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and second-order white-noises perturbation are introduced into the model, which
includes and extends the existing cholera model. The existence and ergodicity of the
stationary distribution for the cholera system are obtained by constructing a suitable
Lyapunov function, which determines a sharp critical value R}, corresponding to the
basic productive number R, of the ordinary differential equation. The results show
that, if Ry > 1, the system has a unique and ergodic stationary distribution, which
implies the persistence of the diseases. Our general results are applied to a cholera
system with a Holling type-Il functional response.
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1 Introduction

Cholera is an acute diarrheal infection, which is caused by the ingestion of food or water
contaminated with Vibrio cholerae. For public health, cholera remains a global threat, re-
flecting injustice and social underdevelopment. Researchers estimate that cholera causes
approximately 1.3 to 4 million cases and 21,000 to 143,000 deaths worldwide each year [1].
Cholera is spread in various ways, including water transmission, food transmission, life
contact transmission, vector insect transmission, see [2—4]. A multipronged approach is
the key to preventing cholera and reducing deaths [5-9].

Establishing mathematical modeling of infectious diseases can better help understand
the pathology of transmission and analyze the factors that affect disease transmission. In
this process, it can promote the improvement of public health and find the best control
strategy. Many experts have proposed epidemiological models of the transmission mech-
anism of cholera, and the influence between people and the environment is fully consid-
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Figure 1 The transfer diagram for model (1.1)

ered, such as [10-15]. In particular, considering the nonlinear morbidity, multistage in-
fection and multiple states of pathogen factors, Shuai et al. [10] divided the total number
of people into n + m + 2 compartments: susceptible population S, # infected compart-
ments I1,,...,1, as n latent stages, m contaminated water W7, W5, ..., W, according to
the pathogen concentration, and the removed individuals R. In the stages [;,i = 1,2,...,n,
the infectivity of individuals is assumed to be zero. Pathogens shed from infectious indi-
viduals in each infection stage enter W7, then progress to W, and so on, see Fig. 1 for
the flow diagram of this model. The incidence function is assumed to be of the form
Z}il [ DI + ka=1 (S, Wi) Wy, where f; and gi represent direct transmission and in-
direct transmission, respectively. Based on the above assumptions, Shuai et al. [10] estab-
lished a general model with two transmission routes:

n m
St =A=> fS L= glS, Wi) Wi — S,
j=1 k=1

Loy=) S+ g(S, W)Wk = (i + y1 + )i,

j=1 k=1
i } (1.1)
L=yl —(u+y,+a)l;, i=2,3,...,n,
n
WA@®) =) &L -6 W,
j=1
Wi(t) = 8k 1 Wi — 5 Wi, k=2,3,...,m
and
R(t) = yul, — dR. (1.2)

Table 1 lists the definitions of the above parameters.
Since R has no effect on the dynamic behavior of other individuals, Eq. (1.2) can be elim-
inated. Next, we do not consider R(¢) throughout the article. From [10, 16], system (1.1)
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Table 1 The meanings of the parameters

Symbol Description

A the constant recruitment

f///,j: 1,..., n direct transmission

Wi, k=1,....m indirect transmission

w the natural mortality rate

Vii=1,..., n-1 the transition rates of infectious individuals from stage /; to /i
Vn the recovery rate of /,

o,i=1,....,n the mortality rates because of the disease in the ith infection stage
Sk, k=1,..., m-1  the transition rates of pathogen from Wy to Wi

Sm the removal rate of W,

&,i=1,..., n person-water pathogen shedding rates

has a unique disease-free equilibrium Py = (8,0, ...,0), which is globally asymptotically

stable in the feasible region I" when Ry < 1, where Sy = %,

r= {(5,11,...,1n, Wi, ..., W) € R7™H|

A H
S+[1+...+In§—,Wk§—,k:l,2,...,m )
0 Sk

n
in which H = ‘3 Y &. Also, if Ry > 1, Py = (S,0,...,0) is unstable, and there exists an en-
=1

demic equilibrium P* = (8%, 1}, ..., W};), which is globally asymptotically stable in I', where

::ﬁ(SO’O) i ylf2(SO’0) bt Yiva - yn—lﬁl(SO’ 0)

Ry
M“1 K12 K12 == Uy
m (1.3)
8i(S0,0) (El viéo YiYa- - Vn-1§n>
+ Z et ey | LIS T A LA A Ll
P M1 ip M2 - -

and $%,If, ..., 5, W, ..., W > 0 satisfy the following equalities:

n m
A=+ Y (S WHW + uS™,
j=1 k=1

n m
di =SSN+ Y gi(ST, WHWY,
j=1 k=1
/LiI;k = )/1'_115*_1, i= 2, 3, vy,

n
WL =D 5],

j=1

SWE =8 W, k=23,...,m,

where w; = +y;+o;,i=1,2,...,n.
Moreover, since the epidemic system will be inevitably affected by environmental
white noises in the process of transmission, some authors introduced the white noises

into the population systems to reveal richer and more complex dynamics, (for exam-
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ple, see [17-23]). However, we note that these stochastic models are disturbed by linear
white noises. As is well known, only a little work is shown for the second-order white-
noises perturbation, (see [24] and [25]), which is more in line with the actual spread and
development of infectious diseases. In particular, Song et al. [21] investigated a special
case of system (1.1) (fi(S, 1)) = B;S, g(S, Wi) = AS) disturbed by linear white noises and
the critical value R} is obtained. In addition, some authors studied the existence of a
stationary distribution for epidemic models with the Ornstein—Uhlenbeck process, see
[26, 27].

In this article, we extend the work of Song et al. [21] and Shuai et al. [10, 16] and consider
the general case of f;(S, I;) and gi(S, Wy) for system (1.1). In addition, we adopt a different
approach to introduce random perturbations into it by replacing the parameters —u, —i;
and —o; with

— = =+ (011 + 0128)B1(8), — i — =i + (011 + 012l Bia(8), i=1,2,...,1,

—0;—> —0; + (Gn+k+1,l + Opntk+1,2 Wk)Bn+k+1(t)r k = 1; 2¢ ceem,

where B = (B1(£),By(%),...,Buim1(®))( > 0) is a real-valued Brownian motion, ol-}z(i =
1,2,...,n+m+1; j = 1,2) denote the intensities of the white noises. Here, we introduce the
second-order white-noise disturbance since the random perturbation may be dependent
on the state variables S, I;, Wy, which better reflects the reality in biology. In view of the
above, we consider the following system:

dS(t) = (A=Y f(S, I =Y &(S, Wi) Wi — uS)dt + (011 + 0125)SdBy (8),
j=1 k=1

dal(t) = (Xn:ﬁ(s,fj)lj + Xm:gk(& Wi Wi — urh)dt + (021 + 09211)11dBs(2),
j=1 k=1
ali(t) = (Yieadioa — pili)dt + (01411 + 0i1,20)1idBia (1), 2<i<mn,
dWy(t) = (2”: &l — 8, Wt + (0421 + 0i22 W1) W1dB,,10(8),
j=1
AWi(8) = (k-1 W1 = S Widdt + (0nsks11 + Onike12 Wi) WikdByiki1 (), 2 <k < m.
(1.4)

