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Abstract

Adversarial robustness is an increasingly critical property of classifiers in ap-
plications. The design of robust algorithms relies on surrogate losses since the
optimization of the adversarial loss with most hypothesis sets is NP-hard. But,
which surrogate losses should be used and when do they benefit from theoretical
guarantees? We present an extensive study of this question, including a detailed
analysis of the J(-calibration and H-consistency of adversarial surrogate losses.
We show that convex loss functions, or the supremum-based convex losses often
used in applications, are not H-calibrated for common hypothesis sets used in
machine learning. We then give a characterization of J(-calibration and prove
that some surrogate losses are indeed J-calibrated for the adversarial zero-one
loss, with common hypothesis sets. In particular, we fix some calibration results
presented in prior work for a family of linear models and significantly generalize
the results to the nonlinear hypothesis sets. Next, we show that H-calibration is
not sufficient to guarantee consistency and prove that, in the absence of any distri-
butional assumption, no continuous surrogate loss is consistent in the adversarial
setting. This, in particular, proves that a claim made in prior work is inaccurate.
Next, we identify natural conditions under which some surrogate losses that we
describe in detail are H-consistent. We also report a series of empirical results
which show that many H-calibrated surrogate losses are indeed not H-consistent,
and validate our theoretical assumptions. Our adversarial J{-consistency results
are novel, even for the case where J is the family of all measurable functions.

1 Introduction

Complex multi-layer neural networks trained on large datasets have achieved a remarkable perfor-
mance in several applications in recent years, in particular in speech and visual recognition tasks
(Sutskever et al., 2014; Krizhevsky et al., 2012). However, these rich models are susceptible to
imperceptible perturbations (Szegedy et al., 2013). A complex neural network may, for example,
misclassify a traffic sign, as a result of a minor variation, which may be the presence of a small
advertisement sticker on the sign. Such misclassifications can have dramatic consequences in practice,
for example with self-driving cars. These concerns have motivated the study of adversarial robustness,
that is the design of classifiers that are robust to small £, norm input perturbations (Goodfellow et al.,
2014; Madry et al., 2017; Tsipras et al., 2018; Carlini and Wagner, 2017). The standard 0/1 loss is
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then replaced with a more stringent adversarial loss, which requires a predictor to correctly classify
an input point x and also to maintain the same classification for all points at a small ¢, distance of x.
But, can we devise efficient learning algorithms with theoretical guarantees for the adversarial loss?

Designing such robust algorithms requires resorting to appropriate surrogate losses since optimizing
the adversarial loss is NP-hard for most hypothesis sets. A key property for surrogate adversarial
losses is their consistency, that is, that exact or near optimal minimizers of the surrogate loss be
also exact or near optimal minimizers of the original adversarial loss. The notion of consistency
has been extensively studied in the case of the standard 0/1 loss or the multi-class setting (Zhang,
2004; Bartlett et al., 2006; Tewari and Bartlett, 2007; Steinwart, 2007). However, those results or
proof techniques cannot be used to establish or characterize consistency in adversarial settings. This
is because the adversarial loss of a predictor f at point x is inherently not just a function of f(x)
but also of its values around a neighborhood of x. As we shall see, the study of consistency is
significantly more complex in the adversarial setting, with subtleties that have in fact led to some
inaccurate claims made in prior work that we discuss later.

Consistency requires a property of the surrogate and the original losses to hold true for the family
of all measurable functions. As argued by Long and Servedio (2013), the notion of H-consistency,
which requires a similar property for the surrogate and original losses, but with the near or optimal
minimizers considered on the restricted hypothesis set 3, is a more relevant and desirable property
for learning. Long and Servedio (2013) gave examples of surrogate losses that are not H-consistent
when JH is the class of all measurable functions but that satisfy a realizable H{-consistency condition
when J is the class of linear functions. More recently, Zhang and Agarwal (2020) studied the notion
of improper realizable H-consistency of linear classes where the surrogate ¢ can be optimized over
a larger class, such as that of piecewise linear functions. Note that these studies only deal with
the standard 0/1 classification loss. This motivates our main objective: an extensive study of the
H-consistency of adversarial surrogate losses, which is critical to the design of robust algorithms
with guarantees in this setting.

A more convenient notion in the study of H-consistency is that of H-calibration, which is a related
notion that involves conditioning on the input point. H-calibration often is a sufficient condition for
H-consistency in the standard classification settings (Steinwart, 2007). However, the adversarial loss
presents new challenges and requires carefully distinguishing among these notions to avoid drawing
false conclusions. As an example, the recent COLT 2020 paper of Bao et al. (2020a) presents a study
of H-calibration for the adversarial loss in the special case where J is the class of linear functions.
However, several comments are due regarding that work. See a detailed discussion in Appendix B.

Our Contributions. We present a more systematic study of the J(-calibration and J{-consistency
including for the case where H{ = J{,;; of adversarial surrogate losses. In Section 4, we give a detailed
analysis of the H-calibration properties of several natural surrogate losses. We present a series of new
negative results showing that, under some general assumptions, convex loss functions and supremum-
based convex losses, that are loss functions defined as the supremum over a ball of a convex function,
which are those commonly used in applications, are not H-calibrated for common hypothesis sets
used in machine learning. Next, we give a characterization of calibration and prove that a family of
proposed surrogates are H-calibrated, with common hypothesis sets. These fix previous calibration
results presented for the family of linear models in (Bao et al., 2020a) and significantly generalize
the results to the nonlinear hypothesis sets. In Section 5, we study the H-consistency of surrogate
loss functions. We prove that, in the absence of distributional assumptions, many surrogate losses
shown to be H-calibrated in Section 4 are in fact not H-consistent. This, in particular, proves that a
claim presented in a COLT 2020 publication is inaccurate. Next, in contrast, we show that when the
minimum of the surrogate loss is achieved within J{, under some general conditions, the p-margin
ramp loss (see, for example, (Mohri et al., 2018)) is H-consistent for H being the linear hypothesis set,
or any non-decreasing and continuous g-based hypothesis set, including the ReLU-based hypothesis
set. We then give similar H-consistency guarantees for supremum-based surrogate losses based on
a non-increasing auxiliary function, including the calibrated supremum-based p-margin ramp loss
when JH is any symmetric hypothesis set, e.g., the multi-layer neural networks. In Section 6, we
further report a series of empirical results on simulated data, which show that many H-calibrated
surrogate losses are indeed not J{-consistent, and justify our conditions for consistency. Overall, our
results imply that the loss functions commonly used in practice for optimizing the adversarial loss are
not H-consistent and that minimizing such losses may not lead to a more favorable adversarial loss.
This could be in fact the reason why the empirical results reported in the literature have not been



favorable. Instead, we suggest alternative surrogate losses that we prove are J{-consistent and that
can be useful to the design of effective algorithms.

We give a detailed discussion of related work in Appendix A. We start with basic concepts of
calibration and consistency (Section 2) and an introduction of robust classification (Section 3).

2 Preliminaries

We will denote vectors as lowercase bold letters (e.g. x). The d-dimensional [5-ball with radius r is
denoted by BY(r):= {z eR?||z|, < r}. We denote by X the set of all possible examples. X is also
sometimes referred to as the input space. The set of all possible labels is denoted by Y. We will limit
ourselves to the case of binary classification where Y = {-1,+1}. Let H be a family of functions
from R? to R. Given a fixed but unknown distribution P over X x Y, the binary classification learning
problem is then formulated as follows. The learner seeks to select a predictor f € J{ with small
generalization error with respect to the distribution P. The generalization error of a classifier f € H
is defined by Ry, (f) = E(x,y)~»[lo(f,x,y)], where £o(f,x,y) = 1, y(x)<o is the standard 0/1 loss.
More generally, the ¢-risk of a classifier f for a surrogate loss £( f,x,y) is defined by

Re(f)= E [07.x)] 1)

y)~P
Moreover, the minimal (£, 3()-risk, which is also called the Bayes (£, })-risk, is defined by R} 4 =
inf esc Re(f). In the standard classification setting, the goal of a consistency analysis is to determine
whether the minimization of a surrogate loss ¢ can lead to that of the binary loss generalization error.
Similarly, in adversarially robust classification, the goal of a consistency analysis is to determine if
the minimization of a surrogate loss ¢ yields that of the adversarial generalization error defined by

Re, (f) = Exyy~p [l (f;%,9)], where
g"/(.ﬂ Xay):: sSup ILyf(x’)SO 2
x"i|x—x’[|<y
is the adversarial 0/1 loss. This motivates the definition of H-consistency.

Definition 1 (J{-Consistency). Given a hypothesis set H, we say that a loss function {1 is H-
consistent with respect to a loss function s, if the following holds:

Riy(f) = Riyge 7> 0 = Ray(fu) = Ri, 50 70, 3)
Sor all probability distributions and sequences of { f } nen ¢ H.

For a distribution P over X x Y with random variables X and Y, let n3: X — [0, 1] be a measurable
function such that, for any x € X, np(x) = P(Y = 1 | X = x). By the property of conditional
expectation, we can rewrite (1) as Ro(f) = Ex[Ce(f,x,n9(x))], where Co(f,x,n) is the inner
{-risk defined as followed:

VxeX,Vnel0,1],  Co(f,x,m):=nl(f,x,+1) + (1 -m)(f,x,-1). )
Moreover, the minimal inner {-risk on 3 is denoted by C; 4¢(x,7):= inffesc Ce(f,%,n). For a
margin-based loss ¢, the generic conditional ¢-risk is Cy(t,n):= no(t) + (1 — n)¢(—t) for any
1 € [0,1] and ¢t € R (Bartlett et al., 2006). The notion of calibration for the inner risk is often a
powerful tool for the analysis of J{-consistency (Steinwart, 2007).
Definition 2 (J{-Calibration). [Definition 2.7 in (Steinwart, 2007)] Given a hypothesis set H, we say
that a loss function £y is H-calibrated with respect to a loss function ¢ if, for any € > 0, n € [0,1],
and x € X, there exists 0 > 0 such that for all f € H we have

Cfl (fa X, 77) < Cgl,ﬂ{(x’ 7]) +0 = Céz(fvxﬂﬂ < ng,ﬂ-f(xvn) +é€. (5)

Steinwart (2007) points out that if /1 is H{-calibrated wrt /5, then J{-consistency, that is condition (3),
holds for any probability distribution verifying the additional condition of minimizability (Steinwart,
2007, Definition 2.4). Next, we introduce the notions of calibration function from (Steinwart, 2007).

Definition 3 (Calibration function). Given a hypothesis set H, we define the calibration function
Smax for a pair of losses ({1, 02) as follows: for all x € X, n € [0,1] and € > 0,

Omax (€%, 1) = }g{c{ca (f:x,m) = Ciy 5c () | Coy (%) = Cysc(m) 2 b (6)
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Figure 1: Illustration of J-calibration and H-consistency. Left: J{-calibration, for any x € X,
minimization of Cy, (f,x) can lead to that of Cy,(f,x). Right: H-consistency, minimization of
Re, (f) can lead to that of Ry, (f). H-consistency reduces to H-calibration when the support
of underlying distribution P is the single point set {x} ¢ X; Under the minimizability condition,
H-calibration would imply J{-consistency.

For any x € X, € [0,1] and € > 0, the calibration function gives the maximal § satisfying the
calibration condition (5). The following proposition is an important result from (Steinwart, 2007).

Proposition 4 (Lemma 2.9 in (Steinwart, 2007)). Given a hypothesis set H, loss {1 is H-calibrated
with respect to Lo if and only if its calibration function 0.y satisfies Omax(€,%,m) > 0 for all x € X,
ne[0,1] and € > 0.

Since the concepts of calibration and consistency may not be familiar to readers without an extensive
background in this area, we further comment on these notions before presenting our main results.
Informally, a loss function is H{-consistent if minimizing it results in a classifier whose generalization
error is close to the minimal generalization error within J. Similarly, a loss function is JH-calibrated
if minimizing it results in a classifier whose inner £5-risk is close to the minimal inner ¢5-risk within
H for each x € X. H-calibration (5) is a necessary condition for H-consistency (3), but is not always
sufficient. As an example, we show in Section 5.1 that J{-calibrated surrogate losses proposed in
(Bao et al., 2020a) are not H-consistent. For this reason, J-consistency, that is consistency for a
particular hypothesis set 3, is a difficult problem even in standard non-adversarial scenarios. When
H is the family of all measurable functions, the notions of calibration and consistency with respect to
the 0/1 loss have been widely studied in the literature to analyze the properties of margin-based losses
(Zhang, 2004; Bartlett et al., 2006). In this special case, calibration implies consistency. Steinwart
(2007) further establishes a sufficient condition called minimizability under which J-calibration (5)
implies H-consistency (3). Note that the minimizability condition holds in (Zhang, 2004; Bartlett
et al., 2006). However, it does not hold in general in the adversarial scenario and thus analyzing
H-consistency becomes much harder. To the best of our knowledge, our work is the first to prove
H-consistency results for general hypothesis sets 3, including for the case where H = J,j, in the
context of adversarial classification. We conclude this section with an illustration of the connection
between the notations of calibration and consistency in Figure 1.

3 Adversarially Robust Classification

In adversarially robust classification, the loss at (x, y) is measured in terms of the worst loss incurred
over an adversarial perturbation of x within a ball of a certain radius in a norm. For simplicity, we
will consider perturbations in the 3 norm | - |.! We will denote by ~ the maximum magnitude of the
allowed perturbations. Given « > 0, a data point (x,y), a function f € J, and a margin-based loss
¢:R - R,, we define the adversarial loss of f at (x,y) as

o(f,x,y)= sup  o(yf(x)). (7)

X/t x=x’|| <y

The above naturally motivates supremum-based surrogate losses that are commonly used to optimize
the adversarial 0/1 loss (Goodfellow et al., 2014; Madry et al., 2017; Shafahi et al., 2019; Wong et al.,

'Our analysis in the paper can be extended directly to other perturbations such as the [; ball or [ ball, and in
fact for any [, norm for p € [1, oo]. In particular, the proofs of our calibration and consistency results for general
hypothesis sets (e.g., Theorem 6, Theorem 7, Theorem 10, Theorem 16, Theorem 20, Theorem 23, Theorem 24)
do not require the norm being l» and work for other norms too.



2020). We say that a surrogate loss ¢( f, X, y) is supremum-based if it is of the form defined in (7).
We say that the supremum-based surrogate is convex if the function ¢ in (7) is convex. When ¢ is
non-increasing, the following equality holds (Yin et al., 2019):

s G(yf(x)) - qs(

x| xx | <y

7yf (X'))- (8)

in
x'i|x-x'| <

The adversarial 0/1 loss defined in (2) is a special case of (7), where ¢ is the 0/1 loss, that is,
o(yf(x)) = Lo(f,x,y) = L 5(x)<0- Therefore, the adversarial 0/1 loss has the equivalent form

E’Y(fv X7y) = sup ]lyf(x’)SO =1 , inf yf(x)<0- 9

x’:Hx—x’ H <v Hflx—x/|| <y

This alternative equivalent form of adversarial 0/1 loss is more advantageous to analyze than (2) and
would be adopted in our proofs. Without loss of generality, let X = B$(1) and ~ € (0,1). In this
paper, we aim to characterize surrogate losses ¢; satisfying H-consistency (3) and H-calibration (5)
with {5 = £, and for the hypothesis sets }{ which are regular for adversarial calibration.

Definition S (Regularity for Adversarial Calibration). We say that a hypothesis set J is regular for
adversarial calibration if there exists a distinguishing x in X, that is if there exist f, g € H such that
Inf x| <y f(X") > 0 and sup sy <y 9(x") <0.

When studying J{-calibration of surrogate losses, it suffices to study sets J{ that are regular for
adversarial calibration not only because all common hypothesis sets admit the property, but also
because of the following result. (See Appendix E.1 for the proof.) We say that a hypothesis set H is
symmetric, if for any f € H, —f is also in H.

Theorem 6. Let H be a symmetric hypothesis set. If J is not regular for adversarial calibration,
then any surrogate loss { is H-calibrated with respect to {.,.

Moreover, we specifically study the following hypothesis sets that are regular for adversarial
calibration: linear models: Hy, = {x > w-x | |w| =1}, as in (Bao et al., 2020a); generalized
linear models: H, = {x - g(w-x)+b||w| =1,|b| <G} where g is a non-decreasing func-
tion; the family of all measurable functions: H.y; and multi-layer neural networks: Hnn =
{x—>upn (Wi (- p2(Wapt (Wix +bi) +by)-) +bn) | [ufy <A, [W;] < W, |[bs]y < B},
where p; is an activation function; In the special case of g = (-). = max(-,0), we denote the
corresponding ReLU-based hypothesis set by Hyely = {x = (W-x), +b | |[w] = 1,|b| < G}.

4 H-Calibration

Calibration is a condition that often guarantees consistency and is a first step in analyzing surrogate
losses. Thus, in this section, we first present a detailed study of the calibration properties of several
loss functions. We first give a series of negative results showing that, under general assumptions,
convex losses and supremum-based convex losses, which are typically used in practice for adversarial
robustness, are not calibrated. We then complement these results with positive ones by identifying a
family of losses that are indeed calibrated under certain general conditions.

