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Reminders

• Homework 5: Variational Inference
– Out: Thu, Apr. 8

– Due: Wed, Apr. 21 at 11:59pm

• Project Midway Milestones:
– Midway Poster Session: 

Tue, Apr. 27 at 6:30pm – 8:30pm

– Midway Executive Summary
Due: Tue, Apr. 27 at 11:59pm

– New requirement: must have baseline results
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VAE RESULTS
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VAE Results
Kingma & Welling (2014)
• introduced VAEs
• applied to image generation
Model
• pɸ(z) ~ N(z; 0, I)
• pɸ(x | z) is a multivariate 

Gaussian with mean and 
variance computed by an 
MLP,  fully connected neural 
network with a single hidden 
layer with parameters ɸ

• qθ(z | x) is a multivariate 
Gaussian with diagonal 
covariance structure and with 
mean and variance computed 
by an MLP with parameters θ
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Figure from Kingma & Welling (2014)



VAE Results
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Figure from Kingma & Welling (2014)



VAE Results
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Figure from Kingma & Welling (2014)



VAE Results
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Figure from Kingma & Welling (2014)



VAE Results
Bowman et al. (2015)
• example of an application of 

VAEs to discrete data
• built on the sequence-to-

sequence framework:
– input is read in by an LSTM
– output is generated by an 

LSTM-LM

Model
• pɸ(z) ~ N(z; 0, I)
• pɸ(x | z) is an LSTM Language 

Model with parameters ɸ
• qθ(z | x) is a multivariate 

Gaussian with mean and 
variance computed by an 
LSTM with parameters θ
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Figure from Bowman et al. (2015)



VAE Results
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Figure from Bowman et al. (2015)



GENERATIVE ADVERSARIAL 
NETWORK (GAN)
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Generative Adversarial Nets (GANs)

q [Goodfellow et al., 2014] 
q Generative model ! = #$ % , % ∼ ((%)

q Map noise variable % to data space !
q Define an implicit distribution over !: (,-(!)

q a stochastic process to simulate data !
q Intractable to evaluate likelihood

q Discriminator ./ !
q Output the probability that ! came from the data rather than the generator

q No explicit inference model
q No obvious connection to previous models with inference networks like VAEs

q We will build formal connections between GANs and VAEs later

© Eric Xing @ CMU, 2005-2020 30
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Generative Adversarial Nets (GANs)

q Learning
q A minimax game between the generator and the discriminator
q Train ! to maximize the probability of assigning the correct label to both 

training examples and generated samples
q Train " to fool the discriminator

[Figure courtesy: Kim’s slides]

GAN plays the role of z1 as above. The space S0 is now implicit and we directly sample real image
x from data distribution pdata(x). The distribution in Eq.(1) is thus rewritten as:

p(x|z, y) =
⇢
pdata(x) y = 0
pg(x|z) y = 1,

(5)

where pg(x|z) = G(z) is the generative distribution. Note that pdata(x) is the empirical data
distribution which is free of parameters. The discriminator is defined in the same way as above, i.e.,
D(x) = p(y = 0|x). Then the objective of GAN is precisely defined in Eq.(2). To make this clearer,
we again transform the objective into its conventional form:

maxD LD = Ex⇠pdata(x) [logD(x)] + Ex⇠G(z),z⇠p(z) [log(1�D(x))] ,

maxG LG = Ex⇠pdata(x) [log(1�D(x))] + Ex⇠G(z),z⇠p(z) [logD(x)]

= Ex⇠G(z),z⇠p(z) [logD(x)] .

(6)

maxD LD = Ex⇠pdata(x) [logD(x)] + Ex⇠G(z),z⇠p(z) [log(1�D(x))] ,

minG LG = Ex⇠G(z),z⇠p(z) [log(1�D(x))] .

maxD LD = Ex⇠pdata(x) [logD(x)] + Ex⇠G(z),z⇠p(z) [log(1�D(x))] ,

maxG LG = Ex⇠G(z),z⇠p(z) [logD(x)] .

Note that for learning the generator we are using the adapted objective, i.e., maximizing
Ex⇠G(z),z⇠p(z) [logD(x)], as is usually used in practice (Goodfellow et al., 2014), rather than
minimizing Ex⇠G(z),z⇠p(z) [log(1�D(x))].

KL Divergence Interpretation

Now we take a closer look into Eq.(2). Assume uniform prior distribution p(y) where p(y = 0) =
p(y = 1) = 0.5. For optimizing p(x|z, y), we have
Theorem 1. Let p✓(x|z, y) be the conditional distribution in Eq.(1) parameterized with ✓. Denote
p✓0(x|z) = Ep(y)[p✓0(x|z, y)] with fixed parameter ✓0. Denote q0(x|z, y) / q(1� y|x)p✓0(x|z).
Therefore,

Ep(z,y)

⇥
�r✓Ep✓(x|z,y) [log q(1� y|x)] |✓=✓0

⇤
=

r✓Ep(z,y) [KL (p✓(x|z, y)kq0(x|z, y))� JSD (p✓(x|z, y = 0)kp✓(x|z, y = 1)) |✓=✓0 ]
(7)

Proof.
Ep(z,y)

⇥
�Ep✓(x|z,y) [log q(1� y|x)]

⇤
=

Ep(z,y) [KL (p✓(x|z, y)kq0(x|z, y))� KL(p✓(x|z, y)kp✓0(x|z))] ,
(8)

where
Ep(z,y) [KL(p✓(x|z, y)kp✓0(x|z))] =

Ep(z)


p(y = 0)KL

✓
p✓(x|z, y = 0)kp✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2

◆
+

p(y = 1)KL
✓
p✓(x|z, y = 1)kp✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2

◆�
.

