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Abstract. We study the problem of learning ensembles in the online
setting, when the hypotheses are selected out of a base family that may be
a union of possibly very complex sub-families. We prove new theoretical
guarantees for the online learning of such ensembles in terms of the
sequential Rademacher complexities of these sub-families. We also describe
an algorithm that benefits from such guarantees. We further extend our
framework by proving new structural estimation error guarantees for
ensembles in the batch setting through a new data-dependent online-to-
batch conversion technique, thereby also devising an effective algorithm for
the batch setting which does not require the estimation of the Rademacher
complexities of base sub-families.

1 Introduction

Ensemble methods are powerful techniques in machine learning for combining
several predictors to define a more accurate one. They include notable methods
such as bagging and boosting [4, 11], and they have been successfully applied to
a variety of scenarios including classification and regression.

Standard ensemble methods such as AdaBoost and Random Forests select
base predictors from some hypothesis set H, which may be the family of boosting
stumps or that of decision trees with some limited depth. More complex base
hypothesis sets may be needed to tackle some difficult modern tasks. At the same
time, learning bounds for standard ensemble methods suggest a risk of overfitting
when using very rich hypothesis sets, which has been further observed empirically
[10, 17].

Recent work in the batch setting has shown, however, that learning with
such complex base hypothesis sets is possible using the structure of H, that
is its decomposition into subsets Hk, k = 1, . . . , p, of varying complexity. In
particular, in [8], we introduced a new ensemble algorithm, DeepBoost, which we
proved benefits from finer learning guarantees when using rich families as base
classifier sets. In DeepBoost, the decisions in each iteration of which classifier
to add to the ensemble and which weight to assign to that classifier depend on
the complexity of the sub-family Hk to which the classifier belongs. This can
be viewed as integrating the principle of structural risk minimization to each
iteration of boosting.



This paper extends the structural learning idea of incorporating model selec-
tion in ensemble methods to the online learning setting. Specifically, we address
the question: can one design ensemble algorithms for the online setting that
admit strong guarantees even when using a complex H? In Section 3, we first
present a theoretical result guaranteeing the existence of a randomized algorithm
that can compete against the best ensemble in H efficiently when this ensemble
does not rely too heavily on complex base hypotheses. Motivated by this theory,
we then design an online algorithm that benefits from such guarantees, for a
wide family of hypotheses sets (Section 4). Finally, in Section 5, we further
extend our framework by proving new structural estimation error guarantees for
ensembles in the batch setting through a new data-dependent online-to-batch
conversion technique. This also provides an effective algorithm for the batch
setting which does not require the estimation of the Rademacher complexities of
base hypothesis sets Hk.

2 Notation and preliminaries

Let X denote the input space and Y the output space. Let Lt : Y→ R+ be a loss
function. The online learning framework that we study is a sequential prediction
setting that can be described as follows. At each time t ∈ [1, T ], the learner (or
algorithm A) receives an input instance xt which he uses to select a hypothesis
ht ∈ H ⊆ YX and make a prediction ht(xt). The learner then incurs the loss
Lt(ht(xt)) based on the loss function Lt chosen by an adversary. The objective
of the learner is to minimize his regret over T rounds, that is the difference of his
cumulative loss

∑T
t=1 Lt(ht(xt)) and that of the best function in some benchmark

hypothesis set F ⊂ YX:

RegT (A) =

T∑
t=1

Lt(ht(xt))−min
h∈F

T∑
t=1

Lt(h(xt)).

In what follows, F will be assumed to coincide with H, unless explicitly stated
otherwise. The learner’s algorithm may be randomized, in which case, at each
round t, the learner draws hypothesis ht from the distribution πt he has defined
at that round. The regret is then the difference between the expected cumulative
loss and the expected cumulative loss of the best-in-class hypothesis: RegT (A) =∑T
t=1 E[Lt(ht(xt))]−minh∈H

∑T
t=1 E[Lt(h(xt))].

Clearly, the difficulty of the learner’s regret minimization task depends on
the richness of the competitor class H. The more complex H is, the smaller the
loss of the best function in H and thus the harder the learner’s benchmark. This
complexity can be captured by the notion of sequential Rademacher complexity
introduced by [16]. Let H be a set of functions from X to R. The sequential
Rademacher complexity of a hypothesis H is denoted by Rseq

T (H) and defined by

Rseq
T (H) =

1

T
sup
x

E
[

sup
h∈H

T∑
t=1

σth(xt(σ))

]
, (1)



where the supremum is taken over all X-valued complete binary trees of depth T
and where σ = (σ1, . . . , σT ) is a sequence of i.i.d. Rademacher variables, each
taking values in {±1} with probability 1

2 . Here, an X-valued complete binary
tree x is defined as a sequence (x1, . . . , xT ) of mappings where xt : {±1}t−1 → X.
The root x1 can be thought of as some constant in X. The left child of the root is
x2(−1) and the right child is x2(1). A path in the tree is σ = (σ1, . . . , σT−1). To
simplify the notation, we write xt(σ) instead of xt(σ1, . . . , σt−1). The sequential
Rademacher complexity can be interpreted as the online counterpart of the
standard Rademacher complexity widely used in the analysis of batch learning
[1, 13]. It has been used by [16] and [15] both to derive attainability results for
some regret bounds and to guide the design of new online algorithms.