4.1 Negative results: convex losses

We first study convex losses, which are often used for standard binary classification problems.

Theorem 7. Assume H is such that there exists a distinguishing xo € X and fy € H such that
fo(x0) = 0. If a margin-based loss ¢:R — R, is convex, then it is not H-calibrated with respect to

e

In particular, the assumption holds when J is regular for adversarial calibration and contains 0. By
Theorem 7, we obtain the following corollary, which fixes the main negative result of Bao et al.
(2020a) and generalizes the result to nonlinear hypothesis sets. Note Hy;y,, Hnn and Iy all satisfy
there exists a distinguishing xg € X and fy € H such that fy(xg) = 0. When g(-v) + G > 0 and
g() - G <0, H, also satisfies this assumption. Verifying this condition on I, is straightforward
for G sufficiently large.



Corollary 8. If a margin-based loss ¢:R — R, is convex, then ¢ is not H-calibrated with respect to
Ly, for H = Hyin, Hy with a non-decreasing and continuous function g such that g(-v) + G > 0 and
9(7) — G <0, Hyery with G > v, Hyn, and Hay.

While convex surrogates are natural for the 0/1 loss, the current practice in designing practical
algorithms for the adversarial loss involves using convex supremum-based surrogates (Madry et al.,
2017; Wong et al., 2020; Shafahi et al., 2019). We next investigate such losses.

4.2 Negative results: supremum-based convex losses

We study losses of the type ¢(f,x,y) = SUDyr:|x—x'| <y P(yf (X)), With ¢ convex, which are often
used in practice as surrogates for the adversarial 0/1 loss. The following theorems presents negative
results for supremum-based convex surrogate losses for the common hypothesis sets .

Theorem 9. Let ¢ be a convex and non-increasing margin-based loss. Consider the surrogate loss
defined by o(f,x,y) = SUDyrs| x| <y P(YS(X")). Then ¢ is not H-calibrated with respect to .,

for H = Hyin, Iy with a non-decreasing and continuous function g such that g(—y) + G > 0 and
9(7) - G <0, and Hepy with G > 7.

Theorem 10. Let H be a hypothesis set containing 0 that is regular for adversarial calibration. If a

margin-based loss ¢ is convex and non-increasing, then the surrogate loss defined by q~5( fix,y) =
SUDyr|x—x'| <y P(Yf (X)) is not H-calibrated with respect to L.

The theorems above provides evidence that the current practice of making networks adversarially
robust via minimizing convex supremum-based surrogates may have serious deficiencies. This may
also explain why in practice the adversarial accuracies that are achievable are much lower than
the corresponding natural accuracies of the model (Madry et al., 2017). In general, optimizing
non-calibrated or non-consistent surrogates could lead to undesirable solutions even under strong
assumptions (such as the Bayes risk being zero). See Section 6, where we empirically demonstrate
this in a variety of settings. By Theorem 10 and the fact that Hyyn and 3 ,); both contain 0 and are
regular for adversarial calibration, we can derive the following corollary.

Corollary 11. Let ¢ be a convex and non-increasing margin-based loss. Consider the surrogate loss
defined by ¢(f,X,y) = SUDxr,|x—x'| <y P(YS(X')). Then ¢ is not H-calibrated with respect to L, for
H= g‘CNN, and H = J‘fal].

The proofs of Theorem 7, Theorem 9 and Theorem 10 are included in Appendix E.2. The key in
proving the above theorems is to analyze the calibration function d,,.x (€, %, 77) as defined in (6) of
losses (¢,¢,) atn = %, €= % and distinguishing xy € X. Naturally, this requires us to understand
the inner risk Cy( f,x,n) that in turn depends on the worst case perturbation of a given data point
according to /. Our key insight (Lemma 25) is that dy,ax (€, X0,7) can be characterized by two
quantities M(f,x0,7) = infarjxo-x/j<y f(X')s M(f,%0,7) = SUPyr|xy-x|<y [ (X'). Requiring
5max(%, X0, %) > 0 corresponds to an appropriate convex function not achieving a minimum in a set
that has global optimum, thereby reaching a contradiction.

4.3 Positive results

In this section, we aim to provide alternative losses which could be calibrated with respect to £,.

4.3.1 Characterization

In light of the above negative results, we need to consider non-convex surrogates. One possible
candidate is the family of losses introduced by Bao et al. (2020a) that satisfy the property that the
generic conditional ¢-risk Cy (¢, 7) is quasi-concave in ¢ € R for all ) € [0, 1]. Theorem 12 below is a
correction to the main positive result, Theorem 11 in (Bao et al., 2020a), where we prove the theorem
under the correct calibration definition.

Theorem 12. Let a margin-based loss ¢ be bounded, continuous, non-increasing, and satisfy the
property that Cy(t,n) is quasi-concave in t € R for all nj € [0, 1]. Assume that ¢(-t) > ¢(t) for any
v <t < 1. Then ¢ is Hin-calibrated with respect to £, if and only if for any vy <t < 1,

A(7) +o(=7) > (1) + P(-1) . (10)



The proof of Theorem 12 is included in Appendix E.4, where we make use of Lemma 27 and
Lemma 28, which are powerful since they apply to any symmetric hypothesis sets. These lemmas
would be used for proving more general positive results, as we will show later. Note Theorem 11
in (Bao et al., 2020a) does not hold any more under the correct calibration Definition 2, since their
condition ¢(y) + ¢(—7y) > ¢(1) + ¢(-1) is much weaker than (10).

The following theorem extends the above to show that under certain conditions, such surrogate losses
are H-calibrated for the class of generalized linear models with respect to the adversarial 0/1 loss.
Theorem 13. Let g be a non-decreasing and continuous function such that g(1 + ) < G and
g(=1-7) > =G for some G > 0. Let a margin-based loss ¢ be bounded, continuous, non-increasing,
and satisfy the property that C4(t,n) is quasi-concave in't € R for all n € [0,1]. Assume that
o(g(-t) - G) > ¢(G - g(-t)) and g(-t) + g(t) > 0 for any 0 <t < 1. Then ¢ is Hy-calibrated with
respect to L~ if and only if for any 0 <t < 1,

(G -g(-t)) + d(g(-t) - G) = ¢(g(t) + G) + p(-g(t) - G)
and  min{g(A(t)) + d(-A(1)), p(A(t)) + p(=A(1)) } > (G - g(-1)) + d(g(-1) - G),

where A(t) = maxe[_,¢1 9(s) = g(s =) and A(t) = minge[_,) 9(s) - g(s +7)-

See Appendix E.5 for the proof. The conditions in the theorem above are necessary and sufficient
and thus characterize calibration for such surrogate losses. To interpret the conditions better, consider
ReLU functions. In that case, the assumptions can be further simplified to get the following corollary.

Corollary 14. Assume that G > 1 + . Let a margin-based loss ¢ be bounded, continuous, non-
increasing, and satisfy the property that C4(t,n) is quasi-concave int € R for all n € [0, 1]. Assume
that ¢(-G) > ¢(G). Then ¢ is H,eiu-calibrated with respect to L., if and only if for any 0 <t <1,

(@) +0(=G) = ¢(t+ G) + ¢(~t = G) and  $(7) + ¢(=7) > $(G) + ¢(-C).
432 Calibration

To demonstrate the applicability of Theorem 13, we consider a specific surrogate loss namely
the p-margin loss ¢,(t) = min{l,max{O, 1- %}}, p > 0, which is a generalization of the ramp

loss (see, (Mohri et al., 2018)). We also define its supremum-based counterpart as ¢, (f,x,y) =
SUDyr:|x—x| <y Pp(y.f (X)). Using Theorem 12, Theorem 13 and Corollary 14 in Section 4.3.1, we
can conclude that the p-margin loss is calibrated under reasonable conditions for linear hypothesis
sets and non-decreasing g-based hypothesis sets, since d)p(t) is bounded, continuous, non-increasing,
and satisfies é¢p (t,m) is quasi-concave in ¢ € R for all n; € [0, 1]. This is stated formally below.

Theorem 15. The surrogate ¢, is Hin-calibrated with respect to L., if and only if p > vy. Given a
non-decreasing and continuous function g such that g(1+v) < G and g(-1-~) > -G for some G > 0,
assume that g(—t)+g(t) > 0 forany 0 < t < 1, then ¢, is H 4-calibrated with respect to L., if and only if

forany 0 <t <1, ¢,(G~g(-1)) = d,(g(t) + G) and min{, (A(t)), p(-A(t))} > $p(G ~g(-1)).
where A(t) = max,[_4,19(5) — g(s — ) and A(t) = ming_419(s) — g(s + ). Assume that
G > 1+, then ¢, is Hyelu-calibrated with respect to L., if and only if G > p > 7.

Recall that in Theorem 10 we ruled out the possibility of finding J{-calibrated supremum-based convex
surrogate losses with respect to the adversarial 0/1 loss. However, we show that the supremum-based
p-margin loss is indeed J(-calibrated, where J{ is any symmetric hypothesis set.

Theorem 16. Let H be a symmetric hypothesis set, then d;p is H-calibrated with respect to (..

The proof of Theorem 16 is included in Appendix E.4. By Theorem 16 and the fact that 3(;;;,, Hnn
and J, are all symmetric, we derive the following.

Corollary 17. qu is H-calibrated with respect to L., for H = Hyn, Hnn, and Ha.

The results of this section suggest that the p-margin loss and supremum-based p-margin loss may be
good surrogates for the adversarial 0/1 loss. However, calibration, in general, is not equivalent to

consistency, our eventual goal. In the next section, we study conditions under which we can expect
these surrogates losses to be J{-consistent as well.



5 H-Consistency

In this section, we study the J{-consistency of surrogate loss functions. The results of the previous
section suggest that convex losses or supremum-based convex losses would not be JH-consistent.
However, J-calibrated losses, such as the p-margin loss and supremum-based p-margin loss present
an intriguing possibility. Bao et al. (2020a) made a claim that since the losses they proposed are
Hiin-calibrated they are also J{j;,-consistent. We first present a result that implies this claim is
incorrect. In fact, our result stated below shows that without assumptions on the data distribution, no
continuous margin based loss or a supremum-based continuous surrogate could be Jj;,-consistent.

5.1 Negative results

Theorem 18. No continuous margin-based loss function ¢ is Hin-consistent with respect to £.,.
Furthermore, for any continuous and non-increasing margin-based loss ¢, surrogates of the form

o(f.x,y) = sup  o(yf(x)))

x/|x—x'|| <y
are not Hyi,-consistent with respect to £.,.

The above theorem is proven in Appendix E.6. In particular, Theorem 18 contradicts the J(-
consistency claim of Bao et al. (2020a) for their proposed losses when JH is the family of linear
functions. Furthermore, the theorem rules out J{-consistency of supremum-based surrogates.

5.2 Positive results

In this section, we investigate the nature of the assumptions on the data distributions that may lead
to J{-consistency of surrogate losses. We take inspiration from the work of Long and Servedio
(2013) and Zhang and Agarwal (2020) who study H-consistency for the standard 0/1 loss. These
studies establish consistency under a realizability assumption on the data distribution stated below
that requires the Bayes (¢y, H)-risk to be zero.

Definition 19 (H-realizability). A distribution P over X x Y is H-realizable if it labels points
according to a deterministic model in J, i.e., if 1f € I} such that P (x ,.»(sgn(f(x)) =y) = L.

As with H-realizability, we will assume that, under the data distribution, the Bayes (¢, 3)-risk
is zero. We show that the J{-calibrated losses studied in previous sections are J{-consistent under
natural conditions along with the realizability assumption.

5.2.1 Non-supremum-based surrogates

Theorem 20. Let P be a distribution over X x Y and H a hypothesis set for which RL,{J—C =0. Let ¢
be a margin-based loss. If form > 0, there exists f* € H c Hay such that Rs(f*) < R ¢, +N < +00
and ¢ is H-calibrated with respect to {.,, then for all € > 0 there exists 6 > 0 such that for all f ¢ K,

R¢(f) +n< R;,}c +0 — 'R,gﬂ/(f) < REWJ{ + €.

For the family of linear models, some convex losses may also be J{j;,-consistent verifying the
conditions (1 = 0) in Theorem 20. However, Hj;;,-calibrated losses can be Hj;;,-consistent under
more benign assumptions, where the realizability condition sz 3¢, = 0 can be further relaxed.

Theorem 21. Let P be a distribution over X x Y. Assume that there exists g* € Hyy, such that
Re, (g%) = Rz'y»j{all. Let ¢ be a margin-based loss. If for n > 0, there exists f* € Hyy ¢ Hay such
that Ry (f*) <R}, ¢, +1 < +o0 and ¢ is Hun-calibrated with respect to L., then for all € > 0 there
exists § > 0 such that for all f € Hy, we have

Re(f)+n< R;’%m +0 = Ry, (f) < RL’}CUH + €.
The proofs of Theorem 20 and Theorem 21 are presented in Appendix E.7. Using Theorem 15 in

Section 4.3.2 and theorems above, we immediately conclude that the calibrated p-margin loss is
consistent with respect to £ for all distributions that satisfy our realizability assumptions.



o
3

O{ @ | 0 | é o
\ / ! o
05 % / 0.5 l : @:
1 K\\_._F‘Tf 1 [i
1 0 1 1 0 1

Figure 2: Left: Unit Circle with 1,000 and 2,000 samples. Right: Segment with 5,00 samples.

Theorem 22. If p > v, then ¢, is Hyn-consistent wrt L, for all distributions such that there exists
g* € Hoin with Re (g*) = R} 3¢, and there exists f* € Hyy such that Ry, (f*) = Ry, s U9
verifies the calibration condition in Theorem 15, then ¢, is H4-consistent wrt L, for all distribution
Pover X x Y that satisfies Ry 4 =0 and there exists f* € Hg such that Ry, (f*) = Ry, st I
G>1+vand G > p >, then ¢, is Hyelu-consistent wrt £, for all distribution P over X x Y that
satisfies szvg{relu = 0 and there exists f* € Hyern such that Ry, (f*) = R*p’_%

all”

5.2.2 Supremum-based surrogates

We can also extend the above to obtain H{-consistency of supremum-based convex surrogates.
However we need the stronger condition that R is minimized exactly inside H.

Theorem 23. Given a distribution P over X' and a hypothesis set H such that R;_ 5 = 0. Let ¢ be
a non-increasing margin-based loss. If there exists f* € H c Han such that Ry (f*) = R;,}Cau < +00

and ¢(f,x,y) = SUPxr:|x—x'| <y @Y (X)) is H-calibrated with respect to L., then for all € > 0 there
exists & > 0 such that for all f € H we have

Ri(f) <RG0 +0 = Ry (f) <Ry gc+e.

The proof of Theorem 23 is presented in Appendix E.7. Again, when combined with Theorem 16 in
Section 4.3.2 we conclude that the J{-calibrated supremum-based p-margin loss is also J{-consistent
with respect to £, for all distributions that satisfy our realizability assumptions.

Theorem 24. Let H be a symmetric hypothesis set, then (5,) is H-consistent with respect to
for all distributions P over X x ) that satisfy: RL,?{ = 0 and there exists f* € H such that

R, (f*) =R}, 3., < +oo.

6 Experiments

Here, we present experiments on simulated data to support our theoretical findings. The goal is
two-fold. First, we empirically demonstrate that indeed J{-calibrated surrogates in (Bao et al., 2020a)
may not be J{-consistent unless assumptions on the data distribution are made, even when J{ is the
class of linear functions. This is consistent with our negative result in Theorem 18 and provides an
empirical counterexample to the claim made in (Bao et al., 2020a). Second, we study the necessity
of the realizability assumptions we adopted in Section 5.2 to establish J{-consistency of surrogates
satisfying the conditions in Theorem 12.

We generate data points x € R? on the unit circle and consider K to be linear models H;,,. We
denote f(x) = w-x, w = (cos(t),sin(¢)),t € [0,27), f € Hyin. All risks are approximated by
their empirical counterparts computed over 107 i.i.d. samples. To demonstrate the need for some
assumptions for H-consistency, we construct a scenario we call the Unit Circle case. We consider
four surrogates: Pninge, Pramp> Psig and ¢1og defined in Appendix C.1. In general, we refer all
of these surrogates as ¢g,;. We generate data points x from the uniform distribution on the unit
circle. Define x as x = (cos(6),sin(6))7, 6 € [0,27). Set the label of a point x as follows: if

0 € (Z,m), then y = -1 with probability 2 and y = 1 with probability 1;if 6 € (0, Z) or (2, 2n),
theny = 1;if 0 € (7r7 %”), then y = —1. Sety = ? In this case, the Bayes (¢, Hji,)-risk is
Ry 3¢5, © 0-5000 # 0 and is achieved by we, = (cos(0),sin(#))T with 6 ~ 0.7855. The results

obtained by optimizing the different surrogate losses are reported in Table 1(a) and the plots for



Table 1: (a) Unit Circle; (b) Segments.

