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Explicit Regenerating Code Constructions 
Minimum Bandwidth Point (MBR): 

Rashmi et al.’09, Rashmi et al.’11 
 
Minimum Storage Point (MSR): 

Rashmi et al.’09, Shah et al. ‘09,  
Suh et al.’10, Rashmi et al.’11, Cadambe et al.’11,  
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Explicit Regenerating Code Constructions 

Assume	
  an	
  error/erasure-­‐free	
  seUng	
  

In	
  this	
  talk:	
  errors	
  and	
  erasures…	
  

Minimum Bandwidth Point (MBR): 
Rashmi et al.’09, Rashmi et al.’11 

 
Minimum Storage Point (MSR): 

Rashmi et al.’09, Shah et al. ‘09,  
Suh et al.’10, Rashmi et al.’11, Cadambe et al.’11,  
Tamo et al.’11, Wang et al.’11, Papailiopoulos et al.’11 
 

Cooperative repair, adaptive repair, flexible repair… 
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Mo;va;on	
  III:	
  Security	
  

•  Compromised	
  nodes	
  transmit	
  erroneous	
  data	
  
•  Errors	
  may	
  propagate	
  during	
  repair	
  opera;ons	
  
•  Outer	
  Bounds:	
  Pawar	
  et	
  al.	
  ‘11	
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Mo;va;on	
  IV:	
  Theore;cal	
  Interest	
  

•  Establish	
  capacity	
  of	
  such	
  systems	
  



Code	
  Construc;ons	
  
	
  
Explicit	
  codes	
  performing	
  error	
  and	
  erasure	
  correc;on	
  for	
  
	
  

-  Minimum	
  Bandwidth	
  (MBR): 	
  all	
  parameters	
  
-  Minimum	
  Storage	
  (MSR): 	
   	
  all	
  [n,	
  k,	
  d≥2k-­‐2]	
  
	
  
These	
  codes	
  achieve	
  (and	
  establish)	
  capacity.	
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  from	
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  2	
  nodes	
  (in	
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  of	
  errors/erasures)	
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  ,	
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•  For	
  repair	
  resilient	
  to	
  one	
  erasure:	
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  to	
  one	
  addi;onal	
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(uses special structure  
of product-matrix codes) 
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•  For	
  repair	
  resilient	
  to	
  one	
  error:	
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  to	
  two	
  addi;onal	
  nodes	
  

node 3 

node 4 

node 2 

node 1 

node 5 

a       b 

b       c 

a + b       b + c 

a + 2b       b + 2c 

a + 3b       b + 3c 

Toy	
  Example:	
  Minimum	
  Bandwidth	
  Code	
  

Encoding vector  
[ 1    0 ] 

	
  



node 3 

node 4 

node 2 

node 1 

node 5 

a       b 

b       c 

a + b       b + c 

a + 2b       b + 2c 

a + 3b       b + 3c 

1 
0 × b 

1 
0 × 

a       b 

1 
0 × 

1 
0 × 

[4,2] MDS code in {a, b} 
Can correct one arbitrary error 

✓

Toy	
  Example:	
  Minimum	
  Bandwidth	
  Code	
  

Encoding vector  
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a + 2b       b + 2c 

a	
  ,	
  b	
  ,	
  c	
  

“MDS”	
  property	
  corrects	
  errors/erasures	
  

•  Data-­‐reconstruc;on	
  in	
  presence	
  of	
  errors/erasures	
  

Toy	
  Example:	
  Minimum	
  Bandwidth	
  Code	
  

node 3 

node 4 

node 2 

node 1 

node 5 

a        b 

b             c 

a + b       b + c 

a + 3b       b + 3c 
(any ‘k’ property) 



General	
  Algorithm	
  
•  Encode	
  and	
  store	
  using	
  Product-­‐Matrix	
  code	
  for	
  the	
  
error/erasure-­‐free	
  case	
  

•  For	
  resilience	
  from	
  s	
  errors	
  and	
  t	
  erasures,	
  connect	
  to	
  
–  d+2s+t	
  for	
  repair	
  
–  k+2s+t	
  for	
  reconstruc;on	
  

•  Helping	
  nodes	
  oblivious	
  to	
  resilience	
  requirements	
  

•  Resul;ng	
  data	
  passed	
  is	
  MDS	
  
	
  

gd
T
+2b

	
  Mhf
	
   Mhf	
  à	
  gf

TM	
  

g1
T M 

g2
T M 

g3
T M 

gn
T M 

[d+2s+t,	
  d]	
  MDS	
  code	
  
Corrects	
  s	
  errors,	
  t	
  erasures	
  



Analysis	
  I:	
  Secure-­‐capacity	
  

•  Meets	
  outer	
  bound	
  (Pawar	
  et	
  al.	
  ‘11)	
  

