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However, the weak solution under consideration is notin L' (0, T; W&’p (X)(Q)), and
defining the trace becomes a new problem. In this paper, we give a new definition for
the trace of u € L°°(Qy) to solve this problem. Based on the new concept of the
generalized trace and the selection of suitable test functions, the stability theorems of
the weak solutions are obtained.
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1 Introduction
Consider an anisotropic parabolic equation

N
9 .
=y o (a:(0) |, P %), (x,8) € Qr, (1.1)
i=1

with the initial value condition

u(x,0) = up(x), x € Q, (1.2)
and the boundary value condition

ulx,t)=0, (x,t)€d x(0,T), (1.3)

where Q C R is a bounded domain with a smooth boundary 32, Qr = Q x (0, T), d(x) =
dist(x, 9R2) is the distance function from the boundary 9€2, both p;(x) and a;(x) belong to
CY(Q),1<i<N. Compared with the usual non-Newtonian fluids equation

u; = div(|VulP Vi), (x,t) € Qr,
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Equation (1.1) incorporates variable exponents p;(x) and is referred to as an evolutionary
equation with a nonstandard growth order.

Equation (1.1) arises in various physics and biology contexts, such as the dynamics of
fluids in porous media [9], anisotropic reaction-diffusion-advection systems [10], and the
spread of epidemic diseases in heterogeneous environments [2, 11]. When p;(x) = p; is a
constant, the earliest study of Equation (1.1) can be traced back to [18] in 1968.

Since the beginning of this century, with the development of the theory of the variable
exponent Sobolev space [13, 17], many mathematicians have shifted their focus to the
solvability of the parabolic equation

u; = div(|VulP®=2Vu) + f(x, t, u), (x,t) € Qr, (1.4)

or its anisotropic version

N

9
= Z pr (o, P20, ) + f (5,8, 1), (x,8) € Q.

Researchers have investigated the essential changes arising from the nonstandard growth
order p(x) or p;(x) [3, 12, 16]. In recent years, a more general equation than (1.4), namely,

u, = div(a(x)| VulPD2Vu) + f(x, t,u), (x,t) € Qr, (1.5)

has garnered significant attention. This kind of equation arises from the image denois-
ing [15] and the megascopic double porosity model in a periodic fractured medium [1],
where a(x) is the diffusion coefficient. If a(x) > a > 0, the well-posedness problem and the
blow-up phenomena of weak solution to equation (1.5) have been studied in [4, 20, 22].
Moreover, a more complex equation,

u; = div(a(x, t,u) | VulP*72Vu) + f(x, 1), (x,t) € Qr, (1.6)

has also been analyzed. In particular, if a(x, ¢, u) = |u|* + do, do > 0, @ > 2, then the ex-
istence and the uniqueness of weak solutions to Equation (1.6) were discussed in [14].
When a(x,t,u) > a > 0 is not imposed, the existence of weak solution to Equation (1.6)
was studied in [6]; however, no uniqueness results were provided in [6]. In summary, when
a(x, t,u) > 0, the uniqueness of weak solution to Equation (1.6) remains an open problem.
As for the anisotropic case, if a;(x) > a > 0,
A
= o (@@t 1 uy) 4 [ ), (0) € Qr,

i=1

then the blow-up and extinction in finite time of the weak solutions have been studied in
[5,7]. If

a(x)>0,x€, i=12,...,N,
and

1
/ ai(x) P9 Tdx<oo,j=1,2,...,N,
Q
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the existence of weak solutions to Equation (1.1) with the initial value condition (1.2) was
proved in [27]. Moreover, by imposing various restrictions on the diffusion coefficient
ai(x), several stability theorems for weak solutions have been established in [28] using
the weak characteristic function method. The key contribution of [28] lies in the authors’
attempt to study the stability theorem independently of the boundary value condition
(1.3). Naturally, alternative conditions must be imposed on ;(x) to replace the boundary
value condition (1.3) in [28]. However, based on the related references discussed above,
we observe an important gap that remains to be addressed. Specifically, if there exists an
ip €{1,2,...,N} such that

I
f aiy(x) "0 dx = oo, (1.7)
Q

then the boundary value condition (1.3) cannot be imposed in the sense of trace. How,
then, can one prove the stability of weak solutions to equation (1.1)? A typical example is

a;(x) = @7, which gives Equation (1.1) the important characteristic
__pi®
/ dx) ri®1ldx=00,i=1,2,...,N.
Q

Such a fact invalidates all the stability theorems obtained in [28].

The primary objective of this paper is to provide a method for addressing the well-
posedness problem of Equation (1.1) under the condition that (1.7) holds. A secondary
contribution of this paper is the relaxation of assumptions regarding the existence result
of the weak solution, allowing the diffusion coefficient a;(x) to vanish within the interior
of the domain. In contrast, a;(x) > 0, x € Q2 was the fundamental assumption in our pre-
vious works [27-30]. The novelty of this paper lies in the generalization of the concept
of the classical trace for u € L'(0, T; W,”(2)), r > 1 to L*(Qr), when a;(x) = d?*). This
generalization enables the study of the stability of weak solutions.

The paper is arranged as follows. In Sect. 2, we generalize the concept of the classical
trace for u € LY(0, T; W(} "(2)) to a weaker functional space, where > 1. In Sect. 3, we
define the weak solution to equation (1.1) and present the main theorems of the paper. In
Sect. 4, we obtain the L*-estimate and prove the existence of a weak solution. In Sect. 5,
we prove two stability theorems. The first theorem focuses on the case a;(x) = d*, with
a; being a constant. The second theorem addresses the question of defining the trace of
u when u ¢ W(Q), in the case where a;(x) = @/*”, and studies the stability under the

boundary value condition (1.3).

