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1 Introduction

In recent years, the study of the rate of convergence in the central limit theorem for drift
parameter estimation of the solution to certain stochastic partial differential equations
(SPDEs) has received growing attention. We refer to the paper [2] and the references
therein for an extensive description of the literature on parameter estimation for SPDEs.

In this paper, we consider the stochastic partial differential equation

du(t,x) = 0 Au(t,x)dt + dW(t,x), 0<x<1,0<t<T, (1.1)

u(0,%) =f(x), feL*(0,1]),
ut,0)=ut,1)=0, 0<t<T,

2
where A = ;?, and 0 > 0 is an unknown parameter, whereas Q is the covariance operator
for the Wiener process W(t, %) so that

Wo(t %) = Q2 W(t,x),
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with W(t,x) being a cylindrical Brownian motion in L2 ([0, 1]). It is a standard fact (see,

e.g., [12]) that, given Q is nuclear,

AWo(t,2) = Y q;exx) dWi(),

i=1

where W1, W, ... are independent standard Brownian motions, and {ex, k =1,2,...} is a
complete orthonormal system in L2 ([0, 1]), which consists of eigenvectors of Q. We denote
qx as the eigenvalue corresponding to e;. For simplicity, we consider a special covariance
operator Q = (1 — A)™! and a complete orthonormal system e := sinkmx, k = 1,2,... with
M = (mk)?, k = 1,2,.... In this case, the corresponding eigenvalues {ey, k = 1,2,...} are
gri=(1+xr)7ti=1,2..., thatis,

Qer = qrex = (1+A) er, k=1,2....

We define a solution u(¢, x) to the problem (1.1) as a formal sum (see [12])

u(t,x) = Zuk(t)ek(x), k=1,2...,

i=1

where the Fourier coefficients ui(¢), kK = 1,2... follow the dynamics of Ornstein—

Uhlenbeck processes as follows:

duy(t) = =M Our(t)dt + AW (t), (1.2)

A.k+1

with initial condition
Uk (0) = Ok.

Here, o, k=1,2... are determined by

00 1
Sflx) = Zakek(x), ag = / S®ex)dx, k=1,2....
k=0 0

It can be shown (see [12]) that u(¢, x) belongs to L* ([0, T'] x €2;L* ([0, 1])) together with its
derivative in x. It vanishes at 0 and 1 in space, and its norm in L? ([0, 1]) is continuous in .
In addition, u(t, x) is the only solution to (1.1) with the above properties. In what follows,
to simplify the notation, we set (0, x) = f(x) = 0 and, consequently, #4(0) = 0 for all i > 1.

We denote by TTV the finite dimensional subspace of L%(2) generated by {ey,...,ex},
so the likelihood ratio of the projection of the solution u(t,x) onto the subspace ITV (see
(7,91)

N
uN(t,x) = Z u(t)er(x)

i=1
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can be expressed as follows:

dapy
ﬁ (")

N T 1 T
= exp {— Z)‘k A+ 1) [(9 - 90)/0 ur(H)du(t) + 5 (92 - 95) Ak./o u,z((t)dti| } ,
k=1

where Py denotes the probability measure on the space of continuous paths C([0, T']) gen-
erated by the #. Maximizing the log-likelihood ratio with respect to the parameter 6
yields the following maximum likelihood estimator (MLE) @\N,T for 0 based on continuous
observations of #V:

Zszl (L + Ag) fOT ui(s)duy(s)
Zf‘\:[l AZ(L+ Ag) fOT u(s)ds

N N>1,T>0. (1.3)

Recall that the estimator Gy 1 is strongly consistent and asymptotically normal in three
asymptotic regimes: for the two cases N — oo and T fixed, and T — oo and N fixed, see,
for instance, [2] and the references therein, and for the case when both N, T — oo, see
[3]. On the other hand, in [8], a Berry—Esseen bound in Kolmogorov distance for @\N,T
has been studied in the case where N — oo while T is fixed. However, paper [4] provided
Berry—Esseen bounds in the Wasserstein distance for .7 when N — 0o and/or T — oco.

Here, our aim is to estimate the drift parameter 6 based on discrete high-frequency data
in time of the Fourier coefficients u(¢), k = 1,...,N of the solution of the SPDE (1.1) by

considering the discrete version Oy 5,7 of the estimator 6y r:

Do L h) SO g (Bim) L () = g (8-1)]

(1.4)
AYN 220+ 20N 2 (60)

ONMT =
where the Fourier modes u(¢), k > 1 are observed on a uniform time grid:

0=t0<t1<"'<tM=T, with AIZt,'—t,'_1= i=1,...,M.

T
i
M
Recently, the work [3] studied the asymptotic properties of the approximative MLE 5N,M,T
as follows:

« The estimator 9~N,M,T is weakly consistent, see [3, Theorem 2], namely

On a7 — 0, in probability,

as N,M, T — oo, and assuming that T2N3/M? — 0.