For biological reality and technical reasons, f;, j=1,2,...,n and g, k = 1,2,...,m satisfy

the following assumptions throughout the article:

95, %) 94(5. %)
o > —Kfi(S, %), ok

(H,) there exists a M > 0 such that f(S,x) < MS, gi(S,x) < MS;

(Hy) there exists a K > 0 such that

> —Kgi(S, %);

(H3) thereexists p; € R,j=1,2,...,n qr € R,k =1,2,...,m such that

d? 1 d? 1
$— <pj, $— < gk
sz \ (s, 0)) 7 ( &%, 0)) =k
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In addition, our results can be applied to a vast range of common functional response
terms. For example:

(1) Bilinear incidence rate: f,(I))SI; = B;SI;, j = 1,2,...,1m; gt(W)SWi = MSWy, k =
1,2,...,m, which was studied by Song et al. [21] with 0,2, =0,i=1,2,...,n+m+ 1;

(2) Holling type-II saturation incidence rate:

Bl . M SWi
(S, ) = ,j=12,...,m S, W)Wy = ,k=1,2,...,m;
]5( 1) i1 ﬂ]/ ] n gk( Wi 1+aW; m
ﬁISII . )V/(SWk
(S, 1) = ,j=12,...,m S, Wi )Wy = ,k=1,2,...,m;
H(S I 1+as’ 1 gi(S, Wi) Wi 1125 m
(3) Holling type-IV incidence rate:
BiSli . M SWi
ﬁ(S,I,)I, = m, = 1,2,...,}’1; gk(S, Wk)Wk = 1 +ﬂ52’ k: 1,2,...,1’}’1;
BiSL; A SWi
(S, [ =—=,j=12,...,n; SSWyW=———,k=12,...,m,
JS D 1+an2 J &S, Wi Wi 1+aW}?

where B;, A« are positive constants, and a represents the half-saturation constant. It is easy
to check that f;, gx in (1)—(3) satisfy the conditions (H1)—(H3).

Based on the theory of Khasminskii [28], we mainly investigate the existence and ergod-
icity of the stationary distribution for the high-dimensional system (1.4) by constructing
a suitable Lyapunov function, which determines the exact critical value R correspond-
ing to the ordinary differential system (1.1). Our major innovation is to construct a suit-
able Lyapunov function for the high-dimensional complex system with a general func-
tional response and high-order perturbation, which provides a new technique and a clear
view.

The rest of this article is organized as follows. The existence and ergodicity of the sta-
tionary distribution for a stochastic system (1.4) are proved in Sect. 2; then, in Sect. 3, our
results are applied to a stochastic cholera model with Holling type-II functional response
terms, and we make a comparison with the existing results and numerical simulations are
given to illustrate our results. We make a conclusion with further discussion in Sect. 4.

In this paper, let B;(¢), i = 1,2,...,n+m+ 1 be defined on the complete probability space.
Define

R = (X1, %2, oy Xpams1) 2% > 0,1 <i<m+n+ 1}
and let C2(R"""*1; R,) be the set of all nonnegative functions V(x) on R”*"*1, which are

continuously twice differentiable in x.

2 Existence and ergodicity of a stationary distribution of system (1.4)

The main research content of this section is the existence and ergodicity of the stationary
distribution of system (1.4) based on the theory of Khasminskii [28], which implies the
diseases will be prevalent. In the beginning, the existence and uniqueness of the global
positive solution of system (1.4) will be given, which provides the basis for the following

research.
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Theorem 2.1 Assume the conditions (H1)—(H3) hold. For any given initial value

(S(0), 1(0), ..., 1,(0), W1(0), ..., W,,,(0)) € R there is a unique global positive solu-
tion (S(8), 11(2), ..., L,(t), W1 (P), ..., Wi (t)) of system (1.4) for all t > 0, which remains on
R™"1 with probability one.

Proof The theorem is easily proved according to the classical Khasminskii—Lyapunov
functional method [28], and the standard method is similar to the proof of Theorem 2.1
of [21]. Hence, we omit it here. O

Some lemmas are given before presenting the main content of this section.

Lemma 2.1 For any x > 0, the following two inequalities are established.:
(@) x> > (x= 1) (#2 +1); (B) &% > (342 — 1) (x> + 1).

Proof (i) Noting
2% -2 -1 (2 +1) =22 - 2% 2+’ + 1= (x = 1)> > 0,

(a) is verified.
(ii) Also,

4xt — (3x2— 1) (x2 + 1) =4 —3x* —3x? + A%+ 1= (xz— 1)2 >0,
thus (b) is confirmed. O

Next, we give our main result.
Define

S1(So,0)(1 —dy 2 hl) " fi(So, 01 -didin) Ly
2
11+ 2y A0 + 21 zzu1+2\/A2 + 21/zu;+%

. g1(80,0)(1 - nléhl) Z

n+2l
81 + D

(U

3 ; & =
3> N
M1+2\/Az—%z+— 2+ 27/ A% + B 4 N

~ 2
g
where /1y = 2/A%0 ], + 24/Ao1101; + 3L, and

Ji(S0,0)p;
2183

gk(501 O)qk

d; >max {0, 2
218

},i=1,2,...,n, nk>max{0, },k:l,Z,...,m

(2.2)

Theorem 2.2 Assume the conditions (H1)—(H3) hold and R}, > 1, where R}, is defined by
(2.1), then the system (1.4) has a unique stationary distribution m (-), which is ergodic.

Page 6 of 26
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Proof We can verify Theorem 2.2 by validating conditions (A1) and (A2) in Lemma
A.1 in the Appendix. Based on Lemma A.1, we need to find a nonnegative function
V e CHR™™*1;R,) and a compact set U C R"**! such that

LV(S,Ly,.... Ly Wi, ..., W) <=1 on(S,I1,..., I, Wi,..., W,,) e R™"™ /11,

The construction of V(S,h,...,1,, Wi,..., W,,) is very complex, so we proceed in three
main steps: (i) construct a stochastic Lyapunov function; (ii) construct a compact set; (iii)
give the existence and ergodicity of the solution of system (1.4). Some transformations are

shown as follows:

= W W Wi

e W= —\ 23
Wi "= We (2.3)

where 17,15, ..., W}, satisfy the following equalities:

c c
vi-ly 4 vieli ;.
=1, If = g L ek h-l , i=2,3,...,n,
IS N i+1,2P i+1
I‘Ll 2 6
n n
c c
Z&‘Ii ZSilz’
We = i=1 . i=1 (24.)
1 o2 o2 P2 h ’
81+ n+2,1 + n+2,2 n+2
2 6
c c
7= O Wiy S Wi o5 m
k— 2 2 2 T ’ T e H
S + Opvk+1,1 + Opk+1,2P hn+k+1
k 2 6

where O <p < 1.
Step 1. (Constructing a stochastic Lyapunov function)
Define a function V; € C*H(R™™*1, R) by