(bsur ‘RZW (f*) ‘ 0¢mr g{lin'caL ‘g{lin'cons- ¢sur ‘RZ (f*) ‘Rosur (f*)‘ 005ur

Hiin-cal.| Hin-cons.

Bhinge| 0.5257 [0.1420] X X Bringe| 0.078T | 0.6907 |1.3548] X X
Bramp| 0.5263 |0.1288| v X Gramp| 0.0781 | 03454 |1.3548] X
bsg | 05261 0.1320] v X bsig | 0.0777 | 04247 |1.3498] X
Pog | 0.5258 |0.1414 X X dlog | 0.0763 | 0.8078 |1.3341 X X
o 0.0111 0 z X X
P2 0 0 0 v v

(@) (b)

1,000 samples and 2,000 samples are shown in Figure 2. Table 1(a) shows that neither calibrated
nor non-calibrated (convex) surrogates are JH;,-consistent with respect to £, for this distribution.
Figure 2 shows that the classifiers obtained by optimizing the four surrogates are almost the same but
deviate a lot from the optimal Bayes classifier for £.. This shows that indeed calibrated surrogates
may not be consistent and contradicts Figure 12 of (Bao et al., 2020a). The discrepancy results from
an incorrect calculation of the adversarial Bayes risk in (Bao et al., 2020a).

Next, we justify the realizability assumptions made in Section 5.2 for obtaining H-consistency of
surrogate losses. To do so, we design a scenario that we call the Segments case. Here, we consider six
surrogates, the four studied above and two more surrogates ¢, and ¢- defined in Appendix C.1. The
loss ¢ is a convex loss and ¢ is the p-margin ramp loss for some p > ~. In general, we refer to all of
these surrogates as ¢su,. We show in Appendix C.2 that ¢pinge, P10 and ¢ are not Hi;y,-calibrated
while ¢ramp, Psig and ¢o are Hji,-calibrated with respect to £.,.

Let I; = \/1-4?2 and consider: P(Y = 1) = P(Y = -1) = 3, and X | Y = 1 is the uniform

distribution on the line segment {(%,2) | z € [0,15]} and X | Y = -1 is the uniform distribution

on the line segment {(—%,z2) | z € [-15,0]} where ¥ = v + 1100 = 1;337, ~ € (0,1). We choose
= 0.1 and set w* = (1,0)". It is easy to check that w* achieves the Bayes (£, Hiin)-risk

Ry 36y, = 0- The results for the six different surrogate losses are indicated in Table 1(b) and the

plot for 5,00 samples are shown in Figure 2. For ¢ninge; @ramp, @sig and ¢iog, the Bayes (¢sur,
Hiin)-risk R;S‘m%m # 0. Table 1(b) shows that they are not J{j;,-consistent with respect to £.,.

For ¢4 and ¢5, the Bayes (¢syr, Fiin)-risk R;SW}C“D = (. Table 1(b) 02
shows that ¢ is not Hy;,-consistent (recall that ¢; is not calibrated) 015 — ramp
but ¢, is Hj;,-consistent for this distribution. Hence, even when g,
’sz%m =0, unless a condition is also imposed on ’R; r s, ONC &
cannot expect consistency, thereby justifying our realizability as- oo
sumption. Note that R, =R, = 0 is a special case 0 IR

¢ uryj-flln Z’y ;g'clm [ 50 100 150 200 250

Hple size

verifying the conditions of Theorem 20 for n = 0. For this distri-
bution, ¢ramp is not Hji,-consistent while ¢, is Hjin-consistent,
although both are Hy;,-calibrated. We compare them in Figure 3,
showing that minimizing J(j;,-consistent surrogate ¢, minimizes
the adversarial generalization error for large sample sizes but the same does not hold for non Hy;, -
consistent surrogate @ramp.

Figure 3: Adv. true risk of con-
sistent and calibrated inconsis-
tent losses vs. sample size.

7 Conclusion

We presented a detailed study of calibration and consistency for adversarial robustness. These results
can help guide the design of algorithms for learning robust predictors, an increasingly important
problem in applications. Our theoretical results show in particular that many of the surrogate losses
typically used in practice do not benefit from any guarantee. Our empirical results further illustrate
that in the context of a general example. Our results also show that some of the calibration results
presented in previous work do not bear any significance, since we prove that in fact they do not
guarantee consistency. Instead, we give a series of positive calibration and consistency results for
several families of surrogate functions, under some realizability assumptions.
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A Related Work

The notions of calibration and consistency with respect to the 0/1 loss have been widely studied in
the statistical learning theory literature to analyze the properties of surrogate losses (Zhang, 2004;
Bartlett et al., 2006). Bartlett et al. (2006) showed that margin-based convex surrogates, that is
mappings of the form (f,x,y) — ¢(yf(x)), where f is a real-valued predictor and ¢:R — R, a
function differentiable at 0 with ¢’(0) < 0, are calibrated with respect to the class of all measurable
functions. Extensions of calibration and consistency to multi-class settings have also been studied
(Tewari and Bartlett, 2007). In the special case of the 0/1 loss and margin-based convex surrogates,
calibration immediately implies consistency for the class of all measurable functions. One can then
even derive quantitative bounds relating the excess ¢-risk to the excess 0/1 loss of any function f
(Zhang, 2004; Bartlett et al., 2006).

The case of adversarial loss is more complex. This is because, in particular, the loss of a predictor f
at point x does not just depend on its value f(x) at that point but also on its values in a neighborhood
of x. Steinwart (2007) proposed a general framework to study and characterize calibration and
consistency, in particular via a calibration function. He also defined a minimizability condition under
which calibration implies consistency. But, while minimizability holds for the 0/1 loss and margin-
based convex surrogates over the class of all measurable functions, the condition does not hold in
general for the adversarial loss. Our work borrows tools from the work of Steinwart (2007). However,
to establish H-consistency in the context of the adversarial loss, additional insights are needed and
often stronger assumptions on the data distribution are required. These assumptions are captured in
the notion of realizable H-consistency that requires that the optimal risk of both the 0/1 loss and
the surrogate loss being achieved inside the class J{. Our positive results for H-consistency rely on
similar but weaker assumptions. Long and Servedio (2013) gave examples of surrogate losses that are
not H-consistent when 3 is the class of all measurable functions but satisfy realizable J{-consistency
when X is the class of linear functions. Zhang and Agarwal (2020) studied the notion of improper
realizable J-consistency of linear classes where the surrogate ¢ can be optimized over a larger class
such as that of piecewise linear functions. The relation between calibration and its implication for
consistency has also been explored in ranking problems (Uematsu and Lee, 2011; Gao and Zhou,
2015). In particular, these works show that calibrated surrogate losses for classification problems
are not consistent for optimizing ranking losses such as AUC. Hence in these works calibration not
implying consistency stems from the mismatch between using a calibrated surrogate for a different
loss (classification loss) and applying it for a different purpose. However, in the context of our work
the situation is more subtle. Even a calibrated surrogate (with respect to the adversarial 0-1 loss) may
not be consistent in general.

These notions of calibration and consistency are relatively unexplored for the adversarial 0/1 loss.
Bao et al. (2020a) recently initiated the study of these notions for the adversarial loss. We give a
more detailed discussion regarding that work in Appendix B.

There has also been recent works on theoretically understanding different aspects of adversarial
robustness. Tsipras et al. (2018) give constructions under which every classifier with small 0/1
loss has a large adversarial 0/1 loss thereby pointing to a tension between the two criteria. This
tradeoff has been explored in subsequent work (Zhang et al., 2019; Carmon et al., 2019). Bubeck
et al. (2018b), Bubeck et al. (2018a) and Awasthi et al. (2019) quantify computational bottlenecks
in learning classifiers with small adversarial loss. The recent work of Bartlett et al. (2021) shows
that for randomly innitialized neural networks, low perturbation magnitude adversarial examples
exist, with high probability, nearby every data point. There has also been a line of work analyzing the
sample complexity of optimizing adversarial surrogate losses using notions of VC-dimension and
Rademacher complexity appropriately extended to the adversarial case (Yin et al., 2019; Khim and
Loh, 2018; Awasthi et al., 2020; Montasser et al., 2019; Cullina et al., 2018). Another recent line of
concerns constructing computationally efficient adversarially robust classifiers for linear classifiers
(Diakonikolas et al., 2020) and exploring the connections between adversarial learning and agnostic
PAC learning (Montasser et al., 2020). Finally, an alternative adversarial setting has been theoretically
studied in (Feige et al., 2015, 2018; Attias et al., 2018), where the adversary has at his disposal a
finite set of perturbations for each input.
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B Further comments on (Bao et al., 2020a)

Our study is somewhat inspired by and benefits from the prior work of Bao et al. (2020a). However,
there are some issues worth pointing out.

Bao et al. (2020a) analyzed I -calibration for adversarially robust classification in the special
case where JH is the family of linear models. In particular, the authors studied the y-margin loss
defined by ¢~ (f,x,y) = 1, (x)<y> Which only coincides with the adversarial 0/1 loss in the case of
linear hypotheses. The authors showed that, when X is linear, convex margin-based losses are not
H-calibrated and proposed a class of JH-calibrated surrogates modulo subtle definition differences.

However, several clarifications are needed. First, the definition of calibration adopted by the authors
does not coincide with the standard definition (Steinwart, 2007) in the case of the linear models they
study, although it does match that definition in the case of the family of all measurable functions
(Steinwart, 2007, Section 3.2): the minimal inner risk in the definition should be defined for a
fixed x and the infimum should be over f, instead of an infimum over both f and x. Second, and
this is crucial, H-calibration, in general, does not imply H-consistency, unless a property such
as minimizability holds (Steinwart, 2007, Theorem 2.8). Minimizability holds for standard binary
classification and the family of all measurable functions (Steinwart, 2007, Theorem 3.2). However, it
does not hold, in general, for adversarially robust classification and a specific hypothesis set J{. As a
result, the claim made by the authors that the calibrated surrogates they propose are H-consistent is
proved to be incorrect as a by-product of our results, which further suggests that the adversarial setting
is more complex and requires a more delicate analysis. Third, the authors analyzed I -calibration
with respect to the y-margin loss ¢:x = 1, ¢(x)< in the case where J{ > [~1,1] is the general
family of functions. However, as already mentioned, ¢., coincides with the adversarial 0/1 loss 4y,
introduced in (2), only in the special case where J is the family of linear models and adversarial
perturbations measured in £ norm are considered (Bao et al., 2020a, Proposition 1). Fourth, for the
negative results, the authors presented a calibration analysis of convex margin-based losses, which is
natural for standard 0/1 loss, but the current practice in designing algorithms for the adversarial 0/1
loss typically consists of using convex supremum-based surrogates (Madry et al., 2017; Wong et al.,
2020; Shafahi et al., 2019). Finally, the experiments in (Bao et al., 2020a) are problematic. Equation
(12) in Appendix D.1., which they used to compute the Bayes risks, is wrong since R,(f*) = Ry g6,
cannot imply Ce(f*,%,1) = Cj 4, (X,7) in general. Let us point out that some of the issues just

brought up have been discussed in a corrigendum following comments and questions we addressed to
the authors (Bao et al., 2020b), but some others do not seem to have been fully addressed there.

In contrast with that prior work, instead of studying the -margin loss and the specific family of
linear models though, we directly study the adversarial 0/1 loss and general hypothesis sets. In
particular, our calibration results fix the results presented in (Bao et al., 2020a) for linear hypothesis
sets by using the correct definition, and significantly generalize them to the nonlinear hypothesis
sets. For any non-decreasing and continuous g-based hypothesis set, including the ReLU-based
hypothesis set, we also study the type of margin-based surrogates losses whose generic conditional
risk has quasi-concave property and further establish several useful properties of such losses building
on the work of Bao et al. (2020a). Moreover, our results imply that the convex supremum-based
surrogates commonly used in practice for optimizing the adversarial loss are not H-consistent and
that minimizing such losses may not lead to a more favorable adversarial loss. Instead, we suggest
alternative surrogate losses that we prove are H-consistent for any symmetric hypothesis set including
the multi-layer neural networks, the supremum-based p-margin loss, which can be useful to the design
of effective algorithms. To show the claim in (Bao et al., 2020a) that the H-calibrated surrogates
they propose are J{-consistent is inaccurate, we carefully design a distribution on the unit disk,
where any continuous surrogate can be led astray to a classifier that is far from the optimal classifier
of the adversarial 0/1 loss. This counterexample in fact rules out the H-consistency of a larger
class of surrogates, unless assumptions on the data distribution are imposed. In contrast, we give
natural H-consistency guarantees taking inspiration from the work of Long and Servedio (2013) and
Zhang and Agarwal (2020). With the correct approximation of Bayes risks, our experiments further
empirically demonstrate that indeed the H-calibrated losses proposed in (Bao et al., 2020a) are not
H-consistent and justify our proposed conditions for H-consistency.
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C Details of Experiments

As shown by Bao et al. (2020a), the adversarial 0/1 loss Ly = 1yf(x)<y When f € Hyi,. In this
experiment, we approximate RL,HHU over a grid. For surrogate losses, we approximate f* =

argmin g R, (f) over the same grid. The experiments were run on a standard laptop with a
2.4 GHz Quad-Core Intel Core i5 Processor.

C.1 Definition of Surrogates

* Shifted Hinge 108S: ¢ninge(t) = max{0,1 -1t +0.2};

* Shifted Ramp 108s: ¢ramp(t) = ]rnin{l,]rnao({o7 %}};
Shifted Sigmoid loss: ¢gig (1) = 1+5+0-2;

Shifted Logistic 10ss: ¢1og(t) = log,(1 +e71*02);

* One convex loss: ¢4 (t) = maX{O, % - t}; and

e p-margin loss: ¢o(t) = min{l,max{o7 1- %}} for 4 > 7.

C.2 Theoretical Analysis of Surrogates

@hinge> Plog, and ¢y are convex surrogates and thus are not Jj;,-calibrated with respect to £, by
Corollary 8. However, ¢ramp, Psig and ¢ are Hii,-calibrated with respect to £, since they verify the
conditions in Theorem 12.

Note that E(x y[¢2(Yw - X)] = 0 if and only if w = (1,0)". Therefore, ¢ is Hyin-consistent
for the distribution Segments. However, for w = (1,0)" or w = (cos(),sin(#))" where 6 = T,
we have E(x y)[¢1(Yw - X)] = 0. Note when w = (cos(f),sin(#))" where 6 = %, we have
Ex,v)[{y(Yw - X)] # 0. Therefore, ¢; is not Hyi,-consistent for the distribution Segments.

D Future work

While our calibration and consistency results are very general and apply to several widely used
hypothesis sets, other hypothesis sets might require a further study. Nevertheless, we believe that our
proof techniques should provide a sufficient tool for the analysis of such other cases.
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E Deferred Proofs

For convenience, let ACy, ¢ (f,x,1):= Co(f,%,1) = CJ 5¢(x,1m), M(f,%,7):= Inforjxsr|<y f(X)
and M(fa X, 7) == infx’:”x—x’”sv _f(xl) = SUPx/:|x—x'|| <y f(xl)'

E.1 Proof of Theorem 6

Theorem 6. Let H be a symmetric hypothesis set. If H is not regular for adversarial calibration,
then any surrogate loss { is H-calibrated with respect to {.,.

Proof. Since 3 is symmetric, for any x € X, f € 3, inf o xj<y f(X') <0 < SUPj_yeqy F(X).
Thus by the definition of inner risk (4) and adversarial 0-1 loss £ (9), for any x € X, f € K,

CL,,U’C(.fa X777) = 771[ ., inf f(x)<0 T (1 - 77)]1 sup  f(x)=0 = 1= C[Z,J—C(Xan)a

HES= x/:|x—x/ <
v

which implies any surrogate loss £ is J{-calibrated with respect to £., by (5). O

E.2 Proof of Theorem 7, Theorem 9 and Theorem 10

We first characterize the calibration function dyax(€,%,7) of losses (¢,£,) atn = %, ¢ = £ and
distinguishing x( € X given a hypothesis set H which is regular for adversarial calibration.

Lemma 25. Let H be a hypothesis set that is regular for adversarial calibration. For distinguishing
xg € X, the calibration function dmax (€, %, 1) of losses (£, £.) satisfies

11 1
6max(77X0;7): inf AC@.H(f,Xm*)-
20 2] et M(£x0y)<0<M(fx007) 2

Proof. By the definition of inner risk (4) and adversarial 0-1 loss £, (9), the inner £.,-risk is

Co, (f,%,1) = nliar(rxm<0y + (=M Lirz(sx,0)50)

1 if M(f,%,7) <0< M(f,x,7),
=1n  ifM(f,x,7) <0,
1_77 lfM(faX77)>0

For distinguishing xo and n € [0,1], {f € H: M (f,%0,7)} <0} and {f € H : M(f,x0,7) >0} are
not empty sets. Thus

Ci, 3c(x0,m) = inf Ce, (f:x0,m) =min{n,1-n}.
Note for f e {f € 3 : M(f,x0,7) <0 < M(f,%0,7)}, ACr, 3¢(f,%0,n) = max{n,1-n}; for
f € {f e H: M(f7X07’Y)} < 0}’ Acfy,ﬂf(f7xoan) =n- mln{n71_n} = maX{07277—1} =

|277 - 1|]]-(277—1)(M(f,x0,7))30 since M(fa X(]uly) < M(f’ XO»’Y) < 05 for f € {f eH: M(f? XO»V) >

O}’ Acfw,ﬂ(fa XOan) = (1 - 77) - Inin{nv 1- 77} = max{O, 1- 27]} = |277 - 1|]l(217—1)(M(f,x0,'y))£0'
Therefore,

ACy. 5c(f,%0,7) = {max{%l -n} if M(f,%x0,7)<0 S@f,xo,fy)’
¥ » X0, 120 = 1L 2-1)(M(f,x0,y))<0  if M(f,%0,7) >0 or M(f,x0,7)<0.