3 Theoretical guarantees for structural online learning

In this section, we present learning guarantees for structural online learning in
binary classification. Hence, for any t ∈ [1, T ], the loss incurred at each time t by
hypothesis h is Lt(h(xt)) = 1{yth(xt)<0}, with yt ∈ Y = {±1}.

A randomized player strategy π = (π1, . . . , πT ) for a sequence of length T is
a sequence of mappings πt : (X× Y)t−1 → PH, t ∈ [T ], where PH is the family
of distributions over H. Thus, πt((x1, y1), . . . , (xt−1, yt−1)) is the distribution
according to which the player selects a hypothesis h ∈ H at time t and which
also depends on the past sequence (x1, y1), . . . , (xt−1, yt−1) played against the
adversary.

The following shows the existence of a randomized strategy that benefits from
a margin-based regret guarantee in the online setting. This can be viewed as the
counterpart of the classical margin-based learning bounds in the batch setting
given by [13].

Theorem 1 (Proposition 25 [16]). For any function class H ⊂ RX of func-
tions bounded by one, there exists a randomized player strategy given by π such
that for any sequence z1, . . . , zT played by the adversary, zt = (xt, yt) ∈ X×{±1},
the following inequality holds:

E

[
1

T

T∑
t=1

E
ht∼πt

[1{ytht(xt)<0}]

]

≤ inf
γ>0

{
inf
h∈H

1

T

T∑
t=1

1{yth(xt)<γ} +
4

γ
R

seq
T (H) +

1√
T

(
3 + log log

1

γ

)}
.

We are not explicitly indicating the dependency of πt on (x1, y1), . . . , (xt−1, yt−1)
to alleviate the notation. The theorem gives a guarantee for the expected error of
a randomized strategy in terms of the empirical margin loss and the sequential
Rademacher complexity of H scaled by γ for the best choice of h ∈ H and the
best confidence margin γ. As with standard margin bounds, this is subject to a
trade-off: for a larger γ the empirical margin loss is larger, while a smaller value



of γ increases the complexity term. The result gives a very favorable guarantee
when there exists a relatively large γ for which the empirical margin loss of the
best h is relatively small.

While this result is remarkable for characterizing learnability against the
best-in-class hypothesis, it does not identify and take advantage of any structure
in the hypothesis set. The structural margin bound that we prove next specifically
provides a guarantee that exploits the scenario where the hypothesis set admits a
decomposition H = ∪pk=1Hk. For any q ∈ N, we will denote by ∆q the probability
simplex in Rq and by conv(H) the convex hull of H.

Theorem 2. Let H ⊂ [−1, 1]X be a family of functions admitting a decomposi-
tion H =

⋃p
k=1 Hk. Then, there exists a randomized player strategy given by π

on conv(H) such that for any sequence ((xt, yt))t∈[T ] in X× {±1}, the following
inequality holds:

E

[
1

T

T∑
t=1

E
ft∼πt

[
1{ytft(xt)<0}

]]
≤ inf
γ>0

{
inf

f=
∑q
i=1αihi∈ conv(H)

α∈∆q,hi∈Hk(hi)

1

T

T∑
t=1

1{ytf(xt)<γ}

+
6

γ

q∑
i=1

αiR
seq
T (Hk(hi)) + Õ

(
1

γ

√
log p

T

)}
,

where k(hi) ∈ [1, p] is defined to be the smallest index k such that hi ∈ Hk and
q ∈ N so that f is an arbitrary element in the convex hull.

The theorem extends the margin bound of Theorem 1 given for a single hy-
pothesis set to a guarantee for the convex hull of p hypothesis sets. Observe
that, remarkably, the complexity term depends on the mixture weights αi and
hypotheses hi defining the the best-in-class hypothesis f =

∑q
i=1 αihi. The com-

plexity term is an α-average of the sequential Rademacher complexities. Thus,
the theorem shows the existence of a randomized strategy π that achieves a
favorable guarantee so long as the best-in-class hypothesis f ∈ conv(H) admits a
decomposition for which the complexity term is relatively small, which directly
depends on the amount of mixture weight assigned to more complex Hks versus
less complex ones in the decomposition of f .

