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Abstract

The authors recently introduced the technique of sparsé mefimement to produce the first near-
optimal sequential time bounds @{nlgL/s + m) for inputs in any fixed dimension with piecewise-
linear constraining (PLC) features. This paper extendswoak to the parallel case, refining the same
inputs in timeO(lg(L/s)lgm) on an EREW PRAM while maintaining the work bound; in pragtic
this means we expect linear speedup for any practical numibprocessors. This is faster than the
best previously known parallel Delaunay mesh refinemendralgns in two dimensions. It is the first
technique with work bounds equal to the sequential caseighehdimension, it is the first provably fast
parallel technique for any kind of quality mesh refinemenbvwALC inputs. Furthermore, the algorithm’s
implementation is straightforward enough that it is likedybe extremely fast in practice.
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1 Introduction

The meshing problem is very old, going at least back to th€’$95 the early days of the finite element
method [30]. The goal is to decompose the input domain updimple pieces. These simple pieces are
then used to represent functions over the domain such agtatape or velocity. By requiring that the mesh
resolve features we can allow the represented function tdisgmontinuous at these features thus giving
better interpolation for the same number of pieces. By ugimgd shaped pieces we ensure interpolation
error guarantees. Finally by minimizing the number of psese minimize the time and spaces to represent
these functions for the same quality of interpolation error

More formally, the meshing problem takes as input a domairtaining a collection of features and
returns a triangulation of the domain. The features aretpoetges, and, in higher dimensions, polygonal
faces; this is termed a Piecewise Linear Complex [21]. Thesdour fundamental properties we would like
of the meshing algorithm. One, the mesh showddform to the input: all the vertices, edges, and faces
should appear as a union of simplices in the mesh. Two, atetinehedra should haywood quality. Three,
the number of tetrahedra should not be much more than in amalpriangulation that is conforming and
good quality: our algorithm should computeanstant-approximation to the optimal mesh size. Finally
the algorithm should berork efficient and fast.

The 2D meshing problem as we have stated was first posed by Bgpstein, and Gilbert[2] who pro-
posed a quadtree algorithm. Ruppert[25] gave#nt) time constant size approximation algorithm for the
meshing problem using Delaunay refinement. Mitchell anda8®j22] extended the quadtree algorithm to
3D and proved that the Bern, Eppstein, and Gilbert algorittes in fact also a constant size approxima-
tion algorithm. All of the above work required that there lwesmall angles formed between an two input
features. The traditional assumption, which we too requér¢hat all angles are at least®90n 2D, one
can obtain constant approximation algorithms for inputl@esngf as small as roughly 2(019]. Without the
simplified input assumption in 3D, design and analysis ofeztical algorithm are still very open.

The second issue has to do with the how we define the qualibedetrahedra that are output. The most
commonly desired shape quality guarantee for a tetrahedrarbound on thaspect ratia the volume
ratio of the circumscribing sphere to the largest inscribpldere. Theadius-edge ratio of a simplex the
radius of the circumscribing sphere and the length of itstesbedge. For DelaunAjpronoi algorithms,
generating tetrahedra with good radius-edge is the mostaiathape condition for simple algorithms. In
two dimensions, these criteria are equivalent, but in 3D lagtler, the corner case of slivers arises. Our
algorithm generates good radius-edge meshes, in Sectiom diseuss an extension that performs sliver
elimination for obtaining good aspect ratio.

Given the simplified input assumption and using boundedusaddge to define shape quality, we can
now state oumain results. We introduce a new parallel algorithm for refining a meshrig fixed dimen-
sion. For all reasonable inputs, it is asymptotically woptimal. The parallel time is also close to the best
possible. In 3D in particular, it generates a mesh with attra@snstant factor more vertices than an optimal
good aspect ratio mesh. For meshing in four or more dimesasimnstill generate a mesh with bounded
radius-edge whose tetrahedron size is bounded below bpdthéfeature size of the input.

Our parallel algorithm is based on our sequential algoriBparse Voronoi Refinemen{SVR) [12].