2 The generalization of the trace
We denote that

p; =maxp;(x), p; =minp;(x)

xeQ x€Q

l<po= miél {p1(%), p2(x), ..., pn-1(%), pN(X)},

P’ = max P1(x), p2(%), ..., pn-1(%), Pn(X)}.
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To summarize the introduction, since 4;(x) may be equal to zero both on the boundary
92 and within the interior of €2, the weak solution u(x, t) is generally satisfies only the
condition

/ a;(x)|uy, P dx < oo.
Q
This inequality is weaker than

/ |24y, 1Pi®) dx < 0o,
Q

and the boundary value condition (1.3) cannot be imposed in sense of the trace in classical
way, i.e., (2.4) below. In some details, for every i, 1 <i < N, we denote that

Y ={x€0dQ:a;(x) >0},

o1
Yo = {x € 02 a;(x) =0, there exists r > 0, such that / a;i(y) rivldy< +oo} s
Q

m By(x)

1
Y3 = {x €0 a;(x)=0, for any small r > 0, / ai(y) 79 1dy = +oo} .
Q

ﬂBr(x)

Clearly, for every i, we have

IR =3y U Yoi U Y3

According to the analysis of [26, 29], a part of the boundary value condition of (1.3)

N N
ux,1) =0, (x,1) € { (ﬂ 211) U <ﬂ 22,-) } x (0,7),
i=1 i=1

can be imposed in the classical trace. For example, when a;(x) = d%, «; < po — 1, then we

know fﬂ d(x)fpiof)—l dx < +00, and on Xy;, the part boundary value condition
u(x) t) = 0’ (x» t) € 22i X (Or T):

can be imposed in the classical trace.
The difficulty in determining how to define

u(x,t) =0, (x,£) € {0\ X1} x (0,T), (2.1)

where £, = (MY, 1) U(NY, T20)). It appears to be extremely challenging to solve this
problem completely and perfectly, and it deserves further discussion. Consider the non-

Newtonian fluid equation in the form

u

N
ou

_di p-2 _ () —— —

o7 div (a(x)|Vu| Vu) ;:1 b;(x) ™ +c(x, Hu =f(x,t),

(2.2)
(x,t) € Qr,
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where p > 1, 0 < a(x) € C(Q), bi(x) € CH(R), c(x,t) and f(x,t) are continuous functions
on Qy. Define B as the closure of the set C5°(Qr) with respect to the norm

llt||g = // a(x) (lux, )P + | Vulx, 1) dxdt, u € B,
Qr

then for u € B, being a weak solution to Equation (2.2), the authors in [26] claimed that
the boundary value condition (1.3) is over determined, and the necessary partial boundary

value condition is
ulx,t)=0, (x,£) € ¥ x (0, 7), (2.3)
with X = (22 U 23 U 24) - 89, and

Y3={x€0Q:a(x) >0}

1
Yy ={x€9Q:a(x) =0, and there exists r > 0 such that / a(x)P1dx < oo},
QN B

N
Ty={xe =0 bix)milx) <0},

i=1

where B, (x) is the ball centered at x and with radius r, and £° = 92 \ (23 X4). Proposi-
tion 2.1 in [26] yields that, if u € B, then

ux,t) =0, (x,6) € (B3 J Ta) x (0, T),
can be defined as in the classical way, i.e.,

u(x,t) = nlirr;o u,(x,t)=0, (x,1t) € (I3 U ¥4) x (0, T), (2.4)
where u, € C§°(Qr). While

u(x,t) =0, (x,t) € Xy x (0, 7),

is imposed in the sense of that

T N
lim sup/ / u? Y bix)n(x)dodt =0, (2.5)
0 {xeamzzﬁl bi(0)n;(x)<0 Z o

r—0 -1

where A > 0, limsup, _,,f(A) = %rgg{ess sup{f(1) : |A| < &}} is the super limit. One can see
that, if u satisfies (2.4), then it also satisfies (2.5). Thus, one can regard that the boundary
value condition (2.3), which matches up with the non-Newtonian fluid Equation (2.2), is
imposed in a generalized trace defined as (2.5).

For the main Equation (1.1), a new problem arises. Since there is not the convection
term Zf\:[l bi(x)z?_;' it is impossible to define the boundary value condition (1.3) in the
sense of (2.5). In other words, if one regards that the boundary value condition (1.3) is
imposed in a sense of a generalized trace, then such a trace cannot be defined as (2.5).
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However, when u € L*(Qy), if p;(x) = p;, in [30], then the author found that the part
boundary value condition (2.1) can be imposed in the sense of

1
limsup [ n sup a;(x)% |xy|lul | =0,i=1,2,...,N, (2.6)

n—00 xeDy, \D%

where D, = {x € Q: x(x) > %}, and x is a weak characteristic function of €, i.e., it is a
continuous function when x is near 92 and satisfies

x@x) >0, x€ Qand x(x) =0, x € 9Q2.

Now, if u € L*(Qr) is a weak solution to Equation (1.1), we obviously can generalize
(2.6) as follows:

1
limsup [ n sup a;(x)?® |x,|lu|l | =0, i=1,2,...,N. (2.7)

n—00 x€Dy\Dn
2

This allows us to define the boundary value condition (1.3) in the sense of (2.7). However,
a significant disadvantage is that both (2.6) and (2.7) depend on the choice of y (x). If the
choice of x(x) is not so good, verifying whether (2.7) holds can become challenging. So,
in this paper, we aim to find another definition of the trace of u € L*°(Qr) to avoid such
a trouble. For simplicity, we only consider the typical case where a;(x) = @”*”, and using
some idea of [30], we introduce the following new definition about the trace.