Vi=Ty+ Y  G(-IfInk;+ uj1) + Crar (Wi In Wi + t,2)
j=2

£ Cust Wi In Wi + thy i), (2.5)
k=2

in which,

n

1 m
Ty =—Inl; +uy + 7 E fi(So, 0)1f e + ng(SO,O)Wlfmk S+1)
j=1 k=1

1< ¢ S
t o D f(So, ey + Y gi(So, 0) Wini <s ~So=Soln  + Soul) :
1\ j=1 k=1 0

2
i(S i I
ul:ZU(P%)p’ Uy = poS + M, (2.6)
-1

Page 7 of 26
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vl + W +
Uji1 :II,CM’]‘:Z,S,"‘,”, Upsp = chM,

Wi +
Unik+1 =W]§M1 k=2731'--;my

where ¢;, dj, C;, j=1,2,...,m; my, ng, Cpit, k=1,2,...,m, and v;,w;, i = 1,2, po,vs, w3

will be determined later.
According to the It6 formula, we obtain that

Luy=po [ A= £, 1)l = Y @S, W) Wi — uS

j=1 k=1
n m
+ v+ o3V | DS+ Y gl S, W) Wi —
j=1 k=1

(1-pv _ 2
e A T (02111 + on1})

2
(1-p)useh "o}

A~ (po—vsa? ! ; (S, 1) 3 S, WoWx | -
<po (po UsWs ) ;ﬁ( ])1+k2:1:gk( Wi 2(1_'_(({713)2—[7)

By Lemma 2.1(b),
- +2 4 +2 (1
g AN(E) A7) sdr o
2—
I

@7 @) 2 (@)

n
w3

Then,
Ly =pod = (o - w5t ) [ D28l + D ar(S, WioWi
j=1 k=1

L A-push®ad 30— pusahodn
16 16 ’

_ -1 _ 8 o A
Choose py = Ugw‘g , U3 = ol w3 =2 /—(1—19)0222’ then

1
+ U1+ 5(021 +o9lh).

1 n m
L(=lnl) ==+ ]§=lﬁf,(s,a)g + ;gk(s’ Wi) Wi

(2.8)
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Combining (2.3) and /nx <x -1 for x > 0,

n

1 o 1 of(SI)f(SO)T
) H;ﬁ(s’l’)} ok ;f(s"’ Oh 6,0 00T

—_

__lIyy C N K81 £50 T
-z ;ﬁ(so,o)lj+;ﬁ(so,o)g ( 76,0 5Go0 T, 1)

1 c A SSH  fS0 T
<_ Zf(SO,O)I 7 Zf(So,0)1< NS0 +1n ﬁ(So,O)”n’il)'

According to the differential mean-value theorem, and (H;), there exists & € (0, 1)) such
that

fSL) SO

= I, > —KI,.
£(S,00  fi(S,6) 7 !
Thus,
1 ¢ 1< .
A E (S, 1L < - I E fi(So, 0]
j=1 j=1
1 ¢ £(S0,0) )
+ =Y f(So, OF | KT + ~1-In< ). (2.9)
II,ZZI’ ’ ’( "7 8,0 T
Similarly,
- ngw WiWy < - — ng<so,0)wk
Iy k=1
(So,0 W(
ng(So,O)W‘ <I(Wk &S00y 4 ’). (2.10)
1 k=1 k(SrO) 11

By (2.7)—(2.10),

L(-InLy +up) < — — § fi(So, O)f + Z (S0, OWE | + 712 + 0910224
I k=1

1« 1 < £:(So,0)
— (S0, OIKI; + — (So, O)If -1
+Ifj:21ﬁ( 0, 0)J; ,+If ;:1 fi(So )’(ﬁ(S,O) )

gk(SO’O) >
E (S0, YW KWy + E (S, O)W7 < -1
lklgk 0 k k lklgk 0 k (5,0

< W,
Z (S0, 0)¢ ln - L3 (S0, )W In =5 (2.11)
1 k=1 1

Page 9 of 26
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where
| A202 o2
h2:M1+23ﬁ+%. (212)
Also,
LS+1)=A-pS—pih = pu(So - S) — urly, (2.13)

where Sy = %.

Combining Lemma 2.1(a) and (b), we have
2
Ly =) vi(S+w)’ | A § £(S, 1)~ Z (S, WO Wi — uS
i=1 k=1

1-
Z ( p)Ul_ O'nS + 01252)2
2(S +w)* p

Sy Au - (1-pief”

2
- G- (0’115 + 0'1252)
i=1 @ i=1 2 <1 + wi)

- Z Av; —P)Ulwlf_2012254 _a —p)Uzwg_ZUMUleB
= p 2 2
@ 2(1+ %) (1+3)

2 au APl (8)' Q-puefanan ()
et @] @]
= 22: Aill); - _(1 p)vlwmzalz |: <a)£1)2 - 1i|

1 . s 1
- 5(1 - Pk 011013 (a)_z - 5)
_ |:AU1 . (1 —P)Ula)lfﬂafz] . |:AU2 N (1—P)Uzw§+1011012]

o 16 wr” 4

3 1
- E(l —pluiafof,S* - 5(1 — P 011012S.

8 2
Let Ula){ = ?;(l——p)’ Uzan 1— then

2 .2 2
< 84 + @191 + 24 + ©2011012 - @52 - 0110'125.
31-pwr 6 (1-pwn 2 2

Let

:23L wy =2 #
(1-pop’ Y- '
P)oi (1-p)o11012
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Then,
A2 A 5S?
Luy < 2\3/ a _‘2;2 + 2\/ T_“;” - 61; — 0110125, (2.14)
One has

L(S S Slns)
0~ 90 So

S, - “ S
= <1 - §°> (S0 =)= D[S, 1)L~ g(S, Wi Wi | + = (011 +018)*
j=1 k=1

(S — So)* " (S, 1) " gk(S, Wi) So 2
=———= +SO;T1,+S();TWH = (11 +00S)

§—80)? - “ Y
S_% +S()M ZL+ZW]( +30(O'11+0'12$)2,
j=1 k=1
by the assumption (H).
Then,

S_S 2 n m _
—%+SOM YL+ Y Wi | + Sk (215)

j=1 k=1

T =03 A Aoy |
where /1y =2 apr 2 it By (2.11), (2.13), (2.15), and (2.6), we have

S
L(S—So—SolIl— +Sou1> <
So

1 n m n _
LTy <= 2 | D_f(So,OF + D g(So, OWy |+ + Y _fi(So, 0)IfdjSoh
LA\ j=1 k=1 j=1

m n n

— I
+ ) &S0, OYWimSoh + om0l + Y fi(So, LKL = fi(So, O In =
k-1 j=1 j=1 !

~

m m W
+ Y g(So, OOWEKWi = Y gi(So,0) W In 7—k
k=1 k=1 1

oo (£50,0) , US = So)?
+ ;ﬁ(SO,O)Ij (ﬁ(S,O) -1 +e]u(SO—S)—d,f)

. ¢ [ 8k(S0,0) (S = So)*
,0OOW —-1 _S)—
+ /<§=1 8k(So, O) W, ( 2(5,0) +myu(So — S) — n S

n m
- E i(So, 0) ejpurls — ng(SO»O)W;fmkltlll
=1 k-1

[ D £So. 0 d + D @S0, OWimi | SoM | D L+ Y Wi | (2.16)

j=1 k=1 j=1 k=1
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Let

(50, 0) wS—-S)* .
£(5,0) ~ L+gu(So=8) —dj—c——j=12....m,

M(S) =

hence, we can easily obtain that

Mj(SO):Orj=1,2,...,n.