(9)

Taking derivatives w.r.t ✓ at ✓0 we get
r✓Ep(z,y) [KL(p✓(x|z, y)kp✓0(x|z))] |✓=✓0

= Ep(z)


1

2

Z

x
r✓p✓(x|z, y = 0)

p✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2
+

1

2

Z

x
r✓p✓(x|z, y = 1)

p✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2

�
|✓=✓0

= Ep(z) [r✓JSD(p✓(x|z, y = 0)kp✓(x|z, y = 1)) |✓=✓0 ] .

(10)

Taking derivatives of the both sides of Eq.(8) at w.r.t ✓ at ✓0 and plugging the last equation of Eq.(10),
we obtain our desired result.

2
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Generative Adversarial Nets (GANs)

q Learning
q Train ! to fool the discriminator

q The original loss suffers from vanishing gradients when " is too strong
q Instead use the following in practice

[Figure courtesy: Kim’s slides]

GAN plays the role of z1 as above. The space S0 is now implicit and we directly sample real image
x from data distribution pdata(x). The distribution in Eq.(1) is thus rewritten as:

p(x|z, y) =
⇢
pdata(x) y = 0
pg(x|z) y = 1,

(5)

where pg(x|z) = G(z) is the generative distribution. Note that pdata(x) is the empirical data
distribution which is free of parameters. The discriminator is defined in the same way as above, i.e.,
D(x) = p(y = 0|x). Then the objective of GAN is precisely defined in Eq.(2). To make this clearer,
we again transform the objective into its conventional form:

maxD LD = Ex⇠pdata(x) [logD(x)] + Ex⇠G(z),z⇠p(z) [log(1�D(x))] ,

maxG LG = Ex⇠pdata(x) [log(1�D(x))] + Ex⇠G(z),z⇠p(z) [logD(x)]

= Ex⇠G(z),z⇠p(z) [logD(x)] .

(6)

maxD LD = Ex⇠pdata(x) [logD(x)] + Ex⇠G(z),z⇠p(z) [log(1�D(x))] ,

minG LG = Ex⇠G(z),z⇠p(z) [log(1�D(x))] .

maxD LD = Ex⇠pdata(x) [logD(x)] + Ex⇠G(z),z⇠p(z) [log(1�D(x))] ,

maxG LG = Ex⇠G(z),z⇠p(z) [logD(x)] .

Note that for learning the generator we are using the adapted objective, i.e., maximizing
Ex⇠G(z),z⇠p(z) [logD(x)], as is usually used in practice (Goodfellow et al., 2014), rather than
minimizing Ex⇠G(z),z⇠p(z) [log(1�D(x))].

KL Divergence Interpretation

Now we take a closer look into Eq.(2). Assume uniform prior distribution p(y) where p(y = 0) =
p(y = 1) = 0.5. For optimizing p(x|z, y), we have
Theorem 1. Let p✓(x|z, y) be the conditional distribution in Eq.(1) parameterized with ✓. Denote
p✓0(x|z) = Ep(y)[p✓0(x|z, y)] with fixed parameter ✓0. Denote q0(x|z, y) / q(1� y|x)p✓0(x|z).
Therefore,

Ep(z,y)

⇥
�r✓Ep✓(x|z,y) [log q(1� y|x)] |✓=✓0

⇤
=

r✓Ep(z,y) [KL (p✓(x|z, y)kq0(x|z, y))� JSD (p✓(x|z, y = 0)kp✓(x|z, y = 1)) |✓=✓0 ]
(7)

Proof.
Ep(z,y)

⇥
�Ep✓(x|z,y) [log q(1� y|x)]

⇤
=

Ep(z,y) [KL (p✓(x|z, y)kq0(x|z, y))� KL(p✓(x|z, y)kp✓0(x|z))] ,
(8)

where
Ep(z,y) [KL(p✓(x|z, y)kp✓0(x|z))] =

Ep(z)


p(y = 0)KL

✓
p✓(x|z, y = 0)kp✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2

◆
+

p(y = 1)KL
✓
p✓(x|z, y = 1)kp✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2

◆�
.

(9)

Taking derivatives w.r.t ✓ at ✓0 we get
r✓Ep(z,y) [KL(p✓(x|z, y)kp✓0(x|z))] |✓=✓0

= Ep(z)


1

2

Z

x
r✓p✓(x|z, y = 0)

p✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2
+

1

2

Z

x
r✓p✓(x|z, y = 1)

p✓0(x|z, y = 0) + p✓0(x|z, y = 1)

2

�
|✓=✓0

= Ep(z) [r✓JSD(p✓(x|z, y = 0)kp✓(x|z, y = 1)) |✓=✓0 ] .

(10)

Taking derivatives of the both sides of Eq.(8) at w.r.t ✓ at ✓0 and plugging the last equation of Eq.(10),
we obtain our desired result.

2
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Generative Adversarial Nets (GANs)

q Learning
q Aim to achieve equilibrium of the game
q Optimal state:

q !" # = !%&'&())
q + # = ,-./. 0

,-./. 0 1,2 0 = 3
4

[Figure courtesy: Kim’s slides] © Eric Xing @ CMU, 2005-2020 33
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GANs: example results

Generated bedrooms [Radford et al., 2016]
© Eric Xing @ CMU, 2005-2020 34



UNIFYING GANS AND VAES

Z Hu, Z YANG, R Salakhutdinov, E Xing,

“On Unifying Deep Generative Models”, arxiv 1706.00550
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Generative Adversarial Nets (GANs):

q Implicit distribution over ! ∼ #$(!|')

q ! ∼ #)* ! ⟺ ! = -$ . , . ∼ # . ' = 0
q ! ∼ #1232 !

q the code space of . is degenerated
q sample directly from data  

maximize the binary classification accuracy of recognizing the feature domains:

max� L� = Ex=G✓(z),z⇠p(z|y=1) [logD�(x)] + Ex=G✓(z),z⇠p(z|y=0) [log(1�D�(x))] . (1)

The feature extractor G✓ is then trained to fool the discriminator:

max✓ L✓ = Ex=G✓(z),z⇠p(z|y=1) [log(1�D�(x))] + Ex=G✓(z),z⇠p(z|y=0) [logD�(x)] . (2)

Here we omit the additional loss on ✓ that fits the features to the data label pairs of source domain
(see the supplementary materials for the details).