Definition 2.1 If u(x,t) € L°°(Qr), then the generalization of trace of # =0 on IQ2 \ X;
can be defined as

limsup sup d*lu| =0, (2.8)

n—00 x€Qn\Qg

where Q, = {x € Q:d*> 1}.

By such a generalization, when a;(x) = @7/, if one impose the homogeneous bound-
ary value condition (1.3) in the sense of Definition 2.1, the stability of weak solutions to
Equation (1.1) can be proved. This is the main dedication of this paper.

At the end of this section, we give a short explanation of the above generalized trace. It
is well-known that, when « is in Wol P(Q) or BV(Q), u is almost everywhere differentiable
in ©, and the classical trace of # = 0 on the boundary is defined in the sense of (2.4). Since
the weak solution considered in this paper is not in Wol ?(Q) or BV(2), we have to define
u = 0 on the boundary in a new way as (2.7) or (2.8). Actually, one can see that, when u(x, t)
is a continuous function in Qr, u(x, t) satisfies (2.5), (2.6), (2.7), and (2.8) simultaneously.
Certainly, if for every t € (0, T), u(x,t) in Wol’p(Q) or BV(R), then it satisfies (2.5), (2.6),
and (2.8) naturally. Among these generalized traces, (2.5) itself is not comparable with the
other definitions of trace listed above. Definitions (2.6) and (2.7) are similar. Definition
(2.8) is only can be used in the case when a;(x) = @), If u(x, t) satisfies (2.8), then by a
simple calculation, one can see that (2.6) is true only if x (x) = d>.
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3 The definitions of weak solutions and the main results

We introduce a function space
V= [v eI (0, T; Wg'f’(”(sz)) vy | € LPO(Q)i=1,2,... ,N} ,

endowed with the norm ||u||y = |u] ) + 1Vl e - Then, V is a separable

P0 (O,T;Wé‘p(x)(ﬂ)
and reflexive Banach space [5]. We denote V* by its dual space.

Lemma 3.1 Assume that 7w : R — R is a piecewise function in C*, satisfying 7 (0) = 0, and
is out of a compact set w' = 0. Let T1(s) = fos w(o)do.Ifu eV and u, € V*, we have

T
/ <, (W) > dt : =< Uy, (W) >y yrreoQr)
0
= / M(u(T))dx — / IT(u(0))dx.
Q Q
Lemma 3.1 can be found in [19].

Definition 3.2 A function u(x, t) is said to be a weak solution to Equation (1.1) with the

initial value condition (1.2) if
[ee) du * i(x) 1
u € L>(Qr), T V™, ai() |y [P € L(Qr), (3.2)

and for any function ¢ € C}(Qr), such that

T 1ou N
/0 <E’(p>dt+;//@ﬂi(x)|uxi

The initial value condition (1.2) is satisfied in the sense of

pile)-2 Uy, xdxdt = 0. (3.3)

}in&/ u(x, t)l/t(x)dx:/ uo(x)Y (x)dx, Y (x) € C3o(2). (3.4)
~0Jg Q

By this definition, we can prove the following existence theorem in next section.

Theorem 3.3 Suppose that for every i, 1 < i <N, the measure of Q; = {x € Q2 : a;(x) = 0}
is zero, i.e., a;(x) is almost everywhere positive on Q, and ay(x) € A, is a weighted function.
If pi(x) is a log-Holder continuous function, py > 1, ug(x) € WLPO(SZ) (L*®(Qr), then there
exists a weak solution of Equation (1.1) with the initial value condition (1.2).

Here, we set

aop(x) = mig{al(x), ax(x),...,an(x)},

and for any p > 1, A, is the weight function space introduced by B. Muckenhoupt, the

details are given in the next section.
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In fact, ag(x) € A,, is not a necessary condition. In the next section, such a condition
is used for L>-estimate by the De Giorgi method in Theorem 4.7. We believe that by

considering the approximate equation

N 0 ) P[(ﬁ;)—Z
=) o (@ +e) (gl +e) 7wy ), 0 €Qr, (3.5)

i=1 ‘

asin [27], the classical parabolic equation theory [18] can yield a classical solution u, of the
initial-boundary value problem to Equation (3.5). Using the maximal principle, we have

[t l| ooy =< ¢ (3.6)

The difference lies in that, in [27], a;(x) > 0, x € Q. However, in this paper, a;(x) may
be equal to zero at some points in 2. Certainly, such a minor difference does not af-
fect the truth of (3.6). The significance of Theorem 4.7 below lies in that, using the De
Giorgi method and the embedding theorem in the weighted Sobolev space, one can inde-
pendently give an L*°-estimate of an anisotropic parabolic equation with a nonstandard
growth order.

In this paper, we are mainly concerned with the stability of the weak solutions. The first
stability result is the following.

Theorem 3.4 Let a;(x) = d*, a; be a constant, u(x,t) and v(x,t) be two solutions to Equa-
tion (1.1), up(x) and vo(x) be the corresponding initial values, respectively. If

w>pf-1,i=1,2,...,N, (3.7)
then there is
/Q lu(x, t) — v(x, t)|dx < c‘/Q | (x) — vo(x)|dx. (3.8)
We noticed that for the non-Newtonian equation
u, = div(d®|VulP2Vu), (x,t) € Qr,

when o > p — 1, the stability (3.8) was proved by Yin-Wang in 2004 [25]. While, « <p — 1,
the stability (3.8) can be true when the boundary value condition

ulx,t) =v(x,t)=0,(x,£) € 02 x (0, T)

is imposed in the sense of the classical trace. Theorem 3.4 has partially improved Yin-
Wing’s results.

