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Programs ←→ Proofs

typed lambda-calculus ♥ natural deduction

The End

Some unresolved plot threads?. . .

“Internal”: bureaucracy related to ∨-elim, etc.
“External”: missing features of real-world languages

• Effects and evaluation order (values, eval ctxs, etc.)

• Operationally-sensitive typing phenomena
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The Visible Plumbing Problem

As types become more precise, detailed properties of the
operational semantics become visible in the type system.

Polymorphism: value restriction in ML

∩-types: value restriction
(A→ B) ∩ (A→ C) ≤ A→ (B ∩ C) unsafe!

∪-types: “tridirectional typechecking”
(A→ C) ∩ (B → C) ≤ (A ∪B)→ C unsafe in CBN!
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As types become more precise, detailed properties of the
operational semantics become visible in the type system.

Polymorphism: value restriction in ML

∩-types: value restriction
(A→ B) ∩ (A→ C) ≤ A→ (B ∩ C) unsafe!

∪-types: “tridirectional typechecking”
(A→ C) ∩ (B → C) ≤ (A ∪B)→ C unsafe in CBN!

Can we plug these leaks?
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1. Distinction between positive and negative types (polarity)
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Positive types

An introduction rule gives, so to say, a definition of the
constant in question. (Gentzen)
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An introduction rule gives, so to say, a definition of the
constant in question. (Gentzen)

Define connectives via linear right-rules + axioms:

· 
 1
∆1 
 A ∆2 
 B
∆1,∆2 
 A⊗B

(no rule for 0)
∆ 
 A

∆ 
 A⊕B
∆ 
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∆ 
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¬A 
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Positive types

An introduction rule gives, so to say, a definition of the
constant in question. (Gentzen)

Define connectives via linear right-rules + axioms:

· 
 () : 1

∆1 
 p1 : A ∆2 
 p2 : B

∆1,∆2 
 (p1, p2) : A⊗ B

(no rule for 0)

∆ 
 p : A

∆ 
 inl p : A⊕ B

∆ 
 p : B

∆ 
 inr p : A⊕ B

κ :� A 
 κ : ¬A

Usual pattern restrictions emerge!
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CBV continuation calculus

Typing contexts
∆ ::= · | ∆, κ :� A
Γ ::= · | Γ,∆

Judgments
Γ ⊢ V : A value
Γ ⊢ K :� A CBV continuation
Γ ⊢ S : # computation
Γ ⊢ σ : ∆ substitution

(Define these generically, using judgment ∆ 
 p : A)
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(Positive) values

A value is just a pattern under a substitution

∆ 
 p : A Γ ⊢ σ : ∆
Γ ⊢ p[σ] : A
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(Positive) values

A value is just a pattern under a substitution

∆ 
 p : A Γ ⊢ σ : ∆
Γ ⊢ p[σ] : A

(Replace “is just” by “uniquely factors as”?)

E.g., derived rule for A = ¬B ⊕ (¬C1 ⊗ ¬C2):

Γ ⊢ K1 :� C1 Γ ⊢ K2 :� C2

Γ ⊢ inr(κ1, κ2)[K1/κ1,K2/κ2] : A
(κ1 :�C1,κ2 :�C2
inr(κ1,κ2):A)
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(Positive) continuations

A continuation is a map from patterns to statements
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(Positive) continuations

A continuation is a map from patterns to statements

∀(∆ 
 p : A) : Γ,∆ ⊢ φ(p) : #

Γ ⊢ (φ) :� A

(Is this HOAS or AHOS?)

E.g., derived rule for A = ¬B ⊕ (¬C1 ⊗ ¬C2):

Γ, κ :� B ⊢ S1 : # Γ, κ1 :� C1, κ2 :� C2 ⊢ S2 : #

Γ ⊢ {inl(κ) 7→ S1 | inr(κ1, κ2) 7→ S2} :� A
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Substitutions and statements

Γ ⊢ (·) : (·)
Γ ⊢ σ : ∆ Γ ⊢ K :�A

Γ ⊢ (σ,K/κ) : (∆, κ :� A)

κ :� A ∈ Γ Γ ⊢ V : A
Γ ⊢ κV : #
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Substitutions and statements

Γ ⊢ (·) : (·)
Γ ⊢ σ : ∆ Γ ⊢ K :�A

Γ ⊢ (σ,K/κ) : (∆, κ :� A)

κ :� A ∈ Γ Γ ⊢ V : A
Γ ⊢ κV : #

(Note: could make these rules linear.)