With the background of the conventional formulation, we now frame our new interpretation of ADA.
The data distribution p(z|y) and deterministic transformation G✓ together form an implicit distribution
over x, denoted as p✓(x|y), which is intractable to evaluate likelihood but easy to sample from. Let
p(y) be the prior distribution of the domain indicator y, e.g., a uniform distribution as in Eqs.(1)-(2).
The discriminator defines a conditional distribution q�(y|x) = D�(x). Let qr�(y|x) = q�(1� y|x)
be the reversed distribution over domains. The objectives of ADA are therefore rewritten as (up to a
constant scale factor 2):

max� L� = Ep✓(x|y)p(y) [log q�(y|x)]
max✓ L✓ = Ep✓(x|y)p(y)

⇥
log qr�(y|x)

⇤
.

(3)

The above objectives can be interpreted as maximizing the log likelihood of y (or 1 � y) with the
“generative distribution” q�(y|x) conditioning on the latent code x inferred by p✓(x|y). Note that the
only (but critical) difference of the objectives of ✓ from � is the replacement of q(y|x) with qr(y|x).
This is where the adversarial mechanism comes about.

max� L� = Ep✓(x|y)p(y) [log q�(y|x)]
max✓ L✓ = Ep✓(x|y)p(y) [log q�(y|x)] .

(4)

Graphical model representation Figure 1(c) illustrates the graphical model of the formulation
in Eq.(4), where, in the new view, solid-line arrows denote the generative process while dashed-
line arrows denote the inference process. We introduce new visual elements, e.g., hollow arrows
for expressing implicit distributions, and blue arrows for adversarial mechanism. As noted above,
adversarial modeling is achieved by swapping between q(y|x) and qr(y|x) when training respective
modules.

3.2 Generative Adversarial Networks (GANs)

GANs [16] can be seen as a special case of ADA. Taking image generation for example, intuitively,
we want to transfer the properties of the source domain (real images) to the target domain (generated
images), making them indistinguishable to the discriminator. Figure 1(b) shows the conventional
view of GANs.

Formally, x now denotes a real example or a generated sample, z is the respective latent code. For
the generated sample domain (y = 0), the implicit distribution p✓(x|y = 0) is defined by the prior of
z and the generator G✓(z), which is also denoted as pg✓ (x) in the literature. For the real example
domain (y = 1), the code space and generator are degenerated, and we are directly presented with a
fixed distribution p(x|y = 1), which is just the real data distribution pdata(x). Note that pdata(x) is
also an implicit distribution allowing efficient empirical sampling. In summary, the distribution over
x is constructed as

p✓(x|y) =
⇢
pg✓ (x) y = 0
pdata(x) y = 1.

(5)

Here, free parameters ✓ are only associated with pg✓ (x) of the generated sample domain, while
pdata(x) is constant. As in ADA, discriminator D� is simultaneously trained to infer the probability
that x comes from the real data domain. That is, q�(y = 1|x) = D�(x).

With the established correspondence between GANs and ADA, we can see that the objectives of
GANs are precisely expressed as Eq.(4) and as the graphical model in Figure 1(c). To make this

4

(distribution of generated images)

(distribution of real images)

© Eric Xing @ CMU, 2005-2019 39
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A new formulation

q Rewrite GAN objectives in the ”variational-EM” format
q Recap: conventional formulation:

q Rewrite in the new form
q Implicit distribution over ! ∼ #$(!|')

! = *$ + , + ∼ # + '
q Discriminator distribution -.('|!)

-./ ' ! = -.(1 − '|!) (reverse)

ADA GANs VAEs

x features data/generations data/generations
y domain indicator real/fake indicator (degenerated) real/fake indicator
z data examples code vector code vector
p✓(x|y) feature distr. generation distr., Eq.2 p✓(x|z, y), generation distr., Eq.9
q�(y|x) discriminator discriminator q⇤(y|x), degenerated discriminator
p⌘(z|x, y) — infer net (InfoGAN) infer net
p✓0(x) = Ep(y)[p✓0(x|y)] — prior of x prior of x

Table 1: Correspondence between different approaches in the proposed formulation.

[Eric: There should be a quick description of the wake-sleep algorithm here to start the

section.] In GANs, the generative model is trained by passing generated samples to a discriminator
and minimizing the resulting error evaluated by the discriminator. Intuitively, the reliance on fake
samples for learning resembles the sleep phase in the wake-sleep algorithm. In contrast, VAEs train
the generative model by reconstructing observed real examples, sharing similarity to the wake phase.
This section formally explores these connections.

For ease of presentation and to establish a systematic notation for the paper, we start with a new
interpretation of Adversarial Domain Adaptation (ADA) [Eric: please add the earliest citation

for this name?] within our proposed formulation. We then show that GANs are a special case of
ADA with a degenerated source domain, and reveal close relations to VAEs and wake-sleep algorithm
through KL divergence interpretation of the objectives. Table 1 lists the correspondence of each
components in these approaches.

3.1 Adversarial Domain Adaptation (ADA)

ADA aims to transfer prediction knowledge learned from a source domain with labeled data to a
target domain without labels, by learning domain-invariant features [13, 42, 43, 7]. That is, it learns a
feature extractor whose output cannot be distinguished by a discriminator between the source and
target domains.