Also,

M =500 (L) —gu—dp (1-50), j=1,2,...m
j =Jj(%0, 4s j(S,O) i i 2 y]=L4,...,0.

Let

M(S)ls=s, =0, j=1,2,...,n,

then
£(S0,0) % (;> Is=s
¢ = LAYLD 0,j=1,2,...,n.
Furthermore,
d? 1 2d;uS2
M(S) =f(S0,0)— _ 24kt
() =£i50,0) 7 (j,(S,O)) "

— L1 50,008° @ (1 2d;uS?

=g | 0s 4S2 (S,0) iLog
1

S§ (fj(SO,O)pj - ZdeSg) s

where the last inequality is based on the assumption (H3).
By (2.2), we have M]/./(S) <0and M;(So) =0, which derives

M;(S) < Mj(So)=0, j=1,2,...,n.
Similarly, let

d 1
&k(So, 0) 7 (m) | 5=50
mj = , Mg >max 40,

u

gx(S0, 0)gk
21(Sp)?

where g is defined in the assumption (H3). Therefore,

£k(S0,0) w(S —Sp)?
~1 So— §) — 2 =20
2(5,0) + my(So = S) — nk S

<Ni(S0)=0, k=1,2,...,m.

Ni(S) =

}; k:1,2,...,m,

(2.17)

(2.18)

(2.19)

Page 12 of 26
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Hence, combining (2.16), (2.17), and (2.19), we have
n m
LTy < - (Ry(p) - Dhy + 09100211 + Zﬁ(so,o)lﬂejﬂhll + ng(SO:O)W]ﬂmklMlll
-1 k=1

n m m
+ 3 f(So, LKL + Y gi(So, OWEKWi = > gi(So, 0) W (In Wy — InTy )
j=1 k=1 k=1

Zf(so,oy d; + Z (S0, O)Winy | SoM Z[ + Z Wi
j=1

= > f(So,0)If (InT; ~InTy), (2.20)

j=1

where
Ry(p)
il ARG dl— 1>+§ :f<So,0>(1 d= hl)]_[ LU
n j=2 i + ";+11 + %j+1,2P
] 6
(S0, 0L —m4h) . gi(So, 01— mfym) K 81

i
+ 22+E

2 2 2 2 2 2
0, p o o [ ARy Z
5 4 n2l n+21 + n+26,2 k=2 5 4 ni2l n+21 + n+26,2p j=2 81+ n+12+1,1 + n+1+61,2
n i
1 Yj-1
J
C— El+§ Sill 5 — | (2.21)
hy ) =2 L+ %ii1,1 + %is1,2P
U A 6
where

- A202 A A2 2
By = 2%(1 "1§2 + 2\/ f“a” 02“, ) /ﬁ 051. (2.22)
-p -p p

By It6’s formula and Lemma 2.1,

(1-plug

_ _ 2
Lugy =I50s (I + p)P 7 (vicadion — ) = IF I + p)P~? (oir1ali + Ui+1,21i2)

I vaYic1dia )G (1 —P)U419p_2(7i11,2114

—i 1— i 2-p
Pt 2(1+4)
p

4
cVaYirdion (1 prusp’? ”12<Pl)
=1; 1 2
p 4 [1 + (—) ]
)

<I vaYic1di1 +[C(1 - pluptof, %12 3(1 _P)U4Ppail,21i2
i 16 16

i
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Choose vy = 30 p) ==, such that
8vi 1. (7,2 2 0,2 [.2
Luggy < 16 2YEVL e %ol e Oinati, (2.23)
3p(1-p) 6 2
Let
T,‘+1 =—IiClIlIi+Ml‘+1, i=2,3,...,l’l. (224-)

Applying Itd’s formula and by (2.4) and (2.23), one has

4 2

LTy <- I_l(yi—llz’—l — ) + Viltl e ix12P
;

3p1-p) " 6

¢ c 2 2 2
Ll 8yial Oing | Oiniol” | <]
==VYi-r—— t o/ di-1t | Wi t+ t+ ——— )4 + 0i+1,10i+1,24;1;

1 +Uz+1101+1211 +IC

I; 3p(1-p) 2 6
=—Yia e 1~7 +ha i + %Ii—l + 0311001201
=yl (1 - 7}%11) + %Iﬂ + 0141100120 1;
<—viali, (1117;‘—1 - 1117;‘) :](/1—11l)1 1+ 0341100120 T, (2.25)

according to the inequality x — 1 — /nx > 0 for any x > 0.

Likewise, we derive

n
82§ )
— o w2
Luyg < WY =1 L We 22" —wr n+22 L
3p(1-p) 6 2
n
" 8 &l
L-W{In Wy + ty0) < = &I} (InT; — In Wy) + Wfﬁ 4 OriaOnins WEW,
i=1
881 Wi o2 o2 w2
Lun+;+1 Wc -1 Wj-1 + W n+1+1,2p WC n+}+12 j , (2.26)
’3p1-p ) 6 2

88,1 W

L-Wf I Wj + thyju1) < =81 WE (In Wy — In Wj) + W 3 —p)

+ On+j+1,10n4j+1,2 VVJCVV]
Combining (2.20), (2.25), and (2.26), we obtain

LViS, L, Ly Wiy, W)

<=-R)®)—Dhy + | 021022 + g fi(So, OV lejlr + ng(SO¢O)Wk|mk|H1
j=1 k=1

(S0, 0K + Y fi(So, O SoM + Y g(So, 0) WemSoM
j=1 k=1
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+Cn+1 Wf

8 8y 15
&1 + G Yiiy )11
3p(1-p) 3p(1-p)

n-1

+ Y | £So, OLK + Z (S0, O)IFd;SoM + Z (S0, 0)WEm SoM
j=2 j=1 k=1

8yl vCos 8& W7
3p(1-p) 3p(1-p)

C
+Cji1 + C]‘U/’+1,10j+1,2[j> I

Fou(So, KT + Y " (S0, ) diSoM
j=1
8%, Wy

S0, OWimSoM + Cppy1 —————
+ng(o YWiniSoM + n+13p(1—p)

C
+ Cn0n+1,1 O'n+1,21n) 1,
k=1

m-1

+ ) | gl(So, OYWEK + § fi(So, O){dSoM + Z 2k(So, 0)WiniSoM
k=1 j=1 k=1

881“)Vk+1 Wk
3p(1-p)