In that work we presented an algorithm running in outputsgam timeO(nlog(L/s) + m), with constants
depending only on the dimension and prescribed elemenesiagity bounds. Herk is the size of the do-
main being meshed argis the smallest input feature. Thus, for most meshing inpupsactice (including
integer coordinates) this matches the optimal time bour@(ofog n + m).

The SVR sequential algorithm at a very high level alternattsveen two types of moves “break” and
“clean”. As designed, only one break move happens duringakphase, while during a clean phase only
one clean move may happen at a time. The first problem thisr gajokesses is to show that many break
and clean moves can be performed simultaneously. The be&8yarse Voronoi Refinement is that this is



true and fairly easily shown. This is due to the fact that wéntain a good radius-edge mesh throughout
the life of the algorithm. Note that quadtree based algor#tmaintain a balanced tree and thus have been
parallelized in a similar fashion [3].

The second issue is dealing with input features and showgthis part of the code can also be paral-
lelized. This part of the analysis is the main contributi&V.R in parallel generates a mesh of each feature.
These parallel meshing procedures interact by reportitig: bspheres that contain and protect mesh el-
ements. Lower-dimensional meshers report to higher dimmeasmeshers about balls that must remain
empty or nearly empty. Conversely, a higher dimensionalheewill report to a lower dimensional mesher
the balls into which they would like to add a point. The higt#nensional mesh may stall while the lower
dimensional mesher refines its mesh. To ensufiecgnt amount of parallelism we show that the mesh will
only stall a constant amount of time before it can proceed that a stficient amount of work can be done
in parallel in any round.

It is interesting to point out that study into parallelizi8y R has forced us to look much more closely at
the sequential algorithm, making it simpler by removing eressary dependencies. We feel there are still
many unnecessary dependencies. We also feel that it sheuldvw possible to develop a provably work
efficient distributed memory parallel algorithm.

2 Related Work

Finding parallel unstructured meshing algorithms has lae®search topic since the early 1990’s [26] and is
still an important research topic today [6]. The work getigfalls into one of two types, strong theoretical
results for point sets, or engineered solutions to handiergd input without good guarantees. In the realm
of parallel algorithms that only handle point sets, mosttoe methods are fairly easily parallelize for
point input, but higher dimensional features have provdficdit to handle ficiently [11, 29]. In [28],

an O(log m) parallel time bound witfO(mlogm) work is shown for simple implementations of Delaunay
Refinement on point sets in parallel.

A variety of parallel algorithms have been engineeered talleinput feature constraints, but with few
or no theoretical guarantees on output size. [7, 8, 24, 2B5W, The state of the art for parallel meshing
features is the algorithm of Spielman et al. in [27]. Theyspra a very parallel 3D meshing algorithm that
handles 1D features with@(log?(L/s) polylog(n)) time bound, but their algorithm is not worlgeient.

3 Sequential Sparse Refinement

We will first give an abstract overview of the sequential SMgodathm. SVR maintains a mesh for every
input feature (See Figure 1). It also maintains a mesh foetttee mesh domain — we refer to this mesh as
thed-mesh because it is in dimensidnAt the end, the algorithm returns the firthinesh as its output.

The meshes do not necessarily coincide at any time midsfraach so the algorithm maintains the
geometric correspondance between meshesfigrdnt dimension: a Voronoi cell in a mesh in dimension
has a pointer to every intersecting Voronoi cell in any iséeting mesh of dimension< i.

Finally, the algorithm maintains a work set of Voronoi nodese inserted. Each item is tagged with
a type, the dimension, a handle into the appropriate meshthengeometric point desiring to be inserted.
There are three types:

CLEAN items represent poorly shaped Voronoi cells that must bedéd by refinement.

ENCROACHED items represent ballgl{spheres) that contain and protect Voronoi cells whoserutd&in has
been ordered by some higher-dimensional mesh desiringenaéint in the region.