One can see that if condition (3.7) is assumed in Theorem 3.4, then there is nothing to
do with the boundary value condition. At the same time, as we have introduced above, if
a; < p; — 1, the boundary value condition (1.3) can be imposed, the stability is also true
as (3.8). However, since p;(x) is a function on £, there is generally a gap between p; -1
and p — 1. Understanding how to bridge and reconcile this gap is an interesting problem.
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In the other words, if p; — 1 < o; < p/ — 1, is Theorem 3.4 still valid? In this paper, we
directly discuss the stability of weak solutions when a;(x) = d?® and obtain the following

theorem.

Theorem 3.5 Let a;(x) = d”'®. Suppose that u(x, t) and v(x, t) are two solutions to Equa-
tion (1.1), ug(x) and vo(x) are the corresponding initial values, respectively. The same ho-

mogeneous boundary value condition
ulx,t) =v(x,t) =0, (x,£) € 92 x (0, T), (3.9)

is defined as Definition 2.1, then
/ | u(x,s) — v(x,s) |* dx < / | to(x) — vo(x) |* dx. (3.10)
Q Q

An open problem is whether the stability condition (3.10) holds when a;(x) = d?® and
the boundary value condition (3.9) is not imposed.

4 The existence
When p(x), q1(x), g2(x) are log-Holder continuous functions, we have the following basic
lemma.

Lemma 4.1 (i) The space (LPP(R), || - | o)) (WD), |- o) and Wy ()
are reflexive Banach spaces.
(ii) Let q1(x) and qo(x) be real functions with Loy L1 -1 and q1(x) > 1. Then, the

Qa1 " qax)
conjugate space of L1 () is L©2%(Q). For any u € L1"®(Q) and v € L2W(Q), there

holds
/ uvdx
Q

(iii) There holds that

= 2”””qu(7‘)(9)”V”LQZ(X)(Q)'

I Wl = o then [ ™= 1.
Q
' ) p*
I lull ooy > 1, then l|ull o) < | 1wl Pdx < llull ) -
Q
p* () a
I llull ooy < 1, then |lull o) < | 1ulPPdx < llullu -
Q
(iv) If g1 (%) < qa(x), then
Lq1(x)(Q) ») qu(x)(Q).

) If 1(x) < ga(x), then

Wl,qz(x)(Q) s Wl’ql(x)(Q)'
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(vi) (p(x)-Poincarés inequality) If p(x) € C(Q), then there is a constant C > 0, such
that

1,p(
el ey < CllVatll ey, Vit € WP ().

This implies that ||Vul| e q) and ||ully1pw ) are equivalent to the norms of W&’p(x)(Q).

This lemma can be found in [13, 17].
In this section, we will prove Theorem 3.3. We first introduce an embedding theorem

related to anisotropic variable exponent space.

i N )
Lemma 4.2 Let 1 <m < 1\% and %1 =+ ZI% Then, Wol’p(x)(Q) — L"(Q) and |ull,, <
=17

N N -
M (]_[ (|24, ”pi(x)) ,Jorallu e Wol’p(x)(Q), where M is a constant independent of u.
i=1

This lemma can be generalized from Lemma 1.23 of [8], and when p;(x) = p; is constant,
it was first proved in [23].

Second, we quote the weighted Sobolev space Wg P(Q, w) from [24, Chap. 17], where »
is the weighted function.

By a weight, we mean a locally integrable function w on RN such that w(x) > 0 a.e. Every
weight w gives rise to a measure on the measurable subsets of RN through integration. This

measure will also be denoted by w. Thus, w(E) = f ¢ w(x)dx for measurable sets E C RN.

Definition 4.3 Let o be a weight and 2 be open. For 0 < p < 00, we define L? (L2, w) as the

set of measurable functions # on  such that

el rr(@,0) = </ Iu(x)lpa)(x)dx>p < 00.
Q

Definition 4.4 Let k € Nand 1 < p < 00. Let w be a given family of weight functions w,,
la| <k, @ = {wy = wy(x),x € 2, || < k}. We denote by W*?(Q, ) the set of all functions
u € L (2, wp) for which the weak derivatives D*u, with |«| < k, belong to L? (€2, wy). The
weighted Sobolev space W*”(, w) is a normed linear space if equipped with the norm

p

lullwirgam = D / 1D ul wodx
Q

| <k

—
|

(Ja| < ¢), then W*?(Q, w) is a uniformly convex Banach space.
(2), then C3°(L2) is a subset of WP (Q, w), and

we can introduce the space Wg ?(Q, ) as the closure of C5°(Q) with respect to the norm

Ifl<p<ooandw,” €L,

If we additionally suppose that also w, € L}

loc

[|ze]| Wkp(Q,w)

The class of A, weight was introduced by B. Muckenhoupt, where he showed that 4,

weights are precisely those weights w for which the Hardy-Littlewood maximal operator
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is bounded from L (RN, w) to (RN, w) (1 < p < 00), that is,
M:IPRN,w) = [P(RY, w),

M = §
(M) = sup = B

[f)ldy

is bounded if and only if w € A, i.e., there exists a positive constant C such that

1 1 1\
ﬁ fa)dx ﬁ /(,() p-1 dx < C,
B B

for every ball B € RN,
The union of all Muckenhoupt classes A, is denoted by A, Aso = Up>1 Ap.