By (6), for a fixed n € [0,1] and x € X, the calibration function of losses (¢, ) is
Omax(€,%,7) = }g}:c{ACe,:}c(f’ x,n) | ACe, 3c(f. %) 2 €} .

Observe that for all € [0, 1],

1 1
max{n,1-n} = 5[(1—77) +n+|(1-n)-nl]= 5[1 +[2n-1[] > |2n - 1]. (an
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For distinguishing xg, 1 = % and € = %, ACy, 5¢(f, o, %) > % if and only if M(f,x0,7) <0 <
M (f,x0,7) since |21 — 1| < € < max{n, 1 — n}. Therefore,
1 1 1
(;max(*vXOv*): inf _ Acé,ﬂf(fvx(h*)'
20 2] fest M(f.x0.7)<0SM(f,x0.,7) 2
O

Theorem 7. Assume H is such that there exists a distinguishing xo € X and fo € H such that
fo(x0) = 0. If a margin-based loss ¢:R — R, is convex, then it is not H-calibrated with respect to

0,

Proof. By Lemma 25, for distinguishing xq € X, the calibration function dy,.x (€, x,7) of losses
(¢, 4,) satisfies
1 1 1
5max(77X0;7): inf Ac@ﬂf(fvx()v*)-
202/ feat: M(f.x0,7)<0<M (f.%0.7) 2

Suppose that ¢ is J{-calibrated with respect to £.,. By Proposition 4, ¢ is J{-calibrated with respect to
¢ if and only if its calibration function d,ayx satisfies dmax (€, x,7) > 0 for all x € X, n € [0, 1] and

€ > 0. In particular, the condition requires (%, X, %) > 0, that is,

1
inf o AC¢7:}c(f, Xop, 7) > 0,
Fe3C: M(f,x0,7)<O<M (f,x0,7) 2

which is equivalent to

1 1
inf — C¢(faX077)> inf C¢(f7X0v7)a (12)
FET€: M(f,x0,7)<0<M (f%0,7) 27 Jem 2

By the definition of inner risk (4),

Colf:x0,5) = 5 (6 (x0)) + 6(~F(x0)). (13)

Since ¢ is convex, by Jensen’s inequality, for any f € 3, the following holds:
Colfx03)> 031 (x0) - 5 (x0)) = 6(0).
For f = fo, we have fy(x0) = 0 and by (13),
Collforx0,5) = 5(6(0) + 6(0)) = 6(0).

Moreover, when f = fo, M( fo,%0,7) < fo(x0) =0 < M(fo,%o,7). Thus

. 1 ) 1

inf _ C(ﬁ(f?XOai) = inf C¢(f7X0a7):¢(0)7
fed: M(f,x0,7)<0<M (f,x0,7) 2 fed 2

where the minimum can be achieved by f = fj, contradicting (12). Therefore, ¢ is not H-calibrated

with respect to £5. ]

Theorem 9. Let ¢ be a convex and non-increasing margin-based loss. Consider the surrogate loss
defined by qz(f, X,Y) = SUDyr|x-x'| <y o(yf(x')). Then 6 is not H-calibrated with respect to Ly,
for H = Hyin, Hy with a non-decreasing and continuous function g such that g(—y) + G > 0 and
9(v) - G <0, and Hep, with G > 7.

Proof. By Lemma 25, for distinguishing x¢ € X, the calibration function 0.,.x(€,x,7) of losses
(¢, ¢.) satisfies

1 1
Xg, = inf Ac&}c(f,xo,

1
2’772 ) et M(f.x07)<0STI(f x0,7)

5max( 5)-
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Next we first consider the case where H = H;,,. Take distinguishing xg € X and fy € Hj;y, such that
fo(x0) = 0. As shown by Awasthi et al. (2020), for f € Hy, = {x > w-x | |w] =1},

M(fxy)= il fGd)=  inf (wex) =wexfw] = £(0) -7,

x| Xt x=x'[|<y

M(f,x,y)=- inf ~f(x)=- inf (~-w-X)=w-x+7|w|=r (x)+7.

X/t x—x'[| <y x/ifx=x’[| <y

Suppose that q~5 is Hjjn-calibrated with respect to £,. By Proposition 4, q’; is Hy;,-calibrated with
respect to £, if and only if its calibration function dmax satisfies Omax(€,x,m) > 0 for all x € X,

1 €[0,1] and € > 0. In particular, the condition requires dy,ax (%, X, %) > 0, that is,

1
inf AC” , X0, =) > 07
feHin: —y<f(x0)<y &, Hiin (f 0 2 )

which is equivalent to

1 1
inf ' Z)> inf C; - 14
feHun: iggf(xo)gfycd)(f’ X0, 2) > fe%—lClin Cd)(f’ X0, 2) 5 ( )

By (19), for f € Fn,

C(F:x0,5) = 560 (ko) =) + 56(~F(x0) =) 1s)

Since ¢ is convex, by Jensen’s inequality, for any f € Hy;y,, the following holds:

C3f: 303> 0 5(F(x0) =) - 5 (F(x0) +)) = 6(=7) .
For f = fo, we have fy(x0) = 0 and by (15),

1 1
€30, 5) = 5 (6(-7) + (=) = 6(-1) .
Moreover, when f = fo, =y < fo(x0) =0 < . Thus
. 1 . 1
Fet: 7’1yIS1£(x0)£'yC¢;(f’ Xo, 5) = }?}fcc(;&(fa Xo, 5) = ¢(_7) )

where the minimum can be achieved by f = fj, contradicting (14). Therefore, (5 is not Hi;, -calibrated
with respect to £.

Then we consider the case where J{ = J{,. By the assumption on g, 0 € X is distinguishing. As
shown by Awasthi et al. (2020), for f € H,,

M(f.x,7)=g(w-x=7)+b, M(f,x,7)=g(w-x+7)+b.

Suppose that b is H4-calibrated with respect to £.,.By Proposition 4, qg is Hy-calibrated with respect
to £, if and only if its calibration function dy,ax satisfies dmax (€, x,7) > 0 for all x € X, n € [0, 1]

and € > 0. In particular, the condition requires d,,,x (%, 0, %) > 0, that is,

1
: f AC’ ’0’ _ O7
fedty: 9(_’Y1§1+bS05g('y)+b qs,:}fg(f 2) >

which is equivalent to

. 1 . 1
Fet,: g(—ylgi—beOSg('y)+bC¢(f,07 5) g flerﬂlfg C3(1,0, 5) ’ (16)
By (19), for f € H,,
1 1 1
C3(£,0,5) = 58(9(=7) +b) + So(=g(7) = ). (17)

Since ¢ is convex, by Jensen’s inequality, for any f € J}{,, the following holds:

C300.2) 20 (Lo +0) + Lo 1) ¢,(g<v>2m>) |
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Take fo € 3, with by = 229C0 "we have g(—) + by = —g(7) — by = L2249 and by (17),

C5(fo,0, %) = %¢(g(—w) +bo) + %(b(—g(v) “bo) = (Q(‘W)Q‘QW)) .

Moreover, when f = fo, g(—=v) + by < 0 < g(y) + by. Thus

. 1, . 1 9(=7) -9(7)
f - —)=inf C; —)=¢| ——"F——"=
fedy: 9(*71)n+bsosg(w)+bC‘ﬁ(f’07 2) flerﬂl*fg C¢(f’07 2) ¢( 2 ,

where the minimum can be achieved by f = fy, contradicting (16). Therefore, é is not H4-calibrated
with respect to £.,. O

Theorem 10. Let 3 be a hypothesis set containing 0 that is regular for adversarial calibration. If a

margin-based loss ¢ is convex and non-increasing, then the surrogate loss defined by ¢~>( fix,y) =
SUDyr:|x—x| <y P(YSf (X)) is not H-calibrated with respect to L.

Proof. By Lemma 25, for distinguishing xo € X, the calibration function dy,.x (€, x,7) of losses
(¢, £,) satisfies

1 1 1
6max(f,x ,7) - inf AC: 4 (f.%0, 2 ).
2777 2) 7 feae: M(Fxom)<0<HI(f.x0,7) saclfx0 2)

Suppose that ¢ is H-calibrated with respect to £.,. By Proposition 4, ¢ is H-calibrated with respect to
¢, if and only if its calibration function 0y satisfies dmax(€,%,7) >0 forallx € X, 7 € [0,1] and

€ > 0. In particular, the condition requires (%, X, %) > 0, that is,

1
inf AC; 4 (f,%0,=) >0,
feF: M(f,%0,7)<0<M (f,%0,7) s 2
which is equivalent to
1 1
inf C:(f,%0,=)> inf C:(f, %0, =), (18)
et M0 gy P X0 2) 7 [ Cal 00 5)

As shown by Awasthi et al. (2020), ¢ has the equivalent form

o(fxy)=¢ (x,i_r)lch (yf(X’))) :

By the definition of inner risk (4),

C3f 30, ) = 5 (G(M(Fx0,7)) + (-I(f,%0,7))). (19)

Since ¢ is convex, by Jensen’s inequality, for any f € 3, the following holds:
€3S %0, 3) > 0 M S %0,7) = ST (F%0,7)) = & (5L x0,7) = M(f.x0,7))) 2 0(0),
where the last inequality used the fact that
S QL(Fx0.7) = T (x0,7)) < 0
and ¢ is non-increasing. For f = 0, we have M (f,xo,7) = M (f,Xo,7) = 0 and by (19),
C3(f: %0, 5) = 5(6(0) +6(0)) = 6(0).
Moreover, when M (f,xo,7v) = M(f,x0,7) = 0, M(f,%0,7) <0< M(f,x0,7) is satisfied. Thus

1 1
inf C:(f,x0,=) = 1inf C;(f,x0,=) = ¢(0),
Fet: M(f,%0,7)<0<M (f,%0,7) 3o 2) feat 3o 2) ©

where the minimum can be achieved by f = 0, contradicting (18). Therefore, q~5 is not H-calibrated
with respect to .. O
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E.3 Properties of generic conditional ¢-risk

In this section, we characterize the properties of the generic conditional ¢-risk Cy(t,7) when margin-
based loss ¢ is bounded, continuous, non-increasing and satisfy Cy(t,7) is quasi-concave in ¢ € R
for all n € [0, 1], which would be useful in the proof of Theorem 12 and Theorem 13. Without
loss of generality, assume that g is continuous, non-decreasing and satisfies g(-1 —v) + G > 0,
g(1+~v)-G<O.

Lemma 26. Let ¢ be a margin-based loss. If ¢ is bounded, continuous, non-increasing and satisfy
Cy(t,m) is quasi-concave in t € R for all n € [0, 1], then

1. Cylt, %) is even and non-increasing int when t > 0.

2. Forl,ue R(l <u), infie. Co(t,n) = min{Cy(l,n),Cy(u,n)} for alln € [0,1].
3. Forallne (3,1], C4(t,n) is non-increasing in t when t > 0.

4. Foralln€0,3), Cs(t,n) is non-decreasing in t when t < 0.

5. If p(—t) > ¢(t) for any v < t < 1, then, for all n € %7 1] and any v < t < 1, Cyp(=t,n) >
Co(t,m).

6. If p(=t) > ¢(t) for any v < t < 1, then, for all n € [0, %) and any v < t < 1, Cy(~t,m) <
Co(t,m).

7. If d(g(—t) - G) > ¢(G - g(-t)), g(-t) + g(t) > 0 for any 0 < t < 1, then, for all n € (3,1]
and any 0 <t <1, Cy(g(-t) = G,n) > Cy(g(t) + G,n).

8 Ifo(g(-t) - G) > ¢(G - g(-1)), g(=t) + g(t) >0 forany 0 <t < 1, then, forany 0 <t <1,
Co(9(=t)=G,n) <Cy(g(t)+G.n) for all n € [0, 3) if and only if p(G-g(~t))+¢(g(~t)~
G) = o(g(t) + @) + o(=g(t) - G).

Proof. Part 1 and Part 3 of Lemma 26 are stated in (Bao et al., 2020a, Lemma 13). Part 2 is implied
straightforwardly by the assumption Cy(%,7n) is quasi-concave in ¢ € R for all 5 € [0,1] and the
characterization of continuous and quasi-convex functions in (Boyd and Vandenberghe, 2014).

Consider Part 4. For ) € [0, %) and t1,t5 < 0. Suppose that ¢; < to, then

B(t1) = p(~t1) — d(t2) + @(~t2)
>¢(t2) - ¢(~t2) — P(t2) + ¢(~t2)
=0

since ¢ is non-increasing. By Part 1 of Lemma 26, ¢(t) + ¢(—t) is non-decreasing in ¢ when ¢ < 0.
Therefore, for i € [0, 3),

Co(t1,m) = Cy(ta,m)
=(p(t1) = (=t1) = d(t2) + ¢(=t2))n + ¢(~t1) — d(~t2)

<(B(t2) = (1) = B(t2) + 6(~12)) 5 + 9(~11) ~ H(~t2)
=2 (8(0) + 9(-12) = 6(12) - 6(~12))
<0.

Consider Part 5, Forn € (3,1] and any v <t < 1,

Co(—t,n) = Cy(t,n) = nd(=t) + (L =n)p(t) - no(t) — (1 -n)(-t)
=(2n-1)[o(-t) - o(t)] >0

since n > £ and ¢(~t) > ¢(t) forany y <t < 1.
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Consider Part 6, For 7 € [0, %) and any vy <t <1,

Co(t,n) = Co(=t,n) = nep(t) + (1 = n)p(~t) = np(~t) = (1 - ) ()
=(1-2n)[o(-t) - o(t)] >0

since 7 < £ and ¢(~t) > ¢(t) forany y <t < 1.

Consider Part 7. For 7 € (%, 1]andany 0 <t <1,
Colg(=t) =G, m) = Co(g(t) + G,n)

>Cy(g(-t) - G,m) - Cy(G - g(-t),n) (g(~t) + g(t) > 0, Part 3 of Lemma 26)
=(2n-D[o(9(-1) - G) - (G - g(-1))]
>0 (6(g(=t) = G) > ¢(G - g(-1)))

Consider Part 8. Since ¢ is non-increasing, for any 0 < ¢ < 1,

P(g(=1) = G) = (G - g(=1)) + o(=g(t) - G) - ¢(g(t) + G)

2p(g(=t) = G) = ¢(G —g(-1)) + ¢(g(t) + G) = p(g(t) + &) (9(t) +G>0)
=p(g(-t) - G) - (G - g(-1))
>0 (d(g(=t) - G) > ¢(G - g(-1)))

«=:Suppose (G - g(~t)) + ¢(9(~t) - G) = d(g(t) + G) + ¢(~g(t) - G), then for 7 € [0, 3),

Co(g(=t) = G,n) = Cy(g(t) + G, n)
=(¢(g(-t) - G) = (G = g(-1)) + ¢(=g(t) - G) = ¢(g(t) + G))n
+¢(G—g(~t)) - o(-g(t) - G)

<(o(g(=1) = G) = (G = g(=1)) + d(=g(t) - G) - ¢(g(t) + G))%
+0(G-g(=1)) - ¢(-g(t) - G)
:%W(G —9(=1)) + o(g(=1) = G) = p(g(t) + G) = o(=g(t) - G))
=0.
—: Suppose Cy(g(~t) — G,n) < Cy(g(t) + G,n) forn € [0, 1), then
Co(g(=t) = G.m) = Co(g(t) + G.n)
=(¢(9(=1) = G) = 9(G - g(=t)) + d(=9(t) - G) = o(g(t) + G))n

+¢(G -g(-1)) - #(-g(1) - G)
<0

forn € [0, %) By taking - %, we have
%(ﬁb(G -g(=t)) + d(g(-1) = G) = d(g(t) + G) = &(-g(t) - G))

~(0(9(-1) - G) - 6 - g(-1)) + (-g(1) ~ G) ~ (g 1) + O

+¢(G - g(-1)) - ¢(-g(t) - G)
<0.
By Part 1 of Lemma 26, we have
o(G-g(-1)) +9(9(-t) - G) = ¢(g(t) + G) - p(-g(t) - G)
2¢(g(t) +G) + d(=g(t) - G) - p(g(t) + G) = ¢(-g(t) - G) (g(-t) +g(t) >0)
=0.