	
  	
  	
  	
  	
  	
  	
  	
  Establishes	
  the	
  capacity	
  of	
  these	
  systems	
  

•  Related	
  to	
  node	
  compromise	
  in	
  network	
  coding	
  
-  not	
  very	
  well	
  understood	
  in	
  general	
  
-  here:	
  prac;cal,	
  explicit	
  algorithm	
  achieving	
  capacity	
  



•  Meets	
  outer	
  bound	
  

	
  	
  	
  	
  	
  simultaneously	
  for	
  all	
  s	
  (#errors)	
  and	
  t	
  (#erasures)	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “Universal	
  Resilience”	
  

	
  
	
  

Analysis	
  II:	
  Encoding	
  Independent	
  of	
  Resiliency	
  Requirements	
  



•  Meets	
  outer	
  bound	
  

	
  	
  	
  	
  	
  simultaneously	
  for	
  all	
  s	
  (#errors)	
  and	
  t	
  (#erasures)	
  
	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  “Universal	
  Resilience”	
  

	
  
	
  

•  Can	
  choose	
  different	
  protec;on	
  level	
  for	
  each	
  
instance	
  of	
  repair	
  or	
  reconstruc;on	
  
–  handle	
  ;me-­‐varying	
  channels/requirements	
  
–  while	
  always	
  remaining	
  op;mal	
  !	
  

•  Need	
  not	
  design	
  for	
  worst	
  case	
  
–  saves	
  resources	
  
	
  

Analysis	
  II:	
  Encoding	
  Independent	
  of	
  Resiliency	
  Requirements	
  



Analysis	
  III:	
  What	
  about	
  other	
  regenera;ng	
  codes	
  ?	
  

•  Our	
  codes	
  exploit	
  structure	
  of	
  the	
  Product-­‐Matrix	
  framework	
  

Why	
  Product-­‐Matrix	
  framework	
  ?	
  
•  Higher	
  connec;vity	
  available	
  (d<n-­‐1)	
  
•  Data	
  passed	
  by	
  a	
  node	
  independent	
  of	
  other	
  helpers	
  

a       b a              b 

b        c 

a + b       b + c 

a + 2b       b + 2c 

a + 3b       b + 3c 

1
0× 

1
0× 

b 
✓

Encoding vector  
[ 1    0 ] 

	
  1
0× 



Analysis	
  III:	
  What	
  about	
  other	
  regenera;ng	
  codes	
  ?	
  

	
  
	
  
Necessary	
  and	
  sufficient:	
  
•  Higher	
  connec;vity	
  available	
  (d<n-­‐1)	
  
•  Data	
  passed	
  by	
  a	
  node	
  independent	
  of	
  other	
  helpers	
  

•  Other	
  exis;ng	
  codes1	
  restrict	
  number	
  of	
  nodes	
  to	
  n=d+1	
  
–  thus,	
  not	
  applicable	
  in	
  this	
  seUng	
  

1	
  The	
  high-­‐rate	
  MSR	
  (d=k+1)	
  explicit	
  codes	
  by	
  Rashmi	
  et	
  al.	
  (Allerton	
  ‘09)	
  do	
  not	
  impose	
  this	
  restric;on,	
  
however,	
  they	
  perform	
  only	
  approximately-­‐exact	
  repair	
  



Summary	
  
•  Explicit	
  codes	
  for	
  correc;ng	
  errors	
  and	
  erasures	
  

–  Employing	
  product-­‐matrix	
  framework	
  

•  Achieve	
  and	
  establish	
  capacity	
  
–  Related	
  to	
  network-­‐coding	
  with	
  compromised	
  nodes	
  

•  Universal	
  resilience	
  
–  Encoding	
  independent	
  of	
  error	
  protec;on	
  requirements	
  

•  Necessary	
  &	
  sufficient	
  condi;ons	
  for	
  any	
  regenera;ng	
  code	
  

•  Open:	
  capacity	
  in	
  presence	
  of	
  errors/erasures	
  for	
  
–  MSR	
  when	
  redundancy	
  <	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
–  Interior	
  points	
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Product-­‐Matrix	
  Codes	
  