From a proof standpoint, it is enticing to use the fact that the sequential
Rademacher complexity of a hypothesis set does not increase upon taking the
convex hull. While this property yields an interesting result itself, it is not suffi-
ciently fine for deriving the result of Theorem 2: in short, the resulting guarantee
is then in terms of the maximum of the sequential Rademacher complexities
instead of their α-average.

Proof. Fix n ≥ 1. For any p-tuple of non-negative integers N = (N1, . . . , Np) ∈ Np
with |N| =

∑p
k=1Nk = n, consider the following family of functions:

GH,N =

 1

n

p∑
k=1

Nk∑
j=1

hk,j

∣∣∣∣∀(k, j) ∈ [1, p]× [Nk], hk,j ∈Hk

 .



By the sub-additivity of the supremum operator, the sequential Rademacher
complexity of H can be upper bounded as follows:

Rseq
T (GH,N) =

1

T
sup
x

E
σ

 sup
h∈GH,N

T∑
t=1

1

n

p∑
k=1

Nk∑
j=1

hk,j(xt(σ))σt


≤ 1

T

1

n

p∑
k=1

Nk∑
j=1

sup
x

E
σ

[
sup

hk,j∈Hk

T∑
t=1

hk,j(xt(σ))σt

]
=

1

n

p∑
k=1

NkR
seq
T (Hk).

In view of this inequality and the margin bound of Proposition 1, for any GH,N,
there exists a player strategy πN such that

1

T
E

[
T∑
t=1

E
ft∼πN

t

[1{ytft(xt)<0}]

]

≤ inf
γ>0

{
inf

g∈GH,N

1

T

T∑
t=1

1{ytg(xt)<γ} +
4

γ

1

n

p∑
k=1

NkR
seq
T (Hk) +

3 + log log 1
γ√

T

}
.

Now, let πexp denote a randomized weighted majority strategy πexp with the πN

strategies serving as experts [14]. Since there are at most pn p-tuples N with
|N| = n, the regret of this randomized weighted majority strategy is bounded by
2
√
T log(pn) (see [6]). Thus, the following guarantee holds for the strategy πexp:

E

[
T∑
t=1

E
ft∼πexp

t

[1{ytft(xt)<0}]

]
≤ inf
|N|=n

E

[
T∑
t=1

E
ft∼πN

t

[1{ytft(xt)<0}]

]
+
√

4Tn log p.

In view of that, we can write

1

T
E

[
T∑
t=1

E
ft∼πexp

t

[1{ytft(xt)<0}]

]

≤ inf
γ>0

 inf
g∈GH,N

|N|=n

1

T

T∑
t=1

1{ytg(xt)<γ} +
4

γ

1

n

p∑
k=1

NkR
seq
T (Hk)

 (2)

+
3 + log log 1

γ√
T

+ 2

√
n log p

T

= inf
γ>0

 inf
g= 1

n

∑q
i=1nihi

hi∈Hk(hi)

1

T

T∑
t=1

1{ytg(xt)<γ} +
4

γ

1

n

q∑
i=1

niR
seq
T (Hk(hi))


+

3 + log log 1
γ√

T
+ 2

√
n log p

T
. (3)

Now, fix (h1, . . . , hq). Any α ∈ ∆q defines a distribution over h1, . . . , hq. Sampling
according to α and averaging leads to functions g of the form g = 1

n

∑q
i=1 nihi



for some q-tuple n = (n1, . . . , nq) with |n| = n. Let f =
∑q
i=1 αihi for some

α ∈ ∆q. By the union bound, we can write, for any γ > 0 and (xt, yt),

E
n∼α

[
1ytg(xt)<γ

]
= Pr

n∼α

[
ytg(xt) < γ

]
= Pr

n∼α

[
ytg(xt)− ytf(xt) + ytf(xt) < γ

]
≤ Pr

n∼α

[
ytg(xt)− ytf(xt) < −γ2

]
+ Pr

n∼α

[
ytf(xt) <

3γ
2

]
= Pr

n∼α

[
ytg(xt)− ytf(xt) < −γ2

]
+ 1ytf(xt)< 3γ

2
.

For any γ > 0 and (xt, yt), by Hoeffding’s inequality, the following holds:

Pr
n∼α

[
ytg(xt)− ytf(xt) < −γ2

]
≤ e

−nγ2
8 .