1
If w € Ay, then since w 71 is a locally integrable, we have L7(2, ) C L}DC(Q) for every
open set 2. It thus makes sense to discuss weak derivatives of functions in (€2, w). The
weighted Sobolev space W*?(R2, w) with weak derivatives D*u € LP(Q, w), |a| < k. The

norm of u in W*?(Q, w) is given by

lullwirgum = / \D* ulP wdx
Q

| <k

We have the following:

(i) If w € Ay, then C*®(RQ) is dense in W*?(Q, w).

(i) If € A,, then we have a weighted Poincare inequality.

Let 1 <p < oo and w € A,. Then, there are positive constants C and § such that for all
Lipchitz conditions function ¢ defined on B(B = B(x,R)) and for all 1 <6 < 2= + 8,

N-1
1 1
(—1 f | Iepa)dx>€p <CR (—1 f v |1”a)dx)p
w®B) J; 7 =" \o® ;Y ’

where @3 = ﬁ [z owdx.

Definition 4.5 Let 2 € RN be a bounded open set, 1 < p < 00, k is a nonnegative inte-
ger and @ € A,. We denote by W*P(Q, w) the set of all functions u € LP(§2, w) for which
the weak derivatives D*u, with || < k, belong to L?(£2, ). The weighted Sobolev space
WkP(Q, w) is a normed linear space if equipped with the norm

5
21l w9,y = f u@Po@ds+ Y / |D*ulP w(x)dx
@ 1<lal<k " @
We also define the space Wg ?(Q, w) as the closure of C§°(€2) with respect to the norm
= 12
”””W(’;"’(Q,w) = Z ) |D*ul? w(x)dx
1<|a|=<

We need the following basic result.
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Theorem 4.6 (The weighted Sobolev inequality) (24, Theorem 17.3] Let Q@ C RN be a
bounded open set and w be an A,-weight, 1 < p < 0. Then, there exist positive constants
Cq and § such that for all f € C3°(Q) and 1 <n < % +4

W llzw e < CallVfllrw-

Now, we consider the regularized parabolic equation

N
a
=) o (@@ + &)lug " ?u), (6,0) € Qr, (4.1)
i=1 7t

with the usual initial-boundary value conditions

u(x,0) = ug:(x), x € L, (4.2)

u(x, t) =0, (x,£) €02 x (0, 7), (4.3)
where, u.(x) € Ci°(R2) is strongly convergent to u(x) in Wol’p 0(Q), and ug.(x) = uo(x)
weakly star in L*(Q).

Since p;(x) is a log-Holder continuous function for every i, 1 < i < N, using a modified
De Giorgi method introduced in Theorem 2.3 of [19], we can prove the following lemma.

Theorem 4.7 Assume that u, € VN L*(Qr) is a weak solution to the initial-boundary
value problem (4.1)—(4.3). If ag(x) € A, is a weighted function, then there is a constant C
that depends only on py, N, T, Q2 such that

ll2te Ml Loocopy < ol ooy + C.
If pi(x) = p; is a constant, such a uniform L*°-estimate also can be found in Theorem 1
in [21].
For simplicity, we only give the proof of Lemma 4.7 when pg > 2. If 1 < pg < 2, one can

also prove Lemma 4.7 using a modified De Giorgi method introduced in Theorem 2.3 in
[19]; we omit the details here. We need the following lemma (Lemma 2.1 in [19]).

Lemma 4.8 Let a, b, X be positive constants, L > % + s. Define

w(s) = (4.4)

Then we have:
1. For any s € R, there holds

Q@) = Alsl,  ag(s) - blo(s)] > ge*“'. (4.5)

2. For any s > d, there are constants d > 0, M > 1 such that

s po s pPo
¢'(s) =AM [(p <—>] ;) =M [w (—)] - (4.6)
Po Po
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3. Let ®(s) = fos w(o)do. If po > 2, then there exists ¢* such that

s \ 77
®(s) > ¢* [(p (—):| , Vs>0. (4.7)
Po

Proof of Theorem 4.7 Let k be a positive constant satisfying ||uo|l;~q) < k, and let ¢ be
defined as in (4.1) with A > % +2b.
We define

u -k, u >k,
Gr(u)=4q u+k, u< -k,
0, lul < k
and denote x4 as the characteristic function of A. Since u € V N L*®(Qr), we know

©(Gr(u)) € VN L*®(Qr). For any t € [0, T'], we choose v = ¢(Gy (%)) x[o,r] as the test func-
tion in (4.1), by the facts vy, = xjo,.1x {|#| > k}¢'(Gr(w))uy,;, we have

f (Gl > dt
0

N . (4.8)

£y / / (@i(%) + &), "¢ (Gr(w) x {|ul > k}dxdt = 0.

=1 Y0 Je
Denote that Ax(¢) = {x € Q: |u(x, )| > k}. Since ||ug ||z q) < k, we have
/ < u, 9(Gr(u)) > dt = / O(Gy(u))(t)dx —/ D (Gr(uo))dx
0 Q Q
= / D (Gr(w)(t)dx — / D(Gr(uo))dx (4.9)
(o) AR(0)

= / D(Gr(u))(t)dx.
A7)

Let 2 = 1 in (4.5). We have ¢’ > ¢’ — blg| > 3€"19%)| > 0. Since |uy, [P > |uy, [P0 - 1,
i=1,2,...,N, Equality (4.8) yields

N T
/ D(Gr(w))(t)dx + Z/ / (a;(%) + &)|uy, [P0 @ dxdt
Ag(t) i-1 YO JA®

(4.10)
N T
<c / / ¢'dxdt.
; o Jaw
Denoting wy = (p(lG}’;%), by po > 2, we have
N T
Z/ / (ai(x) + &) |uy, [P0 @ dxdt
7 Jo Jae
N
1 T Gl |PO
Z—Z/ / (a;(x) +¢&) e Uy,| dxdt (4.11)
2 i=1 YO JA®)