We frame our new interpretation of ADA, and review conventional formulations in the supplementary
materials. To make clear notational correspondence to other models in the sequel, [Eric: Please add

a figure drawing a graphical model here for ADA.] let z be a data example either in the source
or target domain, and y 2 {0, 1} be the domain indicator with y = 0 indicating the target domain
and y = 1 the source domain. The data distributions conditioning on the domain are then denoted
as p(z|y). Let p(y) be the prior distribution (e.g., uniform) of the domain indicator. The feature
extractor maps z to representations x = G✓(z) with parameters ✓. The data distributions over z and
deterministic transformation G✓ together form an implicit distribution over x, denoted as p✓(x|y),
which is intractable to evaluate likelihood but easy to sample from:

To enforce domain invariance of feature x, a discriminator is trained to adversarially distinguish
between the two domains, which defines a conditional distribution q�(y|x) with parameters �, and
the feature extractor is optimized to fool the discriminator. Let qr�(y|x) = q�(1�y|x) be the reversed
distribution over domains. The objectives of ADA are therefore given as:

max� L� = Ep✓(x|y)p(y) [log q�(y|x)]
max✓ L✓ = Ep✓(x|y)p(y)

⇥
log qr�(y|x)

⇤
,

(1)

where we omit the additional loss of ✓ to fit to the data label pairs of source domain (see supplements
for more details). In conventional view, the first equation minimizes the discriminator binary cross
entropy with respect to discriminative parameter �, while the second trains the feature extractor
to maximize the cross entropy with respect to the transformation parameter ✓. [Eric: I think for

self-containedness, it would be better to explain both of the cross-entropy notion above.]

Alternatively, we can interpret the objectives as optimizing the reconstruction of the domain variable
y conditioned on feature x. [Eric: I can not understand this point.] We explore this perspective
more in the next section. Note that the only (but critical) difference between the objective of ✓ from
� is the replacement of q(y|x) with qr(y|x). This is where the adversarial mechanism comes about.

3

Figure 2: One optimization step of the parameter ✓ through Eq.(7) at point ✓0. The posterior
qr(x|y) is a mixture of p✓0(x|y = 0) (blue) and p✓0(x|y = 1) (red in the left panel) with the
mixing weights induced from qr�0

(y|x). Minimizing the KL divergence of Eq.(7) w.r.t ✓ drives
p✓(x|y = 0) towards the respective mixture qr(x|y = 0) (green), resulting in a new state where
p✓new(x|y = 0) = pnewg (x) gets closer to p✓0(x|y = 1) = pdata(x). Due to the asymmetry of
KL divergence, pnewg (x) missed the smaller mode of the mixture qr(x|y = 0) which is a mode of
pdata(x).

clearer, we recover the classical form by unfolding over y and plugging in conventional notations.
For instance, the objective of the generative parameters ✓ is translated into

max✓ L✓ = Ep✓(x|y=0)p(y=0)

⇥
log qr�(y = 0|x)

⇤
+ Ep✓(x|y=1)p(y=1)

⇥
log qr�(y = 1|x)

⇤

=
1

2
Ex=G✓(z),z⇠p(z|y=0) [logD�(x)] +

1

2
Ex⇠pdata(x) [log(1�D�(x))]

=
1

2
Ex=G✓(z),z⇠p(z|y=0) [logD�(x)] + const,

(6)

where the prior p(y) is uniform as is widely set, resulting in the constant scale factor 1/2. Note that
here the generator is trained using the unsaturated objective [16] which is commonly used in practice.

max� L� = Ep✓(x|y=0)p(y=0) [log q�(y = 0|x)] + Ep✓(x|y=1)p(y=1) [log q�(y = 1|x)]

=
1

2
Ex=G✓(z),z⇠p(z|y=0) [log(1�D�(x))] +

1

2
Ex=G✓(z),z⇠p(z|y=1) [logD�(x)]

max� L� = Ex=G✓(z),z⇠p(z|y=0) [log(1�D�(x))] + Ex⇠pdata(x) [logD�(x)]

max✓ L✓ = Ex=G✓(z),z⇠p(z|y=0) [logD�(x)] + Ex⇠pdata(x) [log(1�D�(x))]

= Ex=G✓(z),z⇠p(z|y=0) [logD�(x)]

We now take a closer look at the form of Eq.(4) which is essentially reconstructing the real/fake
indicator y (or its reverse 1� y) conditioned on x. Further, for each optimization step of p✓(x|y) at
point (✓0,�0) in the parameter space, we have

Lemma 1 Let p(y) be the uniform distribution. Let p✓0(x) = Ep(y)[p✓0(x|y)], and qr(x|y) /
qr�0

(y|x)p✓0(x). Therefore, the updates of ✓ at ✓0 have

r✓

h
� Ep✓(x|y)p(y)

⇥
log qr�0

(y|x)
⇤ i���

✓=✓0

=

r✓

h
Ep(y) [KL (p✓(x|y)kqr(x|y))]� JSD (p✓(x|y = 0)kp✓(x|y = 1))

i���
✓=✓0

,
(7)

where KL(·k·) and JSD(·k·) are the KL and Jensen-Shannon Divergences, respectively.

We provide the proof in the supplement materials. Eq.(7) offers several insights into the generator
learning in GANs.

• Resemblance to variational inference. If we treat y as visible and x as latent (as in ADA), it is
straightforward to see the connections to the variational inference algorithm where qr(x|y) plays
the role of the posterior, p✓0(x) the prior, and p✓(x|y) the variational distribution that approximates
the posterior. Optimizing the generator G✓ is equivalent to minimizing the KL divergence between
the variational distribution and the posterior, minus a JSD between the distributions pg✓ (x) and
pdata(x). The Bayesian interpretation further reveals the connections to VAEs, as we discuss in
the next section.