« The estimator Gy 1 7 is asymptotically normal, see [3, Theorem 3]. More precisely,

72TN3 ~
dxol <\/ 7] (0 —Onarr), N (O, 1)) — 0,

as N,M, T — o0, and such that T3N®/M? — 0.
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However, the study of the asymptotic distribution of an estimator is generally not very
useful for practical purposes unless the rate of convergence is known. To the best of our
knowledge, no Berry—Esseen type result is known for the distribution of the approxima-
tive MLE Oy 7 In the present paper, we focus on the framework proposed by [3] and
refine their result by deriving estimates for the associated rates of convergence. More pre-
cisely, we provide a rate of Kolmogorov distance in the central limit theorem of §N,M_T, see
Theorem 4.6.

The remainder of the paper is organized as follows. In Sect. 2, we present the basic
tools of Malliavin calculus needed throughout the paper. Section 3 provides notation and
auxiliary results. Section 4 presents our main result, which gives an explicit upper bound
for the Kolmogorov distance in the central limit theorem of the approximative MLE 0~N, MT-

2 Preliminaries

Here, we recall elements from the analysis on Wiener space and Malliavin calculus for
Gaussian processes that will be needed throughout the paper. The interested reader
can find more details in [10] and [11]. Let H := L2([0, T1) and let {W(¢p),¢ € H} be a
Wiener process, that is a centered Gaussian family of random variables on a probabil-
ity space (€2, F,P) such that E(W (@)W (¥)) = (¢, ¥)#. In this case, W, = W(1jp,) and
W(p):= fOTw (s) dW, for every ¢ € H.

The Wiener chaos H,, of order p is defined as the closure in L* (2) of the linear span of
the random variables H,(W (¢)), where ¢ € H, |l¢|l% = 1 and H,, is the Hermite polynomial
of degree p.

o Multiple Wiener—Ito integral. The multiple Wiener stochastic integral I, with respect
to W of order p is defined as an isometry between the Hilbert space H®? = Lszym ([0, T1P)
(symmetric tensor product) equipped with the norm /p!|| - |[4e» and the Wiener chaos
of order p, denoted by H,,, under L*(2)’s norm, that is, the multiple Wiener stochastic
integral of order p:

s (HO P llgen ) — (Hp L2 ()
is a linear isometry defined by I,(f*?) = H,(W(f)).
Fix T > 1 and an integer N > 1. Recall that, if H = L? ([0, T],RY) and W = (W}, Ws,...,

W) with W1, Wy,..., Wx are independent standard Brownian motions, for every /& =
(H',...,hN) € H, the multiple integral ; (%) is defined by

N N T
hy:=1"( =) 1"()=) / HAW(s) (2.1)
i-1 -1 70

and

N T
g, = 3 [ oipas
i=1 V0

e Kolmogorov and Wasserstein distances. Given two real-valued random variables X, Y,
the Kolmogorov distance between the law of X and the law of Y is given by

diol (X, Y) :=sup|P(X <2) -P (Y <2)|,

zeR
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and the Wasserstein distance between the law of X and the law of Y is given by

dw(X,Y):= sup |E[f(X)]-E[f(N]l,
feLip(l)

where Lip(1) is the set of all Lipschitz functions with Lipschitz constant < 1.
It is well known that if F is any real-valued random variable and V' (0, 1) is standard
Gaussian, then

diol(F, N (0,1)) < 2/dw(F, N(0,1)).

(See, for example, [1, Theorem 3.3] or [10, Remark C.2.2]).
o Third and fourth cumulants. The third and fourth cumulants are, respectively, defined
by

k3(X) = E[X?] - 3E [X*] E[X] + 2E[XP?,

Ka(X) = E [X*] - 4E[X]E [X*] - 3E[X*]” + 12E[X]°E [X*] - 6E[X]*.
In particular, when E[X] = 0, we have that
300 = E[X°] and wa(X) = E[X*] - 3E[X*]".

Throughout the paper, N'(0,1) denotes a standard normal random variable, while
N(u,0?) denotes a normal variable with mean p and variance o%2. C; also denotes a
generic positive constant (possibly depending on 6 but not on any other parameters),
which may change from line to line.

3 Notation and auxiliary results
Here, we introduce the notation and essential facts used throughout the paper.

First, let us recall a quantitative central limit theorem (CLT) for random ratios using
the Kolmogorov distance. Recently, using techniques that rely on a combination of the
Malliavin calculus and Stein method (see, e.g., [10]), authors of paper [6] provided upper
bounds in the Kolmogorov distance for the CLT of a ratio of functionals of Gaussian fields.
Here, we state a slight extension of [6, Theorem 3.1], which can be proved using the same
arguments as in [6]; thus, its proof is omitted. We now state the required assumptions.

Assumption (A;) Suppose that g is a fixed positive integer. Let ¢n 1,7, N,M > 1, T >0
be positive constants and {Gn 7, N,M > 1, T > 0} be a stochastic process that satisfies,
as N,M, T — oo,

1
EGN,M,T -1 — 0,

P ONMT (3.1)
E[(Gymr — EGymr)’] — o?