Page 13 of 23
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Mz

1
2
i=1

P
/ f (@) + ) |22 oo It
Ar(®) A
1\ 20 T
(_) f / (ai(%) + &)| Wiy, PO dxdl.
A 0 JAR®)

By the definition of Ay, we have Ax(t)\Axqa(t) = {x € Q: k < |u(x,t)| < k + d}. Thus, on
Ar(®\Akra(t), we have 0 < |Gi(u)| < d, ¢'(Gi(u)) = LM < ye* From (4.6), we have

T
/ / o' dxdt
o Jayo
T T
§AM// |a)k|p°dxdt+// ¢'dxdt (4.12)
0 JApa(®) 0 JAO\Ak1a(®)

T T
SAM/ / |wk PO dxdt + )\ekd/ / dxdt.
0 JApa(®) 0 JAR@O\Agsa(®)

Combing (4.10), (4.11), and (4.12), we can deduce that

Mz

1
2

N
—

i

N

1 1 po T
*G dx+ I i [P0 dxdt
-[41((1) (Grmax+ 2 Z (A) /0 /Ak(t)(d () + &)l [l

i=1

(4.13)
N T N T
<AM / f |k |P0dxdt + re*? / / dxdt.
; 0 JApa(® ; 0 JAO\Ag1a(®)
By (4.7), we have
/ D(Gr(u))(t)dx > C*f |wi |POdx. (4.14)
Ag(v) Ar(0)

Substituting (4.14) into (4.13) and taking the supremum for = € [0,1] with ¢; < T, we

have

N

1 1 Ppo t
C*/ Iwk|p°dx+—z<—) / / (ai(x) + &)| Wy, PO dxdlt
Ap(r) 25\ 0 Jaw
N t
SAMZ/ / Ia)k|"°dxdt+)»ekd2/ / dxdt.
T Jo Ja0

(4.15)

ArO\Ag+q(t)

Since pp>1,1< NN

<N 45is obviously true. Moreover, since py > 2, we have
-po — N-1

N
a0(0) Va0 < 23 DN < 37 ) o 1. (4.16)
i=1



Zhan Advances in Continuous and Discrete Models (2024) 2024:55 Page 15 of 23

By that 4y € A,, and inequality (4.16), we can use Theorem 4.6 and the Holder inequality

to obtain

N
15} N+pg
( / f o 0 dedt>
0 JAa N
2 2 ]%1’0
( / / o0 |wk|”°mdt)
0 JAR®

, P N-pg 1‘%1’0
1 N Npo_ N
< / (/ ag |wg [P0 dx) (/ ag |wg | Nro dx) dt
0 Ar(t) Ag(t)
N
1;70 t1 Npg 1% o
< sup / ag || dx f (/ ag || N0 dx) dt (4.17)
ref0,1] JAx(v) 0 A(®)

N
N+pg

po
N t1
< | C@o,N,|2))| sup / |k P dx </ / a0|Va)k|p°dxdt)
Tel0t1] JAR(r) 0 Ax(t)

t
<couNian( sw [ jodrdrs [ aivarrdsar
T€[0,t1] J Ay (T) 0 Ar(t)

=< C(po,N,1€2])

N t
Py
x | sup / |a)k|p°dx+2(70‘1)(N_l) E / / a;(%) | Wi, [P0 dxdt
T€l0t1] JAr(r) i=1 0 Ap(t)

N t
scouNian( s [ jomdve Y [ @ oo s ),
Ag(t) i=1 0 Ar(t)

t€(0,t1]

where, C(pg, N, |2]) depends on N, py, |2| but is independent of t; < T.
Hence, from (4.15), it follows that

N
i N N+
Tty 2 = |k [PO™N dxdt
0 JAR®

N 51 N 1
=c(>. / / |wxlPodxdt +) / / dxdt |,
=1 YO JAK® i=1 Y0 JAr@O\Agsa (D)

where C is independent of £;.

N+po
ro ’

N t N+pg %po t ﬁ(;)ao
Ji1: <C Z ( / / Ia)klpOdedt> < / / dxdt)
= | \o Ja 0 Jaxo
N t : f 1-1
+C / / dxdt) (/ (A (t))dt>
; {( 0 Jaw 0 .

Consequently, by the Holder inequality and r > we have
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i=1

N f 1-1
+CZ{( / u(Ak(t»dt) ]

i=1

N 2 N+pg %PO o1
<o ([ o )™ @ -1
; 0 JA® r

where () is the measure of Q.
Now, if we choose #; small enough such that

ey ey} <

i=1

) (4.18)

N =

we have

N t 17%
Tty < CZ { <f M(Ak(t))dt> } . (4.19)
i=1 0
For any [ > k > ||ug || >o(q), using (4.5), we obtain that
/tl / AGy(u)
o Jago!l Po

N
po 15} N+pg N+po .
z(i) (f / (Iul—k)’"’dedt) (4:20)
Po 0 Jauw
A pPo t ]\%po
z(—) (1= ko ( / M(Az(t))dt> .
Po 0

Let vy = fotl W(Ax()det. It follows from (4.19) and (4.20) that

N N
4 N+,
P01 0 Po

]ktl dxdt

v

C 1-1)yN+ro
V< ————y, V. (4.21)
(l _ k)pO(]Xpr)

N+pg
N

that ¥ (|luoll ;o) + C) = 0, where C depends on py, N, t1, r, b, 2. The above discussion

