Fundamentals of Algorithms Fall 2010 HW 2
  DUE: September 13, 2010, 10 am
All of these problems are to be solved by INDUCTION.
F(n) is the nth Fibonacci number

1. 3 + 7 + 11 + … + (4n -1) = 2n^2 + n, n>=1
Base Case: n =1

3 = 2(1)^2 + 1 = 3

Inductive Step: n = k

IH: 3 + 7 + 11 + … + (4k -1) = 2k^2 + k

TS: 3 + 7 + 11 + … + (4k -1) + (4(k+1) -1) = 2(k+1)^2 + k +1

=> TS: 3 + 7 + 11 + … + (4k -1) + (4k+3) = 2k^2 + 5k + 3

Adding (4k+3) to both sides of the IH:

3 + 7 + 11 + … + (4k -1) + (4k+3) = 2k^2 + k + (4k+3) = 2k^2 + 5k + 3 
QED

2. (1)(F(2)) + (2) (F(4)) + (3)(F(6)) + … + (n)F(2n) = (n)F(2n+1) – F(2n), n>=1
Base Case: n =1

(1)(F(2) = (1)F(3) – F(2)
(1)(1) = (1)(2) – (1)

1 =1

Inductive Step: n = k

IH: (1)(F(2)) + (2)(F(4)) + (3)(F(6)) + … + (k)F(2k) = (k)F(2k+1) – F(2k)
TS: (1)(F(2)) + (2)(F(4)) + … + (k)F(2k) + (k+1)F(2k+2)  = (k+1)F(2k+3) – F(2k+2)
Adding (k+1)F(2k+2)   to both sides of the IH:

(1)(F(2)) + (2)(F(4)) + … + (k+1)F(2k+2)  =  (k)F(2k+1) – F(2k) + (k+1)F(2k+2)

According to the definition of the Fibonacci sequence

 F(2k) + F(2k+1) = F(2k+2)
Hence by rearranging

– F(2k) = F(2k+1) - F(2k+2)
Substituting F(2k+1) - F(2k+2) for –F(2k) we get

(k)F(2k+1) – F(2k) + (k+1)F(2k+2) 
= (k)F(2k+1) + F(2k+1) - F(2k+2)+ (k+1)F(2k+2)

= (k+1)F(2k+1) + (k+1)F(2k+2) – F(2k+2)

= (k+1)(F(2k+1) + F(2k+2))  - F(2k+2)

= (k+1)F(2k+3) – F(2k+2)

QED

3. F(n+1)F(n-1) – F(n)^2 = (-1)^n, n>=1
Base Case: n =1

(F(2))(F(0) - F(1)^2 = (1)(0) – (1)^2 = 0 -1 = (-1)^1

(
Inductive Step: n = k

IH: F(k+1)F(k-1) – F(k)^2 = (-1)^k
TS: F(k+2)F(k) – F(k+1)^2 = (-1)^(k+1)
Taking the TS:

F(k+2)F(k) – F(k+1)^2
We use the fact that

F(k+2) = F(k) + F(k+1)

And 

F(k+1) = F(k-1) + F(k)

Substituting

F(k+2)F(k) – F(k+1)^2 = (F(k) + F(k+1))(F(k))  - (F(k-1) + F(k))(F(k+1)
= F(k)F(k) + F(k+1)F(k) – F(k-1)F(k+1) – F(k)F(k+1)

= F(k)F(k) – F(k-1)F(k+1)

= -(F(k-1)F(k+1) – F(k)F(k))

But now we can use the IH that F(k+1)F(k-1) – F(k)^2 = (-1)^k

So -(F(k-1)F(k+1) – F(k)F(k)) = -(-1)^k = (-1)(-1)^k = (-1)^(k+1)

QED
4. f(n) = 3*f(n-1) -15, f(1) = 8. Prove that f(n) = (3^(n-1) + 15)/2 (Kevon Ticer)
BC:
n = 1


f(1) =(30 + 15)/2


       =(1 + 15)/2


       =16/2 = 8 (
IS:
n = k 

IH:
f(k) = (3(k-1) + 15)/2
TS:
f(k+1) = (3(k) + 15)/2
Using TS:


f(k+1) = 3*f(k+1-1)-15)


           = 3 * f(k) – 15


           = (3(3k-1 + 15)/2) – 15


           = (3k + 45 – 30)/2


           = (3k + 15)/2 (
5. f(n) = f(n-1) + n – 1, f(1) = 3. Prove that f(n) = 3 + (n-1)(n)/2 (Kevon Ticer)
BC:
n = 1


f(1) = 3 + (1 – 1)(1)/2


       = 3 + 0/2


       = 3 (
IS:
n = k

IH:
f(k) = 3 + ((k-1)(k))/2
TS:
f(k+1) = 3 + ((k+1-1)(k+1))/2
= 3 + (k(k+1))/2

= 3 + (k2 + k)/2
Using TS:


f(k+1) = f(k+1-1) + k+1–1


= f(k) + k



= 3 + ((k-1)(k)/2) + k



= 3 + ((k-1)(k) + 2k)/2



= 3 + (k2 – k + 2k)/2



= 3 + (k2 + k)/2 (
6. f(n) = f(n-1) + 2, f(1) = 1. Prove that f(n) = 2n – 1 (Kevon Ticer)
BC:
n = 1


f(1) = 2(1) – 1 = 1
IS:
n = k
IH: 
f(k) = 2k – 1
TS:
f(k+1) = 2(k+1) – 1



= 2k+2 – 1



=2k+1 (
Using TS:

f(k+1) = f(k+1-1) + 2


= f(k) + 2


= 2k – 1 + 2



= 2k + 1 (