ONM,T —> OO,

for some positive constants p >0, o >0, and

1
G —EGnumr = Vamr + —=——=Rnm1, N,M=>1,T>0, (3.2)
N ONMT
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where Va7, R € Hyy N,M>1,T >0,and as N,M, T — oo,

||RN,M,T||L2(Q)
— >

0.
N ONMT

Assumption (A;) Let {(Anam,7 ana1), N,M > 1, T > 0} be a stochastic process that sat-
isfies, for all N,M > 1, T > 0, Axs,7 € Hy, and an a7 is a real constant such that, as
N,M, T — oo,

lANnm Tl 202 + |aNM T

N ONMT

— 0.

Theorem 3.1 (A slight extension of [6, Theorem 3.1]) Let {Gya,1,N,M > 1,T > 0} and
{(An 7o anm,1), N, M > 1, T > 0} be stochastic processes satisfying (A1) and (As), respec-
tively. Then, there exists a constant C > 0 (independent of N, M, and T) such that, for all
NM=>1,T>0,

1 1
~(Gnmr —EGNMT) + NG (AnaT + anr)

dxol - N, 1)
P ONM,T NM,T
VM T> ( VNm T>) 1 1
<max ( k3 | —== )|, ks ad + Coy ——EGnu1 -1
( ( o o NI o SN

+C|E[(Gnm,r — EGrnar)] - 0|

+——— (IRv .7l 120 + I1ANMT I 1200) + laNMT])
N ONM,T

where the constants p and o are defined by (3.1), and {Vyy1,N,M > 1,T > 0} and
{Rn a1, N,M > 1,T >0} are the processes given by (3.2).

Note that the approximative MLE of 6 defined by (1.4) can be expressed as follows:

B Zlk\il A1+ Ag) Zf\fl ug (ti1) [ur (&) — uk (8i21)]
AV A+ )M ul (5)
X M v (i) v (8) — v (0]

- ; (3.3)
A ZZI:]:I )‘12< Zf\;ﬁ V12< (ti-1)

On T =

where u(t) is the solution of the linear equation (1.2), which can be expressed explicitly
as follows:

t
ui(t) = (), with  vg(®):= f e M gWi(s), k=1,...,N.

1
1+ A 0

For each k = 1,..., N, if we denote the Gaussian stationary process e #*‘ f_too P AW (s)

by Zk(t), then vi(£) can be expressed as

Vi(t) = Z(t) — e Z,(0),  £>0. (3.4)

Page 6 of 24
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Define
N M
Snm,T = Z A2Sm(ve),  with  Sy(vp):= A Z ve(ti1),
k=1 i-1

and
T M
Fp(vie) = \/ﬁ_ Z (Vilti) — Evi(6i-n)) .

i=1

Observe that
Sn(vi) = ESp(v) = v/ TFEu(vp).

Let us also introduce

N M
Annr =DMk Y e MKy (6 [G (8) = Gk (6]

k=1 i=1
N M

= Y ey eI g () gk (8) — Gk (tin)]

k=1 i=1
N

=: Z )"kA)»k,M)
k=1

where

M t
A = Y€ HEEDG (1) [G (8) = G (6], G0) = / &AW (s).
0

i=1

Thus, using (3.3) and the fact that
M M M
D vk i) i (8) = ve ()] = )i (i) vie (8) = Y v (Eic1)
i=1 i=1 i=1
M
=) e D g (80) (G () = Sk (8i-1))
i=1
M M
+ Y e HEED X (1) = VR (t1)
i=1 i=1

M
= Anar + (€704 = 1) ZV/% (ti1),
i-1

we get

0, Zlk\[zl M (e_kkw ~ 1) Zi\fl V% (tic1) + AN
—Onm,T = )
A Zi\[ﬂ by Zf‘fl AGRY

(3.5)

(3.6)

(3.7)

Page 7 of 24
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This enables us to write

Z]]:il )‘-k (e—)LkHA -1+ )\.keA) Zf\fl V% (ti—l) N AN,M,T

0 —Onnr = .
AT SNt SN
Moreover, setting
1 N M
Sumr )= ——— Y 23D Vi (ti), (3.8)
M Z )"k k=1 i=1
k=1
N 1 1
G = T A ) = 2 = T3 3.9
NM,T kz=1: kT V), p LT E (3.9)
N e MO _
A =20 D (— * 9) (Su(ve) = ESp(vi)
Pt A A
N
+ANMT =0 Y A (Su(vi) - ESka))] : (3.10)
k=1
and
N e MOA _ 1
anmr =20 A3 <7 + 9) ESy(ve) |, (3.11)
= A

we can write

2 [ZQQ D (€MD Z 11 00A) M 2 () + Ay ,M,T]