5
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GANs vs. Variational EM

GAN
q Objectives

q Two objectives
q Have global optimal state in the game 

theoretic view
q The objectives: maximize the conditional 

log-likelihood of ! (or 1 − !) with the 
distribution $%(!|() conditioning on 
data/generation ( inferred by *+((|!)

q Interpret $%(!|() as the generative model
q Interpret *+((|!) as the inference model

Variational EM
q Objectives

q Single objective for both , and -
q Extra prior regularization by *(.)

q The reconstruction term: maximize the 
conditional log-likelihood of ( with the 
generative distribution *+((|.)
conditioning on the latent code . inferred 
by $%(.|()

q *+((|.) is the generative model
q $%(.|() is the inference model

ADA GANs VAEs

x features data/generations data/generations
y domain indicator real/fake indicator (degenerated) real/fake indicator
z data examples code vector code vector
p✓(x|y) feature distr. generation distr., Eq.2 p✓(x|z, y), generation distr., Eq.9
q�(y|x) discriminator discriminator q⇤(y|x), degenerated discriminator
p⌘(z|x, y) — infer net (InfoGAN) infer net
p✓0(x) = Ep(y)[p✓0(x|y)] — prior of x prior of x

Table 1: Correspondence between different approaches in the proposed formulation.

[Eric: There should be a quick description of the wake-sleep algorithm here to start the

section.] In GANs, the generative model is trained by passing generated samples to a discriminator
and minimizing the resulting error evaluated by the discriminator. Intuitively, the reliance on fake
samples for learning resembles the sleep phase in the wake-sleep algorithm. In contrast, VAEs train
the generative model by reconstructing observed real examples, sharing similarity to the wake phase.
This section formally explores these connections.

For ease of presentation and to establish a systematic notation for the paper, we start with a new
interpretation of Adversarial Domain Adaptation (ADA) [Eric: please add the earliest citation

for this name?] within our proposed formulation. We then show that GANs are a special case of
ADA with a degenerated source domain, and reveal close relations to VAEs and wake-sleep algorithm
through KL divergence interpretation of the objectives. Table 1 lists the correspondence of each
components in these approaches.

3.1 Adversarial Domain Adaptation (ADA)

ADA aims to transfer prediction knowledge learned from a source domain with labeled data to a
target domain without labels, by learning domain-invariant features [13, 42, 43, 7]. That is, it learns a
feature extractor whose output cannot be distinguished by a discriminator between the source and
target domains.

We frame our new interpretation of ADA, and review conventional formulations in the supplementary
materials. To make clear notational correspondence to other models in the sequel, [Eric: Please add

a figure drawing a graphical model here for ADA.] let z be a data example either in the source
or target domain, and y 2 {0, 1} be the domain indicator with y = 0 indicating the target domain
and y = 1 the source domain. The data distributions conditioning on the domain are then denoted
as p(z|y). Let p(y) be the prior distribution (e.g., uniform) of the domain indicator. The feature
extractor maps z to representations x = G✓(z) with parameters ✓. The data distributions over z and
deterministic transformation G✓ together form an implicit distribution over x, denoted as p✓(x|y),
which is intractable to evaluate likelihood but easy to sample from:

To enforce domain invariance of feature x, a discriminator is trained to adversarially distinguish
between the two domains, which defines a conditional distribution q�(y|x) with parameters �, and
the feature extractor is optimized to fool the discriminator. Let qr�(y|x) = q�(1�y|x) be the reversed
distribution over domains. The objectives of ADA are therefore given as:

max� L� = Ep✓(x|y)p(y) [log q�(y|x)]
max✓ L✓ = Ep✓(x|y)p(y)

⇥
log qr�(y|x)

⇤
,

(1)

where we omit the additional loss of ✓ to fit to the data label pairs of source domain (see supplements
for more details). In conventional view, the first equation minimizes the discriminator binary cross
entropy with respect to discriminative parameter �, while the second trains the feature extractor
to maximize the cross entropy with respect to the transformation parameter ✓. [Eric: I think for

self-containedness, it would be better to explain both of the cross-entropy notion above.]

Alternatively, we can interpret the objectives as optimizing the reconstruction of the domain variable
y conditioned on feature x. [Eric: I can not understand this point.] We explore this perspective
more in the next section. Note that the only (but critical) difference between the objective of ✓ from
� is the replacement of q(y|x) with qr(y|x). This is where the adversarial mechanism comes about.

3

max%ℒ3,5 = 789(:|;) log *+ ( . + @A $% . ( ||* .
max+ℒ3,5 = 789(:|;) log *+ ( . + @A $% . ( ||* .

• Interpret B as latent variables
• Interpret generation of B as 

performing inference over latent

© Eric Xing @ CMU, 2005-2019 42

In EVM, we minimize the following:
C 5,3; B = −log * B + @A $3 E B || *5 E B

à KL (inference model | posterior)
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GANs vs VAEs side by side

GANs (InfoGAN) VAEs

Generative
distribution

Discriminator 
distribution !"($|&) !∗($|&), perfect, degenerated

)-inference 
model !* ) &, $ of InfoGAN !*()|&, $)

KLD to 
minimize

min/ KL (2/ & $ || !3 & ), $ )

~ min/KL(5/ || 6)

min/KL !* ) &, $ !∗3 $ & || 2/ ), $ &

~min/KL(6 || 5/)

Lemma 2. Let p✓(z, y|x) / p✓(x|z, y)p(z|y)p(y). Therefore,

Lvae
✓,⌘ = 2 · Ep✓0 (x)

⇥
Eq⌘(z|x,y)qr⇤(y|x) [log p✓(x|z, y)]� KL(q⌘(z|x, y)qr⇤(y|x)kp(z|y)p(y))

⇤

= 2 · Ep✓0 (x)
[�KL (q⌘(z|x, y)qr⇤(y|x)kp✓(z, y|x))] .

(8)

Here most of the components have exact correspondences (and the same definitions) in GANs
and InfoGAN (Table 1), except that the generation distribution p✓(x|z, y) differs slightly from its
counterpart p✓(x|y) in Eq.(2) to additionally account for the uncertainty of generating x given z:

p✓(x|z, y) =
⇢
p✓(x|z) y = 0
pdata(x) y = 1.

(9)

The resulting KL divergence closely relates to that in GANs (Eq.4) and InfoGAN (Eq.6), with
the generative module p✓(x|z, y) and inference networks q⌘(z|x, y)qr(y|x) placed in the opposite
directions, and with inverted hidden/visible treatments of (z, y) and x. In section 6, we give a general
discussion that the difference between GANs and VAEs in hidden/visible treatments is relatively
minor.