•  Completely	
  solves	
  
–  MBR	
  for	
  all	
  parameters	
  
–  MSR	
  for	
  redundancy	
  ≥	
  
	
  

•  Scalable	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  
–  n	
  	
  independent	
  of	
  all	
  other	
  parameters	
  
–  Only	
  construc;on	
  suppor;ng	
  arbitrary	
  #nodes	
  
	
  

•  Decentralized	
  
–  Can	
  connect	
  to	
  any	
  subset	
  of	
  ‘d’	
  nodes	
  for	
  repair	
  
	
  

•  Ready	
  to	
  go	
  	
  	
  	
  	
  	
  
–  Can	
  use	
  (already	
  exis;ng)	
  Reed-­‐Solomon	
  encoders/decoders	
  for	
  	
  
	
  	
  	
  	
  	
  implementa;on	
  
	
  

•  Op;mal	
  



Product-Matrix Framework

Explicit MBR codes for all n, k , d
Explicit MSR codes for all n, k , d 2 [2k � 2, n � 1]

C|{z}
n⇥↵

=  |{z}
n⇥d

M|{z}
d⇥↵

C : Code matrix
Every row represents one node
↵ symbols stored in i

th node are  t

i

M

 : Encoding matrix
Fixed apriori

M : Message matrix
Contains the B source symbols, with some symbols possibly repeated

[Rashmi, Shah, Kumar; IEEE Transactions on Information Theory, to Appear]



Product-matrix MBR code

↵ = d� and B = k(k+1)
2 + k(d � k)

Code C|{z}
n⇥↵

=  |{z}
n⇥d

M|{z}
d⇥↵

Message matrix M|{z}
d⇥d

=

2

66664

S|{z}
k⇥k

T|{z}
k⇥(d�k)

T

t

|{z}
(d�k)⇥k

0|{z}
k⇥(d�k)

3

77775

S symmetric () M symmetric)

Encoding matrix  |{z}
n⇥d

=


�|{z}

n⇥k

�|{z}
n⇥(d�k)

�

�: any k rows linearly independent
 : any d rows linearly independent
e.g.,  is a Vandermonde or Cauchy matrix



Product-matrix MBR code : Node repair
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f

M
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M

————————————————————
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f
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?y

 repM 
f
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?y
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f
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f

M

C|{z}
n⇥↵

=  |{z}
n⇥d

M|{z}
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M|{z}
d⇥d
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2

6664

S|{z}
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T|{z}
k⇥(d�k)

T t

|{z}
(d�k)⇥k

0|{z}
k⇥(d�k)

3
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S symmetric)M
symmetric

 |{z}
n⇥d

=


�|{z}

n⇥k

�|{z}
n⇥(d�k)

�

�: any k rows LI
 : any d rows LI



Product-matrix MBR code : Data Reconstruction

Node i passes:  t

i

M

From k nodes
?y

 DCM

( DC = [�DC �DC] is (k ⇥ d))?y
⇥
�DCS +�DCT

t �DCT

⇤

#

�DC is k ⇥ k , invertible
Decode T

#

Subtract �DCT
t , Decode S

C|{z}
n⇥↵

=  |{z}
n⇥d

M|{z}
d⇥alpha

M|{z}
d⇥d

=

2

6664

S|{z}
k⇥k

T|{z}
k⇥(d�k)

T t

|{z}
(d�k)⇥k

0|{z}
k⇥(d�k)

3

7775

S symmetric)M symmetric

 |{z}
n⇥d

=


�|{z}

n⇥k

�|{z}
n⇥(d�k)

�

�: any k rows LI
 : any d rows LI



Product-Matrix MSR Codes

↵ = B

k

Hence, necessarily MDS (over alphabet F↵
q

)

d = (k � 1) + ↵ (striping: � = 1)

We design codes for all n, k , d 2 [2k � 2, n � 1]

C =  M,  = [� ⇤�], M =


S1

S2

�

Involves solving multiple simultaneous interference-alignment
constraints
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Fig. 1: The storage vs repair-bandwidth tradeoff in the Regenerating
codes setup, when B = 27000, k = 10, d = 18, and some n > 18.
Also depicted is the operating point (storage = 2700, bandwidth =
2700) of a system using an MDS code in the Twin-code framework.