20 N 2y WM 9

N 2okt M Dic Vi (1)
My g

k=1

2 [ A (08 = 14 g0 A) 2 () + Ay

N
— <‘ [T Y A faumr (V)>
o T 3 Mk k=1

1

1
> (Gnmr —EGN M) + (Anr + anmr)
Ty M
=

= - , (3.12)

T GnM,T
o, T > M
k=1
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where the last equation follows from the fact that

- N M
/20 Z)‘k (e—kuA -1+ 10 A) Z V% (tio1) + AN,M,T:|
L k=1 i=1
1 N
-— T Z M (Guar —EGnar)
o N k=1
N M N M
=4/20 Z)"k (e*)»kQA — 1) Zvi (tl?l) + AN,M,T +0A Z)\.]z( Z]EV]Z( (tll)}
| k=1 i=1 k=1 =1
[ N e MOA _
=4/20 Zki (T + 9) (Smvi) = ESy(vi)
k
L k=1

—AOA 1

N
e
+ Z}\.i ()\,/(T + 9) ESM(Vk)
k=1

N
+ AN =0 A (Suvi) = ESM))} :
k=1

Moreover,
1
G —EGnayr = Vamr + ———=Rym1, N,M=>1,T>0,
N
TS i
k=1
where
N M
1 ) JT
VN, = ~ Z)L/%FM(Zk), with  Fa(Zy) := i Z (le(ti—l) - EZ/%(ti-l)) ,
S k=1 i-1
k=1
(3.13)
and
N
Rymr= |T Z}\k (Gnmr —EGnmr — V)
k=1
N
=TY M [(fomr O = fumr (D)) = (Bfuur V) = Bfumr (2))]. (3.14)
k=1

4 Main results
To derive Berry—Esseen bounds in the Kolmogorov distance for the estimator b M,T> We

will use the following lemmas.

Page 9 of 24
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Lemma 4.1 Let Fy(vi) be the process defined by (3.5). Then, there exists Cy > 0 that de-
pends only on 6 such that, for every k, M > 1,

B (Fa0) - o AZMA

1
20313
Proof Since vi(¢;_1) is Gaussian, it follows from the Wick formula that

E (vi(ti-)vp(t-1)) = E (v (1) E (vi(g-1) + 2 (E (Vk(ti—l)Vk(tj-l)))2 .

Hence, we can write

M
2A 9
2 = — . .
E (i) = — ; (B (ve(tic)va(t-1)))
M 1AL 2
= % Z e’e)‘k(ti—lﬁj—l)\/‘ 17 leZGAkst
M ij=1 0
]
“ 2
_exk‘fj—l—ti—ﬂ — e OMkti1+1)
M(Zekk) Z )
M
Z 729}%\[1‘,17&,1\ _ ze—zekk(ti,lvti,l) + 6729)‘k(ti71+£j¥l))
M(ZOAk) et
=:Brim + B + Bagm- (4.2)
Furthermore,
M
1 2A 1
B — - e~ 20 klti1=tial _
MM 00503 | T | M(2000)° ; 203
M
_ A A Z e 20MG-DA _ 1
20232 A492A£lq ‘ 20313
M-1
A A 1
— M — l —ZQ)L/JA
20222 A492A§;£;( e 20313
M-1 M-1
_ -A " A Ze—zeka _ A Zle-zeka _ 1
= 2 2 2 3
2020 62%; S MO22; = 20313
200 MA M-1
< -A + A (l—e k ) B 1 A Zle 2004l
= 2 2 _ 3 2
20207 02 (L—e20b) 20327 A492Ak ~
=taym + b (4.3)
On the other hand,
_A A 1 1 A o-2004MA
a < + - +
VM=106232 T 0202 (1— e 2d) 2093 | 6222 (1— e 20Mh)

Page 10 of 24
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OrgAe 20MA L 9)y — 1 + e 2004 A e 20MMA
= +
20323 (1 - e22) 6232 (1 - e 204b)
~ AZ QAkAe—ZQAkA + QKkA —1+ e—ZOAkA e—29kkMA 9)\.](A
T 200 (BArA)? (1 - e—ze/\kA) 93)”3( (1 _ e—zexkA)
A2 e 20MMA
= + ————— 1 +01:A) |, 4.4
[ka 633 (1 + 6 )} (4-4)
where we used that
xe P rx—1+e c
su < C,
x>£’ x2 (1 — 6_2x)
and
x
, (4.5)

o Lrmd-e) "

e yx—1+e

—2x

for some constant C > 0, since the functions ¥5*=¢— and X__— are continuous
x2(1-e~2%) (1+x)(1-e~2%)
on (0, 00), and
C oxe T irx—1+4e
lim =0,
x—o0  x2 (1 - e‘Zx)
CoxeFirx—1+e¥® | xeFirx-1l+e¥ o«
lim = lim =(2)(1/2) =1,
x—0 x2 (1 — e—2x) x—0 x3 1-e2
and
x
1/2,

lim ———— =
x~0 (1 +x)(1 — e %)