Finally, unresoLvep items are balls corresponding to the incongruences betisear-dimensional meshes
and thed-mesh. These must be made to appear irdtheesh by some refinement.
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Figure 1:Left: SVR works with a mesh of each feature at each dimension. We thav3D spatial mesh, a
2D mesh for each constraint surface, a 1D mesh for each ofltiesef those surfaces, and zero-dimensional
meshes for the corners. The meshes are naturally nestecnbgircoent of features. All the meshes are
geometrically embedded togetherTi¥, but their topology does not necessarily coincide midstreso
SVR utilizes careful communication between mesHemght: We show that lower-dimensional work only
blocks spatially local work in the higher-dimensional meshso that any geometric areas of the mesh can
work in parallel (circled areas). This ability to fully exjil spatial parallelism even in the presence of
features is a key component of Parallel SVR.

The work set is ordered witlLean moves first, in increasing order of dimension; tlhetroacHED Moves
in increasing dimension; then theresoLvep moves. The intuition for the ordering is as follows: cleanin
first ensures that all the meshes maintaiffisiently good quality for basic operations to remain work
efficient. Encroachment then enforces that low-dimensionabn cells keep pace and do not remain
oversize, ensuring that spatial locality is the same in @flethsions. Then as a default we work toward
conformity, so that all the input features appear in the fongput mesh.

For further details on this sequential algorithm, see [I2le rest of this paper will work to expose as
much parallelism as is possible in the work set.

4 Algorithm

To parallelize the sequential algorithm, we first discuserg generic algorithmic framework for processing
the workset quite independent of the meshing problem at;htaedlgorithm is somewhat standard. Then,
we will show how to instantiate the unspecified parts of thgd@thm for our geometric computation.

The analysis of our algorithm will be under a PRAM model: weéas many processors as we can use,
all of them have uniform cost to access a shared memory pookhere is a global clock. Most operations
can be done with each memory cell being accessed exclusiyedye processor per clock tick (the EREW
model). Some require a CRCW model, where all processors aacuaently access memory. A standard
result is that any reasonable shared-memory machinepiptiocessors can simulate a PRAM with at most
O(lg p) overhead.



ProcessWorRk SET(S: a work set)
1. return if Sis empty
2: S’ « 0 {set of items to defér
3: G « ConrLicTs(S)
{Defer Items Blocked by Lower Dimensional Wa¢rk
for each work itemw € Brocks(S) in paralleldo
remove Bocks(w) from C
add Bocks(w) to S’
end for
{Process all the Unblocked Work Iteins
8: Colour the conflict grapls usingk € O(A) colours.
9: LetG; be the set of work items of colour
10: P « 0 {the set of processed iteins
11: for i = 1tok do
12:  for each work itenw € G; in paralleldo

N o a A

13: if we Gthen

14: remove Mvor(w) from G

15: addwto P

16: processw similarly as the sequential algorithm
17: end if

18: end for

19: end for

{New Work Set is the Deferred Events and the New Events
20: return S’ U NEewWork(P)

Figure 2: The generic algorithm. Given a workset, we compluteconflict graph, defering blocked items
until the next round. Then we colour the graph, which givea safe ordering for the work items. Finally,

we iterate over each colour and perform the work. Items the¢ fbeen made moot by a work item in a prior
iteration of the loop are simply ignored.

4.1 Generic algorithm

As input to the function, we assume we are given aSsef items to process. We will also assume the
existence of four oracles, and one black-box function. &lofeéhe oracles tell us about thredfdrent graphs
over the items on the workset. The black box takes an itencggs®s it, and returns a set of additional items
to work on. Finally, the fourth oracle updates the work seegithe set of work items we processed. An
instantiation of the algorithm is simply an implementatifrthe oracles and of the processing step.

The three graphs-oracles are:

e Brocks: A directed edge — b means untib occurs,b cannot proceed.

e ConricT: An edge &, b) means thah andb cannot be processed simultaneously, though they can be

processed in either order.

e Moor: A directed edgea — b means that ik occurs,b will be moot. Unless the reverse edge exists,

it is legal to performb thena. However, it is not legal to perforra thenb.

The BLocks graph must be acyclic. The ddr graph need not be — in fact, it is common to have two
items make each other moot. We assume thaii\s a (directed) subgraph ofoSrLict: if a mootsb, thena
andb cannot both be processed simultaneously. Finally, thehgraqust all have bounded degiree O(1).