Therefore, o(G - g(-1)) + ¢(g(=t) = G) = ¢(g(t) + G) = ¢(-g(t) - G) = 0, i.e., 9(G - g(-1)) +
P(g9(=t) = G) = d(g(t) + G) + d(-g(t) - G). -
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E.4 Proof of Theorem 12 and Theorem 16
We will make use of general form (9) of the adversarial 0/1 loss:

év(fvxvy) = sup ]lyf(x’)go =1 ur yf(x')<0 -
x':||x—x"| <y x/i|x-x"| <y
Next, we first characterize the calibration function dmax (€, %, 7) of losses (¢,£.,) given a symmetric
hypothesis set 3.

Lemma 27. Let H be a symmetric hypothesis set. For a surrogate loss ¥, the calibration function
Omax (€,%,m) of the losses (¢,0) is

+00 ifx € X1 orx € X2, € >max{n,1-n},
inf ACe,¢(f,x,1m) ifx € X, |2n—1| < e <max{n,1-n},
Omax (€,X,7) = { fe3t M(f,%x,7)<0<M (f,x,7)
inf ACosc(fyxm) ifxeXa, e<|2n-1,

fedt: M(f,%,7)<0<sM (f,%,7) or (2n=1) (M.(f,x,7))<0
where X1 = {x € X : M(f,x,7) <0< M(f,x,7), Vf e H}, Xo = {x € X : there exists f' €
JH such that M(f',x,7) >0} and X =X uXs, X1 NNy =@.

Proof. By the definition of inner risk (4) and adversarial 0-1 loss £, (9), the inner £.,-risk is
Co, (f;%:m) = Mgna(rxmy<0r + (1= L3750}

1 if M(f,x,7)<0<M(f,%x,7),
n if M(f,x,7) <0,
1-n if M(f,x,7)>0.

Let X; = {x € X : M(f,x,7) <0< M(f,x,7), Vf € H}, Xo = {x € X : there exists f’ ¢
H such that M (f’,x,~) > 0}. It is obvious that X1 N X = @. Since H is symmetric, for any x € X,
either there exists f’ € H such that M (f',x,v) > 0 and M(-f',x,v) <0, or M(f,x,7v) <0<

M(f,x,v) for any f € H. Thus X = X; U Xo. Note when x € Xy, {f € 3 : M(f,x,7) <0} and
{f e :M(f,x,7v) >0} are both empty sets. Therefore, the minimal inner ¢, -risk is

c* (X )_ 17 XG:X:17
£y, 30301 = min{n,1-n}, xeX,.

Note when x € X1, C (f,x,n) = 1 for any f € 3(, thus ACy, 3¢(f,x,m) = 0. When x € Xy, for
felfed:M(f,x,7) <0< M(f,%,7)}, ACp, 5¢(f,x,m) = 1 -min{n, 1 —n} = max{n, 1 -n};
for f € {f e H: M(f7X7'Y) < 0}’ Acfw,ﬂ'f(faxﬂ/l) = n_min{nal_n} = maX{()in_l} =
|277 - 1|]1(277—1)(M(f,x,'y))§0 since M(f’ X/V) < M(f7 X, 7) < 0; for f € {f eH: M(fvxa’y) > 0}’
ACy, ac(fix,m) = 1 =1 -min{n, 1 -7} = max{0,1-2n} = 21 — 1T 2y-1)(m(f.x,7))<0 Since
M(f,x,v) > 0. Therefore,

max{n, 1 -1} if x € Xa, M(f,x,7) <0< M(f,x,7),
Acfv,ﬂ{(fa X, 77) = |27I - 1|Il(277—1)(M(f,x,‘y))§O ifxe x2a M(fv Xa’Y) >0or M(f7X77) <0,
0 if x € Xy.

(20)
By (6), for a fixed n € [0,1] and x € X, the calibration function of losses (¢, (. ) is
Omax(€,%,1) = figc{ﬁcz,:}c(f, x,n) | ACe, sc(f,%,m) 2 €}

If x € Xy, then for all f € 3, ACy, 3¢(f,x,m) = 0 <, which implies that dax (€, X,7) = +00. Next
we consider case where x € X5. By the observation (11), if € > max{n, 1 — n}, then for all f € X,
ACy, 3¢(f,x,n) < €, which implies that §ax (€,x,1) = +00; if |2 - 1| < € < max{n,1 -7}, then

ACy, 3¢(f,x,n) > eif and only if M (f,x,7) <0 < M(f,x,7), which leads to

6max(6; X, 77) = inf o Acl,ﬂf(fv X, 77)7
fedt: M(f,x,7)<0<M (f,x,7)
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if € < [2n - 1|, then ACq 3¢(f,x,n) > € if and only if M(f,x,7) < 0 < M(f,x,7) or (2n -
D(M(f,x,v)) <0, which leads to
61‘113»)((67 X, T]) = _ inf ACZ,?‘C(f? X, 77)
feﬂ-(f: M(f7x77)5051\4(f7x1’7) or (27771)(M(f1x77))go
O

We then give the equivalent conditions of calibration based on inner /-risk for any symmetric
hypothesis set J.

Lemma 28. Let H be a symmetric hypothesis set and £ be a surrogate loss function. If Xo = @, any
loss € is H-calibrated with respect to L. If Xo + &, then { is H-calibrated with respect to £, if and
only if for any x € X,

1 1
inf Co(f,x,=)>inf Co(f,x,=),and
et M(f,x,7)<0<M (f,x,7) 27 Jext 2

. _ 1
rest ﬁr(lﬁm)soce(f,x,n) >}g31fc€e(f, x,n) for all ) € (5, 1],and

1
_inf Co(f,x,n) > inf Co(f,x,n) forallne[0,=).

fedH: M(f,x,v)=0 feH 2
where Xo = {x € X : there exists [’ € H such that M (f',x,v) >0}.

Proof. Let dyax be the calibration function of (¢, £,) given hypothesis set (. By Lemma 27,

+00 ifxeXiorxeXa, e>max{n,1-n},
inf AC5c(f,x,m) ifx € Xo, |2n-1] < e <max{n,1-n},
OSmax (€,X,7) = { fe3t: M(f,3x,7)<0<M (f,x,7)
inf ACesc(f,x,m) ifxeXa, e<|2n-1|,

fedt: M(f,%,v)<0<M (f,x,7) or (2n-1) (M(f,x,7))<0
where X; = {x € X : M(f,x,7) <0< M(f,x,7), Vf € H}, Xy = {x € X : there exists f' €
J such that M (f',x,v) > 0} and X = Xy u Xy, X1 N X2 = @. By Proposition 4, ¢ is H-calibrated
with respect to £, if and only if its calibration function dmax satisfies Omax(€,%x,1) >0 for all x € X,
n€[0,1] and € > 0. Since §(e,x,7n) = +oo0 > 0 when x ¢ X, any loss £ is H-calibrated with respect
to ¢, when Xy = @. Furtheremore, when Xo # &, we only need to analyze § (e, x,7n) when x € Xo.
Forn = %, we have for any x € X5,

1 1 1
Omax(€,%, =) >0forall e > 0 < inf Co(f,x,=) > inf Co(f,x,=). (21)
2 et M(f.x,7)<0<M (f,%,7) 27 fex 2
For1l>n> %, we have |2 - 1| = 2n - 1, max{n,1 - n} =7, and
inf ACpc(f,x,m) = inf ACpgc(f,x,m).
Fe: M(f,x,7)<0<M(fx,7) or (2n-1) (M (f,%,7))<0 aelfxm) Fe3t: M(f,x,7)<0 el xm)

Therefore, diax (€, X, %) >0forall x € Xo,e>0and 7 € %, 1] if and only if for all x € Xo,
inf Ce(f,x,m) > inf Co(f,x,n) forallne (%,1] suchthat2n—-1<e<mn,
Fedt: M(f,%,7)<0<M (f,%,7) fex

oot Mi?ﬁx’w)SOCg(f, x,n) > }?}fCCg(f,x, 7) forall n e (,1] such that e < 2n -1,

for all € > 0, which is equivalent to for all x € X,

inf Ce(f,x,n) > inf Co(f,x,n) forallne (3,1]suchthate <n< <,
Fedts M(f,%,7)<0<M(f,%,7) fext

22
Cg(f,x,n)>}nfcc@(f,x,n) for all n € (1,1] such that <£* <, (22)
€J

inf
fedt: M(f,x,7)<0
for all € > 0. Observe that

1 1 1
{776(271]637l<€;’€>0}={2<T)§1},and
1 1 1
{775(271] 62377,€>0}={2<7731},and

inf Co(f.x,m) 2 inf  Co(f,x,7) foralln.
FeF: M(f,x,v)<0<M(f,x,7) e(f:x,m) Fedt: M(f,x,7)<0 o(f%,m) n
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Therefore, we reduce the above condition (22) as for all x € X,

. . 1
fesc ﬁr(l}“’m)goce(f, x,1) > ;gjfcce(fvx,n) forall e (5,1]. (23)

For%>7720,wehave|217—1|:1—277,max{77,1—77}:1—77,and

_ inf Acf,f}((fv X, 77) = Jnf ACZ,?‘C(fv X, 77) .
feF: M(f,x,v)<0<M(f,x,7) or (2n-1)(M(f,x,7))<0 feH: M(f,x,7)20

Therefore, dyax (€, X, %) >0 forall x € Xo,e>0and 7 € [0, %) if and only if for all x € Xo,

inf Ce(f,x,m) > inf Co(f,x,n) forallne[0,3)suchthatl-2n<e<1-n,
FeFC: M(f,x,7)<O<M (f,x,7) feH
inf Ce(f,x,m) > inf Co(f,x,m) forall m € [0, 3) such that € < 1 — 2,
Fedt: M(f,%,7)=0 fedt

for all € > 0, which is equivalent to for all x € X5,

inf Ce(f,x,m) > inf Co(f,x,n) forallne [0, ) suchthat 15 <n<1-¢,
FeF: M(f,%,7)<0SM(f,x,7) fet (24)
_inf Co(f,x,m) > inf Co(f,x,7m) forall n € [0, 3) such that n < 43¢,
fed: M(f,x,7)=0 fed
for all € > 0. Observe that
1.11- 1
{ne[O,Q) 6<nsl—e,.s>0}:{0sn<2},and
1 1- 1
{776[0=2) ns;,e>0}:{03n<2} , and
inf Co(f,x,m) > _inf Ce(f,x,n) forall .
fedt: M(f,x,v)<0<M(f,x,7) fed: M(f,x,v)20
Therefore, we reduce the above condition (24) as for all x € X,
1
inf Ce(f,x,m) > inf Co(f,x,n) forallne[0,=). (25)
Fedt: M(f,%,7)20 fext 2
To sum up, by (21), (23) and (25), we conclude the proof. O

Since Hy;y, is a symmetric hypothesis set, we could make use of Lemma 27 and Lemma 28 for
proving Theorem 12.

Theorem 12. Let a margin-based loss ¢ be bounded, continuous, non-increasing, and satisfy the
property that C4(t,n) is quasi-concave int € R for all n € [0, 1]. Assume that $(—t) > ¢(t) for any
v <t < 1. Then ¢ is Hyn-calibrated with respect to L., if and only if for any v <t <1,

o(7) + d(=) > (1) + ¢(-t) . (10)

Proof. As shown by Awasthi et al. (2020), for f € Hy, = {x > w-x | |w] =1},
M(fxa)= b fG)= | inf(wex) = wex=yw] = f(x) 7.

x|y X x-x <y
M(f,x,y)=~- inf —f(x')=- inf (-w-x')=w-x+y|w|=f(x)+7.
x| P

Thus for Hjin, Xo = {x € X : thereexists f' € 3, such that M(f',x,7) > 0} = {x € X :
there exists f’ € Hyi, such that f/(x) > v} = {x: v < |x| < 1} since f(x) = w-x € [-|x], |x]]
when f € H);,. Note H), is a symmetric hypothesis set. Therefore, by Lemma 28, ¢ is Hjj,-
calibrated with respect to ¢, if and only if for any x € X such that v < ||x| < 1,

Co(f,x%, %) >fei£1{f Co(f, %, %) ,and

lin

inf
feg'clin: ‘f(x)‘s'\/

1
inf Cs(f,x,m)> inf Cyu(f,x,n)forallne(=,1],and 26
rese ™ e, Colfxom) > inf Co(f%,m) ne(51] (26)

1
inf Cs(f,x,m)> inf Cxs(f,x,n)forallne[0,=).
feFin: f(x)2-v d)(f 77) feFHiin ¢(f 77) K [ 2)
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By the definition of inner risk (4), the inner ¢-risk is

Co(f,%,m) =np(f(x)) + (L =n)d(=f(x)).-
Note f(x) =w-x € [-|x], |x]] when f € 3. Therefore, (26) is equivalent to for any x € X such
that v < ||x| < 1,

inf Cyl(t, 7) inf  Cy(t ,1) and

—yst<y =Ixlst<]x]
_ . 1
inf Cy(t,n)> inf Cy(t,n) forallne(=,1],and 7
“Ixlstsy -lxlst<] x| 2
1
inf  Cy(t,n) > inf Cy(t,n)forallne[0,=).
—yst<|x| =lx[l<t<x]| 2

Suppose that ¢ is JHj;,-calibrated with respect to £,. Since by Part 1 of Lemma 26,

. - 1 - 1
inf C¢(t f) C¢('y, ), inf C¢(t,7):C¢,(HXH,§),

~ystey ~lIxl<t<]x| 2

we obtain ¢(7) + ¢(—7) =2C4(7,5) > 2C4(t, 3) = ¢(t) + ¢(~t) forany y <t < 1.

Now for the other direction, assume that ¢(y) + ¢(—v) > ¢(t) + ¢(~t) forany v < t < 1. Forn = 3,
by Part 1 of Lemma 26, we obtain for any x € X such that y < |x| < 1,

inf Cl(t, *) Co(v, 5 )>C¢(H x|, )— [ Colt)

—yst<y [ |\<t<|\ I 2

Forn € (3,1] and any x € X such that v < || x[ <1,
inf  Cy(t,n) = mln{C¢(fy n),Co(—|x, 77)} (Part 2 of Lemma 26)

—[xlst<y

Co(t,m) = min{Cy(|x],n),Co(~Ix|,m)} (Part2 of Lemma 26)

HX\EKHXH
=Cs(|x|,n) (Part5 of Lemma 26)
Note for n € (,1] and any x € X such that v < |x| < 1, since ¢ is non-increasing,
o(7) = o(=7) — o(Ix[) + o (=[x 2 o(Ix[) - ¢(=[x]) - o(lx[) + #(-[x]) = 0.
Thus
Co(7:m) = Co(llxll,m) = ne(7) + (1 = m)é(=7) = nd(Ix) - (1 - m)s(-[x])
= (o(7) = (=) = o(Ix[) + d(=[x)) n + (=) = &(=[x])

2 6014 ol 4 D)) 5 + (=) - 6(-Ix])

=5 2 [6(7) + 6(=7) - 6(IxI) - (-]
>0.
In addition, we have for i € (3,1] and any x € X such that v < || x[ < 1,
Co(=Ix[,m) > Cs(x[,m). (Part 5 of Lemma 26)
Therefore for 1 € (3,1] and any x € X such that v < x| < 1,

inf  Cy(t,n) = min{Cy(7,1),Co(=Ix[,m)} >Co(Ix[,n) = inf  Cy(t,n).

—[xl<t<y “[Ixl<t<|x|
Forn € [0, 1) and any x € X such that v < x| < 1,
inf  Cy(t,n) =min{Cy(-v,n),Co(|x|,n)} (Part2 of Lemma 26)

—v<t<| x|

Co(t,n) = min{Cy(|x|,n),Cs(~|x[,n)} (Part2 of Lemma 26)

inf
—[lx[<t<|x]

=Cy(~|x|,n) (Part 6 of Lemma 26)
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Note for 7 € [0, 3) and any x € X such that v < x| < 1, since ¢ is non-increasing,
P(=7) = o(7) = (=[x + (Ix]) < (= [x[) = &(Ix]) = S(=Ix[) + ¢(lIx]) = 0.
Thus
Co(=7,m) = Co (=%, m) = o (=) + (1 =m)(7) = n(=[x]) - (1 =m)d(x])
= (¢(=7) = o(7) - ¢(=[x) + o (Ix[)) n + 6 (v) - o (Ix])

2 (¢(=7) = o(v) - o(=[x]) + ¢([x])) % +o(v) - o(lx)

= S 16(2) + 6(=2) - 6(lx]) - 6(-IxD)]
>0.
In addition, we have for ) € [0, ) and any x € X such that < | x[ <1,
Co(Ix[,m) > Co(=[x[,n). (Part 6 of Lemma 26)

Therefore for 7 € [0, 3) and any x € X such that v < x| <1,

inf  Cy(t,n) =min{Cy(—7,1),Cs([x[,m)} > Co(=[x[,m) = inf  Cy(t,n).

—y<t<[x| ~[xl<t<|x]

Theorem 16. Let H be a symmetric hypothesis set, then ép is H-calibrated with respect to (..