The proof is provided in the supplementary materials. Intuitively, recall that for the real example
domain with y = 1, both q⌘(z|x, y = 1) and p✓(x|z, y = 1) are constant distributions. Therefore,
with fake sample x generated from p✓0(x), the reversed perfect discriminator qr⇤(y|x) always gives
prediction y = 1, making the reconstruction loss on fake samples degenerated to a constant. Hence
only real examples, where qr⇤ predicts y = 0 with probability 1, are effective for learning, which is
identical to Eq.(7). We extend VAEs to also leverage fake samples in section 4.

VAE/GAN Joint Models Previous work has explored combination of VAEs and GANs for im-
proved generation. This can be naturally motivated by the asymmetric behaviors of the KL divergences
that the two algorithms aim to optimize respectively. Specifically, the VAE/GAN model [29] that
improves the sharpness of VAE generated images can be alternatively motivated by remedying the
mode covering behavior of the KL in VAEs. That is, the KL tends to drive the generative model
to cover all modes of the data distribution as well as regions with small values of pdata, resulting
in implausible samples. Incorporation of GAN objectives alleviates the issue as the inverted KL
enforces the generator to focus on meaningful data modes. From the other perspective, augmenting
GANs with VAE objectives helps addressing the mode missing problem, which justifies the intuition
of [5].

3.4 Wake Sleep Algorithm (WS)

We next discuss the connections of GANs and VAEs to the classic wake-sleep algorithm [18] which
was proposed for learning deep generative models such as Helmholtz machines [9]. WS consists of
wake phase and sleep phase, which optimize the generative network and inference network [Eric:

you have been using "model" and "network" interchangeably earlier, please stay consistent,

maybe just call both "model".], respectively. We follow the above notations, and introduce new
notations h to denote general latents [Eric: what do you mean by "latents", latent variables?]

and � for general parameters. The wake-sleep algorithm is thus written as:

Wake : max✓ Eq�(h|x)pdata(x) [log p✓(x|h)]
Sleep : max� Ep✓(x|h)p(h) [log q�(h|x)]

(10)

The relations between VAEs and WS are clear in previous discussions [3, 25]. Indeed, WS was
originally proposed to minimize the variational lower bound as in VAEs (Eq.7) with sleep phase
approximation [18]. Alternatively, VAEs can be seen as extending the wake phase. Specifically, if
we instantiate h with z and � with ⌘, the wake phase objective recovers VAEs (Eq.7) in terms of
generator optimization (i.e., optimizing ✓). Therefore, we can see VAEs as generalizing the wake
phase by also optimizing the inference network q⌘ , with additional prior regularization on latents z.

On the other hand, our interpretation of GANs reveals close resemblance to the sleep phase. To
make this clearer, we instantiate h with y and � with �, resulting in a sleep phase objective identical
to that of optimizing the discriminator q� in Eq.(1), which is to reconstruct y given sample x. We
thus can view GANs as generalizing the sleep phase by also optimizing the generative network p✓

6

maximize the binary classification accuracy of recognizing the feature domains:

max� L� = Ex=G✓(z),z⇠p(z|y=1) [logD�(x)] + Ex=G✓(z),z⇠p(z|y=0) [log(1�D�(x))] . (1)

The feature extractor G✓ is then trained to fool the discriminator:

max✓ L✓ = Ex=G✓(z),z⇠p(z|y=1) [log(1�D�(x))] + Ex=G✓(z),z⇠p(z|y=0) [logD�(x)] . (2)

Here we omit the additional loss on ✓ that fits the features to the data label pairs of source domain
(see the supplementary materials for the details).

With the background of the conventional formulation, we now frame our new interpretation of ADA.
The data distribution p(z|y) and deterministic transformation G✓ together form an implicit distribution
over x, denoted as p✓(x|y), which is intractable to evaluate likelihood but easy to sample from. Let
p(y) be the prior distribution of the domain indicator y, e.g., a uniform distribution as in Eqs.(1)-(2).
The discriminator defines a conditional distribution q�(y|x) = D�(x). Let qr�(y|x) = q�(1� y|x)
be the reversed distribution over domains. The objectives of ADA are therefore rewritten as (up to a
constant scale factor 2):

max� L� = Ep✓(x|y)p(y) [log q�(y|x)]
max✓ L✓ = Ep✓(x|y)p(y)

⇥
log qr�(y|x)

⇤
.

(3)

The above objectives can be interpreted as maximizing the log likelihood of y (or 1 � y) with the
“generative distribution” q�(y|x) conditioning on the latent code x inferred by p✓(x|y). Note that the
only (but critical) difference of the objectives of ✓ from � is the replacement of q(y|x) with qr(y|x).
This is where the adversarial mechanism comes about.

max� L� = Ep✓(x|y)p(y) [log q�(y|x)]
max✓ L✓ = Ep✓(x|y)p(y) [log q�(y|x)] .

(4)

Graphical model representation Figure 1(c) illustrates the graphical model of the formulation
in Eq.(4), where, in the new view, solid-line arrows denote the generative process while dashed-
line arrows denote the inference process. We introduce new visual elements, e.g., hollow arrows
for expressing implicit distributions, and blue arrows for adversarial mechanism. As noted above,
adversarial modeling is achieved by swapping between q(y|x) and qr(y|x) when training respective
modules.

3.2 Generative Adversarial Networks (GANs)

GANs [16] can be seen as a special case of ADA. Taking image generation for example, intuitively,
we want to transfer the properties of the source domain (real images) to the target domain (generated
images), making them indistinguishable to the discriminator. Figure 1(b) shows the conventional
view of GANs.

