Quantum Computation (CMU 18-859BB, Fall 2015)

Lecture 17: Discriminating Two Quantum States
November 5, 2015
Lecturer: Ryan O’Donnell Scribe: Zilin Jiang

1 Recap and more

1.1 Mixed state

Recall that a mized state {p;,|1;)}, where |1;) € C¢, is represented by density matriz p =
S pi [Ui) (1] € C¥?. Conversely, a density matrix p, by definition,

1. is positive semidefinite (PSD), and so it has orthonormal eigenvectors |v) ..., |va)

with nonnegative eigenvalues Ay, ..., Ag;
2. and it satisfies tr (p) =1, and so Ay +--- + Ay = 1.

Therefore p represents mixed state {\;, |v;)}.
We shall use repeatedly use the following properties of traces in this lecture.

Fact 1.1. Here are some basic properties of the trace operator.
1. tr (A) =), Aii = > \i, where \;’s are the eigenvalues of A;
Corollary 1.2. The following properties follow immediately from the second fact above.

L tr ([9) (9]) = tr ((9[¢)) = (9l¥);

2. the trace operator is invariant under orthonormal transformation: given unitary matrix

U, we have
tr (UMU') = tr (U'UM) = tr (M)

1.2 General measurement

A general measurement is defined by matrices M, ..., M,, such that . M;MZ- = [. If this
general measurement is carried out on a mixed state represented by p, in the last lecture we
have shown that we will see outcome “j” with probability

pji=tr (MJTMjp> = tr (MijD (1)
and the state collapses a mixed stated represented by
M;pM]
— (2)
Dj
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If we measure a mixed state represented by p in orthonormal basis |v1),...,|vg), or
equivalently we carry out a measurement described by M; = |v;) (v;], then, from (1) and (2),
we see outcome “j” with probability

pj = (vl plvg) = tr (lvy) {vy| p) (3)

and the state collapses to the mixed state represented by

5 oy (w51 p [0} (o3 (4)

J

Let E; = M] M; in the definition of general measurement. We know that {E;} is a set of
PSD matrices such that >, E; = I. Suppose that we are only given E;. From (1), we will
still be able to determine the probability of outcome “j”: p; = tr (E;p). This makes this set
{E;} intersting.

Definition 1.3. A positive-operator valued measure (POVM) is a set of PSD matrices
Ey,....,E, such that By + Ey +---+ E,, = 1.

Specifying F;’s gives probability distribution of the outcome, but implementation of such
a measurement still needs M;. Moreover, from (2), we can see that POVM does not tell
what the state collapses to.

Though we have generalized the definitions of quantum state and measurement, we
haven’t actually added anything new at all. On one hand, one can still reason about mixed
states through conditional probability. On the other hand, density matrices are not new due
to Naimark’s (Neumark’s) theorem. The theorem will appear as a homework problem.

Theorem 1.4. A general measurement described by My, ..., M,, is equivalent to a quan-
tum circuit with m-dimensional ancilla and a unitary gate U followed by a partial (simple)
measurement on the ancilla bits.

My,..., My, p o

m-dim |0) %l

J

-

So the point of the generalization should really be thought as a new mathematical way
to describe quantum states and measurements nicely.

2 Discriminating two pure states

Given a pure d-dimensional state |1)) known to be either |¢);) or |¢)2). You must guess which
state |¢) really is. There are two kinds of errors: the probability p; we guess wrong when
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it’s [¢1) and the probability p, we guess wrong when it’s [¢)5). The goal is to find a strategy
to minimize max (py, pa).

Assume with out loss of generality the angle between |¢) and [is), say 6, is between 0
and /2. Otherwise, we replace [11) by — [¢1).