+ (gm(So, OYWEK + > f(So, M diSoM + Y gi(So, 0) WeniSoM
j=1 k=1

+CikOnk+1,10n4k+1,2 W]f + Crake1

(4
+ Cn+m0n+m+1,1 Op+m+1,2 Wm) Wi

n

m
+ [ D A0, 00 + Y gilSo, )W —£i(So, O = Conlf = Cyar | Inhy
j=1 k=1

—

n—

+ (CIVI 1 =SS0, 0L = Gyl - Cn+1$j1jc>1njj

~.
Il
N

+( wVn-1ly_1 = fu(S0, O, = Cui1éul, )IHI

(CMZ;I — &1(S0, )W = Cyiads WY | In W1

m— 1
+ ) (Cuskbraa Wiy = Crkr1 8 Wi = g(So, 0) W) In W
2

k=
+( n+m m— IW gm(So,O)an) In Wm

Choose
i”: ¢
£i(S0,00W;
_ gm(So,00 Wy, ik o _
Chom = rim-JW;:—l , Gk = W, k=m-1m-2,...,2,
> gk(S0,00WE
o= Lo = o0 bl
n+l = N » ~n Y115
>
i=1
n n
> S0.0I+Coit Y. I
J=a j=a
Cy = - , w=n-1,n-2,...,3,2,
BV

(2.27)

Page 15 of 26



Zuo et al. Advances in Continuous and Discrete Models (2024) 2024:57 Page 16 of 26

such that

Y (S0, 0L + 3 gk(So, YW — fi(So, ) — CoprI§ — Ciafey =0,
J=1 k=1
Gyl = fi(S0, O} = iyl = Cun§ili =0,
C”y”—llft—l _fn(SO:O)If, - Cn+1§n1; = 0;
Cn+1 Z SJI]C _gl(SO’ O) ch - Cn+281 ch = 0’
j=1

CorkBi-1 W]f,l = Curkr10k W]f _gk(SO’O) W]ﬁ =0,
Cn+m8m—1 an_l _gm(SO) O) Wycn =0.

Define the Lyapunov function

Vi=Vi+ ) i+ ) xuWe

j=2 k=1
where ¥, x4, j=2,3,...,n,k=1,2,...,m are determined later. Therefore,

n m
LVi=LVi+L| > Wili+ Y xxWi
j=2 k=1

n m
< —(Ry(p)— Dha + [ 010m + Y _f(So, O lejlia + Y gi(So, 0) Wil o
j=1 k=1

(S0, LK +Vray1 + Y (S0, I diSoM + >~ gi(So, 0) Wi mSoM

j=1 k=1
8 85
+Cp1 WY B, b xlél) L
3p(1-p) 3p(1-p)
n-1 . n . " . 8yl
# 2 S0 K + 3 S0, OIfdiSol + 3 gx(So. OWimSoM + Gz 5
j=2 j=1 k=1
0 7317(1 e + Goja1,10512; + Yy + xa§5 — winy |
. n . m . 8&;,, Wf
+ | £u(So, O)EK + E fi(So, ) d; SoM + ng(So,O)WknkSoM + Cus1 3(l-p)
j=1 k=1

+ Cno'n+1,10'n+l,21;?, + Xlgn - /Lnlljn)ln

m-1 n m
£ | (S0, OWEK + Y " £(So, M diSoM + Y ~ gi(So, 0) Wi SoM
k=1 j=1 k=1

c 88/‘ WISH
+CikOnek+1,10n4k+12 Wi + Crakrl == + Xk+18k — Xk0k | Wk
3p(1-p)

+ (gm(So,O)W,;K + E fi(So, 0)d;SoM + Z 2k(S0, 0)WiniSoM
j=1 k=1
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+ CromOnsm+1,10nem+1,2 an - Xmism) W (2.28)

Take

Xm= 5 (gm(So, O WK + 3~ fi(So, ) diSoM + 3 gi(So, 0) WnxSoM
j=1 k=1

4
+ Cn+mon+m+l,lan+m+l,2 Wm> b

Xk= Xke1t 3 (gk(So,O)WCK + Zf (S0, 0);d;SoM + ng(So,O) WiniSoM
j=1

88k Wi,
+Cn+kgn+k+l,lon+k+l,2 W]f + Cn+k+1 3p(1 p) ) k=m- 1m-2,...,1,

n . m . 8, W<
Yu= (f,,(SO, 0K + ]ZI (S0, OMEd;SoM + kzl (S0, OYWimkSoM + Cprt 30
+Cn0n+1,10n+1,21; + Xl‘i:n>,

Y = ‘/ﬁu% + X;—f’ + l%j(ﬁ(So,O)I/”K +2_fi(S0, O d;SoM + 3 gi(So, ) WinkSoM
i k=1

+13p(1-p) +23p(1-p)

8yl 8¢ Wy .
+Ci1 i + Cy 5 +Ccr,+1101+121> j=n-1,n-2,...,2,

then by (2.28), we have that
LVy == (Ry(p) = Dy + ]I, (2.29)

where

J = om0+ £(So, O lefla + Y gi(So, ) Wil a1 + Yoy

j=1 k=1
8¢,
+ § fi(So, O d;SoM + ng(SO,O)WknkSOM * G Wig s
j=1 =
8y115
#Cag 1 HAGH 0K + X1€1> (230)

Applying Itd’s formula, (2.14), and the assumption (H), we have

A NESDL IS glS, WO W ]
L(—lnS+u1)=_§++Zﬁ( S/)1+ng( Sk) e uih
j=1 k=1
<-Srnrhiem XH:IWXM:Wk : (2.31)
S

j=1 k=1

where u, 1; are defined by (2.6) and (2.22), respectively.
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By (2.23)—(2.25), we have that

n
1
L Z (— 11111 + Fuj+1)
]

j=2

=T Z Yji-1 + Z Mj+ Z Oj+1,1 + Uj+1,21 Z —Luj

/2/

n
I 8y;-11;
- Yi-1— + 0i4+1,10] 121 + ]’l 1 (232)
FZZ 7 [] 23}9(1 -p) Z JrLLEgE Z J+

j=2

2
where 1,1 = i + 0”21’1 + ’”zp and uj,1, j = 2,3,...,n are defined by (2.6).
Furthermore, let

1 m
=(=InW1 + —Uy0) + —In W + ket
v = (=inW1 qu 2) ;( k Wcunkl)

where .2, Upiki1, kK =2,3,...,m are defined by (2.6). Applying Itd’s formula and (2.26),

one has
&l 1 Sk-1 W1
Lv, = ; W +61 + W —Lu,.o — kX: Z(Sk + Z WCLuerH
1 1 ¢ 2
+ - 2 (0n+2 1+ 0py2, 2W1 5 kX_; Onik+1,1 T Ontk+1,2 Wk)

n 825} j 8231(,1\)71(,1

Z i -1 k=2
W1 3p(1 p) Wk 3p(1-p)

k=2
m m
+ Zan+k+l,10n+k+1,2 Wk + Z hn+k+1: (233)
k=1 k=1

1_2 1 2 2
where /1,41 = 8 + 3%m+k+1,1 T 6%nike1,2P "
Let

n m
_ (011 +o12SY . Z (07411 + 0j4120) . Z (On+k+1,1 + Onakes12 Wil
) P o P

j=1

Then,

Lvy =(o11 + 0128 o1p | A E (S, DI - ng(S W)Wy — uS
j=1

1- 1-
_ Tp(gu + 0125)”612252 - TP(O'Zl + 672211)’70222112

n m
+ (021 + 01 P o E (S, 1)1 + ng(S, Wi)Wi — p1hh
j=1 k=1
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+ 3 (o511 +0ju12) 012 (il = i)