Plugging this inequality back into the previous one gives:

E
n∼α

[
1ytg(xt)<γ

]
≤ e

−nγ2
8 + 1ytf(xt)< 3γ

2
. (4)

Fix γ > 0 and h1 ∈ Hk(h1), . . . , hq ∈ Hk(hq) in inequality 2. Then, taking the
expectation over α of both sides of the inequality and using inequality 4 combined
with E[nin ] = αi, we obtain that for any γ > 0, any h1 ∈ Hk(h1), . . . , hq ∈ Hk(hq),
and any α ∈ ∆q, the following holds for f =

∑q
i=1 αihi:

1

T
E

[
T∑
t=1

E
ft∼πexp

t

[1{ytft(xt)<0}]

]
≤ 1

T

T∑
t=1

1ytf(xt)< 3γ
2

+
4

γ

q∑
i=1

αiR
seq
T (Hk(hi))

+ e
−nγ2

8 +
3 + log log 1

γ√
T

+ 2

√
n log p

T
.

Thus, this inequality holds for any γ > 0, any n ≥ 1, and any f =
∑q
i=1 αihi ∈

conv(H). Choosing n =
⌈

4
γ2 log γ2T

16 log p

⌉
and replacing 3γ

2 by γ yields

1

T
E

[
T∑
t=1

E
ft∼πexp

t

[1{ytft(xt)<0}]

]

≤ inf
γ>0

{
inf

f=
∑q
i=1αihi∈ conv(H)

α∈∆q,hi∈Hk(hi)

1

T

T∑
t=1

1ytf(xt)<γ +
6

γ

q∑
i=1

αiR
seq
T (Hk(hi))

+ 6

√
log p

γ2T
+ 6

√⌈
1

γ2
log
[

γ2T
36 log p

]⌉ log p

T
+

3 + log log 3
2γ√

T

}
,

which completes the proof. ut

4 Algorithms for structural online learning

While Theorem 2 proves the existence of a randomized strategy with favorable
structural learning guarantees, it does not explicitly define one. In this section,



we give a general algorithm that benefits from the structural online learning
bound above.

In what follows, we will fix an arbitrary decomposition of the function class:
H = ∪pk=1Hk. Moreover, we will assume that this decomposition (Hk)pk=1 is
structurally online linear-learnable in the sense that for any subset Hk ⊂ H,
k ∈ [1, p], there exists an online learning algorithm Ak such that for any time
horizon T and every sequence (xt, Lt)

T
t=1 where Lt is a linear loss function bounded

by 1, Ak selects a sequence of functions (ht)
T
t=1 satisfying

∑T
t=1 Lt(ht(xt)) −

minh∈H
∑T
t=1 Lt(h(xt)) = RegHk,T

(Ak) = o(T ). For instance, if H is finite,
every decomposition is structurally online linear-learnable, which can be seen
by applying a potential-based algorithm [6]. Note that the notion of structural
online linear-learnability is a slight generalization of the concept introduced by
[2].

We will also follow in this section the standard method of using a convex
surrogate for the zero-one loss function. The will enable us to design algorithms
that are both deterministic and can be used to achieve new structural PAC
guarantees in the batch setting (the latter will be seen in Section 5). Let Φ : R→
R be any convex loss function upper bounding the zero-one loss. We further
assume that Φ is G-Lipschitz. One standard example is the hinge loss, Φ(x) =
(1 − x)1{x≤1}, which is 1-Lipschitz. Our goal is to design algorithms A that
guarantee structural upper bounds on the following regret term: RegT (A) =

maxh∈conv(H)

∑T
t=1 Φ(ytht(xt))− Φ(yth(xt)). For any x, we will denote by Φ′(x)

an arbitrary element of the subgradient of Φ at x.

4.1 SOL.Boost algorithm

At first glance, the structural learning bound of Theorem 2 seems unwieldy
since the convex combination of the best-in-class hypothesis is not necessarily
well-ordered with respect to the decomposition of the hypothesis set. Moreover,
the proof of Theorem 2 is based on the existence of online learning algorithms
for different subclasses of functions to which a meta-algorithm for learning with
experts is applied. This is instructive, but it is also computationally infeasible
because there are exponentially many experts in the proof.

Addressing the well-ordering issue and the computational problem will be
essential to our algorithmic design. Towards the first point, we can “re-organize”
the best-in-class hypothesis by writing:

q∑
i=1

α∗iRT (Hk(i∗)) =

q∑
i=1

p∑
k=1

1{k(i∗)=k}α
∗
iRT (Hk(i∗))

=

p∑
k=1

q∑
i=1

1{k(i∗)=k}α
∗
iRT (Hk) =

p∑
k=1

γ∗kRT (Hk).

This suggests that learning against the convex hull of a hypothesis class with a
structural decomposition can be equivalently cast as learning against each of its
individual substructures along with some new set of convex weights. We will use
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Fig. 1. Illustration of SOL.Boost Algorithm. The algorithm incorporates a meta-
algorithm that measures the progress of each base algorithm. Note from the pseudo-code
that the base algorithms are not assigned their true losses, but instead new hallucinated
losses.

this observation by applying an (efficient) experts-type algorithm to learn these
new weights instead of the original weights from the best convex combination.