Add cut principles for computation:

• If Γ ⊢ K :� A and Γ ⊢ V : A then Γ ⊢ K V : #

• If Γ,∆ ⊢ t : J and Γ ⊢ σ : ∆ then Γ ⊢ t[σ] : J

Operational semantics:

(φ) (p[σ]) φ(p)[σ]
9
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Only the pattern
matters
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How do you always stay so positive?

Recall Gentzen’s remark: An introduction rule gives, so to
say, a definition of the constant in question.
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How do you always stay so positive?

Recall Gentzen’s remark: An introduction rule gives, so to
say, a definition of the constant in question.

. . . [But that] has no more force than the converse suggestion,
that they are fixed by the elimination rules. (Dummett)

E.g.,:

• Function space A→ B defined by application

• Lazy pairs ANB defined by projections

But first we need some bureaucracy. . .
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Polarized types

Distinguish positive and negative types
A+ ::= A+ ⊕ A+ | A+ ⊗ A+ | ¬vA+ | ↓A−

A− ::= A−NA− | A+ → A− | ¬nA− | ↑A+

(↓and ↑are “shifts”)

Typing contexts
∆ ::= · | ∆, κ :� A+ | ∆, u : A−

Notation: can omit polarity of well-polarized type A
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Negative types

Defined via linear left-rules (destructor patterns):

∆1 
 A ∆2;B 
 ·
∆1,∆2;A→ B 
 ·

∆;A 
 ·
∆;ANB 
 ·

∆;B 
 ·
∆;ANB 
 ·

A;¬nA 
 ·
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Negative types

Defined via linear left-rules (destructor patterns):

∆1 
 p : A ∆2 
 d :� B

∆1,∆2 
 app(p); d :� A→ B

∆ 
 d :� A
∆ 
 fst; d :� ANB

∆ 
 d :�B
∆ 
 snd; d :� ANB

u : A 
 u :� ¬nA
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Shifts

u : A 
 u : ↓A κ :� A 
 κ :� ↑A
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Shifts

u : A 
 u : ↓A κ :� A 
 κ :� ↑A

What do the shifts mean?

• Think A→v B = A→ ↑B, A→n B = ↓A→ B

• But bear with me. . .
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Negative values

A map from destructor patterns to statements

∀(∆ 
 d :� A) : Γ,∆ ⊢ ψ(d) : #

Γ ⊢ (ψ) : A
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Negative values

A map from destructor patterns to statements

∀(∆ 
 d :� A) : Γ,∆ ⊢ ψ(d) : #

Γ ⊢ (ψ) : A

E.g., derived rule for A = ↓B → (↑C1N↑C2):

Γ, u : B, κ :� C1 ⊢ S1 : # Γ, u : B, κ :� C2 ⊢ S2 : #

Γ ⊢ {app(u); fst;κ 7→ S1 | app(u); snd;κ 7→ S2} : A

15



Negative continuations

A destructor pattern under a substitution
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Negative continuations

A destructor pattern under a substitution

(You can figure out the rest.)
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Shifting back

A negative value V : ↑A is a computation

Γ, κ :� A ⊢ S : #
Γ ⊢ {κ 7→ S} : ↑A

Notation E : ↑A

(A positive value V : ↓↑A is a suspended computation)
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Shifting back

A negative value V : ↑A is a computation

Γ, κ :� A ⊢ S : #
Γ ⊢ {κ 7→ S} : ↑A

Notation E : ↑A

(A positive value V : ↓↑A is a suspended computation)

Can derive computation-typing rules, e.g.:

Γ ⊢ E1 : ↑A Γ ⊢ E2 : ↑B
Γ ⊢ (E1, E2) : ↑(A⊗B)

where (E1, E2) is the left-to-right CBV CPS transform
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Conclusions

What do we have? (See paper in APAL)

• A pattern-centric view of syntax and semantics

• A language with both positive and negative types

• An isomorphism with proofs in focused sequent calculus

What else do we have?

• A type system with ∩, ∪ and effects (forthcoming)

• An explanation of HOAS (Licata, Z & Harper in LICS08)

What can we hope for?

• Π and Σ? Multiple modalities? Topological semantics?
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Programs ←→ Proofs

typed lambda-calculus ♥ natural deduction

The End
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