I-p
TZ(U““ +G/+121)p +12

j=2

-P 2 2
T (Ons2,1 + Ons22 Wi )po',ﬂz,z Wl

n
p-1
+(0ns21 + 0n22W1)T T Ouian E &l — 61 W1
j=1

p-1
(Oneke11 + Oneke12Wi)' Oneke12 Skt Wit — 8 Wi)

-

k=2
1-p “
2 2
T Z Opn+k+1,1 + Optk+1,2 Wk)pan+k+1,2Wk
k=2
m
- p+2 p+2 p+2 p+2 p+2 p+2
5‘712‘711 - S7+ Z Gl + ZUkarl,ZWk
n m n
p-1
+MSO'220’21 1j+ZWk +ZU/+12 +11)// 11] 1
j=1 k=1 j=2
n m
p-1 p-1
+ O0n+2,20,491 Z E/I] + Z O'n+k+1,20n+k+1,15k—1 Wk—l' (234')
j=1 k=2
Denote
- 1
Vo=(-InS+uy) + Z —InJ; + I_;”i+1 + V1 + Vs
j=2 j
Combining (2.31)—(2.34),
n m
&l Wi_1
N N
T Ew
j=1 k=2
m
-p p+2 2 p+2 p+2 p+2 p+2
1 §+ Z R Zan+k+1,2 W ] (2.35)
where
n m
-1 -1
C= sup {0'120{71 A +M(50220'§1 + 1) ZI] + Z Wk
(STt eryps W ey Wi ) €RIFHL j=1 k=1

1-p “
p+2 p+2 p+2 p+2 pt+2 p+2
- 4 S + § : /+1 21 + Gn+k+12W + 0j+1,20, +1 lyl 11/ 1
— ] 2

n+m+1

+Gn+220n+212511 +Zan+k+l 20n+k+1 lak IWk 1 +M+h1 + Z h]+1
j=1 k=2 j=2
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N “ 8§; 2 881
+ — i+ —I+ — Wi
;3p<1—p)’1 ;sp(l—m’ L pu-p "

k=2

n m
+ Z 0j+1,1 O7+1,21j + Z On+k+1,10n+k+1,2 Wk} (236)
j=2 k=1

Define a function V € C3(R™*"*1; R),
V(S 1p,..., L, W, ..., W,):i=HVy + Vs,

where H must meet a certain condition, hence, we define it later.

Step 2. (Constructing a compact set)

V tends to oo when (S,11,..., 1L, Wi,..., Wi,) approaches the boundary of RT’”“ be-
cause of the continuity and the monotonicity of the function V. Therefore, it must have
a minimum point (8,1;,..., W,,) in the interior of R™m+1 Thus, define a C*-function V:

R+ R, as follows:

V(ST Iy Wiy, W) = V(S, Ly Ly Wiy oo, W) = VS, Iy, W),

Combining (2.29) and (2.35), we obtain

LV <— Ha +H]11—Tp ol
A
ATk S S

j=2

1-p “
p+2 D+2 p+2 p+2 p+2 p+2
- ) § + 2 : }+1 21 + Un+k+l,2 Wk ’

where A £ (R}(p) — 1)h; and C and J can be found in (2.36) and (2.30), respectively. H is
large enough satisfying —-HX + C < -2.
Then, we have

1-, +2
—H)»+C+D—%—Tp o1y SP*2 — —00, as S — 0* or S — +00,

-HM+ C+HJIL <-1, as; — 0%,

2 2 .
_HA+C+D- L2 Z ,ﬁzw — —00, as Ij —> +00, j=1,2,...,n,

—H)L+C+D—%’Zop+2 W,f+2—>—oo, as Wy — +o0, k=1,2,...,m,

LVE n+k+1,2
-Hr+C+D- Zy, ——> -0, as Iy » 0%, - 0%, j=2,3,...,n,
l
—-HL+C+D-— 111—) —-00, as ; - 07, W; — 07,
—HA+C+D—Z<S/(_1 v’;;‘ — —00, as Wi_; - 0", Wi — 0%, k=2,3,...,m
k=2
where

D= sup {Hjll o 17 [7+2117+1 }

11 €(0,+00)

Page 20 of 26
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Thus, there exists a compact set U C R?*"*! such that if R}(p) > 1,
v, n,...,W,) <-1, (S, I1,..., W) € R;:erﬂ \ U

Noting that Rj(p) defined in (2.21) is continuous and nonincreasing in p, lirg Ri(p) =
p—>0*
R$(0) = R} makes senses. Therefore, if R} > 1, then there exists a p € (0, 1) such that R}(p) >
1. Thus, if R} > 1, the condition (A2) in Lemma A.1 in the Appendix holds.
Step 3. (Proving the ergodicity)
Next, we verify the condition (A1) in Lemma A.1 in the Appendix. The diffusion matrix

of system (1.4) is as follows:
Z = diﬂg((ffu + 0125)252, (og1 + 02211)2112> ooy (Cuneme1l + Onrme12 Wm)2 W,i)

Itis obvious that for any compact subset of R”*"*1, the matrix A is positive-definite. There-
fore, the condition (A1) in Lemma A.1 is satisfied.
Therefore, the conditions (A1) and (A2) in Lemma A.1 in the Appendix are proved. That

is to say, there is a unique and ergodic stationary distribution 7 (-) for system (1.4). O

Remark 2.1 If 0;,;=0,i=1, 2,...,n+m+1,j=1,2, then Rj is consistent with the basic
reproduction number Ry of the ODE system (1.1) defined in (1.3). That is, our work in-
cludes and extends the work of Song et al. [21], and partially extends the result of Shuai et
al. [10].

Remark 2.2 If there exist white-noise intensities 0;j, i = 1,2,...,n+m+1,j = 1,2 such that
Ufj > 0, then R < Ry, which implies that the white noises are beneficial to the control of

the diseases.

3 Numerical simulations
Consider the same parameters in this section as Example 2 of Song et al. [21] in system

(1.4) as follows:

A=05, =025 u =0.85, =065, & =0.15, & = 0.15, y; = 0.55, §; = 0.3,

82=0.2, 83=0.15, B1 = Br = A1 = Ay = 0.15, A3 = 0.12. (3.1)
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Next, as an example of (1.4), we consider the stochastic cholera model wtih a Holling

type-1I functional response disturbed by higher-order perturbation:

2

BLS o~ MWiS
ds@)=|A- - —uS | at S)SdB.(8),
®) ;lmj ;uam uS | dt + (o1 + 0128)SdBy (¢)

2

3
BiL;S M WS
dl(t) = E lilaljJrE 1+aWk_Mlll dt + (021 + 02201)1dBs(1),
-1 k=1

(3.2)
dly(t) = (i — paly)dt + (031 + 03202),dBs(¢),

2
dWy(t) = (Z &l — 51 W)dt + (041 + 042 W1) W1dBy(2),
-1

AW (t) = (8x-1 W1 — 8 Widt + (03441 + 034k 2 W) Wid Bz, (t), k = 2,3.
Obviously,

AeS
1+ax’

B;S

I, k=1,2,3.
1+ax

Si(Sx) = j=12 &Sx)=

Next, we verify that the conditions (H1)—(H3) hold.
§ USH __ BeS g a - s
(1) % - _(1+ﬂx)2 - _fj( 1x)m - —(lﬁ( 1x)'
Similarly, —ag,(;_?(f,x) > —agi(S,x). We choose K = a such that (H1) holds.

ii) We ch M= i A tisfyi
(ii) We choose /=1,g;1/?=x1,2,3{ﬁ’ «} satisfying

£(S,%) < BS < MS, gi(S,x) < S < MS.

