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1 Short Summary

Today we will cover the Fourier transform over Z. Fourier transformation can be viewed
as a change of basis transformation. Functions expressed in this basis can make certain
patterns in a function more evident. In quantum computing, we frequently perform a Fourier
transform. Given its ability to reveal some pattern in the function, it’s in some sense at the
heart of various quantum algorithms and we will specifically see its role in Deutsch-Josza
algorithm [DJ92], Grover’s algorithm [Gro96] and Simon’s Problem [Sim94].

2 Fourier Transform over Zj

We will show that a Fourier Transform essentially

e [s a change of basis

e Makes it easy to find certain patterns in the function

e In quantum computing parlance it can be computed using H®".
Consider a set of functions {d,()}yeq0,13» with the property that

5y(x)—{1 ifr=y

0 else

This set of functions constitute a basis for any function g(x) : {0,1}" — C (for example
g(x) = (=1)7@ where f : {0,1}" + {0,1}), in the sense that we can expand any g(x) as
follows

g@) = > g(y)s,(x) (1)

ye{0,1}"

quite generally the coefficients of §,(x) are called expansion coefficients, in the case at hand
they take the value g(y) (the actual value of the function at y). The representation of the
function g(x) in equation (1) is called the standard representation.



We may represent the function g(z) as a column vector with 2" rows, such that the (i, 1)™"
entry ¢ € {0,1}" is g(i) i.e.
g(0")
g(0" 1)

S
Il

L og(1")
In this representation d, is the column vector with 0’s everywhere except the y' position
where we have a 1.

By expressing a function in the standard basis we may not be able to observe certain
patterns as efficiently as we would like. For e.g. in the Deutsch-Josza problem, classical
algorithms sample the function in the standard basis and we need 7 + 1 samplings before

we can decide whether the function is balanced or all-zero.

2.1 Fourier/Parity basis
2.1.1 Definitions
Let 0, X € F3 then

0. X = ZaiXi (2)
=P x (3)

where @ is additional mod 2. Equation (3) allows us to interpret ¢.X as the parity of the
bits in X where o; = 1 i.e. the parity of a subset of the entries in X. We may also consider
the £ version of the parity function.

S e 2
= I -=»* (5)
= Xo(X) (6)

Where the final equality introduced the x,(X) function which is called the Fourier charac-
teristic.

Example 2.1. 0 = 0" =0 then 0.X = 0.X = 0 which gives
Xo(X) = (=1)7* = (-1)" =1
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We define the Fourier basis as {xo}sers whose elements may be represented as column

vectors
Xo (On)
Xo(0"711)

Xo =

Xo(l”)

2.1.2 Properties

In order to show {X,}scry is a basis we show

(i) xo are orthogonal

(ii) xo are 2" in number

The second condition follows from the definition of our set of functions. The first can be
restated as follows

0 ifo#y
> () - {Qn 7
Xe{0,1}n o=
alternatively
1 0 ifo#xy
5 Y XX = {1 7 @
Xe{0,1}» o=

We can also write the lhs in equation (7) as Ex[x.(X)x,(X)] where X € uniform {0, 1}".
Finally the condition (i) can be restated as follows.

0 ifo#y
1 ifo=vy

(8)

X €uniform {0,1}"

Ex Xo (X)X (X)] = {

Before we show equation (8) we compute Ex [Xo (X)),
X €uniform {0,1}"

(i) Case 1: Assume o # 0 then

Ex  [X)]=_ Ex [(=1)7] (9)
X €uniform {0,1}" X €uniform {0,1}"

Xeuniforﬁ {0,1}"[i;111( ) ] ( )
-1 Ee (1N =
=1 X €uniform {0,1}"

1.0

= I 50t +17 (12)

o;=1



The first and second equality follow from the definition, the third follows from the fact
the all X;’s are from a i.i.d source, the fourth come from taking the expectation over
uniform random X; € {0, 1}, the final one from basic algebra.

(ii) Case 2: o = 0 then it is easy to see

Ex

X euniform {0,1}"

hence

We now compute

Ex

X €uniform {0,1}"

[Xo(X)] = Ex —-1)%%] = Ex
X euniform {0,1}" X €uniform {0,1}"
1 ite=0
Ex  [xo(X)]=
X uniform {0,1}» 0 else

Ex [Xo (X)X~ (X)] which is given by
X €uniform {0,1}"

Yo(Xx,(X)]= E —1)X 1)
[ ( ) ’Y< )] Xeuniforﬁ {0,1}”[i:1?£1( ) izgl( ) ]
_  E 1)
Xeuniforfr(l{o,l}” i:crlll;y[i=1( ) ]
X €uniform {0,1}"
)1 ifody=0
)0 else

(-1 =1

(14)

(15)
(16)

(17)

(18)

Here & refers to the entrywise XOR. The first equality follows from definition, the second
can be obtained by a direct calculation or by studying simple examples like 0 = 0101. ..

and v = 0011...

and observing the pattern, the final equality follows from equation (14).

o @~y = 0 implies o = 7 this gives the desired result of equation (8). Consequently we have
verified conditions (i) and (i7)

2.2 Change of Basis view

We can represent any function ¢g(X) : {0,1}" + C in the Fourier basis i.e. we may write

where

Claim 2.2.

