
€o2 = (7 —Co2 + —aon +2(Z5—C + —dy
2By 14 2By 14
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M 1
—2(——cu + ;dn)ﬁM,

28y
2( M ! do)y M —2( M ! di)p
€1 =2(z5—Con2t+ —ap)yM—2(——Cu + —an)py,
2By 14 2By 14
M 1 M 1
€03 = (=——Co3 + —do3)M> — 8(=——c30 + —d30)p>
2By 14 2By 14
M 1 M 1
~2A=—c1p + —d1)BM* + 4(——ca1 + —da1)B*M,
28y Y 2By 14
M 1 M 1
e =3(=——co3 + —do3)y*M — 2(=——c12 + —d12) B>,
2By 14 28y 4

M 1 , M 1
ep = 3(%%3 + ;dos))/M - 4(@%2 + ;dlz)ﬂLV

M 1
+ 4y + ;dZI)IBZV’

2By
1
Jo2 = —ﬁ(‘wz%o + M?cop - 2BMeny),
fou ==L 2y Men ~28yenfro =~
1= 28 Y VICo2 Y€1) J3o0 = 2,3c03’
1
Jo3 = —%(—8/33030 +M?coz +4B*Mcys — 2BM?crp),
1 2 2
S = —ﬁ@y Mcoz — 2By~ c12),
1 2 2
Siz = _ﬁ(gM yeo3 +4B 7y e —4BMycra).
Furthermore,
_ M 1 _ M 1
Fxx = 2(=——coa + —don)y? Fxxx = 6(=——co3 + —do3)y>,
2By Y 2By 14
F 2(AI 1d)M 2(AI ld)ﬁ
Xy = al-——Cop + —ap2)yM — 2(——C11 + —d11)pPY,
2By Y 2By Y
— M 1 M 1
Fyy =2(=—co2 + —do2)M? + 8(=——c20 + —d0)
2By 14 2By 14
M L ipM
- ¢t —adn ’
2By 14

_ M 1, M 1 ,
Fxxy = 6(z——co3 + —do3)y "M — 4(-——c12 + —d1) By~
2By 14 2By 14

_ M 1 5 M 1
Fxyy =6(——co3 + —do3)yM* —8(——c12 + ;dIZ)ﬁMV

2By 4 28y
M 1
+ S(ECZI + ;dzl)ﬁz%
— M 1 M 1
Fyyy = 3(=——Cco3 + —do3)M> = 24(=——c30 + —d30) >
2By 14 2By 14

M 1 , M 1.,
= 6(-——c12 + —dp)BM” + 12(——ca1 + —dn)B"M,
2By 14 2By Y
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2

S

Gxx = ——co2, Gxy = —— 2y Mcy, —2Byc11),
B 28

_ 1
Gyy = _3(4/32620 + M?cy = 28Men),

3

_ y — 1
Gxxx = —7603, Gxxy = _E(SszCOB -2By%c1),

— 1
Gxyy = —E(3M27/003 +4p%yco1 — 4BMycro),

_ 3
Gyyy = —E(—8ﬁ3C30 + M3cos + 4B Mcay — 28M3c1y).

In order to determine the direction and the stability of an invariant closed orbit bifurcated
from Neimark-Sacker bifurcation of the system (3.8), one needs to calculate the discrimi-
nating quantity

1—2x)A2 1
L= 43@(%(20{11) - §|§11|2 ~[Zoa|* + Re(A2821), (3.9)

where
$o0 = g[Fxx —Fyy + 2Gxy + i(Gxx — Gyy — 2Fxy)],
|
ti1 = E[Fxx + Fyy +i(Gxx + Gyy)],
1 — — _ _ _
Co2 = g[Fxx —Fyy —2Gxy + i(Gxx — Gyy + 2Fxy)],
§o1 = 1—6[1_:XXX + FXYY + @xxy + @YYY
+i(Gxxx + Gxyy — Fxxy — Fyyy)],

and L is required not to be zero [25-28]. Some calculations display

M
$o0 = —[2(—002 + —doz)l/ - 2(—002 + —doz)L - 8(—020 + —dzo)ﬁ
2By 28y 2By Y

+ 4(mcn + ;dn)ﬁM— E(ZVMCOZ —2Bycn)l

RRTIRAP L 48220 + Mo — 28Mer)]
—1I|——C — C Co2 — Cc )
3 ,3 02 ,3 20 02 11
1 M
t11 = 2 2(7002 + —doz)l/ + 2(W002 + _d02)M2
M
+ 8(ﬁ620 + on)ﬂ 4'(ﬁ611 + _dll)ﬂM]
LY = L e + M2~ 2801
—i[—T=cop — =(4B%co0 + M%cop — c1)l,
*1 52 g 20 02 11
1 M M
So2 = 3 2(Tcoz + doz)V - 2(7002 + _dOZ)M2

M
- 8(@@0 + ;dzo)ﬂz
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M 1 1
+d(——cy1 + —di1)BM + — 2y Mcoy — 2By c11)]
2By Y B

LY e L@ + Mrco — 2pMen)
+ —l|l——Cp + — Cy t+ Co2 — 4
sl 5 2 2 11
ML+ Sy M - Ay, + Ly
+a(-——Co2 + —adp)yM —a(——Ci1 + —d11)PY |,
2By 14 2By 14
1 M 1 M 1
001 = —[6(=——co3 + —do3)y> — 6(=———co3 + —doz)y M*
16 28y Y 2By Y
M 1
+8(==—ci2 + —di2) My
2By 4
M 1 1
—8(=——cn + —da1)B*y — = (3y*Mcoz — 2By c12)
2By 14 B