Since we have not yet defined the oracles, we cannot boundcitsti However, we can discuss the
overhead of parallel processing.



e ComputingG is linear work and constant depth. This is direct fromwficts and B.ocks being
constant-degree graphs.

e Colouring the graph i©(lg|S|) parallel depth andD(|S|) work. We can also trade depth and work
using an algorithm of Goldberg, Plotkin, and Shannon [16Y getO(Ig* |S|) depth forO(|S|Ig* |S|)
work.

e The main loop sees each work item at most once, @ggswork per item looking upvto see whether
it has become moot, and if not, do@§l) more work removing frons the items thatv makes moot.
The remaining time is simply to iterate over the colours:

One iteration of RocessWorkSkeT is called around Every round, every item on the workset is either
processed, mooted, or blocked. Blocked items will reappeat round unless they were mooted, alongside
new items generated by the processed items.

What we've just shown is that the depth of each round is esdlgnO(Ig |S|) per round, due to the
colouring, and the optima@(|S|) work. What is left is discover the number of rounds.

4.2 Processing

The items on the workset are tuples listing: (1) a feakr€2) a pointp to attempt to insert; (3) a bal(r)
corresponding to a Voronoi node; (4) a céjh. (v) associated with the item; (5) the reason, defined below,
that this item is on the workset.

Processing a work item means that we ingdrito Mg using a variant of the drcelnserr call described
in the sequential algorithm to update the mesh and the @unelence between meshes. The conflict and
mooting rules will be written so that this is safe to do in flafa

Forcelnsert has three phases: the first updates the mesh, the seconésipiatmapping to lower-
dimensional cells, the third updates the mapping to higlmensional cells. We shall show that the mesh
is of constant degree, and that this implies that the firstthind steps are constant time. Therefore, we can
do those two steps sequentially. The second step, howsvmsunded only byd(n), so we must parallelize
that step. Thankfully, we can do it in the trivial fashiorkitay O(1) depth and linear work on a CRCW.

4.3 Populating the work set

Given a celVy(v) in some mesiM that corresponds to a feature we can determine whether that cell and
feature define a work item, using the rules that follow. Aftencessing, then, we can examine every cell
created by Brcelnsert and see if it matches any or several of the rules. The negessgquencing of rules
is written at the end of this section.

Rule 1 (clean move)lf Ry (v)/rm(V) > 7 then the work item inserts a poifdry (v) with reasonskinny,
wherefary (v) is the farthest Voronoi node from v.

Rule 2 (break move on a Steiner)If v has containment dimension d, ang ) includes a pointer to at
least one uninserted point p, then the work item tries torirtbe point p with reasOWNRESOLVED-STEINER.

Rule 3 (break move on an input) If v has containment dimensiorcid, and \{;(v) includes a pointer to at
least one uninserted point p, and+Q, then the work item inserfary (v) with reasonNUNRESOLVED-INPUT.

Definition 4.1 A cell (V) is partially resolved if v and at least one of its neighbours in M both appear in
the d-mesh.



Rule 4 (weak encroachment move)f Vy(v) intersects two lower-dimensional cellgMu;) and My, (U2),
both of which are partially resolved, and F and &re distinct (the features do not meet at any point), then we
consider defining a set of work items. For each Voronoi n@de,) of Vi (u1), check whether it intersects
any Voronoi nodgb, ry) of Vi, (u2). If so, add the two work item@-, &, ra, Vi (U1), WEAKLY-ENCROACHED)

and symmetricallyF’, b, rp, Vm,., (U2), WEAKLY-ENCROACHED).

The weak-encroachment move is not in the original sequectide; however, we will see that it is
required for achieving the full parallelism allowed by th@lplem. This was first noted by Spielman, Teng,
andUngor [27].

Having defined these rules, we will modify them in the follagiway:

Rule 5 (warping rule) Consider a work item w= (F, p, (C,r), Vmc (V). If w has not already warped, then
for every uninserted input vertex u that intersects the Bédl r), check whethepul < (1-e€)r. If so, modify
w: Replace p with u.