Proof. By Lemma 28, if X5 = &, qu is H-calibrated with respect to £,. Next consider the case where
X2 # @. By Lemma 28, ¢, is J{-calibrated with respect to £ if and only if for all x € X,

1 1
inf C; (f,x,=)>inf C; (f,x,=),and
FE3C M(f,x,7)<0<M(f,x,7) 5, U0%5) > 18G5, (1)

. . 1
fesc ﬁ?ﬁx,y)go%(f’ x,1) > }ggfccd;p(ﬁ x,1) forall n € (57 1],and

1
inf C; (f,x,n)>inf C; (f,x,n) forallne[0,=),
Fett: T )0 ¢p(f 1) fene ¢p(f ) nel 2)

where Xy = {x € X : there exists f' € 3 such that M (f’,x,v) > 0}. As shown by Awasthi et al.
(2020), ¢, has the equivalent form

(l;p(fux7y) = (bp(

X’=H>E1>£'nga, (yf(xl))) .

Thus by the definition of inner risk (4), the inner (;NS,,-risk is

Cép(ﬁ X’n) = 77¢p(M(f7X7’7)) + (1 - n)(bp(_M(f,X?’Y)) .

For any x € Xo, let My = supeqc M(f,x,7) > 0. Since 3 is symmetric, we have —My =
inf fegc M (f,x,7) < 0. Since ¢, is continuous, for any x € X and € > 0, there exists f£ € H
such that &, (M(f5,%,7)) < (M) + € and TT(f5,%,7) 2 M(f5%,7) > 0, M(~f5,%,7) <
M(-f,x,7) = —M(fS,x,7) < 0. Next we analyze three cases:

* When 7y = % since ¢, is non-increasing,

inf C 3

feH: M(f,x,7)<0<M(fx,y)

(/% 3)

, 1
= inf =
Fe3C: M(f,%,7)<0<M(f.x,7) 2

> 0(0) + 50,(0) = 4,(0) = 1.

6 (M(f,x,7)) + 56,(-TI(. %)
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For any x € Xy, there exists f' € 3 such that M(f’,x,7) > 0 and ~M(f’,x,7) <
-M(f’,x,7v) <0, we obtain

, 1 1 , 1 — 1 , 1
CJ;p(f )y X, 5) = §¢p(M(.f 7X77)) + §¢p(_M(f ax77)) = §¢P(M(f 7X77)) + 5 <1l

Therefore for any x € X5,

1 1 1
inf C; (f,x,=)<C; (f,x,=)<1< inf C- (f,x,=). (29
fext b1 x5) <G, (Fx3) et M(f,x,7)<0<M (f,x,7) slhxg)

* When 7 ¢ (%, 1], since ¢,, is non-increasing, for any x € X,

inf . - inf M 1- M
fe}(:ﬁr(lf,x,fy)goc‘#"(f’)(’n) fE}C:ﬁ?f7x7w)gon¢p(7(f,x,v))+( Mo (M (f,x,7))

= ] f 1_ _M
nE feH: ]ﬁ?f,xn,)so( 77)¢9( (fa X, ’Y))

20+ (1-n)gp(Mx).
On the other hand, for any x € X and € > 0,
Cq;p (f;vxvn) = n¢p(M(f;aX77)) + (1 - n)¢p(_M(f;7X,7))
<ngp(Mx) +e+(1-n).
Since n > % and My > 0, we have

feH: Mu(lﬁxﬁ)go C(]B;, (fa X, 77) - CQ;p (fx, X, ’I])

> [+ (1=m)dp(Mx)] = [n¢p(Mx) + €+ (1-1)]
~ (20— 1)(1- d,(My) - ¢
>0,
where we take 0 < € < (27— 1)(1 - ¢,(Mx)).
Therefore for any 7 € (3,1] and x € X, there exists 0 < € < (2 - 1)(1 - ¢,(Mx)) such
that
inf Cg, (Fxm) <G (froxom) < nd o Ca, (F%m) (29)

e When 7 € [0, %) since ¢, is non-increasing, for any x € X,

_inf Cy,(fix,m) = _inf N0 (M(f,%,7)) + (L=1)¢,(-M(f,x,7))
fedt: M(f,x,7v)=0 fedt: M(f,x,v)=0

= 1—’]7+ 711’1f n(bp(M(f?Xa’Y))
fed: M(f,x,v)=0

>1-n+n¢,(Mx)
On the other hand, for any x € X5 and € > 0,
Cs, (= fr:x,m) =ndp(M(=fi, %,7)) + (L =m)dp (=M (=[5, %,7))
=n+(1-n)¢p(M(fx,%x,7))
<n+(1- n)¢p(MX) +e€
Since 1 < % and My > 0, we have

inf C: (f,x,m)-C; (—fs, %,
Fett: T f )20 ¢p(f n) ¢p( T 1)

> [1=n+n¢p(Mx)] = [n+ (1 -n)dp(Mx) +¢]
= (1-2n)(1-¢,(Mx)) €
>0

where we take 0 < € < (1 -271)(1 - ¢,(Mx)).

Therefore for any 7 € [0, ) and x € X5, there exists 0 < € < (1 - 2n)(1 - ¢,(Mx)) such

that
inf C; (f,x,n)<C; (—fe,%x,m) < inf C: (f,x,n). 30
Fene ¢p(f n) ¢p( b n) Fett: T (fx)20 ¢p(f n) (30)
To sum up, by (28), (29) and (30), we conclude that (5,) is H-calibrated with respect to £.,. O
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E.5 Proof of Theorem 13 and Corollary 14
As shown by Awasthi et al. (2020), for f € H,, the adversarial 0 /1 loss has the equivalent form

Z’}’(f7xa y) =1  ur . (yg(w-x')+by)<0 = ]lyg(w~x—'yy\|w\|)+by£0 = ILyg(w»x—'yy)+by£0 . (31

x| x—x/||

The proofs of Theorem 13 will closely follow the proofs of Theorem 12 and Theorem 16. We will
first prove Lemma 29 and Lemma 30 analogous to Lemma 27 and Lemma 28 respectively. Without
loss of generality, assume that ¢ is continuous and satisfies g(-1-v) + G > 0, g(1 +v) - G < 0.
Then observe that g(—v) + G > 0, g(v) — G < 0 since g is non-decreasing.

Lemma 29. For a surrogate loss ¢ and hypothesis set 34, the calibration function of losses (¢, £,) is

+00 if e >max{n,1-n},
5max(e,x, 77) = inffeggg; g(Wx—7)+b<0<g(w-x+7)+b ACZ’}(Q (f,X7 ’I]) if‘277 - 1| <e< max{n, 1- ’I]},
inffe?ifg: g(wx—v)+b<0<g(w-x+v)+bor (2n-1)[g(w-x—v)+b]<0 Acf,ﬂg (f7x,’r]) lf€ < |2’f) - 1‘

Proof. As with the proof of Lemma 27, we first characterize the inner ¢-risk and minimal inner
£,-risk for {,. By the definition of inner risk (4) and equivalent form of adversarial O-1 loss £, for
JH, (31), the inner £,-risk is

Ce, (f,x,m) = N g(wx-)+bso + (1- n)]lg(w~x+7)+b20
1 ifgw-x-7)+b<0<g(w-x+7)+b,
=147 ifg(w-x+7)+b<0,
1-n ifg(w-x-7)+b>0.

where we used the fact that ¢ is non-decreasing and g(w - x — v) < g(w - x + ). Note for any
x € 1, wx & [~|x], [x|]. Thus we have g(w-x ) + b€ [g(~|x] - ) - G, g(Ix] - 7) + G] and
gw-x+v)+be[g(-|x|+7) - G,g(|x| + ) + G] since g is non-decreasing. By the fact that
g(—v) + G >0and g() - G < 0, we obtain the minimal inner ¢-risk, which is for any x € X,

Ci, 3¢,(x,m) =min{n,1 -n}.

As with the derivation of ACy 5¢(f,x,n) (20), we derive ACy, 3¢, (f,%,n) as follows. By the
observation (11), for any x € X, for f € 3, such that g(w-x-7) +b <0 < g(w-x+7) +b,
ACy, 3¢,(f,x,m) = 1 =min{n, 1 -n} = max{n,1-n}; for f € H, such that g(w-x +v) +b <
0, ACE.,,}CQ(f7X?n) =n- min{n? 1- 77} = HlaX{O, 277 - 1} = |277 - 1|]l(27]—1)[g(w~x—’y)+b]§0 since
g(w-x-7)+b< g(w-x+7)+b<0;for f e Hy such that g(w-x~7) +b>0, ACs 3¢, (f,%x,7) =
1 -n-min{n, 1 -n} = max{0,1-2n} = 21 — 1|1 (2-1)[g(wx—y)+b]<0 SinCE g(W - X —7) + b > 0.
Therefore,

AC (f.x )_{max{n,l—n} ifglw-x-7)+b<0<g(w-x+7)+b,
L,y y X, 1 |277_1|]l(27]—1)[g(w.x_n/)+b]so ifg(w.x+7)+b<00rg(W'X—’)/)+b>O.
By (6), for a fixed n € [0, 1] and x € X, the calibration function of losses (¢, ¢,) given H, is
6max(€,xan) = fle%f {ACZ,}Cg(f7X,’r]) | Aczw,%g(fa)(ﬂ’]) > 6}.

As with the proof of Lemma 27, we then make use of the observation (11) for deriving the
the calibration function. By the observation (11), if € > max{n,1-n}, then for all f « X,
ACy, 3,(f,%,m) < €, which implies that dyax(€,%,m) = oo; if 2 - 1| < € < max{n,1-n},
then ACy, a¢,(f,x,n) > eif and only if g(w-x ~v) +b<0 < g(w-x +7) + b, which leads to

6max(€ax7n) = Ace,g{g(f? x’n)?

in
feHg: g(w-x—v)+b<0<g(wW-x+7)+b

if € <|2n—1|, then ACy_ 3¢, (f,x,n) > eif and only if g(w-x—~)+b <0< g(w-x+7)+bor (2n-
1)[g(w-x —7) +b] <0, which leads to

5max y Ry = inf AC s &y 1))
(6 X 7’) feFy: g(w-x—’y)+b50£g(w~xl+r'ly)+b or (2n-1)[g(w-x-v)+b]<0 /7%“7(][ x 77)
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Lemma 30. Let ¢ be a surrogate loss function. Then { is H 4-calibrated with respect to £, if and only
if forany x € X,

1 1
inf Co(f,x,=) > inf Co(f,x,=),and
feFgy: g(w-x—’ygr-:bgosg(w'x+'y)+b E(f x 2) flegl'fg Z(f x 2) a

. . 1
ret, g(lwn-i—y)wso Ce(f,x,1m) > flelgg Co(f,x,n) forallne (5, 1],and

1
inf inf 2.
feot, g(lwlim)%zoce(f, x,1) > jmf Ce(f,x,m) for all n € [0, 2)

Proof. As the proof of Lemma 28 first makes use of Lemma 27 and Proposition 4, we also first make
use of Lemma 29 and Proposition 4 in the following proof. Let §,,,,x be the calibration function of
(£,£.,) for hypothesis set },. By Lemma 29,

+00 if e > max{n,1-n},

5max(€7 X, 77) = inffé?‘fg: g(w-x—v)+b<0<g(w-x+7)+b AC@,J‘CQ (f7 X, 77) if |277 - 1| <e<g max{n, 1- 77}7
inffe%g: g(wx—v)+b<0<g(w-x+v)+bor (2n-1)[g(w-x—v)+b]<0 AC, ,Hg (f7 X, 77) ife< ‘27] - 1|

By Proposition 4, £ is H -calibrated with respect to £, if and only if its calibration function d,ax

satisfies dmax (€,%,7) > O forall x € X, € [0,1] and € > 0. The following steps are similar to the
steps in the proof of Lemma 28, where we analyze by considering three cases.

For ) = =, we have for any x € X,
1 1
1) ,X,—)>0foralle >0 < inf Co(f,x,=)> inf Co(f,x,=).
max(e 2) ‘ feFHg: g(w-x—v)+b<0<g(w-x+7)+b Z(f 2 ) feH, l('ﬂ 2)
(32)
For 1 >77> 5, we have |2n - 1| = 2n - 1, max{n,1 - n} = n, and
inf AC ,X, M) = inf AC ,X,1M) .
feHy: g(wx—v)+b<0<g(w-x+7)+b or (2n-1)[g(w-x—7v)+b]<0 63 (f n) feFy: g(w-x—7)+b<0 63 (f 77)
Therefore, dmax (€, X, %) >0foranyx e X, e>0andne (%, 1] if and only if for any x € X,
i i 1 _
reot, g(w-xf'yl)rwtllf;g()gg(w-er'y)er Ce(f,x,m) > fle%?g Ce(f,x,m) forallne(3,1]suchthat2n-1<e<mn,
ferty g(iwn_t;(ﬁHbSOCg(f, x,1n) > fiergg Ce(f,x,m) forall ) € (3,1] such that e < 2 - 1,

for all € > 0, which is equivalent to for any x € X,

inf Ce(f,x,m)> inf Co(f,x, forallp e (4,1] such thate << <,
{fe%g: g(w~x—'yl)I-:bSOSg(w-x+'y)+b Z(f X 77) fleIi}{g Z(f x ’f]) i ] esn

. . @
Fedty: g(lwnfc—wnbso Ce(f,%,m) > fle%?g Ce(fxm) forall ¢ (2 - 1] such that <5 <7,
(33)
for all € > 0. Observe that
1 +1 1
{ne(2,1] 63n<62,e>0}:{2 <77§1} , and
1 e+1 1
e(=,1]f——<n,e>0p=4=-<n<1;, and
{”(2]2 e }{277 }
inf Co(f,x,m) 2 inf Co(f,x,m) foralln.
feXg: g(w~x—'yl)£-lb§03g(w~x+'y)+b Z(f x 77) feFy: g(lv{ll.x—'y)-#bsO Z(f x 77) n
Therefore, we reduce the above condition (33) as for any x € X,
1
inf Co(f,x,m) > inf Co(f,x,n)forallnpe(=,1]. 34
feFy: g(lwn<x7'y)+b§0 K(f * 7]) flerﬂl'Cg Z(f x 77) K (2 :| 34
For 1 >7 >0, we have |2 - 1| = 1 - 2n, max{n,1-n} =1-1n, and
inf AC ,X, M) = inf AC ,X,1M) .
feHy: g(w-x—fy)+b§0£g(w~x{+rfly)+b or (2n-1)[g(w-x-v)+b]<0 E,J{g(f X 77) feHy: g(lwn~x+'y)+b20 Z’%g(f x 77)
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Therefore, dpax (€, X, %) >0 foranyx € X, e >0and 7 € [0, %) if and only if for any x € X,

inf Co(f,x,m) > inf Co(f,x, for all n € [0, 4 hthatl -2n<e<1-m,
{feﬂ-fg: g(w-x—w%?bgOSg(w~x+'y)+b Z(fx 77) fleril}(q Z(fxn) oraiin [ 2)SUC a n=¢ N

f c inf C ' forall ) € [0, 1) such that e < 1 - 2
fe}lfg:g(lwn-x+'y)+b20 Z(f>x777) >erI}Cg l(f7x>7]) oralln e [ ) 2) suc ate s 7,
for all € > 0, which is equivalent to for any x € X,

inf Ce(f,x,m)> inf Co(f,x, forall p € [0, 2) such that =€ < <1 —¢,
{feﬂ{g: g(w~x—'y;I-:b505g(w~x+'y)+b Z(f x 7]) fleril}(g Z(f x 77) n [ 2) 2 i €

. . 1 1-¢
reot, g(lvvn-fc+'y)+b20CZ(f’ x,m) > flergg Ce(f,x,m) for all € [0, 5) such that n < <,

(35)
for all € > 0. Observe that

{77 € [0, %)

{77 € [0, %)

in
feXHg: g(w-x—v)+b<0<g(wW-x+7)+b

1-¢

2

1
<77$1—e,e>0}:{0377<2},and

1- 1
7]S2€,E>0}={OS77<2},21H(1

c > inf Co(f,x,m) forall 7.
fixm)z ik e Celxom) forall 7

Therefore we reduce the above condition (35) as for any x € X,
1

inf C inf C for all 0,-). 36

fe}Cg:g(lwn<x+’y)+b20 é(f7xa77)>f1€%cg é(faXﬂ?) ora 776[ ?2) (36)

To sum up, by (32), (34) and (36), we conclude the proof. O]

Theorem 13. Let g be a non-decreasing and continuous function such that g(1 +v) < G and
g(-1-7) > -G for some G > 0. Let a margin-based loss ¢ be bounded, continuous, non-increasing,
and satisfy the property that C4(t,n) is quasi-concave in t € R for all n € [0,1]. Assume that
d(g(-t) - G) > (G - g(-t)) and g(-t) + g(t) > 0 for any 0 < t < 1. Then ¢ is Hy-calibrated with
respect to L if and only if for any 0 <t < 1,
(G —g(-1)) + d(g(-t) - G) = d(g(t) + G) + ¢(-g(t) - G)
and  win{6(A(1)) + (-A(1)), H(A®M)) + 6(-A(1))} > (G - g(~1)) + 6(g(~1) - ),

where A(t) = maxye[_¢419(s) = g(s =) and A(t) = ming[_ ¢ 9(s) = g(s +7).
Proof. By Lemma 30, ¢ is J{,-calibrated with respect to £, if and only if for any x € X,