3
- E(—8ﬂ3030 +MPcos +4B*Mceas — 2BM?cry)]

1, 3y3 1, )
+ 1—61[—7603 - E(BM yco3 +4B7yco —4BMycr)
M 1 M 1
—6(=——co3 + —doz)y*M + 4(=——c12 + —dr2) B>
2By 14 2By 14
M 1 M 1
—3(=—co3 + —do3)M> + 24(——c30 + —d30) B>
2By 14 2By 14
M 1 M 1
+6(——ci2 + —dlz)ﬁMz = 12(z5—ca1 + —d21),32M].
2By 4 2By 14

Based on the above analysis, one can see that the system (1.9) undergoes a Neimark-Sacker
bifurcation in the fixed point E; when the parament § varies in a small neighborhood of §;

f5—2+24 ':ZJA’S. In addition, if in (3.9) L < (>)0, then an attracting (repelling) invariant

for a <
closed curve bifurcates from the fixed point E; for § > (<)3;. So, the proof of the Theo-

rem 3.3 is completed. g

Remark 3.4 The occurrence of a Neimark-Sacker bifurcation causes the system to jump
from stable window to chaotic states through periodic and quasi-periodic states, and trig-

ger a route to chaos.

4 Numerical simulation
In this section, to illustrate theoretical analysis derived above, we present the bifurcation
diagrams, phase portraits, and Lyapunov exponents for specific parameter values using
Matlab software with an automatic resolution ratio. The following cases of bifurcation
parameters are considered.

Vary § in the range (0.02,1.2) and fix « = 0.8, 8 = 2.5 with the initial values (xo, yo) =
(0.16,0.42). Figure 1 shows that there are two bifurcations in the system (1.9). Now we
explore the details.

First, let § € (0.8,1.2). One can obtain Fig. 2(a) and observe the existence of a flip bifur-
cation in the fixed point E; = (0.16667,0.41667) when § = 8y = 0.92, which is in accordance
with the result in Theorem 3.2. Figure 2(b) means the spectrum of maximum Lyapunov

exponent.
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Figure 1 Bifurcation of the system (1.9) in (3, 1
x)-plane for § € (0.02,1.2) 6
0.8
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(a) 0 € (0.8,1.2) (b) 6 € (0.8,1.2)

Maximal Lyapunov exponents

0015
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0.02 0.025 003 0.035 0.04 0.045 0.05 0.055 0.06 0.02 0.025 003 0.035 004 0.045 005 0.085 0.06
L
(c) & € (0.02,0.06) (d) § € (0.02,0.06)

Figure 2 Bifurcation of the system (1.9) in (8, x)-plane and maximal Lyapunov exponent

Then, let § € (0.02,0.06). Figure 2(c) shows the bifurcation diagram in (8, x)-plane from
which the fixed point E, is stable when § > §; = 0.053 and unstable when § < §;. Hence, a
Neimark-Sacker bifurcation occurs in E; when § = §1, whose multipliers are A1 5 = %‘{)ﬁgi
with |A12] = 1. The corresponding maximum Lyapunov exponent diagram of the system
(1.9) is plotted in Fig. 2(d).

Take the initial values (xo,y0) = (0.16,0.42), (0.16,0.2) in Fig. 3 and Fig. 4, respectively.
These figures show that the dynamical properties of the fixed point E; change from un-
stable to stable as the value of the parameter § increases, and there is an occurrence of
invariant closed curve around E, when 8 = §;. Figure 3 displays that the bifurcated closed
orbit is stable outside while Fig. 4 indicates that the bifurcated closed orbit is stable inside,

which agrees with the result of Theorem 3.3.
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(d) & =0.055 (e) & = 0.058 (f) § = 0.06

Figure 3 Phase portraits of the system (1.9) with o = 0.8, 8 = 2.5 and different § and the initial value
(x0,¥0) = (0.16,0.2) inside the closed orbit

W

(d) 6 =0.054 (e) 6 = 0.055 (f) 5 = 0.058

Figure 4 Phase portraits for the system (1.9) with & = 0.8, 8 = 2.5 and different § and the initial value
(x0,¥0) = (0.16,0.42) outside the closed orbit

5 Conclusion

In this paper, we revisit a predator-prey model with a ratio-dependent Holling-Tanner
functional response. By applying the semi-discretization method instead of the forward
Euler method, the system (1.5) is transformed into the system (1.9). Under given para-

metric conditions, we comprehensively demonstrate the existence and stability of two

1+ap-p p+ap-p)
af+l 7 af+l

the sufficient conditions for the occurrence of the flip bifurcation and Neimark-Sacker bi-

nonnegative fixed points E; = (1,0) and E; = ( ). Moreover, one derives

furcation. In particular, the positive equilibrium E, is shown to be asymptotically stable
= Bep+D-@p+1)?
when § > §; = S aBi])

Neimark-Sacker bifurcation when the parameter § goes through the critical value §;. This

and unstable when § < §;. Hence, the system (1.9) undergoes a

displays the coexistence of prey and predator when the parameter § = §;.
We made a surprising discovery: for the same differential system (1.5), different discrete
methods—the forward Euler method used in [20] and the semi-discretization method em-

ployed in this paper—can lead to different conclusions. Specifically, the fixed point E; is a
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saddle for § < 2 in [20], whereas our results show that the fixed point E; is always a saddle.
Additionally, a flip bifurcation is reported at E; in [20], while our findings indicate that no
bifurcation occurs at Ej.

This finding highlights the importance of approaching the problem from different angles
or directions to gain a comprehensive understanding. Considering various perspectives
may sometimes lead to differing or entirely new results.
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