Theorem 2.1. The best strategy is to do the projective measurement with {|vy) , |va)}, where
|v1) , |ve) are in the span of |11) and |s) such that (vi|ve) = 0, they are symmetric with
respect to the angle bisector of |11) and |¢), and |v;) is closer to |i;) for i = 1,2. On

2

outcome “|v;)”, we guess [1h;).

|¢2) |th1)

|v1)

|va)

Remark 2.2. The strategy makes sense as measurements in the space perpendicular to [i);)
and [¢) does not reveal information. Moreover, the best strategy should be symmetric with
respect to |¢1) and |i)g).

The probability of success using the best strategy is

2 _ oo PNEY (7Sl W SR S A W S O
|{(¢1]v1)|” = cos” (£(1h1,v1)) = cos ( 5 > =3 + 2COS<2 9) =3 + 2sm¢9.

The best probability distribution of success is plotted below.

Pbest
1
1
2
— 0
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The optimality of the strategy follows from Theorem 3.4 in the next subsection. Over
there, we actually prove the average error probability (p; + p2)/2 > % - %Sin@ and so
max (p1,p2) > % - %sinH.



2.1 Unambiguous discrimination

Now you can guess which state i) or say “don’t know”, but you may never be wrong. One
simple strategy is to do the projective measurement with {|¢1), [#){)}. If the outcome is
|11), we say “don’t know”, otherwise we are sure that it’s [¢5). This strategy gives
1 if it is
Pr [“don’t known”] = o 1)
cos?0 ifitis [¢).

A slightly cleverer strategy is to do, with probability 1/2, the projective measurement
with {]¢1), [¢{)} and do, with probability 1/2, the projective measurement with {[¢») , [¢3) }.
Overall, the probability of “don’t know” is % + %00826 and the probability of success is
11

3= 3 cos? ) = %sin2 0. Its probability distribution is plotted below.

p

N =

(@)
wlN

Apparently, we can do better in the case when 6 = 7/2. In fact, we are able to decide
deterministically |¢)) in this case. This suggests that the slightly cleverer strategy might not
be the best strategy.

The strategy above can be thought as a mixture of a projection onto |;-) for i = 1,2.
Set IT; = I — |¢;) (14| for i = 1,2. You might want to try the general measurement described
by M; = 1I; or POVM with E; = MJMZ- = II;. This is not OK since F; + F> may not equal
to[. If By + Ey X I', then Ey = I — E; — E, is PSD and {Ey, E, E»} is a POVM. However,
in general 7 + F5 < I might not be the case.

Here is the way to fix this idea. Say maximum eigenvalue of ITy +115 is ¢. So II; +1I; < cl.
We will let E1 = Hl/C,EQ = HQ/C,EO =1 - E1 - E2 t 0.

Claim 2.3. The maximum eigenvalue, ¢, of II; 4+ Iy, is 1 4 cos6.
Proof. Here’s the proof?2. We have that ¢ is the maximum, over all unit |v), of
(o] () +11y) |v) = (v| I |[v) + (v| Iy [v) = sin® #; + sin® O,

where 6; is the angle |v) makes with [¢;), and we used the most basic geometry. It’s clear
that this is maximized when |v) is in the same 2-dimensional plane as [i1) , [1)2). So we're
now maximizing

1
sin? @, +sin®f, = 1 — 5(005(26’1) + cos(263))

If X —Y is PSD, we write X = Y.
2The proof below is based on a Piazza post by Ryan O’Donnell.
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subject to 0 + 6, = 6, where I used the double-angle formula cos(2a) = 1 — 2sin® . Using
cos() + cos(8) = 2cos (232) cos (252), we have that

%(005(201) + c0s(263)) = cos (01 + 02) cos (6 — O2) = cos b cos(by — b) > — cosb.

Hence ¢ < 1+ cosé and equality occurs when 6; = 0/2 — 7/2 and 6, = 0/2 4 /2. O

Fact 2.4. The best strategy to unambiguously discriminate |11) and |1s) is to carry out the
POVM {Ey, E1, Ey}. We guess |¢) if the outcome is 1, we guess |t1) if the outcome is 2,
and we say “don’t know” if the outcome s 0.