1 1
inf C —)> inf C = d
feHy: g(w-x—’yl)r-:bSOSg(w-x+'y)+b ¢(f7 * 2 ) fIE%fg ¢(f7 % 2 ) o

. . 1
Fert,: g(lwn-fc—'y)+bsOC¢(f7 Xﬂ?) > fle%gq Cd>(fvxvn) for all ne (57 1] ,and (37)

1
i inf for all 2.
Festy: a(mryasng Co L) > Bl Co(fxm) forally € {0, 5)

By the definition of inner risk (4), the inner ¢-risk is

Co(f,x,m) =no(f(x)) + (1 =m)o(=f(x)).

and f(x) = g(w-x) +b € [g(—|x]) - G,g(|x]) + G] when f € I, since g is continuous and
non-decreasing. Specifically, by the assumption that g(-1 —v) + G > 0, g(1 + v) - G < 0, when
fe{feHy: g(w-x=7)+b< 0 < g(w-x+7)+b}, f(x) = g(W-x)+b € [min_x|<sc)x| 9(s)—g(s+
¥), max_|yj<s<|x| 9(5) —g(s =) ]; when f e {f € H,: g(w-x-7)+b< 0}, f(x) =g(w-x)+be
[9(=]x]) — G, max_jx|<s<|x| 9(s) — g(s = 7)]; when f e {f € H, : g(w-x+7)+b >0},
f(x)=g(w-x)+be¢ [min—HstSsan g(s) = g(s +7),9(||x|) + G]. For convenience, we denote
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A(t) = max_icecr g(5) — g(s =) 2 0 and A(t) = min_r<oc; g(5) — g(s+7) < 0 forany 0 <t < 1.
Therefore, for any x € X, (37) is equivalent to

inf Co(t 1)

1
_ ¢( ) C¢(t77)7and
A(Ix])<t<A(x]) 2 2

> inf
g(=x)-Gst<g(|x)+G

_ - 1
inf Cy(t,m) > Cy(t,m) foralln e (5, 1], and (38)

inf
g(~llx|)-Gst<A(||x]) g(-lx)-G<t<g(|xN+G

Co(t,m) > Cy(t,m) for all n € [0, %) .

inf inf
A([x[)st<g(IxD+G g(~[x)-Gst<g(|xN+G

Suppose that ¢ is H,-calibrated with respect to £.. Since for 7 € [0, %),

inf Cs(t,n) = min{Cys(A(|x]),n),C. x|) + G, Part 2 of Lemma 26
B Cotn) = min{Ca(ACx])o),ColoCIxl) + G} ( )

inf Co(t,m) = min{Cy(g(~Ix]) - G.m), Co(g(Ix]) + G.m)}  (Part 2 of Lemma 26)
g(=lx[)-Gst<g(|x|)+G

we have Cy(g(—[x|) - G,n) < Cys(g(|x]) + G, n) for any x € X, otherwise
Cs(t,n) <C. x|)+G,n) = inf Cy(t,m).
S <Cola(D +G = ot Cy(n)

By Part 8 of Lemma 26, ¢(G—g(-t))+¢(g(—t)-G) = ¢(g(t) +G) +p(—g(t)-G) forall 0 < t < 1.
Also, forany 0 <t <1,

5 min{6(A(1)) + 6(-7(1)), (A(1)) + (-A(1))}

inf
A(lxD<t<g(IxH+G

= inf  Cy(t, 1) (Part 2 of Lemma 26)
A(t)<t<A(t) 2
. - 1
>g(ft)7C}2thg(t)+GC¢(t, 5) (38)
% min{¢(G - g(=t)) + ¢(g9(-t) - G), d(g(t) + G) + #(-g(t) - G)}  (Part 2 of Lemma 26)
1
=5(@(G-g(-1)) + o(g(-1) - G))

Now for the other direction, assume that for any 0 < ¢ < 1,
(G =g(=t)) + p(g(-t) - G) = ¢(g(t) + G) + p(-g(t) - G)
and  min{¢(A(t)) + ¢(=A(1)), p(A(1)) + (=A())} > #(G - g(~1)) + d(g(~t) - G).
Then forn = % and any x € X,

- 1
inf Cy(t, =)

A(xl)<t<A(|x]) 2
:% min{o(A(|x])) + ¢(-A(|x])), o(A(|x])) + ¢(-A(|x]))} (Part 2 of Lemma 26)
>%(¢(G =g(=Ix[)) + o(g(=[x]) - G)) (by assumption)
=% min{¢(G - g(=[x[)) + ¢(g(=[x[) - G), ¢(g(|x]) + G) + d(~g(|x||) - G)} (by assumption)
. 1
= g(—HxH)—Gl'gthg(HxH)-v—G Cy(t, 5) (Part 2 of Lemma 26)

Forne (3,1] and any x € X,

inf _ Cy(t,n) =min{Cys(g(-|x|) - G,n),Cs (A(|x[),n)} (Part 2 of Lemma 26)
g(=lxN-G<t<A(lx|)

inf Co(t,n) = min{C_(z,(g(—Hx”) -G,n),Cs(g(|x]) + G, 7])} (Part 2 of Lemma 26)
g(=Ix)-Gst<g(Ix+G

= é¢(9(\|x\|) +G,n) (Part 7 of Lemma 26)
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Since ¢ is non-increasing, we have for any x € X,

¢(=g([1x]) - &) - o(g(Ix[) + &) + s(A(Ix[)) - H(-A(Ix]))
2¢(=g(Ix[) = @) = ¢(g(Ix]) + G) + (g(|x]) + G) - ¢(=g([x]) - G)
=0.

Then for n € (1,1] and any x € X,

Co(A(l1x[),m) = Cs (g (Ix]) + G, n)
=(o(A(Ix])) = (=AlIx[)) + ¢(-g(lIx]) - G) = d(g(Ix]}) + G))n + d(-A([x])) - d(~g([Ix]) - G)
2(o(A(1x])) = ¢(=AlIx[)) + ¢(=g(Ix]) - G) - d(g(Ix]) + G))% +o(=A(Ix])) - ¢(-g(Ix]) - G)

=%(¢(Z(HXH)) - (=A%) - o(~g(Ix]) - G) = ¢(g(Ix]) + G))
>0.

In addition, by Part 7 of Lemma 26, for all 5 € (3,1] and any x € X, Cs(g(-|x|) - G,n) -
Co(g(|x[) + G,n) > 0. As aresult, for n € (5,1] and any x € X,

inf C,(tn) - nf e
ety ™ ™ iy -doizgaayee )
=min{Cy(g(~[x]) - G.n) - Co(g(|x|) + G, n),Cs (A(|x])),n) - Co(g(|x]) + G.m)}

>0.

Finally, for ) € [0, 3), by Part 8 of Lemma 26, we have C4(g(-[x|) - G,n) < Cs(g(|x|) + G,n)
and

inf Cys(t,m) = min{Cy(A(||x|),n),C. x|) + G, Part 2 of Lemma 26
B Co(tn) = minfCa(ACIID. 1), Calo(Ix]) + G} ( )

inf Co(t,n) = min{Cy(g(~[x]) = G,n),Co(g(|x|) + G,n)} (Part 2 of Lemma 26)
9(~lxl)-Cstzg(Ix])+G

=Co(g(=Ix[) - G,n) (Part 8 of Lemma 26)

Since ¢(A([[x])) +d(=A(Ix[)) > ¢(G - g(-[x])) + #(9(=|x[) - &) and ¢ is non-increasing, we
have for any x € X,

(G = g(=1x[)) = o(g(=[x[) - &) + ¢(A(Ix])) - 2(-A(Ix]))
=0(G - g(=[x[)) - o(=A(lx[)) + ¢(A(Ix])) - o(9(-|x[) - &)
<p(A([x[)) = ¢(g(=[x]) - &) + o(A([x[)) - o(g(-[x]) - &)
=2[o(A(x[)) - ¢(g(=[x]) - &)]
<0.

Then for 7 € [0, 3) and any x € X.

Co(A(Ix1),m) = Co(g(=Ix]) - G, m)
=[o(G = g(=[x1)) - o(g(=[x]) - &) + o(A(Ix])) - ¢(=A(Ix[))]n + d(-A([x])) - ¢(G - g(-]x]))

2[¢(G - g(=[x])) = o(g(=]x]) - G) + ¢(A([x[)) - S(-A( HXH))J% +d(-A([x])) - (G - g(-[x]))
=%[¢(A(IIXH)) +d(-A([x])) - o(g(=]x]) - G) = (G - g(-[x]))]
>0.

In addition, by Part 8 of Lemma 26, for all ) € [0, §) and any x € X, Cy (g(||x[)+G,n)-Cy (g(~|x])-
G,n) > 0. As aresult, forn € [0, 1) and any x € X,

inf Cy(t,n) - inf Cs(t,
R A LCL DN - SR CL )

=min{Cy(g(|x]) + G,n) = Cs(g(=[x]) = G, 1), Cs (A(Ix]),n) = Cs(g(~Ix[) - G, m)}
>0.
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Corollary 14. Assume that G > 1 + . Let a margin-based loss ¢ be bounded, continuous, non-
increasing, and satisfy the property that C4(t,n) is quasi-concave int € R for all n € [0, 1]. Assume
that ¢(-G) > ¢(G). Then ¢ is H,ery-calibrated with respect to L., if and only if for any 0 <t <1,

H(G)+9(-G)=9(t+G)+d(-t-G) and ¢(v)+ (=) > ¢(G) + ¢(-G).
Proof. For hypothesis set Hyely, that is, g = (-)+ in H,, we have

t,0<t <y,

A(t) = si?iﬁ](sﬁ -(s=7)+= {%7 <t<l1.

and A(t) = min (s). = (s 7). ==,

As aresult, using the fact that ¢(¢) + ¢(—-t) > ¢(y) + ¢(—y) when 0 < ¢ <~ by Part 1 of Lemma 26,
we conclude the proof by Theorem 13. [

E.6 Proof of Theorem 18

Theorem 18. No continuous margin-based loss function ¢ is Hyi,-consistent with respect to {.,.
Furthermore, for any continuous and non-increasing margin-based loss ¢, surrogates of the form

o(f.x,y) = sup  P(yf(x))

i [xx [

are not Hyi,-consistent with respect to £.,.

Proof. Let x follow the uniform distribution on the unit circle. Denote x = (cos(6),sin(6))7,0 €
[0,27) and f(x) =w-x, W = (cos(t),sin(t))",t € [0,27), f € Hjjn = {x > w-x | [w]2=1}. We
set the label of a point x as follows: if 8 € (o, 7), where o € (0, ), then set y = —1 with probability
3 and y = 1 with probability §;if 6 € (0,0) or (o +,27), then set y = 1;if 6 € (m,0 + ), then set
y=-1.

Let 7: X — [0, 1] be a measurable function such that n(X) =P(Y =1| X). For £,(7) = 1<, we
want to solve

R} 56, = min R, (£) = min Bx[6,(FC0)+ 6 (~F (D)1= m)].

feHin

Let ":© — [0,1] be a measurable function such that ' = P(Y = 1|0), © ~ U(0,27). In our
example, we have

Oe(o,m),

fe(0,0) orfe(c+m,2m),

0 Oe(mo+m).

[N

4

77:

Therefore we obtain

RZ’Y,}C“!‘: min Eg[l,(cos(© —t))n" + £, (-cos(© -¢))(1-n")]

te[0,27)
1 ™1 o
= 5o min [T Gteos@ - 1)) + 267(—003(9 0o+ [Tt cos(8-1)) do

; [Uﬂrfv(—cos(e—t)) 40
1

T 0
T or te‘ﬁ}g;) fa ifv(cos(e —t))+ 267(—005(0 —-t))do + /U_W 0 (cos(0 —t))do

; foa 0, (cos(6 — 1))d + [OU&Y(COS(Q ~1))do

g 0 0
_ L min fg i&,(cos(@ —-t)) do+ fa_ﬂ Z&Y(COS(G —-t)) do+ /U_7r Ly (cos(6-t)) do

27 te[0,27)

+f002&y(cos(9—t)) do

™ 0 o
_ L min fa ifw(cos(e—t)) d9+fa_w Zﬁv(cos(ﬂ—t)) d9+/0 ZEW(COS(Q—t)) do

Coor te[0,27)
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o1
+ ./0 167(005(9 —-t)) df
. ™1 o 7
= o el fo (o (cos(0-1)) dbl + fH 1l (cos(0-1)) df
1

1 Tt 1

[ -t 1 7
B % ter[%g;) [t 41C05(9)<’Y + 4]1—C05(9+0')<'y de.
Take v = cos( ) € (0,1). For o € (0, 5], we analyze six cases:
* When -t € [- 7“7_%]’

Tt | 7
\/—t 4]lc05(9)<y + 4]1—(:05(9+<7)<'y do
3 7 2

:ff 1+—d0+f —d0+f77 7+7d9 f
-t 4 4 4 g

2

:27r——30+zt227r—20
8 4
where the equality is achieved when ¢ = 2.

* When -t € [- % %],

=t 1 7
[t 4ﬂcos(ﬁ)<fy + 41 cos(f+0)<y do

:f T+ fﬁﬂhfde f fde

:27T—E0'—1t227r—20'
8 4

where the equality is achieved when ¢ = .

Tt 1 7
[t 4 Cos(9)<'y+ 4n—cos(9+a)<'y do

-7 +m -g+m
:f 1+zd9+f S o+ f 7+7d9
-t 4 4 ——HT
:27r—za
4
« When —t e [-32 +m, -2 + 7],

Tt 1 7
[t 4]1005(9)<A/+ 4]1 cos(f+0)<y do

—-Z+7 Tt
=/ ’ 1d9+f LN
4 cind 4

) 1 ™7
5 tgr[%’glw) ./(; Z&(cos(& —-t)) df + /; 167(— cos(0-t+c))db

fdG

7+7d9
4 4
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1 7
[t 4 COS(9)<"/+ 4]1 cos(f+0)<y do
%

+27 Tt
- f LT an+ f Ly
¢ 4 4 -g+2m 4

Ir 1 1 1
=—-—0+-t22r--0
4 8 4 4

where the equality is achieved when t = -2 — .

* When —t €[ +7,-37 + 2],

m—t | 7
[ ]lcos(9)<'y + ]l—cos(9+a)<'y o

-t 4 4
_,+2ﬂ 1 7+27r m—t 1
:[ 7+7d9 T o+ L
—t 4 —%+27‘r 4 %+27'r 4 4
1
=2r—--0.
4

Similarly for o € [, ), we analyze six cases:

« When —t € [-32,2 - 7],

where the equality is achieved whent =7 - Z.

» When —t € [Z —7,~Z],

Tt ] 7
[t Z]ICOS(Q)S’Y + i]l—cos(OJra')S'y o
51 7 —Fam 7 Tt ]
=f : 7+7d0+f : 7d0+f .
-+ 4 4 -Z 4 2 4
2
227r——30+zt227r—20
8 4
where the equality is achieved when ¢ = .

* When —t € [-$,-32 + 7],

Tt 1 7
[t 4]1cos(9)<'y + 4]1 cos(0+0)<y do

——+7r 7 —5+7r
:f fd9+f L0+ f 7+7d9
—t z —S+m 4

=2W—Ea—lt227r—2a
8 4

where the equality is achieved when ¢ = .
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-F+m 1 Tt
:f 7d0+f 1+zd9
: 1Y) .17

where the equality is achieved when ¢ = 37" —T.

* When ~te[§,-5 +7],
m—t 1 7
[t 4 COS(9)<"/+ 4]1 cos(0+0)<y do
-Z+m
- / L d9 f - + Ly
e 77T 1

1
+-0-—-t>2—+-0
4 8 4 4 4
where the equality is achieved when ¢ = —

g
3¢

« When —t € [-Z +m,-322 + 2],

2
Tt 1 7
f 4 005(9)<y + 4]1—005(9+(r)<7 do

-t

-Z+2m ]
- f it7 T a0+ f Ly
-t ”+27r

9
=-T—-—-0+-12-T+ 0’
4 8 4 4 4
where the equality is achieved when ¢ = 7 - 2m.

Therefore for o € (0,7),

Tt 1 7
' 2l s d0 = 27 -2
teI[I(},l;r) [t 4 cos()<y + 4 cos(f+0)<y =20

where the equality is achieved when ¢ = 2. Therefore
1 o
R; =—x(2r-20)=1-—,
g = 5o X @m=20)=1-2

where the unique Bayes classifier satisfies t] = 5.

For continuous margin-based loss ¢, by (39) we have

1 min ] g )
R, = g i [ Jo(cos(®=0)) db+ [T Lo(sin(0 1)) df

- min [:% 1czﬁ(cos(@)) + Zqﬁ(—cos(@ +0))db.