However, learning against each of the individual substructures proves to be a
challenge in and of itself, since typical online learning algorithms, such as the
weighted majority algorithm [14], are able to provide guarantees against only the
single “best-in-class” hypothesis. Direct application of the experts algorithm on
top of typical online learning algorithms for each Hk will only produce a regret
guarantee against comparators of the form

∑p
k=1 α

∗
kh
∗
k, h∗k ∈ Hk, α∗ ∈ ∆p. On

the other hand, Theorem 2 guarantees the existence of an algorithm that can
attain a structural regret bound against arbitrary convex combinations in H,
including those that contain multiple base hypotheses from a single substructure
Hk. To attain this type of guarantees, we will linearize the loss and hallucinate
different losses for each of the base online linear learning algorithms so that they
learn well against the convex hull of each subclass.

Our algorithm, SOL.Boost, incorporates these two ideas to produce a guaran-
tee in the form of the one given in Theorem 2. Figure 1 presents an illustration
of the algorithm.

Theorem 3. Let H ⊂ [−1, 1]X be a hypothesis set admitting the decomposition
H = ∪pk=1Hk that is structurally online linear-learnable. For each k ∈ [1, p], let
Ak be an online algorithm that can minimize the regret of linear loss functions
against Hk, with regret RegHk,T

(Ak) over T rounds. Let Φ : R → R be a G-
Lipschitz convex upper bound on the zero-one loss. Then, SOL.Boost, initialized

with η <
√

log p
T , outputs a sequence of hypotheses (ht)

T
t=1 that satisfies the

following regret bound for any (xt, yt)
T
t=1:

T∑
t=1

Φ(ytht(xt)) ≤ inf
f=

∑q
i=1

αihi∈conv(H)

α∈∆q,hi∈Hk(hi)

{ T∑
t=1

Φ(ytf(xt))

+

q∑
i=1

αiRegHk(hi)
,T (Ak(hi)) +

√
G2T log(p)

}
.



Algorithm 1 SOL.Boost

1: Input: Online linear learning algorithms (Ak)pk=1 for (Hk)pk=1, (Nk)pk=1 boosting
stages, η > 0 learning rate, G Lipschitz constant for Φ.

2: Initialize: w1,k = 1, ∀k ∈ [1, p].
3: for t = 1, . . . , T : do
4: Receive: feature xt.
5: for k = 1, . . . , p do
6: Query: algorithm Ak for hypothesis ht,k and prediction ht,k(xt).
7: Set: γt,k =

wt,k∑p
j=1 wt,j

.

8: end for
9: Set: predictor ht =

∑p
k=1 γt,kht,k and predict ht(xt).

10: Receive: label yt.
11: for k = 1, . . . , p do
12: Attribute: loss lt(ytht,k(xt)) to each Ak, where lt is the linear function

lt : z 7→ Φ′(ytht(xt))ytz.
13: end for
14: for k = 1, . . . , p do
15: Update: weight wt+1,k = wt,k

(
1− η lt

(
ytht,k(xt)

))
16: end for
17: end for

Proof. Let α∗ ∈ ∆q and (h∗i )
q
i=1 ⊂ H be such that

∑q
i=1 α

∗
i h
∗
i ∈ conv(H). For

any i ∈ [q] and k ∈ [1, p], define h∗k,i = 1{k(h∗i )=k}h
∗
i . Then, it follows that

q∑
i=1

α∗i h
∗
i =

q∑
i=1

p∑
k=1

1{k(h∗i )=k}α
∗
i h
∗
i =

p∑
k=1

q∑
i=1

1{k(h∗i )=k}α
∗
i 1{k(h∗i )=k}h

∗
i

=

p∑
k=1

 q∑
j=1

1{k(h∗j )=k}

[ q∑
i=1

1{k(h∗i )=k}α
∗
i∑q

j=1 1{k(h∗j )=k}
h∗k,i

]
=

p∑
k=1

γ∗k

q∑
j=1

β∗k,jh
∗
k,i,

where h∗k,i = 1{k(h∗i )=k}h
∗
i , γ

∗
k =

∑q
j=1 1{k(h∗j )=k}, β

∗
k,j =

∑q
i=1

1{k(h∗
i
)=k}α

∗
i∑q

j=1 1{k(h∗
j
)=k}

.