For a proof of the optimality of the strategy, see [Per88, Iva87, Die88|. Here we only
compute the best success probability. Say the state is |1)2). Then density matrix is p =
|19) (2] We compute the probability of each outcome:

Pr [outcome 1] = tr (E;p)
= oo (2
= b (T — ) () 92} (0]
= 2 tr () (ol — o) (o ) {0
= 7 (tr (o) (8al) — () (] ) ()
~ ({wal) ~ 1l )
1

= —(1 —cos?6)

1 — cos b,
Pr [outcome 2| = tr (Eyp)

=tr <% |1h2) <¢2|)
—0;

Pr [outcome 0] = cos 6.

The probability of success is plotted below (in red) in comparison with the previous
strategy (in blue).

In general, if we want to unambiguously discriminate > 2 pure states, it is not clear how
to find expression of the best probability is closed form. Using semidefinite programming in
general gives good bounds on the best probability.
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3 Discriminating two mixed states

Given a mixed state p known to be either p; or ps. You must guess which state p really
is. Assume it’s p; with probability 1/2 and p, with probability 1/2. Our goal is to come up
with a strategy to minimize the error probability.

Suppose p; represents ensemble {p;, |wi)}?:1, where p;’s are the eigenvalues of p; and

|1;)’s are the eigenvectors. Similarly, ps represents ensemble {g;, |¢i>}f:1.

3.1 Easy case

An easy case is when [i;) = |¢;) for all i € [d]. Now p; and py are simultaneously diago-
nalizable. Without loss of generality, we can assume that |¢;) = |¢;) = |i) for all i € [d]
and
b1 @1
p1= and  py =
Pa 4d

The optimal strategy is to measure in the standard basis and the problem of discriminating
p1 and py reduces to a purely classical problem. Now we know that if the state is p;, then
with probability p; you see |i), and if the state is py, then with probability ¢; you see [i).
For example, suppose d = 3 and the p;’s and ¢;’s are displayed in the histogram below. If
you see “|1)”, you should guess p; if you see “|2)”, you should guess po; and if you see “|3)”,
you should guess p;.
Let A= {i:p;, > q;}. It is optimal to guess p; if and only if the outcome is in A.

Definition 3.1. The statistical distance / total variation of probability distributions (py, .. ., pa)
and (qi, ..., qq) is defined by drv({p:},{¢}) = %ZZ |pi — qil
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Now we compute the success probability:
1 , 1 ,
Pr [success| = §Pr[z €Al p=p] +§Pr[z ¢ Al p=po
1 1
=3 sz' + 5 Z qi
i€A i¢A

1

-3 Z max (pi, ¢;)

1 pita | |pi—qil
_22( > T 2

1

=3 + %dTV({pi} Aaih)-

3.2 General case

In order to state the result in the general case, we first define the p-norm of a matrix:

Definition 3.2. Suppose matrix A is Hermitian. The p-norm of A is ||A||, := (3, |\:P)VP,
where \;’s are the eigenvalues of A. The oo-norm of A is [|A]| := max;(\;)

In the easy case, the success probability can be rewritten as 2 + (% [|p1 — pal|).

Remark 3.3. 1 [|p1 — p.l|; is called the trace distance between p; and p,. There are different
notations for % llpr — p2ll;, such as D, 6, T, diy, drv.

Now we drop the assumption that p; and p, are simultaneously diagonalizable, and
consider the general case. We have the following result (see [Hol73, Hel69)).

Theorem 3.4 (Holevo-Helstrom). In general, the best success probability to discriminate
two mized states represented by p1 and ps is given by % + %(% llpr — p2lly)-



To prove the theorem, we need the Holder’s inequality for matrices.