Since r > % implies (1 — %) > 1, according to the iteration lemma [31], we know
shows that, for any given A, Lemma 4.8 implies
lu(x, Dlrooqyy) = o) llzoo) + C. (4.22)
Moreover, we split [0, T'] into a series subinterval [0,£], [£1,£],..., -1, T], such that
on every [¢;,¢;,1], Inequality (4.18) is true. Then by a similar method, we can also ob-
tain Inequality (4.22). By such a consideration, we can deduce that ||u(x, £)||1cQ) <

llet0(x)| Loy + C, where C depends on po, N, T, r, b, Q. a

Proof of Theorem 3.3 By Lemma 4.7, multiplying (4.1) by u, yields

N
Z// (%) |the, !pi(x) dxdt < c. (4.23)
i=1 Y YQr
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Since for every i, a;(x) € C}(RQ) is positive almost everywhere in 2, if we denote that
Dyi={xeQ:a;x)>0},i=1,2,...,N,

then
|Do;| = mes Dg; =mes Q =1|2|, i=1,2,...,N,

which implies

N
mes () Do = <2]. (4.24)
i=1

Thus, for every point x € ﬂf\il Dy, there is a neighbourhood U, € ﬂﬁl Dy;, when x € U,
ai(x) > 0 for every i. From (4.23), we have

T
/ / ’usxi‘pi(x)dxdtfc, i=1,2,...,N.
o Ju,

By Lemma 4.2, we know that there is a function u € L (U, x (0, T)) and
u, — u, in L"(U, x (0,T))
and so
u, — u, a.e. (x,t) € (U, x (0, 7)).
By (4.24), we know
u, — u, a.e. (x,t) € Qr. (4.25)

Meanwhile, for each v € V, by the definition of the norm V and p;(x)-Holder inequality,
since a;(x) € C1(2), we have

N
< Z (a,-(x)|uxi |”i(x)’2uxl.)xi V>

sup
wi<t| 4
N
= sup // a;(x)|uy, I"i(")_zux,vxidxdt
i<t %= Jor

N 1
) Pii
<c sup ( // (%)t [P ’(")dxdt) Vi llpio o
w14 \JJoy

<c

]

where p;; = p! or p; according to ||a;(x)uy, | ity > 1 or <1 from (iii) of Lemma 4.1.
Thus, we have

ou,
at

<c. (4-.26)

V*

Page 17 of 23
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Hence, from (4.23), (4.25), and (4.26), there exist a function # and an N-dimensional

—
vector ¢ =(¢y,...,¢,) such that

ou L pi(x)
u € L¥(Qr), o € Vi o Giel (0, T;Lri»-t (Q)) ,

and

u; — u, weakly star in L°°(Qr),
0 0

Ue —_ —M in V*;
ot ot

i(x)— b
i) |tte, | e, = & in L (o, T; LoitT (9)) :

Similar to the proof of Theorem in [27], we can show that

N
> // ai(x) |,
i=1 Y JQr

for any function ¢ € CA(Qr). Then, we have (3.2) and (3.3).
At last, similar to the general evolutionary p(x)-Laplacian equation [8], we are able to
show (3.4).
Thus, u satisfies Equation (1.1) with the initial value (1.2) in the sense of Definition 3.2.
O

N
Ppix)-2 U, px, Axdt = Z / Ci(x)py, dxdt, (4.27)
i-1 7 YQr

5 Proofs of Theorem 3.4 and Theorem 3.5

For n > 0 being a natural number, let

hu(s) = 2n(1 — nls|),, gu(s) = / hu(T)dr.
0
Obviously,
limg,(s) = sgns, limsg/(s) = 0.
n—0 n—0

Proof of Theorem 3.4 Let u(x,t) and v(x, £) be two weak solutions to Equation (1.1) with

the initial values uo(x) and vo(x), respectively, but without any boundary value condition.

We define
1, if xe Q%,
Pu(x) = § n(dx) - 1), ifxeQ,\ Qy,
0, if xeQ\Q,,

where Q,, = {xe Q:dx) > %}
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Then, we can take x[;q®ng. (1 —v) as the test function in which x(; 4 is the characteristic
function of [t,s] C (0, T'). From Definition 3.2, we have

fS/ ¢ngn(u_v) a(u_V)dxdt
T JQ at
) R (i

X (thy, = V2, )G (1 = V)Pu(x)dxdt (5.1)

i(x)-2
pi(x) Vi, )

i(x)=2 pi(x)=2 )

+ Uy, — ; Vi,
Z/ /;Zn\ﬂn Xi | Xi Xi

X (ux,' - Vx,')gn(u - V)¢nxidxdt

=0.
First, we notice that
/ A ([ [ 0y = [y [ v, ) 0t = v ) 0 = VI @)dx = 0, (5:2)
Q

and then by Lemma 3.1, we have

hm / / Du(x)gu(u —v) o V)dxdt

:/ Iu—vl(x,s)dx—/ lu —v|(x, T)dx.
Q Q

(5.3)

Second, since ¢, = nd,, when x € 2, \ Q%, using the fact that |d,,| < |Vd| = 1, Lemma
4.1, and (3.7), we deduce that

L
- @ (|,
| oy ™ (1
< d% ,
<n /szn\ﬂg <|uxl

<cn / d%i <|ux,.
i\

<c f d% |uy, P + / d% vy, Pi
2\2y @\2y

i(%)-2 pi®)-2
Us; = ’in| sz‘) ¢nx,-gn(u —V)dx

i(%)-2
Pi U,

P2 in) ¢nx,-gn(u - V)dx

i |xi

pi(x)-1

Pi(x)—l) |dxlgn(u _ 1/)| dx

+|vy,

1 1
a v}

") dx / A%\ d,, [P dx (5.4)
Qu\Q2n

pi(x)

+ |V,

1
a

S
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i i
4 4
<c / d% |uy, [P +c / d® vy, [P
Qu\Q2n Q2,\Q2n
2 2
Here and the after, g;(x) = pi’g_)l and g} = T:% qi(x).