9(X) =" §(1)xy(X)

yEF2

9lo) = Ex  xo(X)g(X)]

X euniform {0,1}m

4

(19)



Proof.

Ex[xo9(X)] = Ex[D_ d(7)xo(X)x,(X)] (21)

= GNEx[xe(X)xy(X)] (22)

=9(0) (23)

where the final equality follows from equation (8). O

Let us see a few examples
Example 2.3. What is §(0)?
9(0) = Ex[xo(X)g(z)] = Ex[L.g(z)] = Ex[g(x)] (24)

Example 2.4. Let g(X) = (=1)/X) where f(X) = 0.X, then what is the Fourier represen-
tation of g(X).

9(X) = (=1)"* (25)
= 1xo(X) + > 0.x,(X) (26)
v#o
which gives
v )L ify=o
i) = {O " 1)

If f(X) = 0.X with probability 1 — € where € is a small positive number then

iM=_ Ex X)) x1-e
X euniform {0,1}m

2.3 Implementation with Hadamard

In quantum circuits the Fourier transform of a set of qubits is implemented by a Hadamard
transformation on the set. Specifically

Claim 2.5. For |¢) = \/LN Yo 9(X)|X) where N = 2"

HE ) =Y () ) (28)



Proof.

HE" ) = —= > g(X)H™"|X) (29)

1
VN 5
What is the coefficient of |v) = |y172...7,) in equation (29)? We may write

00 =1, 0O =11
V2 V2

0) +[1)
/2

H®™011...) = ( ) ® ( ) ® ( ).

The coefficient of [000...0) is -, the coefficient of [010...0) is (71)0:1;0'”, the coefficient
0+1+40 2 / 2 /
of [110...0) is (_1)2n/2 —. In general the coefficient of |7172 ... Yn) 18 accumulated as follows,

for each v; = 0 we get (—1)°, for each v; = 1 we get a (—1)%¢, the general coefficient of
|7172 - - - ) is a product of the accumulated coefficients which can be written as

1 _ v

T o2 <_1)®1%=1Xl (30)
1

= W(—l)%x (31)

continuing the calculation from equation (29) we may write

HE™ ) = \2v§jg }jxf_ 1% |y) (32)

X

=Y L X ) (3)

v X

= Z [9(X)xA] |7) (34)

XEunlform {0,1}»

zzgv 7) (35)

It is worth noting that H.H =T and hence H®"H®" = 1,,. An immediate consequence
of this is for [¢) = \ﬁ Y x 9(X) |X) we my write

) = HE"HO™ |y) (36)
w>HWW5#; (37)
H®”Zg )

The final equality implies that we can invert the Fourier transform by simply acting H®".

(38)
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2.4 Use in Quantum Algorithms

2.4.1 Deutsch-Josza algorithm

In this problem we are given a function f :{0,1}" + {0, 1} with the promise that
1. Either f is always 0
2. Or f is balanced (0 and 1 with equal probability)

The goal is to find which of the two is true. The Deutsch-Josza algorithm proceeds by
applying the following circuit.

|
DS B BB BB

Where Hy = H®" where N = 2", the Ojf is the + version of the oracle for the function
f. After the measurement, if we get |0)" we say condition (1) is true, else we say condition
(2) is true.

One way to see why this procedure is essentially extracting information about the pattern
in the function f as revealed by the Fourier transform is as follows. Set

then the above circuit produces the Fourier transform of g(X), observe

3 \X>i¢—1ﬁ () x)

Xe{0,1}n Xe{0,1}n

:\/LN 3 (X)) 1X) % S50 1)

Xe{o,1}n

0)°" =

Sl-



hence the output is the Fourier transform of the function g(X). We notice that

9(0) = Ex[g(X)] = Ex[(—1)/]
{1 if condition 1 is true

0 if condition 2 is true

Hence the probability of the outcome |0)*™ which is |§(0)|? essentially tells us which of the
conditions 1 or 2 is true.
2.4.2 Grover’s Algorithm

One key component of the Grover’s algorithm is the diffusion operator (D) whose action on
a state |¢) = \/LN > 9(X)|X) is given by

D) = %N S (20— g(X)|X) (39)

where p = Ex[g(X)]. The circuit that does the job is easy to see once we do the Fourier
analysis,