For the example parameter set, the minimum possible storage
space in each node required can be computed to be equal to
B
k = 2700 symbols, for which the repair-bandwidth required
is at least 5400 symbols. On the other hand, at the MBR point,
the minimum possible repair-bandwidth is 3600 symbols,
while each node is required to store at least 3600 symbols.

Several schemes and explicit codes are available in the lit-
erature, that operate at the extreme points of the tradeoff [10]–
[19]. On the other hand, a majority of the remaining points
on the tradeoff are shown to be not achievable [12]–[14].
Moreover, the papers [20]–[27] consider alternative models
for node-repair in distributed storage; however, codes for
these models also necessitate considerable changes in existing
systems.

Given the rich history of research on erasure codes, and
a wide variety of constructions available in the literature, a
natural question that arises is how to enable efficient node-
repair in traditional erasure codes. The work in [28], [29] is
a step in this direction, where the authors propose schemes to
lower the repair-bandwidth of certain existing Array codes.

In the present paper, we propose a novel, simple, yet
powerful, ‘Twin-code framework’ for a distributed storage
network that facilitates both data-reconstruction and efficient
node-repair. Under this framework, nodes in the network are
partitioned into two types, labeled as Type 0 and Type 1 nodes
respectively. To arrive at the data stored in nodes of Type 0,
the message is encoded using a code C0. To arrive at the
data stored in Type 1 nodes, the message symbols are first
permuted by means of simple transposition and then encoded
by a second code C1. The two codes do not necessarily
have to be distinct. Repair of a failed node of one type is
accomplished by downloading data from a subset of nodes of
the other type. Further, a data-collector can recover the entire
message by connecting to a subset of the nodes of the same
type (see Fig. 2). 1 While such a data-reconstruction process

1The subsets of nodes to which a data-collector or replacement node can
connect to are governed by the decoding algorithms of the constituent codes
C0 and C1. This is made clear in Section II.

DC

Type 1 storage node
Type 0 storage node
Data collectorDC

(a)

Replacement node of Type 0

(b)

Fig. 2: The setting: (a) a data-collector connecting to a subset of
storage nodes of Type 1, and (b) a replacement node of Type 0
connecting to a subset of storage nodes of the opposite type, Type 1.

offers lesser flexibility as compared to traditional erasure codes
or Regenerating codes, as we show below, there are several
advantages to be gained.

Under this framework, the operations of encoding, data-
reconstruction and node-repair employ the encoding and de-
coding algorithms of the constituent codes. Viewed from this
perspective, the Twin-code approach appears as a means of
enabling efficient node-repair in existing erasure codes. And it
is this feature we feel, that makes the approach powerful. The
characteristics of the resulting network reflect features such
as erasure performance and decoding complexity of the two
constituent codes. For example:
(a) when the two constituent codes are chosen to be Maximum-
Distance-Separable (MDS), for example Reed-Solomon [30]
codes, both storage per node as well as repair-bandwidth
are minimized simultaneously, thereby operating at a point
beyond the reach of the storage-bandwidth tradeoff limitations
under which Regenerating codes are constrained to operate
(see Fig. 1 for a comparison).
(b) when the two constituent codes are chosen to be codes such
as LDPC [31]–[33]/Fountain codes [34], [35] that possess very
low erasure decoding complexity, the result is a distributed
storage network in which efficient data-reconstruction and
node-repair can be carried out in low-complexity fashion.
When codes possessing sparse generator matrices are em-
ployed, the repair can be carried out with very few disk reads
at the helper nodes.
(c) when the two constituent codes are chosen to be MDS
Array codes, such as EVENODD codes [36], they minimize
both resources, as well as lower the complexity to a certain
extent. The latter is by virtue of the property of Array
codes that they operate in the binary field and employ XOR
operations alone.

The Twin-code framework, as well as a specialization to
the case when the constituent codes are MDS, is provided in
the next section, Section II. The principal advantages of this
framework are presented in Section III.

II. THE TWIN-CODE FRAMEWORK

Under the Twin-code framework, the n storage nodes in
the network are partitioned into two categories, consisting

normalized repair BW is 1

optimum with respect to cut-set bound

enables repair of any erasure code (flexible in terms of rate and length)

can choose constituent codes to reduce complexity

can choose constituent codes to correct errors as well

with systematic codes, data can be directly downloaded from two
locations
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Fig. 1: The storage vs repair-bandwidth tradeoff in the Regenerating
codes setup, when B = 27000, k = 10, d = 18, and some n > 18.
Also depicted is the operating point (storage = 2700, bandwidth =
2700) of a system using an MDS code in the Twin-code framework.