(iii) It is easy to compute that

53d2 L )_2. Sde( L )2 g j-12k=-123
a2 \£5,0) "8 2 s \gs,0) " a I THEETRSS

Thus, (H1)-(H3) hold. By (1.3), we obtain that

A (:31 )/1,32> A ()\1 A2 )Ls) (51 16 )
Ro=—|—+ +—(—=—+=+=—)(—+
wA\pL Hifd w\d & &/)\u pipme

=1.9873>1,

which is the same as the Ry in Example 2 of Song et al. [21] and implies that the positive
equilibrium of the corresponding ODE system of (3.2) is uniformly persistent, illustrated
in the red dotted lines of Fig. 2. Next, we further investigate the effects of higher-order
disturbance of white noises.

Case 1. Choosing d, ny,j = 1,2;k = 1,2,3 and the white noises o;; as follows:

(S0, 0)p;
dj:2.1>max{0,M} L

= — :2, ':1,2,
2uS2 A~/

Page 22 of 26
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Figure 2 Left: The solutions of the corresponding deterministic and stochastic system (3.2). Initial value:
(5(0),11(0), 1,(0), W1 (0), W>(0), W5(0)) = (0.9,0.4,0.4,0.4,0.4,0.2). Right: Distribution densities of S(t), /1 (t), /(%)
Wh(0), Wa (o), Ws()

So,0 1
M} =2, k=1,2,3

nr =2.1>max 30, =
‘ { 285

TA

and 011 =012 = 0.01, 071 =02 = 0.02, 031 =03 = 0.03, 041 = 04 = 0.04, 051 = 052 = 0.05,

061 = 0g2 = 0.06, we have that from (2.1),

B1So (1 - dlsozl) . B2So (1 - dZSOZI) on

2 2 2
3 2 . 3 2 . %31
W1+ 2y A%05 + 3L g + 2y A%05 + S o+ =

)\150 (1 - I’l;Soih) + 23: )\kSO (1 - nkSOZl) ﬁ 8]‘_1

R =

2 2
51+% k=2 31+% j=2 5,'+03%"1
& + 162
2 2 p
w1+ 2/A%03 + % (ul +2JA%03 + %) (/Lz + %)
=1.2342 > 1,

which means that there exists a unique ergodic stationary distribution of system (3.2) ac-
cording to Theorem 2.2, illustrated in the blue lines and the right graphs of Fig. 2. More-
over, R} = 1.2342 < R} = 1.9699, where Rj is the critical value of Song et al. [21], which
implies that the higher-order disturbances 0,5, i = 1,2,...,n + m + 1 may decrease the
critical value and speed up the extinction of the diseases.

Case 2. Fixing the parameters as in (3.1) and 0,5, i = 1,2,...,6 as in Case 1, we increase

the white-noise intensities o1, i = 1,2,...,6 as follows:

011 = 061, 091 = 062, 031 = 063, 041 = 064, 051 = 065, Og1 = 0.66.
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Figure 3 The solutions of the corresponding deterministic and stochastic system (3.2), which implies that the
stronger white noises may result in the extinction of the diseases. Initial value:
(5(0),11(0), 1,(0), W4 (0), W1 (0), W5(0)) = (0.9,0.8,0.7,0.8,0.7,0.6)

We have that R = 0.2895 < 1 from (2.1), which shows that the diseases I;(¢), W;(t) tend
to extinction from Fig. 3. For the general response function, we do not give the proof of

extinction of the diseases in this article.

4 Conclusion and discussion

The spread and control of the infectious disease cholera disturbed by higher-order en-
vironment noises have always been hot topics discussed by many scholars and experts.
In this article, we propose a stochastic cholera model, which is the summarization and
generalization of Song et al. [21] and the corresponding ODE system. The distinguishing
features are the general nonlinear incidence rates f;(S, [)I;, gi(S, W)Wi, j=1,2,...,m k =
1,2,...,m and the higher-order perturbations are only dependent on S (or I; (W})) and
include many existing results about cholera epidemics.

For the general stochastic system (1.4), we obtain the existence and ergodicity of the
stationary distribution by using the theory of Khasminskii [28]. The most essential and
difficult step is to construct a Lyapunov function satisfying Lemma A.1 in the Appendix.
Due to the complexity and generality of system (1.4), we divide the construction of the
Lyapunov function into three steps to determine the critical value R} corresponding to
the basic reproductive number R, of the ODE system (1.1). Finally, we apply our results to
the stochastic system with a Holling type-II functional response and show that if R} > 1,
the diseases will prevail and the stronger white noises will result in the extinction of the
diseases.

In this article, we show that the higher-order white noises can decrease the critical value
and result in the extinction of the diseases, which provides us new insights into control-
ling the spread of the diseases. However, there are still many interesting problems worth

B 2 )Lkl,g

studying in the near future. For example, when f;(J;) = 1:#, &) = 4o, that is, a Holling
i k

type-III functional response, our condition (H1) does not hold. It is challenging to deal
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with the existence of a stationary distribution for this case. We will leave these investiga-

tions to future work.

Appendix
Let X(¢) be a homogeneous Markov process in R”*"*1, which can be described by the
following equation:

n+m+1
dx(t) = b(X(t))dt + Z o (X(8))dB,(¢). (A.1)

r=1

The diffusion matrix is defined as follows:
n+m+1

A®) = (@G 1=ijznimets a5x) = Y o (X)a)X).

r=1

Applying the differential operator L to a function V € C*(R"*"*1,R,), Eq. (A.1) can be

defined by
n+m+1 PAY% n+m+1 32V
LV(X) = biX)— + = () ——.
*X) Zl W35 *3 i,zﬂu’( XX,

Lemma A.1 [28] Assume there exists a bounded domain D C R"*""*! with regular bound-
ary T, and the following conditions hold:
(A1) there is a positive constant M satisfying

n+m+1

Y ai®sisy = MIsP, forx € D, = (51, G2,y Spamn) € R
ij=1
(A2) there exists a function V € CHR™ ™1 R,) and a positive constant C such that
LV(x) < —C for any R™*"+1\D,
Then, system (1.4) is a unique and ergodic Markov process with a stationary distribution
7 (-), and letting f(-) be a function integrable with respect to the measure 1, then

T
Px{ lim l/ f(X(t))dt:/ f(x)n(dx)} =1
T— o0 T 0 Rﬁ*m”

Acknowledgements

This work is supported by the National Natural Science Foundation of China (No. 12371160), the Shandong Provincial
Natural Science Foundation (Nos. ZR2023MA021 and ZR2021MAQ53), and the Fundamental Research Funds for the
Central Universities of China (No. 22CX03013A).