Further, since A > 1,

A M-1
b — le—ZGAklA
VM M2 ZH

M-1

A —20IA
= MQZ)‘% Zle
=1

M-1

1 —201A
=—— =) (A A
MO2ZA =

)
MiZA

=

where we used

M-1 . 1
lim Z(lA)e‘zelAA = / xe P dx = — .
M—o0 - 0

202

Iim — =1
x—00 (1 +x)(1 — e )

(4.6)

Page 11 of 24
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Combining (4.3), (4.4) and (4.6), we obtain

(1+600A) + (4.7)

—_— + —_—
200 03AF MA,%A]

A2 g 20MMA
Bim - <

1
- <C6
20313

Let us now estimate |By xarl:

A M
- - ~20k(tj-1Vti-1)
|Bam| = MO)? E € 4
ij=1

M

< 20§ ek
M(H)\k)2
i<j=1

M(g}\k)z ZZ —201k(j-1)A

i=1 j=i
M M

2A 20 (i—1 j—i
- = e~ 20k (i= )A e—20kk(]—z)A

Z —20 A (i— l)A 1
- M(@)\k)z e-zaxkA

A
QM)\IZ( (1 _ e—ZHAkA)

1 A
<G|t s, (4.8)
MAXE ™ M)2

2

where the last inequality comes from (4.5).
Similarly,
M

2A
Byjy=—s e 20 (ti-1+-1)
M(202y)? ”ZZI

2A M ’
- Z e~ 200k (ti-1)
M2000? \ &

. 2A 1 2
T M200)% \ 1 — e 2004

1 A
<Cyl——g+—s|. (4.9)
MAA: " M2

Combining (4.2), (4.7), (4.8), and (4.9) together with sup,., xe ¥ < C, we get

1
E(Fy(v0) - ——
‘ (Fav0) 20%).}
AZ e—ZGXkMA 1 1 A
< + g — (1 +0MA) + 5+ 7+ 5
20 Ak 0313 MAA  MAX,  MAy

A? 1 1 A
<G| —+ gt
M MMA M M

Page 12 of 24



Alsenafi et al. Advances in Continuous and Discrete Models (2024) 2024:52 Page 13 of 24

A? 1
= C() — + oA |-
M AMMA

Therefore, the desired result is obtained. O

Lemma 4.2 Let A1 be the process defined by (3.6). Then, there exists Cy > 0 that de-
pends only on 6 such that, for every M\,N >1, T >0,

2

20 a
E —Avwr | |- [ P } (4.10)
TZ)‘-/( Zk l)tk k=1
k=1

Proof Since, for every k=1,...,N,i=1,...,M, the random variables ¢ (t;1) and & (¢;) —

Ck (¢i-1) are independent, for every k = 1,...,N, we can write

o[ (G ]

1
= = Y e PO [ (60) (G (8) = Gk (Em)) Sk (i) (8 (5) = 2k (6501))]

ij=1

S

H

S

1
= — Y e HEVE [ (£0)” (G () — Gk (1))

i=1

l\]

S

1
= — Y e HEVE (g (6.0) ) E[ (G (8) — G (821))]

i=1

M 20k ti_ 200kt ,20hkti_
1 26729)»/((&”,'_1) e kbi-1 ] e kli _ e kli-1
=Y 20 Ak 20 Ak

—ZGAkA 1 M

(L-e8) i
— (29)\]()2 Z 20Akt, 1

(1 _ e—ZGAkA) (1 _ e—ZGAkA) ( 1-— e—29}»kT )

QOMPA  (20M)PA  \M(1 — e 20M8)

}\]

N

Hence

E

(1- 200 1
- +
(20A1)2A 20k

(1 _ e—ZQ)LkA) < 1-— e—ZHKkT )

(200 )2A  \ M(1 — e 2040

1-— e—ZOAkA _ 29}\.[(A 1-— e—ZG)LkT
+ —_—
‘ (2001 A)2 ‘ (20002 MA

1
<G [A + 2—] (4.11)
AIMA
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where we used that

l-e*—x
supQ <C,

x50 x?

x_x‘

for some constant C > 0, due to the continuity of |le— on (0,00), and

L 1—eF—x] o l—e¥—x] 1
lim —— =0, lim——=—.
X—>00 X2 *—0 x2 2

Consequently, it follows from (4.11) that

2

N 2
260 1 1
; e 2 Sl ()]
PPN ; ¢ [ vT 20
A
—Z“ka[ szA}
N
Zk 1)‘k |: kz: :|
which implies (4.10). O

Lemma 4.3 Let Fy(vi) and A, m be the processes defined by (3.5) and (3.6), respectively.
Then, there exists Cy > 0 that depends only on 0 such that, for every k, M > 1, T > 0,

T MA? A 1
— — 200~ TE (A, mF, <C —+—=. 412
o k (Arem M(Vk))‘ < 9( Tt )‘12() (4.12)