We sayp warpsto u when this happens. The goal is to ensure that no Steiner iganer inserted too
near an input vertex, which would break our sizing guarantdesimilar rule ensures that no Steiner point
is ever inserted too near a higher-dimensional input featur

Rule 6 (yielding rule) Consider a work item w= (F, p, (c,r), Vi, (v)), with dim(F) = i. For every cell
Vu-(u) on a feature F in dimension k i, check: if p does not encroach oi,\(u), do nothing. Otherwise,
if either p= c (thatis, pis a Steiner point) or if there is some other paiet Mg that encroaches onyy- (u),
create the work itendF~, g, (], rq), V- (U), ENCROACHED).

We check the clean, break, and weak-encroachment rules$ a#llalafected during Brcelnsert. Hav-
ing done so, we check the warping rule once. Then we checkidiging rule. Finally, we check the
warping rule again (to warp the new items created by the iyig)d

Each of the first few rules are very cheap to check: the clearerisoa simple division operation. The
break move requires noting, in the the parallel redistiloustep of fercelnsert, whether the cell has any
uninserted points inside. The weak-encroachment rulesresgchecking any feature being redistributed
for whether it has become partially resolved. Because ditguguarantees and theLemma (Lemmas 5.1
and 5.3), there are oni@(1) partially-resolved features in any cell, so we can chatlpairs in constant
time.

The warping and yielding rules need to check a potentiallgdanumber of lower-dimensional cells.
However, each of those items is only checked by a constanbeunf cells, all of which were processed.
Therefore, we can parallelize the checks in constant daptHimear work on a CRCW machine. Although
these rules need to check a large number of cells, they carspaivnO(1) new work items.

4.4 Conflict graph

The goal of the conflict graph is to ensure that two work iters be processed simultaneously without
special processing. Here, we show how in a sparse mesh weetiae d sparse conflict graph whereby we
can stage insertions into the mesh in parallel without mucoklification to standard sequential codes for
incrementally updating a mesh.

With each cell, we associatepaotected zon¢hat describes the area where a point being inserted can
possibly modify the cell's geometry (and topology). If twosk items both modify a cell concurrently, this
might require some special coding. Thus, we will putoarLict edge between any two such work items.
More formally:



Definition 4.2 Given a mesh vertex v, tipeotected zone of v is the union of all empty balls that have v on
their surface.

Clearly, then, adding a new vertexinto the mesh only féects the celV(v) if uis inside the protected
zone ofv. Furthermore, it is important to note that the conflicts watita maintain will not change during
the processing of a round: any conflict not present beforecalour has been processed will never become
a conflict. The protected zone was defined in an continuous kit is easy to choose a discrete set of
open balls that cover the protected zone: namely, the urfitredelaunay balls around the vertex:

Fact 4.3 With each Voronoi node p of a cellywv), associate the ball @, |vp). The intersection of the
protected zone of v with the mesh domain M is equal to the wfial those balls.

Finally, we define the conflict graph. We put an edge betweeniark itemsa andb if their respective
protective zones intersect, aads on a subfeature or the same featurb.as

Lemma 4.4 The conflict graph has degreg(D.

Proof A radius-edge quality Delaunay triangulation has congténf20]: that is, any point intersects
only a constant number of Delaunay circumballs. The preteebne of a vertex is precisely the union
of the circumballs of all Delaunay simplices incidentwnTherefore, any work item only encroaches on
a constant number of cells in any mesh. A conflict edge goagdast two work items that both encroach
upon the same cell. Clearly, there can only be a constant euailsuch. =

The results in this section showed that (a) the conflict grfdws parallel processing of work items
with minimal changes to standard codes; (b) the conflictlyiagheap to compute; (¢) the conflict graph
matches the requirements of the generic algorithm.