Author contributions

Wenijie Zuo: Methodology, Investigation, Supervision, Writing, Reviewing, Editing. Beibei Liao: Writing, Revison,
Simulation, Reviewing, Editing. Haile Wang: Investigation, Writing the original draft, Reviewing, Editing. Na Zhao:
Investigation, Simulation. Daging Jiang: Methodology, Investigation. All authors read and approved the final manuscript.

Data availability
No data was used for the research described in the article.
Declarations

Competing interests
The authors declare no competing interests.



Zuo et al. Advances in Continuous and Discrete Models (2024) 2024:57

Author details
'College of Science, China University of Petroleum (East China), Qingdao, 266580, China. ?Department of Basic Education,
Qingdao Preschool Education, Qingdao, 266318, China.

Received: 27 March 2024 Accepted: 15 July 2024 Published online: 16 December 2024

References

1.

Ali, M., Nelson, AR, Lopez, AL, Sack, D.A.: Updated global burden of cholera in endemic countries. PLoS Negl. Trop.
Dis. 9(6), 0003832 (2015)

2. Colwell, R, Hug, A.: Environmental reservoir of Vibrio cholerae. The causative agent of cholera. Ann. N.Y. Acad. Sci.
740, 44-54 (1995)

3. Lin, J, Xu, R, Tian, X.: Global dynamics of an age-structured cholera model with both human-to-human and
environment-to-human transmissions and saturation incidence. Appl. Math. Model. 63, 688-708 (2018)

4. Eisenberg, M.C, Shuai, Z,, Tien, J.H., Driessche, PV.D.: A cholera model in a patchy environment with water and human
movement. Math. Biosci. 246, 105-112 (2013)

5. Yang, J, Modnak, C, Wang, J.: Dynamical analysis and optimal control simulation for an age-structured cholera
transmission model. J. Franklin Inst. 356, 8438-8467 (2019)

6. Cai, L, Modnak, C,, Wang, J.: An age-structured model for cholera control with vaccination. Appl. Math. Comput. 299,
127-140 (2017)

7. Nguiwa, T, Justin, M., Moussa, D., Betchewe, G.,, Mohamadou, A.: Dynamic study of SIQR-B fractional-order epidemic
model of cholera with optimal control strategies in Mayo-Tsanaga department of Cameroon far North region.
Biophys. Rev. Lett. 15, 237-273 (2020)

8. Berhe, H.W.: Optimal control strategies and cost-effectiveness analysis applied to real data of cholera outbreak in
Ethiopids Oromia Region. Chaos Solitons Fractals 138, 109933 (2020)

9. Bai, N, Song, C, Xu, R:: Mathematical analysis and application of a cholera transmission model with waning
vaccine-induced immunity. Nonlinear Anal., Real World Appl. 58, 1468-1218 (2021)

10. Shuai, Z, Driessche, PV.D.: Global dynamics of cholera models with differential infectivity. Math. Biosci. 234(2),
118-126 (2011)

11. Tian, X, Xy, R, Lin, J. Mathematical analysis of a cholera infection model with vaccination strategy. Appl. Math.
Comput. 361, 517-535(2019)

12. Duan, L, Xy, Z: A note on the dynamics analysis of a diffusive cholera epidemic model with nonlinear incidence rate.
Appl. Math. Lett. 106, 106356 (2020)

13. Dangbé, E, Irépran, D, Perasso, A, Békollé, D.: Mathematical modelling and numerical simulations of the influence of
hygiene and seasons on the spread of cholera. Math. Biosci. 296, 60-70 (2018)

14. Ge, J, Zuo, W, Jiang, D.: Stationary distribution and density function analysis of a stochastic epidemic HBV model.
Math. Comput. Simul. 191, 232-255 (2022)

15. Lu, C: Dynamical analysis and numerical simulations on a Crowley-Martin predator-prey model in stochastic
environment. Appl. Math. Comput. 413, 126641 (2022)

16. Tien, J.H, Earn, D.J.: Multiple transmission pathways and disease dynamics in a waterborne pathogen model. Bull.
Math. Biol. 72(2), 1506-1533 (2010)

17. Zhou, Y, Zuo, W, Jiang, D., Song, M.: Stationary distribution and extinction of a stochastic model of syphilis
transmission in an MSM population with telegraph noises. J. Appl. Math. Comput. 66, 645-672 (2021)

18. Zuo, W, Jiang, D.: Stationary distribution and periodic solution for stochastic predator-prey systems with nonlinear
predator harvesting. Commun. Nonlinear Sci. Numer. Simul. 36(1), 65-80 (2016)

19. Liu, W, Zheng, Q. A stochastic SIS epidemic model incorporating media coverage in a two patch setting. Appl. Math.
Comput. 262, 160-168 (2015)

20. Zuo, W, Zhou, Y. Density function and stationary distribution of a stochastic SIR model with distributed delay. Appl.
Math. Lett. 129, 107931 (2022)

21. Song, M., Zuo, W, Jiang, D., Hayat, T.: Stationary distribution and ergodicity of a stochastic cholera model with
multiple pathways of transmission. J. Franklin Inst. 357(15), 10773-10798 (2020)

22. Lan, G, Yuan, S, Song, B.: The impact of hospital resources and environmental perturbations to the dynamics of SIRS
model. J. Franklin Inst. Eng. Appl. Math. 358, 2405-2433 (2021)

23. Zhao, S, Yuan, S, Wang, H.: Threshold behavior in a stochastic algal growth model with stoichiometric constraints
and seasonal variation. J. Differ. Equ. 268, 5113-5139 (2020)

24. Liy, Q, Jiang, D, Hayat, T, Alsaedi, A,, Ahmad, B.: Dynamical behavior of a higher order stochastically perturbed SIRI
epidemic model with relapse and media coverage. Chaos Solitons Fractals 139, 110013 (2020)

25. Han, B, Jiang, D, Hayat, T, Alsaedi, A, Ahmad, B.: Stationary distribution and extinction of a stochastic staged
progression AIDS model with staged treatment and second-order perturbation. Chaos Solitons Fractals 140, 110238
(2020)

26. Wang, H., Zuo, W, Jiang, D.: Dynamical analysis of a stochastic epidemic HBV model with log-normal
Ornstein—Uhlenbeck process and vertical transmission term. Chaos Solitons Fractals 177, 114235 (2023)

27. Shi, Z, Jiang, D, Fu, J.: Stochastic dual epidemic hypothesis model with Ornstein-Uhlenbeck process: analysis and
numerical simulations with SARS-CoV-2 variants. J. Math. Anal. Appl. 535, 128232 (2024)

28. Khasminskii, R Stochastic Stability of Differential Equations. Springer, Berlin (2012)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Page 26 of 26



	Ergodicity of a stationary distribution for a stochastic cholera model with a general functional response and higher-order perturbation
	Abstract
	Keywords

	Introduction
	Existence and ergodicity of a stationary distribution of system (1.4)
	Numerical simulations
	Conclusion and discussion
	Appendix
	References