By convexity of the loss function Φ, we can write

T∑
t=1

Φ (ytht(xt))− Φ

yt p∑
k=1

γ∗k

q∑
j=1

β∗k,jh
∗
k,j(xt)


≤

T∑
t=1

p∑
k=1

Φ′ (ytht(xt)) ytht,k(xt) [γt,k − γ∗k ]

+

p∑
k=1

γ∗k

T∑
t=1

Φ′ (ytht(xt)) yt

ht,k(xt)−
q∑
j=1

β∗k,jh
∗
k,j(xt)

 .



The first term in the last expression is bounded because the algorithm applies the
Prod(η) algorithm [7] to the hallucinated losses above. Specifically, we can use
the potential function P (wt) = log (

∑p
k=1 wt,k) to track the algorithm’s progress

against these surrogate losses and compute:

log

(∑p
k=1 wt+1,k∑p
j=1 w1,j

)
= log

(
t∏

s=1

∑p
k=1 ws+1,k∑p
j=1 ws,j

)
=

t∑
s=1

log

(∑p
k=1 ws+1,k∑p
j=1 ws,j

)

=

t∑
s=1

log

(
1− η

p∑
k=1

γs,kΦ
′ (ytht(xt)) ytht,k(xt)

)

≤
t∑

s=1

−η
p∑
k=1

γs,kΦ
′ (ytht(xt)) ytht,k(xt),

using the inequality log(1 + x) ≤ x for x ≥ − 1
2 . We can also write, for any

k ∈ [1, p],

log

(∑p
i=1 wt+1,i∑p
j=1 w1,j

)
≥ log

(
wt+1,k∑p
j=1 w1,j

)
= − log

 p∑
j=1

w1,j

+ log (wt+1,k)

≥ − log

 p∑
j=1

w1,j

− t∑
s=1

ηΦ′ (yshs(xs)) yshs,k(xs)

−
t∑

s=1

(ηΦ′ (yshs(xs)) yshs,k(xs))
2
,

in view of log(1 + x) ≥ x − x2 for all x ≥ − 1
2 , and the constraint on η. By

concavity of the logarithm, this implies that for the γ∗ ∈ ∆p chosen above,

log

(∑p
i=1 wt+1,i∑p
j=1 w1,j

)
≥ log

(∑p
k=1 γ

∗
kwt+1,k∑p

j=1 w1,j

)
≥

p∑
k=1

γ∗k log

(
wt+1,k∑p
j=1 w1,j

)

≥
p∑
k=1

γ∗k

[
− log

 p∑
j=1

w1,j

+

t∑
s=1

−ηΦ′ (yshs(xs)) yshs,k(xs)

− (ηΦ′ (yshs(xs)) yshs,k(xs))
2
]
.

Combining these calculations yields the inequality:

T∑
t=1

p∑
k=1

Φ′
(
ytht(xt)

)
ysht,k(xt)(γt,k − γ∗k)

≤
T∑
t=1

p∑
k=1

γ∗kη
(
Φ′
(
ytht(xt)

)
ysht,k(xt)

)2
+

1

η
log (p) ,



since w1,k = 1 ∀k ∈ [1, p].
For the second term, notice that if for each k ∈ [1, p] we attribute the loss

lt(ytht,k(xt)) to Ak, where lt is the linear function lt : z 7→ Φ′
(
ytht(xt)

)
ytz, then

the fact that lt is linear implies that Ak attains some sublinear regret RegHk,T
(Ak)

against Hk: maxh∗k∈Hk

∑T
t=1 lt(ht,k(xt))−

∑T
t=1 lt(h

∗
k(xt)) ≤ RegHk,T

(Ak). Since
lt is a linear loss, this directly implies that the regret guarantee RegHk,T

(Ak) ex-

tends to the convex hull of Hk: max
h∗k∈conv(Hk)

∑T
t=1 lt(ht,k(xt))−

∑T
t=1 lt(h

∗
k(xt)) ≤

RegHk,T
(Ak). It now follows that:

T∑
t=1

Φ
(
ytht(xt)

)
− Φ

(
yt

p∑
k=1

γ∗k

q∑
j=1

β∗k,jh
∗
k,j(xt)

)

≤
p∑
k=1

γ∗kη

T∑
t=1

(
Φ′
(
ytht(xt)

)
ysht,k(xt)

)2
+

1

η
log (p) +

p∑
k=1

γ∗kRegHk,T
(Ak).