4.5 Brocks graph

In the previously-published sequential code, the algoritkery rigidly ordered the moves on its work set.
Any move anywhere in space was blocked by any lower-dimeasiclean move anywhere in space. Any
break move was blocked by any clean move anywhere, in anyngiore

While we could #ord to do this in our parallel code, we can achieve rather rparallelism by loosen-
ing the blocking graph. We will generalize the proofs of teggential code, and show that we can achieve
the same algorithmic properties with the following bloakigraph:

o A break or weak encroachment move blocks on any clean movewtiich it has a conflict edge.

e Any move blocks on a lower-dimensional yield move with whichas a conflict edge.

Since this blocking graph is a subset of the conflict graph,dtear that it takes onl{(1) time to check
any node for any blocks it may have.

4.6 Mooting graph

We put a mooting edge fromto any other mové if a andb are working on the same feature, and the point
a inserts is inside the ball of the Voronoi nodelof The intuition is that the movb identified a Voronoi
node it wanted to eliminate for some reason. The Voronoi radenow been eliminated, thbss moot.

We also put a mooting edge from a work iteno a break mové if the point inserted by will change
the cell ofb. The intuition is that a break move indicates that a cell gsltwge; we break to whittle it down
slowly to the local feature size. As long as some point maslifie cell, we have whittled at it and need to
check if any further whittling is in order.



5 Runtime Analysis

In this section, we present the runtime analysis of Par8N&R. First, we will state some useful structural
lemmas from the sequential algorithm analysis [12].

We can sketch the proof as follows: The algorithm quickly esbkrogress. Any event stays on the
work set for onlyO(1) rounds, even if blocked by clean moves or lower-dimemaiavork. Once this is
established, we need only show that every event enters thesgbwithinO(log L/s) rounds.

First we show that withirD(log L/s) rounds, the mesh conforms to the input features. This pralbf
rely on packing results from the sequential algorithm tloatrial the spatial propagation of mesh events, thus
removing the possibility of long chains of discovery. One #igorithm has conformed to the feature size, it
only remains to improve the quality of the mesh before ouitpgt

As the algorithm draws toward completion, we show that @d{lpg L/s) more rounds of cleaning are
necessary. As in the second part, this will be due to a bourtieapatial propagation of cleaning moves,
again eliminating the possibility of long chains of discorve

5.1 Structural Lemmas

We use a few key facts repeatedly through our proofs. Theditelat every mesh always has good quality,
even at intermediate stages of the algorithm.

Lemma 5.1 ([13, Theorem 8.5])At all times during the algorithm, every mesh has quatitg O(r).

The most important corollary of this, that we use repeatéuligughout the runtime proofs is the fol-
lowing: because of the quality guarantees, we cannot pack than a constant number of vertices around
a point before the feature size of the mesh is forced to fall.

Lemma 5.2 (Packing Lemma: [13, Lemma 6.7])Given a point p in a mesh M, the algorithm can only fit
O(1) more points around p untidfsy (p) € o(cfspm(p)).

Finally, except at initialization, there is a corresponoeim the size between all sub-meshes: essentially,
if the algorithm performs any actions in a lower-dimensianash, it is because that mesh locally has about
the same scale as the top-dimensional mesh.

Lemma 5.3 @-Lemma: [13, Lemma 7.5]) Suppose p is considered for insertion into a mesh M. At that
time, we know thatfsy,, (p) < a cfsu(p)

5.2 Fast progress

Recall that an item is always either processed, mooted,oakétl every round. We want to make sure that
an item is not blocked for too long — in fact, we will requirattit be blocked onlyO(1) rounds.

Lemma 5.4 If two work items a and b conflict, then the Voronoi cells thefirte the protected zones of each
have (@) € O(r(b)).

Proof If the two items are of the same dimension, then by the quabtydition they have the same
size. Otherwise, we can instead invoke dhproof for the same result. =

Lemma 5.5 Given a work item a blocking on items in a lower-dimensionasimF, at most (1) insertions
can be performed in F before a is no longer blocked by F.



Proof By the prior lemma, we know that all items fthat are blockinga have about the same size as
a. By the Packing Lemma, then, we can only ing@¢1) points intoF such that the work items that insert
them will blocka. =

Theorem 5.6 An event on the work set blockgXprounds before it is either processed or mooted.