Formally, x now denotes a real example or a generated sample, z is the respective latent code. For
the generated sample domain (y = 0), the implicit distribution p✓(x|y = 0) is defined by the prior of
z and the generator G✓(z), which is also denoted as pg✓ (x) in the literature. For the real example
domain (y = 1), the code space and generator are degenerated, and we are directly presented with a
fixed distribution p(x|y = 1), which is just the real data distribution pdata(x). Note that pdata(x) is
also an implicit distribution allowing efficient empirical sampling. In summary, the distribution over
x is constructed as

p✓(x|y) =
⇢
pg✓ (x) y = 0
pdata(x) y = 1.

(5)

Here, free parameters ✓ are only associated with pg✓ (x) of the generated sample domain, while
pdata(x) is constant. As in ADA, discriminator D� is simultaneously trained to infer the probability
that x comes from the real data domain. That is, q�(y = 1|x) = D�(x).

With the established correspondence between GANs and ADA, we can see that the objectives of
GANs are precisely expressed as Eq.(4) and as the graphical model in Figure 1(c). To make this

4
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• Asymmetry of KLDs inspires combination of GANs and VAEs
• GANs: min$KL(($||*) tends to missing mode
• VAEs: min$KL(*||($) tends to cover regions with small values of ,-./.
• Augment VAEs with GAN loss [Larsen et al., 2016]

• Alleviate the mode covering issue of VAEs
• Improve the sharpness of VAE generated images

• Augment GANs with VAE loss [Che et al., 2017]
• the mode missing issue

GANs vs VAEs side by side
GANs (InfoGAN) VAEs

KLD to 
minimize

min$ KL (,$ 0 1 || 23 0 4, 1 )
~ min$KL(($ || *)

min$KL(27 4 0, 1 2∗3 1 0 || ,$(4, 1|0))
~min$KL(* || ($)

10.1. Variational Inference 469

(a) (b) (c)

Figure 10.3 Another comparison of the two alternative forms for the Kullback-Leibler divergence. (a) The blue
contours show a bimodal distribution p(Z) given by a mixture of two Gaussians, and the red contours correspond
to the single Gaussian distribution q(Z) that best approximates p(Z) in the sense of minimizing the Kullback-
Leibler divergence KL(p‖q). (b) As in (a) but now the red contours correspond to a Gaussian distribution q(Z)
found by numerical minimization of the Kullback-Leibler divergence KL(q‖p). (c) As in (b) but showing a different
local minimum of the Kullback-Leibler divergence.

from regions of Z space in which p(Z) is near zero unless q(Z) is also close to
zero. Thus minimizing this form of KL divergence leads to distributions q(Z) that
avoid regions in which p(Z) is small. Conversely, the Kullback-Leibler divergence
KL(p‖q) is minimized by distributions q(Z) that are nonzero in regions where p(Z)
is nonzero.

We can gain further insight into the different behaviour of the two KL diver-
gences if we consider approximating a multimodal distribution by a unimodal one,
as illustrated in Figure 10.3. In practical applications, the true posterior distri-
bution will often be multimodal, with most of the posterior mass concentrated in
some number of relatively small regions of parameter space. These multiple modes
may arise through nonidentifiability in the latent space or through complex nonlin-
ear dependence on the parameters. Both types of multimodality were encountered in
Chapter 9 in the context of Gaussian mixtures, where they manifested themselves as
multiple maxima in the likelihood function, and a variational treatment based on the
minimization of KL(q‖p) will tend to find one of these modes. By contrast, if we
were to minimize KL(p‖q), the resulting approximations would average across all
of the modes and, in the context of the mixture model, would lead to poor predictive
distributions (because the average of two good parameter values is typically itself
not a good parameter value). It is possible to make use of KL(p‖q) to define a useful
inference procedure, but this requires a rather different approach to the one discussed
here, and will be considered in detail when we discuss expectation propagation.Section 10.7

The two forms of Kullback-Leibler divergence are members of the alpha family

Mode covering Mode missing[Figure courtesy: PRML]
© Eric Xing @ CMU, 2005-2019 50
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BETWEEN GMS AND NNS
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Graphical models vs. Deep nets

Graphical models

• Representation for encoding 
meaningful knowledge and the 
associated uncertainty in a 
graphical form

Deep neural networks

l Learn representations that 
facilitate computation and 
performance on the end-metric 
(intermediate representations are 
not guaranteed to be meaningful)

© Eric Xing @ CMU, 2005-2020 21
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Graphical models vs. Deep nets

Graphical models

q Representation for encoding 
meaningful knowledge and the 
associated uncertainty in a 
graphical form

q Learning and inference are based 
on a rich toolbox of well-studied 
(structure-dependent) techniques 
(e.g., EM, message passing, VI, 
MCMC, etc.)

q Graphs represent models

Deep neural networks

l Learn representations that 
facilitate computation and 
performance on the end-metric 
(intermediate representations are 
not guaranteed to be meaningful)

l Learning is predominantly based 
on the gradient descent method 
(aka backpropagation);
Inference is often trivial and done 
via a “forward pass”

l Graphs represent computation

© Eric Xing @ CMU, 2005-2020 22
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Graphical models vs. Deep nets

Graphical models

Utility of the graph
q A vehicle for synthesizing a global loss 

function from local structure
q potential function, feature function, etc.

q A vehicle for designing sound and 
efficient inference algorithms

q Sum-product, mean-field, etc.
q A vehicle to inspire approximation and 

penalization
q Structured MF, Tree-approximation, etc.

q A vehicle for monitoring theoretical and 
empirical behavior and accuracy of 
inference

Utility of the loss function
q A major measure of quality of the 

learning algorithm and the model

X1 X2

X3

X4X5

logP (X) =
X

i

log �(xi) +
X

i,j

log (xi, xj)

! " ~$("|')

q = argmaxq$q(') © Eric Xing @ CMU, 2005-2020 23
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Deep neural networks

Utility of the network
l A vehicle to conceptually synthesize 

complex decision hypothesis
l stage-wise projection and aggregation

l A vehicle for organizing computational 
operations

l stage-wise update of latent states

l A vehicle for designing processing steps 
and computing modules

l Layer-wise parallelization

l No obvious utility in evaluating DL 
inference algorithms

Utility of the Loss Function
l Global loss? Well it is complex and non-

convex...