Moreover, we can rewrite the convex combination of the regret quantities in
terms of the original convex combination weights of the comparator hypothesis:

p∑
k=1

γ∗kRegHk,T
(Ak) =

p∑
k=1

γ∗k

q∑
i=1

β∗k,iRegHk,T
(Ak)

=

p∑
k=1

 q∑
j=1

1{k(h∗j )=k}

[ q∑
i=1

1{k(h∗i )=k}α
∗
i∑q

j=1 1{k(h∗j )=k}
RegHk,T

(Ak)

]

=

p∑
k=1

 q∑
j=1

1{k(h∗j )=k}

[ q∑
i=1

1{k(h∗i )=k}α
∗
i∑q

j=1 1{k(h∗j )=k}
RegHk(h∗

i
),T

(Ak(h∗i ))

]

=

p∑
k=1

q∑
i=1

1{k(h∗i )=k}α
∗
iRegHk(h∗

i
),T

(Ak(h∗i )) =

q∑
i=1

α∗iRegHk(h∗
i
),T

(Ak(h∗i )).

Choosing η =
√

log(p)
GT satisfies the conditions and yields the desired result. ut

One remarkable aspect of SOL.Boost is that it does not require knowledge of
Rseq
T (Hk) for any Hk. As can be seen in Theorem 3, these complexity terms are

replaced by the regret of each algorithm and are attained automatically. This is a
significant advantage over the structural ensemble algorithms in the batch setting
(e.g. DeepBoost [8]), which require the learner to either compute or estimate
these quantities.

Moreover, the bound accompanied by SOL.Boost can vastly improve upon
bounds that ignore the structural decomposition. The former realizes an average
of all the regrets, and the latter is based upon the maximum regret among all
base algorithms.

SOL.Boost updates all p base algorithms at each step. To improve the per-
round computational cost, we can sample and query only a single base algorithm



Algorithm 2 Structural OTB

1: Input: Online algorithms (Ak)pk=1 for decomposition H = ∪pk=1Hk, I family of
contiguous intervals in [1, T ]

2: for t = 1, . . . , T : do
3: Receive: feature xt
4: Query: algorithm Ak for hypothesis ht,k
5: Receive: label yt and losses L(ht,k(xt), yt) for k ∈ [1, p]
6: Set: kt = argmink∈[1,p] L(ht,k(xt), yt)
7: end for
8: Set: Jout = argminJ∈I

1
|J|
∑
t∈J L(ht,kt(xt), yt) +

√
2C2 log(|I|/δ)

|J|1/2

9: Output: hJout = 1
|Jout|

∑
t∈Jout ht,kt

using techniques from the bandit literature (see e.g. [6]). This will come at the
price of an extra

√
p factor in the last term on the right-hand side of Theorem 3.

While it might be tempting to compare SOL.Boost to the work of [3], the
algorithm presented here actually solves a regression problem, and it is more
proper to compare it to the work of [2]. In fact, this is why we build upon the
concept of online linear-learnability introduced in the latter paper.

The work of [12] may also seem related to the problem we consider, but it is
in fact quite different since the hypothesis sets for online multiple kernel learning
and online ensemble learning are distinct. Moreover, the guarantees procured
there do not admit arbitrary structural decompositions as in Theorem 3 and are
only in terms of the best base algorithm.

5 Online-to-batch conversion

In this section, we design an effective online-to-batch conversion technique
for structural learning. Here, we assume that the learner receives a sample
((x1, y1), . . . , (xT , yT ))Tt=1 in X × Y drawn i.i.d. according to a distribution D.
The objective is to determine a hypothesis h based on a sequence of hypothe-
ses h1, . . . , hT output by an online learning algorithm that admits a favorable
generalization error R(h) = E(x,y)∼D [L(xt, yt)].

We show that one can design algorithms whose generalization bounds account
for the structure of the hypothesis set. Moreover, these are the first known
structural generalization bounds in the batch setting that are in terms of the
best-in-class hypothesis and can be viewed as an estimation error extension of
the theoretical bounds in [8].

We consider a single static loss function L : Y× Y→ R and assume that the
difference between rounds is simply the label: Lt(ht(xt)) = L(ht(xt), yt). For
convenience, we also assume that L is convex in its first argument. Note that
any convex surrogate used in Section 4 will satisfy this. The online-to-batch
conversion technique that we present is data-dependent and can be viewed as a
structural extension of the method of [9]. At a high level, finding the subpath
with the smallest cumulative loss will ensure small empirical estimation error, and



penalizing shorter paths will guarantee that the output will generalize well. This
is not immediately obvious nor necessarily intuitive, since greedy optimization of
empirical error without regularization does not lead to good generalization in
many cases.

Theorem 4 presents the guarantee of our method. Figure 2 illustrates our
algorithm, which benefits from the following guarantee.