Accordingly, we have
* )-2
lim ‘/ / d“ (‘ux, ‘Pl n Uy, — ’Vx,'
n—0o0 T Q
- X
<c lim ( / Ay, |pi(")dx> 4y ( / 4, |1"'(")dx> K (5.5)
n—00 Q\Q, Q\Q,

=0.

pitx)-2 Vxl.) B, (1 — v)dxdt‘

Let n — 0in (5.1). From (5.2)—(5.5), we have

/Q lu(x, s) — v(x,s)| dx < /Q lu(x, t) — v(x, )| dx.
Due to the arbitrariness of T, we obtain

/Q lu(x, ) — v(x,s)| dx < C/Q |uo(x) — vo(x)| dx.

The proof is complete. d

Proof of Theorem 3.5 Let u(x,t) and v(x,¢) be two weak solutions to Equation (1.1) with
the initial values uo(x) and vo(x), respectively. Define

1, if xeD%,
on(x) = n(d*- 1), ifxeD, \ Dz, (5.6)
0, if xeQ\ D,

where D, = {x € Q:d? > 1}. Take

© = Xr.s)(U = vV)@u(x),

where x| is the characteristic function on [z, s]. Then, we have

// (8_u_y>(p+idpf(x)<|u |pi(x)—2u v
or | \ 0t 3t = i we

Let us analyze the next term of the left-hand side of (5.7):

pile)=2 in> <pxl.i| dxdt=0. (5.7)

S
/ / B (1t P11y, — (i P20, ) [t = V)l et
T Q
S
. (x)— {(x)—2
:/ /dpz(x) (luxi |Pz(x) 2”xi _ |in|Pl(x) in) (u—v)xl.gondxdt (5.8)
T Q

S
+n/ / dri (|uxi |1”'(")_2uxl. = vy |”i(")_2vxi) (u —v)2dd,, dxdt.
v JDu\Dy

Page 20 of 23
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First, we have
/ @D, (x) (|14, 11ty = v, PO 20,,) (= V) dxdt > 0. (5.9)
QTS
Second, by the generalization of the trace defined in Definition 2.1, we know

limsup | # sup d*lu-v||=0,i=1,2,...,N,

n—00 xeDn\D%
for the second term on the right-hand side of (5.8), using the Young inequality, we have

lim sup

n—0o0

J[[ = 2, = 20 g
Ts

n—00

S
<limsupn / / |t = V| dP O (|t PO+ v [PEO7) 242 |y, | dixdlt
T Dn\D%

n—00

S
<clim supn/ / A (|, 71D + [y, P9 |1 — v|d dxdt
« Jo\Dy

n—00

S
+clim supn/ / APy — v|d*dxdt (5.10)
v JDu\Dy

<climsupn sup [d*|u-vl]
n—00 xeDn\D%

S
x/ / ari® (|14x, |pz‘(x) + |in |Pi(x)) dxdt
T D,,\D%

+climsupn  sup  d*|u—v|.
n—00 xeDn\D%

Inequality (5.10) yields

limsup / (1 =A™ (|ths, PO 211, = [V, D2 0) Qv et | = 0. (5.11)
n—oo QTS
Third, we have
a(u—
lim // (u — V)P, (x) ( V)dxdt
n—0o0 Q‘[S at

(5.12)
=f [u(x,s) — v(x, s)]zdx - / [u(x, T) — v(x, r)]zdx.
Q Q

In view of (5.8)—(5.12), letting n — oo in (5.7) leads to
[ 19 - w1 P = [ st P
Due to the arbitrariness of T, we obtain
fQ | u(x,s) — v(x,5) |* dx < /Q | uo(x) — vo(x) |2 dx.

This means that the stability (3.10) is true. O

Page 21 of 23
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6 Conclusion

Equations of the type (1.1) and their elliptic counterparts appear in numerous mathemat-
ical models from fluid mechanics, image processing, and virus spread modeling. As noted
by the author in the introduction, while the existence of weak solution to Equation (1.1) has
been studied extensively in the literature, the uniqueness of weak solution, except some
special cases, remains an open problem. The difficulties mainly arise from both the de-
generacy of the diffusion coefficient a;(x) and the integral singularity [, a;(x)dx = oc.

In this paper, using the parabolically regularized method, the existence of such weak
solution is proved, even allowing a;(x) = 0 within the interior of the domain 2. Moreover,
a reasonable boundary value condition (1.3) is imposed in the generalized trace defined in
Definition 2.1. Two stability theorems for weak solutions are also established, applicable
when a;(x) = d*, with a; being a constant, and when a;(x) = ¥,

Certainly, if a;(x) is only with fQ ai(x)dx = 0o, the generalization of the classical trace of
u € L'(0, T; W' ()) to u € L>°(Qr) remains an unsolved problem. In fact, if a;(x) > a; >0,
then the well-posedness problem of the evolutionary parabolic equation with nonstandard
growth order was studied intensively by Antontsev and Shmarev in [2—8]. While a;(x)
exhibits the degeneracy in Q, especially when [ ai(x)dx = 0o, the well-posedness problem
of the evolutionary parabolic equation with nonstandard growth order is very important
and becomes more difficult. A key difficulty lies in formulating a reasonable boundary

value condition. This paper makes some essential progress in addressing this issue.
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