Proof Any moveb that blocksa has about the same sizeasnd the two moves must be geometrically
near each other. By induction on the type and dimensiop, @fe can assume thétis processed within
O(2) rounds. Therefore, if we are to bloekfor many rounds, we nedalto name a successbf. However,
we cannot do this more thad(1) times by the Packing Lemma: if we tried, that would viel#ie condition
thatb’ has the same size and is neafThe induction bottoms out at clean moves in dimension 1 apd t
out at break moves in dimensiainso for constandl, the longest chain of blocks @&(1). If b is mooted, that
only speeds up the time at which it is removed from the work sei

5.3 The mesh conforms irO(IgL/s)

In this section we show that the mesh will conform to the irgiming withinO(lg L/s) rounds. The general
idea is that every round, everywhere that the mesh is toe lemgthe local feature size, we will insert a
point nearby. The packing proof guarantees that aftertinge®(1) points near an input point or protective
ball, the mesh size locally has shrunk in scale by half. Gthramthe initial scale i©(L) and the final scale
is Q(s), we can only perform this halving at mastlg L/s) times in the finest part of the mesh.

Lemma 5.7 If a point p does not appear in the d-mesh M, then with{f)@unds some point g will appear
in the new d-mesh Msuch thatpq < cfsy(p) and NNy (q) € Q(cfsm(p)).

Proof If pis notin the mesh, then there is a break move associatedpudththe work queue. From
Theorem 5.6, we know that the break move will either occureordmoved from the queue (1) rounds.
If it occurs, thenq is the point inserted by the break move. If it does not ochentsomey was inserted
that modified the cell that contains obviating the break move. =

Lemma 5.8 If a lower-dimensional cell M-(v) does not conform to the local feature size — that is, it has
rv-(v) € w(lifsv), then within 1) rounds some point g will appear in the new d-mesh Buch that
Ivg < cfsy(v), and NNy (q) € Q(cfsp(Vv)).

Proof If the cell is resolved (it and its neighbours M~ all appear in thel-mesh), then if it does not
conform to Ifs, it must weakly encroach another feature sWill trigger the weak-encroachment rule and
a point will be inserted nearby soon. If instead the cell isresolved, then it or one of its neighbourshitt
will trigger one of the two break rules, and a point will beéngd nearby soon. =

Theorem 5.9 After ((Ig L/s) rounds, theParaLLeLRerINE algorithm has produced a mesh of quality e
O(7) that conforms to local feature size.

Proof By the Packing Lemma, aft€&(1) applications of either Lemma 5.7 or Lemma 5.8, everywher
the mesh size was larger than Ifs, the mesh size will fall by fiaere areO(Ig L/s) length scales. =



5.4 The meshis cleaned i®(IlgL/s)

The Theorem of the previous section showed that we achiecedfarmal mesh of some constant quality.
What's left is to show that the cleanup work afterwards tak@yg anotherO(lg L/s) rounds, at which point
we will have produced the quality the user asked for. Thigltessts on two facts: first, that clean moves are
always geometrically larger (in a sense) than the move tieaited the skinny cell being cleaned. Second,
that if we split a cell due to a clean move, the split move ismath smaller than the clean move. Given
that clean moves only spawn geometrically larger movesananove can only hav@(lg L/s) generations

of descendents.

Lemma 5.10 (Clean moves grow)Consider a mesh vertex v whose cg}i(V) is skinny, and whose nearest
neighbour u was inserted into a prior version’ lf the mesh. The outradius of v is larger than the radius
of the work item w that inserted u:\Rv) > Zr(w).

Proof We know thatRy (V) > 71y (V) sinceVu (V) is skinny. Furthermore,u(v) = [uM/2. Clearly,vis
a neighbour ofi, sojuM > NNy (v). The work itemw that inserteds was considering inserting some point
p. It may have warped ta, up to a distance of (% €)r(w). ThusNNy (u) > er(w). =

Lemma 5.11 Consider arencroacHep Work item b. The work item was spawned by some higher-dioveadsi
work item a. Then(b) > 29-2r(a).