Theorem 4. Let ((x1, y1), . . . , (xT , yT )) be an i.i.d. sample drawn from a distri-
bution D over X× Y. Assume that the loss function L : Y× Y→ R is bounded by
a constant C and that each base online algorithm in the input of Structural OTB
admits the following regret guarantee: for any k ∈ [1, p], h∗k ∈ Hk, and contiguous
subset J ⊂ [1, T ]:

∑
t∈J L(ht,k(xt), yt) − L(h∗(xt), yt) ≤ RegJ(Ak). Then, with

probability at least 1 − δ, each of the following guarantees holds for Structural
OTB:

E
(x,y)∼D

[L(hJout(x), y)] ≤ min
J∗∈I,α∗∈∆p,h∗k∈Hk

{ p∑
k=1

α∗k
1

|J∗|
∑
t∈J∗

L(h∗k(xt), yt)

+

p∑
k=1

α∗kRegJ∗(Ak) +

√
2C2 log(|I|/δ)

|J∗|

}
,

E
(x,y)∼D

[L(hJout(x), y)] ≤ min
J∗∈I,α∗∈∆p,h∗k∈Hk

{ p∑
k=1

α∗k E
(x,y)∼D

[L(h∗k(x), y)]

+

p∑
k=1

α∗kRegJ∗(Ak) +

√
2C2 log(p/δ)

T
+

√
2C2 log(|I|/δ)

|J∗|

}
.

Proof. Let J ⊂ [1, T ] be any subset, and denote hJ = 1
|J|
∑
t∈J ht,kt . No-

tice that by convexity of L in the first coordinate, E(x,y)∼D [L(hJ(x), y)] ≤
1
|J|
∑
t∈J E(x,y)∼D [L(ht,kt(x), y)] .

Now for any t ∈ J , define Mt = 1
|J|
(
L(ht,kt(·), ·)− E(x,y)∼D [L(ht,kt(x), y)]

)
.

By design, (Mt)t∈J is a sequence of martingale differences over J , such that if
we reindex J = [1, TJ ], then E[Ms|M1, . . . ,Ms−1] = 0 for every s ∈ [1, TJ ].

Furthermore, by Azuma’s inequality, we can guarantee that with probability

at least 1−δ, E(x,y)∼D [L(ht,kt(x), y)] ≤ 1
|J|
∑
t∈J L(ht,kt(xt), yt)+

√
2C2 log(1/δ)

|J| .

By applying a union bound over all J ∈ I, then with probability at least 1− δ,
the following bound holds for every J ∈ I:

E
(x,y)∼D

[L(ht,kt(x), y)] ≤ 1

|J |
∑
t∈J

L(ht,kt(xt), yt) +

√
2C2 log(|I|/δ)

|J |
.

Thus, it follows that

E
(x,y)∼D

[L(hJout
(x), y)] ≤ min

J∗∈I

1

|J∗|
∑
t∈J∗

L(ht,kt(xt), yt) +

√
2C2 log(|I|/δ)

|J∗|
.
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Fig. 2. Illustration of Structural OTB. The algorithm chooses the best a posteriori
sub-path of hypotheses among all algorithms.

By the choice of kt, we can further say that L(ht,kt(xt), yt) ≤ L(ht,k(xt), yt)
∀k ∈ [1, p]. In particular, this means that for any J ∈ I,

1

|J |
∑
t∈J

L(ht,kt(xt), yt) ≤ min
α∗∈∆p

1

|J |
∑
t∈J

p∑
k=1

α∗kL(ht,k(xt), yt)

≤ min
α∗∈∆p,h∗k∈Hk

p∑
k=1

α∗k

(
1

|J |
∑
t∈J

L(h∗k(xt), yt) + RegJ(Ak)

)
.

Combining the above two inequalities yields the first result.
Furthermore, we can use Hoeffding’s inequality over the best-in-class classifier’s

guarantee for each of the p subclasses and apply a union bound to say that

E
(x,y)∼D

[L(hJout
(x), y)] ≤ min

J∗∈I,α∗∈∆p,h∗k∈Hk

{ p∑
k=1

α∗k E
(x,y)∼D

[L(h∗k(x), y)]

+

p∑
k=1

α∗kRegJ∗(Ak) +

√
2C2 log(p/δ)

T
+

√
2C2 log(|I|/δ)

|J∗|

}
. ut

Note that one natural choice of I, as discussed by [9], is the set of all suffixes of
[1, T ]: {[1, T ], [2, T ], . . . , [T, T ]}. This was shown empirically to outperform the
“data-independent” online-to-batch conversion methods of [5]. With this specific
choice of I, |I| = T , and the logarithmic dependence on |I| is mild.

6 Conclusion

We presented a series of theoretical and algorithmic results for structural online
learning. Our theory and algorithms can be further extended to cover other
learning settings, including multi-class classification, regression and general on-
line learning. In contrast with the batch algorithms for structural learning, our
algorithms do not require the estimation of the Rademacher complexities in the
decomposition of the hypothesis set. Moreover, our online-to-batch conversion
algorithm provides an efficient alternative to the current structural ensemble
methods used in the batch setting.
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