Proof Since EA;, ur = 0 and the & (¢-1), k=1,...,N,i=1,...,M are Gaussian,

T
IV ZekkﬁE (A)\k,MFM(Vk))
k

T
= — — 2004 (Ax mSn(ve))
O

T
= o ~ BMAE Ze—“k“f”t Ve (bim) (G (&) = Gk (1 1>)Ze-2‘“kf~¢k( )’

i=1 j=1

T N o iatn) —20het
" =200, A Z o Ok ti+ti-1) =200 51 [§k (ti1) (Cr (&) = &k (im1)) Gk (tj—l)z]-

ij=1,i<j

Next, applying the Wick formula, we obtain

T
o~ 200N TE (Mg wF(v)
k

M
= % — 400 A Y e DM (1 (64) TR [ (G () — & (1))

ij=1,i<j

Page 14 of 24
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M j-1 20 ti_ 200pt;  20Mkti
= a0 A Y e g s | ol e e
G)Vk 29)\]( 29)\,](
j=2 i=1
T AY U
- - _ = e—29}uktj,1 Ze9kk(t,‘+ti,1) [1 _ 6—2(9)»/(@;1] [1 _ e—ZGKkA]
Orr O P =
M j-1
— i _ A —ZQKkA Ze 20}‘ktj—1 ZeQ)Lk(tﬁti_l)
O A 9)\,]( ) P
M j-1
= _ —29)LkA Ze 20k tj-1 ZeﬂkkA
9)"( j=2 i=1
= dyim + dogm (4.13)
where
T A M !
dijnt = — — 729)\,(A o200k AG-1) N M L2005 Al-1)
o 12 2
T A M 200 AG-1) _ 1
4t~ [ _ e—29AkA] LN Ze—zeka—ne -
Orr O ,‘:z 200 A _ 1
_ i _ oA Z 729,\@(;;1))
Ok (9)% =
—200; A(M-1
21_ A oA | AL — g 20k (l—e kAl ))
O Ak 9)% 1 — e 2004A
~200, A(M-1)
S P Ae-sexkA (1-e™ )
01 O g Ori 1— e 20MA
Hence, using sup,_, =% (4.5),
A 1
|d1kM| <C9 (MA2+)\‘—+ )\'2) (4'.14)
k

Similarly, using sup, ,xe™ < C,

M
729)»/<A E e Zekkt/_l(i _ l)eQAkA

drm =
a7 ! =
0 M
< CAe /\kA —29AkA Ze Ork(-1)A
7 ]:2
A M
— CW [1 _ e’ZGAkA] Zef(?)uk(]?Z)A
k =
LA [ g 12O
9}\k 1—e A
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=Con
A

<Cy—. (4.15)
Ak

Therefore, by combining (4.13), (4.14), and (4.15), we obtain the estimate (4.12). O

Lemma 4.4 Let An 1 and an 1 be the processes given by (3.10) and (3.11), respectively.
Then, there exists Cy > 0 that depends only on 6 such that, for every M,N >1, T >0,

AN M T2 + lanp,T]

N
TS
k=1

A N
< Cymax [ N*A,N*A%, N3 | —,VMA3N7, VN2A, —— | . (4.16)
M VMA
If, in addition, N,M, T — oo and T?N’ |M?* — 0, then, for every M,N > 1, T >0,
A +|a N2T T3N7 N2
lANnm, 1l 1202 + laNM T < ¢, max ’ e 417)
M M2 T

N
T
k=1

At = N20 [Ainu + Aonu]

Proof Set

where
e MOA _ 1
ANy = Z A7 ( 9) Sp(vi) —ESp(vi)),

and

N

Ao = Ananr =0 Y 27 (Su(vi) — ESy (i) .
k=1

Since the v, k =1,...,N, are independent and EF;(vx) = 0, we can write

A 1+ 00 A
E (AT yu) = TZAk <—A) EF}(vi).

Combining this with (4.1) and sup,. % < C, we get

E (A} )<T§:A4(AkA)2 1 +A—2+ 1
LNM) = — k 20332 " A AIMA

N )\4
<GTAYY (xi A%+ M—kA)
k=1

Page 16 of 24
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which yields

1 C - A
60 k
——E(Alyy) £ =—A) (x;’ +ALA% + MA)

N
T Z Ak k=1 Mk k=1
k=1
AN?
< CyN* [M + N*A* + —} . (4.18)
M
For Ay a1, we have
N N
AZ,N,A/I = AN,M,T — QﬁZAiFM(Vk) = Z)\k (Akk,M - QlkﬁFM(Vk)) .
k=1 k=1

Since the &, k=1,...,N, are independent and EA,, s = EFy(v) = 0, we can write

N
E (A3nar) = 200 [E (A2 ) + 03 TE (Fu(?) - 204~/ TE (AsaiFu(vo) |
k=1
< ZN:xz E (A2 ) Tl eer E (Ey(v)?) - 1
- M) 200k ¢ 2033}

T
v 200N TE (As o itFa(vi)) H :