This is a standard result which comes directly out of the isyggaroof of SVR [13, proof of Lemma 7.4].
Thus, so long ase > 2932, a clean move will only spawn moves — “children” oé — of size larger than
the predecessor af What is left to show is that all the descendents afe larger than the children. This is,
in fact, false in general: until the mesh is conformal, sideshrink. However, we know from Theorem 5.9
that we need only wai®(lg L/s) rounds before reaching strong conformality. Afterwagalgield move will
never itself yield to another feature: it will only spawnafemoves, which we know grow.

Theorem 5.12 Given a strongly conformal mesh of quality the ParaLLELREFINE algorithm takes Qg L/s)
rounds before reaching quality.

6 Parallel Sliver Removal

So far, we have shown how to produce a good aspect ratio Vomoegh. This dualizes to a good radius-edge
Delaunay mesh. In 3D, bounded radius-edge meshes areabisutr some applications due to the presence
of slivers— tetrahedra with good radius-edge ratio but poor aspeict rahere have been several papers
written on sliver-free meshing, or sliver exudation, i.ediying a mesh to remove slivers [5, 9, 17, 18, 16].
Inthe Liand Teng paper [18] they give an algorithm that itssat most a constant fraction more points in
order to eliminate all slivers. In this section, we overviesw to parallelize the sliver elimination algorithm
of Li and Teng as an extension of Parallel SVR. As input, tldgorithm takes a conforming, bounded
radius-edge mesh such as the one outputaeyiPELREFINE. Iteratively, they remove a slivar by inserting
a pointp into the circumball ofT. Adding this new point may introduce a new sliver witlas a vertex,
may introduce a new bad radius-edge cell, or may encroachpootective ball. They made the following
powerful observation:

Theorem 6.1 ([18, Theorem 4.1])Given a bounded radius-edge mesh then there is a point intabdyi
defined picking region near the circumcenter, whose inseigenerates no small slivers.

Thus, by carefully selecting points from the picking regwea can ensure that destroying slivers only gen-
erates geometrically larger slivers, guaranteeing sefifhination.
We can now populate the work set as kR R.LELRerFINE With one new rule:
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Rule 7 (sliver) If a Delaunay tetrahedron is skinny, then the work item ttaeimsert a point p in the picking
region that does not generate a smaller sliver.

This rule presents obvious modification to the blocks grapmfsubsection 4.5. A sliver move simply
is blocked by any conflicting non-sliver move.

The run time follows by methods analogous to Lemma 5.10. Waustill get at mos©O(log L/ s) rounds.
Hence, we can remove slivers in only a constant increase ik ammd time over just generating a bounded
radius-edge mesh.

7 Conclusions

A standard assumption is that the spréad of the input is polynomial in the input size. Under such an
assumption, the bounds we've proven are that we can actiievgptimal work bound od(nlg n + m), and
our algorithm is only a logarithmic factdd(Ilg m) oft-optimal in depth (the lower bound is from sorting).
Theoretically, we could achiev@(lg(n) Ilg*(m)) time but at the cost of &(Ig* m) factor in work.

A more practically-minded way to look at these results isayp that our algorithm can accomodate up
to aboutO(m/ Ig2 m) processors. But if we are running the algorithm in paratiest likely that is because
m is very large (millions or billions), and it is unphysical &tually construct this many processors in a
shared-memory machine.

Instead, we can view the results as predicting near-linpaedup as we add processors for as many
processors as we know how to build. Furthermore, the datetates and analysis techniques are of obvious
interest in analyzing several related problems: the thsteid-memory case [6], out-of-core and streaming
computation [14], and dynamic mesh refinement [1].

Furthermore, this algorithm should be easy to fit in a disteld-memory framework like that of Chernikov
etal.[6, 24]. Their initial work partitioned the meshing domatrass a large number of distributed-memory
nodes, then meshed each part of the domain sequentiallychmede, and stitched the results together. Each
node, however, will have four or eight processing cores.irlhere recent work has started to examine how
to exploit this fine-grained parallelism but noted that thiesults paid a large penalty compared to the cur-
rent best sequential code (namely, Shewchiikiangle). We can hope that our results here will fill in this
gap, especially in three dimensions.
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