For the example parameter set, the minimum possible storage
space in each node required can be computed to be equal to
B
k = 2700 symbols, for which the repair-bandwidth required
is at least 5400 symbols. On the other hand, at the MBR point,
the minimum possible repair-bandwidth is 3600 symbols,
while each node is required to store at least 3600 symbols.

Several schemes and explicit codes are available in the lit-
erature, that operate at the extreme points of the tradeoff [10]–
[19]. On the other hand, a majority of the remaining points
on the tradeoff are shown to be not achievable [12]–[14].
Moreover, the papers [20]–[27] consider alternative models
for node-repair in distributed storage; however, codes for
these models also necessitate considerable changes in existing
systems.

Given the rich history of research on erasure codes, and
a wide variety of constructions available in the literature, a
natural question that arises is how to enable efficient node-
repair in traditional erasure codes. The work in [28], [29] is
a step in this direction, where the authors propose schemes to
lower the repair-bandwidth of certain existing Array codes.

In the present paper, we propose a novel, simple, yet
powerful, ‘Twin-code framework’ for a distributed storage
network that facilitates both data-reconstruction and efficient
node-repair. Under this framework, nodes in the network are
partitioned into two types, labeled as Type 0 and Type 1 nodes
respectively. To arrive at the data stored in nodes of Type 0,
the message is encoded using a code C0. To arrive at the
data stored in Type 1 nodes, the message symbols are first
permuted by means of simple transposition and then encoded
by a second code C1. The two codes do not necessarily
have to be distinct. Repair of a failed node of one type is
accomplished by downloading data from a subset of nodes of
the other type. Further, a data-collector can recover the entire
message by connecting to a subset of the nodes of the same
type (see Fig. 2). 1 While such a data-reconstruction process

1The subsets of nodes to which a data-collector or replacement node can
connect to are governed by the decoding algorithms of the constituent codes
C0 and C1. This is made clear in Section II.
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Type 1 storage node
Type 0 storage node
Data collectorDC
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Replacement node of Type 0

(b)

Fig. 2: The setting: (a) a data-collector connecting to a subset of
storage nodes of Type 1, and (b) a replacement node of Type 0
connecting to a subset of storage nodes of the opposite type, Type 1.

offers lesser flexibility as compared to traditional erasure codes
or Regenerating codes, as we show below, there are several
advantages to be gained.

Under this framework, the operations of encoding, data-
reconstruction and node-repair employ the encoding and de-
coding algorithms of the constituent codes. Viewed from this
perspective, the Twin-code approach appears as a means of
enabling efficient node-repair in existing erasure codes. And it
is this feature we feel, that makes the approach powerful. The
characteristics of the resulting network reflect features such
as erasure performance and decoding complexity of the two
constituent codes. For example:
(a) when the two constituent codes are chosen to be Maximum-
Distance-Separable (MDS), for example Reed-Solomon [30]
codes, both storage per node as well as repair-bandwidth
are minimized simultaneously, thereby operating at a point
beyond the reach of the storage-bandwidth tradeoff limitations
under which Regenerating codes are constrained to operate
(see Fig. 1 for a comparison).
(b) when the two constituent codes are chosen to be codes such
as LDPC [31]–[33]/Fountain codes [34], [35] that possess very
low erasure decoding complexity, the result is a distributed
storage network in which efficient data-reconstruction and
node-repair can be carried out in low-complexity fashion.
When codes possessing sparse generator matrices are em-
ployed, the repair can be carried out with very few disk reads
at the helper nodes.
(c) when the two constituent codes are chosen to be MDS
Array codes, such as EVENODD codes [36], they minimize
both resources, as well as lower the complexity to a certain
extent. The latter is by virtue of the property of Array
codes that they operate in the binary field and employ XOR
operations alone.

The Twin-code framework, as well as a specialization to
the case when the constituent codes are MDS, is provided in
the next section, Section II. The principal advantages of this
framework are presented in Section III.

II. THE TWIN-CODE FRAMEWORK

Under the Twin-code framework, the n storage nodes in
the network are partitioned into two categories, consisting

normalized repair BW is 1

optimum with respect to cut-set bound

enables repair of any erasure code (flexible in terms of rate and length)

can choose constituent codes to reduce complexity

can choose constituent codes to correct errors as well

with systematic codes, data can be directly downloaded from two
locations
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