Lemma 3.5. Given two Hermitian matrices A, B. We have that

1 1

Proof of Theorem 3.4 assuming Lemma 3.5. Say we have any POVM {F;, F»} such that
E1, Ey are PSD and E; + E; = I. Our strategy is to guess p; when the outcome is “7”. The
success probability can be expressed as

1 1 1 1 1 1
5“ (E101)+§ tr (Eap) = 1 (B + E2)(p1 + '02))+Z tr ((E1 + E)(p1 + p2)) =: §T1+§T2,

the first equality of which uses the linearity of the trace operator. On one hand, because
By + Ey =T and tr(p;) =1, Ty = Str(py1+p2) = 3tr(p1) + 3tr(p2) = 1. On the other
hand, by Lemma 3.5, we have

1 1
I = 5t ((By = Bz)(p1 = p2)) < S Ev = Bl llor = pell, -
Since 0 < By, Ey <1, ||Ey — Ey||, < landso Ty + T, < 2 %le — p2||; gives an upper
bound of the best success probability. This bound is achievable. Suppose A = p; — py has
some eigenvalues Ay, ..., A\, > 0 and pq, ..., < 0. Let P be the eigenspace associated to
A, ..o, A and @ be the eigenspace associated to pq, ..., f,. Let Ey be the projection into

P and let E5 be the projection into ). Note that E;A has eigenvalues Ay, ..., A\, and EyA
has eigenvalues ju, . . ., finy. We check that T5 < $ [|Al|; can achieve equality.

1 1 1
Ty = St ((Fy = E)A) = 1 (B8) = g (Ba) = 5 30N = 5 3= 5 AL

Proof of Lemma 3.5. Since A, B are Hermitian, we can write

d d
A= sz‘ |ui) (ui| , B = Z%‘ |vs) (vl
i=1 Jj=1

where both {|u;)} and {|v;)} are orthonormal bases. Now we rewrite the left hand side of



the inequality in terms of p;, ¢;, u;, v; and then apply the (usual) Holder’s inequality:

tr (AB) = tr <;pi ) (il > g [03) <“f‘>
= ;pi(b tr (Jui) <ui|1jj> (v;)
= ipi%' [Cuilog) |
— Zj (pi |<ui!vj>!2/p) (%’ !<ui!vj>!2/p>

1/p
< (pr |<uz|v])|2) (Z q} |<uz|vj>|2> (the Holder’s inequality)
J 1/;]
- (prz |<ui\vj>\2> (Z 0> |<ui|vj>|2)
1/p 1/q
— (Z pf) (Z qj‘:’) (the Pythagorean Theorem)

= [lAll, 1Bl -
O

Finally, Theorem 2.1 is a corollary to Theorem 3.4. Consider the case when p; = [¢;) (¢;]
for i = 1,2 and (¢1|the) = (Wa]th1) = cosf. The best (average) success probability is
2+ 2]lp1 — pall,- Observe that p1 — po = |¢h1) (1| — |12) (¥o] has (d — 2) zero eigenvalues in
the subspace perpendicular to both |¢1) and |1¢). The other two eigenvalues are associated
to eigenvectors of the form |¢)) = ¢y |¢1) + o [tha). If |t) = ¢4 [t1) + ca |1h9) is an eigenvector,
then

(p1=p2) [) = ([t01) (P1|=[ha) (Yal)(cr [th1) +ca [tha)) = (c1—c2 co80) [1h1)+(c1 cos O —ca) [1)a) -

So the associated eigenvalue A satisfies Ac; = ¢; — ¢o cos @ and Aco = ¢y cos — cp. In other
words, the homogeneous system of linear equations

(A—=1)cy + (cosB)ca =0, (—cos@)cy + (A+1)cg = 0.

has a non-trivial solution, and so

)\—1 COSH _\2 20 V2 2
det(—cos& )\+1)—)\ 1+cos“ 0=\ sin“ 0 = 0.

Therefore, the only two nonzero eigenvalues are 4 sin #, hence the best success probability
is 3+ 1llpr—p2ly =3+ 3(sinf +sinf) = 1 + L sin6.
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