Combining this with (4.1), (4.11), and (4.12) gives

1 C
?E (A%,N,M) = 79

- 2 1 o (A% 1 TA A 1
XZ)»,( T\A+ 5= | +OMT | —+ 5 |+ | —+—+
ey MT A AT Mo he A2

Nor 2
1 A Moo 1
<G ()»,Z(A+—>+9()\,§A2+—k>+<xkA+_k+_)}
k=1 - T T M T
N r 2
A2
<G MA+ A%y 2 2
= 9;_k k MA "M
N r )\,i
<C MA+ ATy ],
<G Y |18 +MA}
k=1 "=
which implies
N 2
1 C A
——E (M) S = [AiA +3A%+ M—’A}
k=1)"k k=1
Ty M
k=1

1
< CyN? [A +N2A? + M} ) (4.19)
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On the other hand, using Ev{(¢) < ﬁ, SUP,.0 \1—; I C, we get

e HOA _ ]
— + 0| ESy(v
WD ‘ (Vi)

1 N
— |6lN,M,T| <) A

N
<GTAY 1.
k=1

This leads to

N
CyTA
———D> i
k=1

1
—_— |61N,M,T| S
[ N / N
T Z A TZk=1 Ak
k=1
< CyvMA3N7, (4.20)
Thus, from (4.18), (4.19), and (4.20), we obtain (4.16).

Now, suppose that N,M,T — oo and MA3N” = T3N’/M? — 0. This implies that

AN? — 0, since

53 MA3N?
(AN?)Y = ——— =0,
MN
so by combining this with (4.16), we can deduce (4.17). d

Lemma4.5 Let Va1 be the process given by (3.13). Then, there exists Cy > 0 that depends
only on 0 such that, for every M,N > 1, T > 0,

1 A3/2N5/2

3(Vnm,r) < Cg max ((MA)3/2N7/2' SYER ) , (4.21)
(Vuarr) <G, ANT 1 (4.22)

K max [ ——, —— . .

IR = M ' MAN?
Moreover, if, in addition, N,M, T — oo, then, for every M\,N > 1, T >0,

(ks(Vas, ) ka(Vie, 1)) < C N1 (4.23)

max (k N max | ——, ——= |- .

3V ) ka(Vnmr)) = Co B TING

Proof Let pi(r) = E(Zi(r)Zo) denote the covariance of Z; given by (3.4). It is easy to see
that

—01¢]

pi(t) = B(Zi(8)Zo) = teR.

200"

In particular, px(0) = ﬁ. Moreover, notice that pi(r) = px(~r) for all 7 < 0.
Since E[ Vi a,7] = 0, we have

k3(Vumr)=E [sz,M,T] and «ka(Vnm,r) =E [V;\L{,M,T] -3 [EVI%[,M,T]z .
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Furthermore, using E [F;(Zx)] = 0 and the fact that Z, k = 1,...,N are independent,

1 J 1 ¢
o Y ME[F(Z0] = ———5 Y Afks (Fu(Z).

$) 3)
k=1 k=1

Further, by similar arguments as in [5], we can deduce

E [VIE},M,T] =

3
3/2

A
ks(Em(Zo) < o | D2 ;i)
ljl<M

A3/2 1 — g MDA 3
< .
— M3/2 (9}\1((1 _e—GAkA)>

Combining this with the fact that sup,., ;577 =< C, we obtain

A32 1 — e~ fMMA N3
ks(Fpm(Zy)) <
3(Fm(Zi) < SVl (Qkk(l—e‘“kA))

A2 1 1
=i (a7 5)

A3/2 1 1
EC91\43/2 <A3)\,6( + )T,%)’

which leads to

AS/Z N 1 3
k3(VNm,T) < Coﬁ Z (E + kk)
(MZ Ak> k=

k=1
A3/2 N X s
=Gy N 32 (E + Z)‘k
(M > )\k> k=1
k=1

1 A32N52
=G <(MA)3/2N7/2 MY >’

which implies (4.21). On the other hand, using E [F(Z;)] = 0 and the fact that Z, k =
1,...,N are independent, we get

N
1
E[Vimr]=—— > 0 MMM E [Fr(Zi ) Fni(Zi For(Ziy ) Eua (Ziy)]
A k1,ko,k3,ka=1
(£)
1 N N
= | L ME[EN@0] +3 ) MNE[FZ)]E[Fi(Zo]
k=1 j#k=1
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N 2
Zx E[F}(Z0)] +3 |:ZA E F;(zk)]}

oy

sy (sl ).