9(X) =D a()xy(X) (40)
= 3(0)x0(X) + > §(7)x4(X) (41)
7#0
= _Ex{ } [9(X)]x0(X) + D 9(M)x4(X) (42)
€uniform {0,1}" ~£0
(43)
We can define a function ¢'(X) such that
I = B (0he(X) - 3 it () (44
€uniform {0,1}" 40
= ixo(X) — (9(X) — pxo(X)) (45)
= 2ux0(X) — g(X) (46)

We wish to replace g(X) with ¢’(X). Which can be done by taking an input and going to the
Fourier basis, then putting a — sign in front of all states that are not 0 and then returning
from the Fourier basis. If we define

Tl = { z) ifz=0 )

—|x) else



The the circuit that does the job can be written as follows.

/

\

2.4.3 Simon’s Problem

Simon’s Problem is the precursor to the period finding algorithm which is a precursor to
Shor’s factorization. It utilizes quantum Fourier transform in a non-trivial way. The problem
can be described as follows

e Given: f:{0,1}"+— {0,1}"
e Promise:

(i) fis2to 1
(ii) f(X) = f(X®s) for some s € {0,1}" and s # 0

e Goal: Find s

From last lecture, we note that classically this would take O(v/N) queries and the quantum
version takes O(log N') queries. We now proceed to explain the quantum circuit that does the
job. Consider the circuit given below, n+m wires come in (only 3 are shown schematically),

(10—
0)" |0—— Hy Hy
\ ‘O>_

o B G

0" 9 10)

o B B




Here Oy is the oracle that acts such that

sOr|x) ly) = |2) ly @ f(x))

The state in the circuit changes as follows

0)" Joy™ 1, %N S ) o) 2 ¢_1N S 1) [£(2) (48)

Once we perform the measurement on the lower m qubits we get some value y. The condi-
tional quantum state of the first n qubits is

1
Zlo) + 1z @) (49)

where y = f(x). Then by applying the final Hadamard gates we get

[¥), =

1 ~v.x . (z®s
Hy 4}, = ﬁ(%{%f‘” WHVE%}H( 199 ) (50)
1
= v + (=1 |y) (51)
76{20:1}"
2(=1)7* ify.s=0
; { ify.s=1 (52)

%ﬁ\

= =) (53)
} =

7€{0,1}"y.s=

The final measurement gives a uniformly random ~; such that v;.s = 0. By doing a large
enough number of runs of the circuit i.e. by getting many different 7;’s we may recover s.
But how many ~;’s do we need? n — 1 linearly independent ones, here’s why.

After n — 1 runs we’ll get +;’s which satisfy

V1.8 = 0

s=0
Y2 (54)
Vn-8 =0

We make two claims

(i) If the 7;’s are linearly independent, then this system of linear equations fully determines
s

(ii) With constant probability, running the Simon circuit will output n — 1 linearly inde-
pendent v;’s
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The above two claims imply, that we have a constant probability of success, which as we
have seen, is good enough.

We prove claim (i) by noticing that each linearly independent 7; cuts down the number
of possibilities for s by half. So after n — 1 equations, there are 2"~!/2" = 2 possibilities for
s, one of whom is 0 which is ruled out assuming that s is non-trivial, hence s is given by the
other possibility.

To show (i), let’s first consider the subspace of F}

st = {v|v.s =0}

This subspace has dimension n — 1 since it is defined by a single linear equality, and thus
the subspace contains 2"~! distinct vectors.

The easiest way to prove (ii) is to show that =, is linearly independent from ~; with high
probability, then showing that 3 is linearly independent from +,7, with high probability,
and so forth. So, let’s suppose that ~vi,...7; are linearly independent. Then what’s the
probability that 7, is linearly independent from them? i.e.:

Pr[vyi, ... Yksare linearly independent] = 1 — Pr[y;is in the span ofyy, ... k]
2k
- gn—1

The last line follows because there are 2"~! possibilities in s* for 7,1, and 2¥ of them are
in the span of 7y, ...,7. Now, the probability that ~;,...,7,_1 are all linearly independent
is what we get when we multiply the quantities we just got here for k = 0,...,n — 2 (the
k = 0 case gives the probability that - is not 0), i.e.

(-5 (-5) (- D0-)-T10-5) o

e

To analyze this product, we note that (1 —a)(1 —b) > (1 — (a + b)) when a,b € [0,1].
Applying this inequality to every term but the (1 — 1) term, we get

n—1
H<1_%)Z(1_<2”1‘1+2”1‘2”'2_12>>'%Zi (56)

1=

Thus, Simon’s algorithm succeeds with probability at least }1, and this probability can be
improved via repetition.
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