27 te[0,27]

is the minimizer of g(t) = /7, " L(cos()) + £¢(—cos(9 +0))db, te[0,2r], since < is

2
’ ag
) -o.
9(2)

Since ¢ is continuous, by Leibniz Integral Rule, we have

1(3)= Sefem(e2)) - To(omle5) bl ) To ()
to{on(g)) Tolon(3) oo (D) ()
Solen() Se(e=(2)

37

(40)

Ift* =
2
not at the boundary of [0, 27], we need



Thus if t* = % is the minimizer of R(’; Hyp s WE need ¢ satisfies

o[l -olos(3)

Therefore, if ¢ is Hjin-consistent with respect to £, we need ¢ satisfies (41) for any o € (0, ).

Namely ¢ satisfies

¢(_7—) :¢(T)a TE€ [Oal)
Note in our example, T € [-1, 1], ¢ is continuous. We obtain that if ¢ is Jj;,,-consistent with respect
to £, ¢ must be even function in [-1,1]. Next we claim that if ¢ is even function in [-1,1], ¢ is
not Hin-consistent with respect to £,. Indeed, for the distribution y = 1if # € (0,7) and y = -1 if
6 € (7, 27), we have

1 K 2
R, = 5 i [ " o(cos(0-0))+ [ o(~cos(0-1)) ad

_27Tte[0,27r
1 T
- - min f d(cos(0 —t)) db (42)
T te[0,27] JO
L 0)) do
=~ min [ ocos(®)) 0.

Note that when ¢ is even function in [-1, 1], h(t) = f_:_t o(cos(0)) db satisfies
R'(t) = —=p(—cos(t)) + ¢(cos(t)) =0, te[0,2n].

Thus h(t) is a constant for ¢ € [0,27] and R}, 5. ~can be attained for any classifier ¢ € [0,27].
However, Rz% 3¢,;, can not be attained for any classifier ¢ [0, 27] with respect to this distribution.
Therefore when ¢ is even function in [-1, 1], ¢ is not H;,-consistent with respect to £.,. By the
claim, we conclude that any continuous margin-based loss ¢ is not }j;,,-consistent with respect to £-.

Furthermore, as shown by Awasthi et al. (2020), for a continuous and non-increasing margin-based
loss ¢, when f € Hjyy,, the supremum-based surrogate loss can be expressed as follows:

Gfxy)=  swp ()= of it (v (x+99)) ) = Bly(w ) =7) = b{y(w-x))
x"|x—x"| <y =
where ¢(t) = ¢(t — ) is also a continuous margin-based loss. In view of the results above, we
conclude that the supremum-based surrogate loss ¢ is also not Hj;,-consistent with respect to £,. [

E.7 Proof of Theorem 20, Theorem 21 and Theorem 23

Since the proofs adopt some results of (Steinwart, 2007), we introduce the notation used in (Steinwart,
2007) to make the proofs more clear. In this section, we denote the loss ¢( f,x,y) defined on a
particular hypothesis set H as ¢5¢(f,x, y). For a joint distribution P over X x Y, the corresponding
conditional distribution and marginal distribution are denoted as P(-|x) and Px respectively. In
(Steinwart, 2007), given a distribution P over X x Y, the ¢4¢-risk and the inner {4¢-risk of a classifier
f € 3 for the loss ¢4¢ are denoted by
Rfﬂfﬁp(f) = E wﬂ’f(ﬂxay)L Cf:)f,?’(-\x),x(f) = E [éj{(f,X,y)].
(x,y)~P y~P(|x)

Accordingly, the minimal £s¢-risk and minimal inner {5¢-risk are denoted by Rj, 5 and C Z}c P(x)x

For convenience, we will alternately use the notation of risk and inner risk presented above and in
Section 2 for the proofs. Next, we introduce the minimizability proposed in (Steinwart, 2007).

Definition 31 (minimizability). Given a distribution P over X x Y and a hypothesis set H. We say
that loss Lyc(f,X,y) is P-minimizable if for all € > 0 there exists f. € H such that for all x € X we
have

Cooe,p(p)x(fe) <Coe pipy x + €
The following lemmas are useful in the proofs of Theorem 20 and Theorem 23.

Lemma 32. Given a distribution P over X xY and a hypothesis set H. Let ¢ be a margin-based loss.
Then ¢, is P-minimizable. If there exists f* € 3 c Hapy such that R}, 5 = R, 2(f*), then
all? N

Og¢ is also P-minimizable in the almost surely sense.
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Proof. By Theorem 3.2 of (Steinwart, 2007), since C;g{ Plp)x < for all x € X, ¢g¢,, is
all? ?

all

P-minimizable. Therefore, by Lemma 2.5 of (Steinwart, 2007), we have

Rip 9= fx Chr iy AP ().
Then by the assumption,
[ Conrrnld) dPx () = Ro o () = Ri = [ Co i 2P (0):
Since
Cone () x < Cone () x (F7),
for almost all x € X,
Coseny Py = Cone.(bo) x(f7)-
Thus, for all € > 0, for almost all x € X we have
Cone 20 x(f7) = Chpe | p(p <Coney PChe)x T €S Conep(mx T €
This completes the proof. O

Lemma 33. Given a distribution P over X xY and a hypothesis set H. Let ¢ be a margin-based loss.
Ifforn >0, there exists f* € H c Han such that Ry, »(f*) <R 5+, then ¢g¢ satisfies
all’

[ oo X () <R 5 < [ € iy dPx (0 41

Proof. By Lemma 32, ¢4, is P-minimizable. Then by Lemma 2.5 of (Steinwart, 2007), we have

R;Wau’? - A C;D{au,?le),x dPx (X)

all

Therefore,

Riser < Rone (1) € [ oo a0 PX )41 [ € piiag n 42X () 41
Also,

[X C;:Jf,fP('\X),x dPx (x) < [DC }?gic(b}u?('lx)#(f) dPx (x)

< jof fx Cose. P x(F) dPx(2) =R, 5.

O

Lemma 34. Given a distribution P over X x Y with random variables X and Y and a hypothesis
set H such that Rsz}f =R, (f*) =0, where f* € H achieves the Bayes risk. Then f* correctly

classifies x € X in the almost surely sense and for almost all x € X, any x' € {x':||x" — x| < v} has
same label as x.

Proof. Since Ry =Ry 4 =0, the distribution P is H-realizable. Therefore P(Y" = 1|X = x) =1
or 0. Thus
sup ]l{f(x’)so}v if P(Y = 1|X = X) = 1,

c _ x|y
10020 x(f) sup  y_sieyeoys  iEP(Y =1|X =x) =0,

xi|x-x <y
Since Ry, »(f*) = Re, (f*) = 0, we have Cp p([x)x(f") = 0 for almost all x € X. When
P(Y = 1|X =x) = 1, we obtain
sup  Lypexnycoy =0 = f7(x) > 0forany x" € {x":|x" - x| <~}. (43)
x/ix—x'|| <y
When P(Y = 1|X =x) =0, we obtain
sup  L_pr(xy<oy =0 = f7(x') <0 forany x" e {x": |x' — x| <~}. (44)
x| x—x' <y
Thus f*(x) >0 when P(Y = 1|X =x) =1 and f*(x) <0 when P(Y = 1|X =x) = 0 for almost all
x € X. Therefore f* correctly classify x € X in the almost surely sense. Furthermore, by (43) and
(44), for almost all x € X, any x" € {x: |x’ — x| < v} has same label as x.
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Lemma 35. Given a distribution P over X x Y and a hypothesis set H such that RZ/J{ =0. Let ¢
be a margin-based loss and ¢(f,x,y) = SUDxr:|x—xt| <y QWS (X)). If d3c is P-minimizable in the
almost surely sense, then éj—f is also P-minimizable in the almost surely sense.

Proof. As shown by Awasthi et al. (2020), ¢ has the equivalent form

S =o( it wr6).

x| x—x'|

Since Ry =Ry g¢ =0, the distribution P is H{-realizable. Therefore P(Y=1X=x)=1or0.
Thus

. [, Y =1lX =x) =1,

a2 p <L) = {as(—f(x)), iFP(Y = 11X =) =0,

Note ¢(f,x,+1) = (b(infxr:Hx,xr”SW f(x’)) = ¢(f(myx)), where w.lo.g. we assume that f is
continuous and my , € {x':|x - x'| <} is the point such that miny.|x_x/<y f(x) = f(msx).
Similarly ¢(f,x,-1) = ¢ (— SUDxr:|x—x'| <y f(x’)) = ¢(-f(Myx)), where w.l.o.g. we assume that
[ is continuous and M € {x': |x — x'|| <} is the point such that max,.|x—x|<y [(X") = f (M x).
Then for 913_%, we have

c- (f) = o(f(myx)), ifP(Y =1X =x)=1,
Pac PR o(-f(Myx)), ifP(Y =1]X =x)) =0,

Since ¢q¢ is P-minimizable in the almost surely sense, by the definition for all € > 0, there exists an
f* € H such that for almost all x € X we have

Conep (o x (f7) < Chp p(x + €
When P(Y = 1|X =x) =1, we obtain
Casem((f) = U (mpe x)) = Cope pim pu dem o o (F7) <CouepChm pu m o FE€SCEL pipy i+ E
where we used the fact that m -  satisfies P(Y = 1|X = my+ x) = 1 by Lemma 34 and ¢ is
non-increasing. Similarly, when P(Y = 1|X =x) = 0, we obtain
Case ot (f) = 0= (Mpe x)) = Coge oM )M pu o (F7) < Cope (M )My FESCEL piy xHE
where we used the fact that My« , satisfies P(Y = 1|X = M+ x) = 0 by Lemma 34 and ¢ is

non-increasing. Above all, for all € > 0, there exists an f* € HH such that for almost all x € X we have

C(EJCv?('lx)vx(f ) < C<Z>5{7T(~|x)7x re

We modify Theorem 2.8 of (Steinwart, 2007), whose proof is very similar.

Theorem 36. Given a distribution P over X xY and a hypothesis set H. Let £1: H x X xY — [0, +o0],
l2: 3 x X x Y [0, +o0] be two loss functions such that R}, 5 = [ C;, () x APx (X) < +00 and

Iy Cl, pepox APx (X) <R, »< [x Clypepx 4Px (x) +n < +oo for ) > 0. Furthermore, assume

that there exist a function b € L1(Px ) and measurable functions §(e,-) : X - (0,+00), € > 0, such
that

Co, 2(x) x () CLppy x + 0(X)
and
Coo 2 (1x)x () <Cp, pipxyx +9(6,X) == Co, (1) x(f) <CiL p(myx T €

forallx e X, e >0 and f € H. Then, for all € > 0 there exists 6 > 0 such that for all f € H we have
R, p(f)+n< REQ,? +0 = Ry »(f) <Ry, p+e
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Proof. Define Cl,x(f) = Ch,ﬂ’(-\x),x(f) _6217?(.|x)1x and C2,x(f) = Cég,ﬂ’(~\x),x(f) - 02279(.‘,{)7,{ for
x € X, f € H. For a fixed € > 0, define h(x) = §(¢,x), x € X. Then for all x € X and f € H such that
C1x(f) > €, we have Ca x(f) > h(x). Therefore,

Ry 2(f) = Riyp + 12 Reyp(f) - /XC;Q,?HX),X dPx (x)

:fXCQ,x(f) d?X(x)szLx(f)Zéh(x) 4P x (%),

for all f € H. Furthermore, since h(x) > 0 for all x € X, the measure v: = bP x is absolutely continu-
ous with respect to p: = hPx, and thus there exists § > 0 such that ¥(A) < ¢ for all measurable A ¢ X
with y(A) < 8. Therefore, for f € 3 with Ry, »(f) - R}, » +n <6 and A:= {x € X,C1 x(f) > €},
we obtain

Resp(D-Rio= [, Cox())dPx(x)+ [,

< /Ab(x) dPx (x) + € < 2e.

F)<e Cl,x(f) dﬂ)X(X)

1,x

O

Theorem 20. Let P be a distribution over X x Y and H a hypothesis set for which RLJ_C =0. Let ¢
be a margin-based loss. If form > 0, there exists f* € H c Hay such that Rs(f*) < Ry ¢, +N < +00
and ¢ is H-calibrated with respect to {.,, then for all € > 0 there exists 6 > 0 such that for all f ¢ K,

R¢(f)+77<72;,%+§ = R, (f) <R;77H+e.

. . s .
Proof. Since Ry =Ry 4 =0, we obtain

0 < ftxcf»yf}h?("x),x d:PX (X) < RZ’Y}(»T = 0.

By Lemma 33, ¢4 satisfies

L C;}(,T(~|x),x dTX(X) < R;}u? < A C;J(,T('IX),X d:PX (X) + n < +00.
Since for all x € X and f € K, CZWH,T('IX),x(f) < 1, we obtain

Copye () x(F) SCL () x + 10

Also, since ¢ is J(-calibrated with respect to £, for all x € X, ¢ > 0 and f € J{, there exists 6 > 0 such
that

Cose 21,2 (f) <Chp iy + 0 = Coy o) x(F) <CL () x T €
Therefore by Theorem 36, for all € > 0 there exists > 0 such that for all f € H we have
Rpsep(f)+n<Ry, p+0 = Ry, 2(f)< RLH,? +e. (45)
Using the notation in Section 2, we can rewrite (45) as
Re(f)+n<Ryqac+d = Re, (f) < szﬁ +€.
O

Theorem 21. Let P be a distribution over X x Y. Assume that there exists g* € Hyy, such that
Re, (g%) = sz,ﬂau' Let ¢ be a margin-based loss. If for n > 0, there exists f* € Hyy ¢ Hay such
that Ry (f*) <R}, ¢, +1 < +o0 and ¢ is Hun-calibrated with respect to L., then for all € > 0 there
exists > 0 such that for all f € Hy;, we have

Ro(f)+n< R;J{lm +0 = Ry (f) < sz,}c“n +e€.
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Proof. As shown by Bao et al. (2020a), the adversarial 0/1 loss £, = 1 ¢(x)< is a margin-based loss
when f € Hy;,. By Lemma 33, E‘Y.‘Hun and ¢g¢,,,, satisfy

fx Co,.  2epox dPx(x) =Ry

7 Hlin 7 Hin?

fX Coney (b0 WPx (X) SRy, o < fx Coney P APx (%) + 17 < +oo.
Since for all x € X and f € Hyin, Cp, P(x),x(f) <1, we obtain
“lin

P

Coype, 20 x(F) <Co it 1

Also, since ¢ is Hyj,-calibrated with respect to £.,, for all z € X, e > 0 and f € Jy;p, there exists 6 > 0
such that

Coney ?(h0a () <Cou pipyxt0 == Copy o0 x(F) <Cr,  pipxte
Therefore by Theorem 36, for all € > 0 there exists § > 0 such that for all f € H);,, we have
Rose ? () 0 <Ry p+0 = Rey o(f)<Ri, p+e (46)
Using the notation in Section 2, we can rewrite (46) as
Ro(f)+n< ’R;%m +0 = Ry, (f) < 'Rz%}c“n + €.
O

Theorem 23. Given a distribution P over X xY and a hypothesis set H such that RL 9¢=0. Let ¢ be
a non-increasing margin-based loss. If there exists [* € H c Hay such that Ro(f*) = R ¢, < +00

and qg(f, X, Y) = SUDyry|x—xr| <y P(Yf (X)) is H-calibrated with respect to L., then for all € > 0 there
exists > 0 such that for all f € H we have

Rq;(f) < R;’H +0 = 'Rgﬁr(f) < RL,U-{ + €.

Proof. By Lemma 32 and Lemma 35, b3¢ is P-minimizable in the almost surely sense. Then for any
n € N, there exists an f;; € J{ such that for almost all x € X we have

* * 1
CJ):H,?HX)”‘(JC”) < cd;:lfafPHx)ax * n’

Therefore

* * * 1
R fx%x,mwx),x(fn) dPx (x) < /;CC~:H7T(-\X)7X dPx(x)+
. 1 . 1
< inf fxcq;%,y(,lx),x(f) APx(x) + — SRS 4.
By taking n — +o00, we obtain

Ry = xcw,?(-\xxx dPx(x).

in ? =R} 4= in
Since Ry 5 =Ry 4¢ =0, we obta

0< fxczvy,ﬂ’(-\x),x dPx(x) < RZWH,CP =0.
Since for all z € X and f € H, CZ'Y}(’?('\X),X(f) <1, we obtain
Co, (o (F) <Cf

YH?

P(x)x T L

Also, since Q; is J(-calibrated with respect to £, for all z € X, e > 0 and f € J{, there exists 6 > 0 such
that

Core (b (F) <Co pipmyn t0 = Copy (b x(F) <Ci, pipx * €
Therefore by Theorem 36 (1 = 0 here), for all € > 0 there exists § > 0 such that for all f € H we have
Rd;mfp(f)<73;§%?+6 & ng’ga(f)<72§m_?+e. 47
Using the notation in Section 2, we can rewrite (47) as
R;(f) < RZX,}( +0 = Re, (f) <Ry g te
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