Moreover,

2
3 N
(2l = s | Dl
(Z )\-k) k=1

k=1

Thus,

ka(Vr) =E[Var] -3 [EVI%I,M,T]z

1 N
= (Z ME[Fy(Zo)] 3Zx [E[Fy(Zo]] )

k=1

1 N
= ———5 > Mra(Em(Z).

(5)

Furthermore, using similar arguments as in [5], we have

A2 4
ka(En(Zi)) < C—- | D 1ok

lil<M

A2 1— e—%&AkMA 3
<C— - . .
M\ (Or)3 (1 — e 3922

X

(1+x)(1-¢ 3%)

Combining this with the fact that sup,., < C, we obtain

FN

3
A2 [1+ 7~
ki(Ew(Z) = O | —242
(O2i)3

<CA2 1 1
— |+
=70M \aE T AA3

Therefore,

N

Y y<C 1 48 A% (1 1

K — E — |+ ==

aVnmr) = Co—— 5} k AETTA3
(Zkk) o M

k=1
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which proves (4.22). Now, if we suppose N, T = MA — oo, then by straightforward calcu-
lations,
1 A3/2N5/2 A2N3

(MA)32N7/2 =G MANS3’ e Co M

Thus, (4.23) is obtained. O
Now, we are ready to state the main result of this paper.
Theorem 4.6 Let 5N,M,T be the estimator defined by (3.3). Suppose, as N,M, T — oo,
T3N7/M?* — 0, and N*/T — 0.

Then, there exists a positive constant Cy that depends only on 0 such that, for all N,M > 1,
T>0,

N
T ~ N2T T3N7 N2
dxol % Z)»k (0 —Onmr) , N(O1) | < Cg\/max (—, —),

M’ MT
k=1

In particular, since 21]:1:1 A~ 2N3/3 as N — oo, then, as N,M, T — 00,
~ 1 60
VING (6 - unr) 5 N (o, _2) .
T

Proof According to (3.12), we have

(Gt —EGNmr) + —— (AN, + an )

T3 hk
s}
1 ’

———GNnmr
P T X Ak
k=1

where Gy 1.1, An 1> and ayn a7 are given by (3.9), (3.10), and (3.11), respectively. More-

over, p = 5, 0% = 20%3 and

1
Gumr —EGnmr = Vs + ———Rvmr, N.M=>1,T>0,
ON.M,T

where Va7 and Ry 1,1 are given by (3.13) and (3.14), respectively.
Using (3.4) and the fact that Z; is a Gaussian stationary process, we can show that there
exists Cp that depends only on 6 such that

e*@}»kt

1
|E(V/2<(t))—m <G o k>1,t>0.

Page 21 of 24



Alsenafi et al. Advances in Continuous and Discrete Models (2024) 2024:52

This implies

1 N M p-0hxti
—  EGnmr-1| < by
= -1 < —— > 21:
P T3 A MZA’ e
k=1 -
N
s
- N l—e’g}‘kA
MZ)»/( k=1
k=1
11
<C
G(TNZ T)
G
=T

where we used (4.5). On the other hand, according to (4.1)

1
[E[(Gynur —EGrumr)’] -0 Z)‘k ( (Fr(vi) = 03A3>

(4.24)

(4.25)

Furthermore, notice that Ry 51,7 € H,. By combining (3.4) and the fact that Z is a Gaussian

stationary process, we can show that there exists Cy that depends only on 6 such that

1 1 N
/NRMMﬂ@S@(wﬁm+va>

TY
k=1

(4.26)

Using T?N’/M? — 0 and N*/T — 0 as N,M, T — oo, we see that the upper bounds
in (4.17), (4.24), (4.25), and (4.26) all converge to zero, so {Gy 1> N,M > 1,T > 0} and
{(Avm1anmr), N, M > 1, T > 0} satisfy the assumptions (A;) and (A,), respectively.

Therefore, applying Theorem 3.1, we obtain

dl(ol

Emax(

y ~
5 > M (0 =Onr) N (©0,1)
k=1

N I
VNm,T VNm,T
— : . C\T A
(5 ) () ) (;;0
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+C |El(Gnar — EGym,r)*] - 0|

C
N (IRN w71l 200 + N ANMT N 2202) + laN ) -
TY M
k=1

Combining this result with (4.23), (4.17), (4.24), (4.25), and (4.26), we have

+

diol

T ~
5 > M (0= Onmr) N (©,1)
k=1

TZNB 1 N3/4 T2N4~ N2
=G [m(Tﬁ)T—/T7

| N N2T T3N7 N2
max Y — | |.
2T M2 T

Using N,M, T — oo, T3N7/M?* — 0, N*/T — 0, we deduce

dKol

N2T T3N7 N2
;Ak (6 = Onanr)  N(0,1) <C9\/max< YR ,7>

due to
T:N® 1 <C T3N7 N? <C T3N7 N2
max| ——, — | <Cmax| —,— | < max [ ——, — |,
M3 ' TN3 M2 T M2 T

N3/4 N2 1 N2
- < C, [ —,
T34 T (TN)1/4 - T

T>N* N2 T3N7 1 N? T3N7 N? T3N7 N2
+— = —+ —<Cmax| ——,— | <C./max | ——, — |,
T M2 T

M2 M2 TN3 M T
N2
,/ S \/
Thus, the proof is complete. d
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