Graphical models vs. Deep nets

Images from Distill.pub © Eric Xing @ CMU, 2005-2020 24
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Graphical models vs. Deep nets

Graphical models

Utility of the graph
q A vehicle for synthesizing a global loss 

function from local structure
q potential function, feature function, etc.

q A vehicle for designing sound and 
efficient inference algorithms

q Sum-product, mean-field, etc.
q A vehicle to inspire approximation and 

penalization
q Structured MF, Tree-approximation, etc.

q A vehicle for monitoring theoretical and 
empirical behavior and accuracy of 
inference

Utility of the loss function
q A major measure of quality of the 

learning algorithm and the model

Deep neural networks

Utility of the network
l A vehicle to conceptually synthesize 

complex decision hypothesis
l stage-wise projection and aggregation

l A vehicle for organizing computational 
operations

l stage-wise update of latent states

l A vehicle for designing processing steps 
and computing modules

l Layer-wise parallelization

l No obvious utility in evaluating DL 
inference algorithms

Utility of the Loss Function
l Global loss? Well it is complex and non-

convex...
© Eric Xing @ CMU, 2005-2020 25
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Graphical models vs. Deep nets
DL ML (e.g., GM)

Empirical goal: e.g., classification, feature learning e.g., latent variable inference, transfer 

learning

Structure: Graphical Graphical

Objective: Something aggregated from local functions Something aggregated from local functions 

Vocabulary: Neuron, activation function, … Variable, potential function, …

Algorithm: A single, unchallenged, inference algorithm 

–

Backpropagation (BP)

A major focus of open research, many 

algorithms, and more to come

Evaluation: On a black-box score –

end performance

On almost every intermediate quantity

Implementation: Many tricks More or less standardized 

Experiments: Massive, real data

(GT unknown)

Modest, often simulated data (GT known)

<= ?>

© Eric Xing @ CMU, 2005-2020 26
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Graphical Models vs. Deep Nets

q So far:
q Graphical models are representations of probability distributions
q Neural networks are function approximators (with no probabilistic meaning)

q Some of the neural nets are in fact proper graphical models (i.e., 
units/neurons represent random variables):

q Boltzmann machines (Hinton & Sejnowsky, 1983)
q Restricted Boltzmann machines (Smolensky, 1986)
q Learning and Inference in sigmoid belief networks (Neal, 1992)
q Fast learning in deep belief networks (Hinton, Osindero, Teh, 2006)
q Deep Boltzmann machines (Salakhutdinov and Hinton, 2009)

q Let’s go through these models one-by-one

© Eric Xing @ CMU, 2005-2020 27
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DEEP GENERATIVE MODELS
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How does this relate to 
Graphical Models?

The first “Deep Learning” papers in 2006 were
innovations in training a particular flavor of 
Belief Network.

Those models happen to also be neural nets.

32

Question:



MNIST Digit Generation

• This section: Suppose you 

want to build a 
generative model 

capable of explaining 

handwritten digits

• Goal: 

– To have a model p(x) 
from which we can 
sample digits that look 
realistic

– Learn unsupervised
hidden representation of 
an image

33

DBNs

A Fast Learning Algorithm for Deep Belief Nets 1545

Figure 8: Each row shows 10 samples from the generative model with a particu-
lar label clamped on. The top-level associative memory is run for 1000 iterations
of alternating Gibbs sampling between samples.

stochastic binary states. The second is to repeat the stochastic up-pass
20 times and average either the label probabilities or the label log prob-
abilities over the 20 repetitions before picking the best one. The two types
of average give almost identical results, and these results are also very sim-
ilar to using a single deterministic up-pass, which was the method used for
the reported results.

7 Looking into the Mind of a Neural Network

To generate samples from the model, we perform alternating Gibbs sam-
pling in the top-level associative memory until the Markov chain converges
to the equilibrium distribution. Then we use a sample from this distribution
as input to the layers below and generate an image by a single down-pass
through the generative connections. If we clamp the label units to a partic-
ular class during the Gibbs sampling, we can see images from the model’s
class-conditional distributions. Figure 8 shows a sequence of images for
each class that were generated by allowing 1000 iterations of Gibbs sam-
pling between samples.

We can also initialize the state of the top two layers by providing a
random binary image as input. Figure 9 shows how the class-conditional
state of the associative memory then evolves when it is allowed to run freely,
but with the label clamped. This internal state is “observed” by performing
a down-pass every 20 iterations to see what the associative memory has

Figure from (Hinton et al., 2006)



SIGMOID BELIEF NETWORK (SBN)
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what would a really interesting generative model for (say)
images look like?

stochastic
lots of units
several layers
easy to sample from

sigmoid belief net
an interesting generative model

Marcus Frean (VUW) MLSS, ANU, 2010 9 / 75

Sigmoid Belief Networks

• Directed graphical model of 
binary variables in fully 
connected layers 

• Only bottom layer is observed
• Specific parameterization of 

the conditional probabilities:

35

DBNs

p(xi|parents(xi)) =

1

1 + exp(�
�

j wijxj)

Figure from Marcus Frean, MLSS Tutorial 2010

Note: this is a GM 
diagram not a NN!



Contrastive Divergence 
Training

36

DBNs

Slide from Marcus Frean, MLSS Tutorial 2010

log likelihood of a dataset of v
log L = log P (D)

=
X

v2D
log P (v)

=
X

v2D
log

�
P ?(v)/Z

�
 in terms of P ?

=
X

v2D

�
log P ?(v) � log Z

�

/ 1
N

X

v2D
log P ?(v)

| {z }
av. log likelihood per pattern

� log Z

The trick for finding the gradient of this: notice that
1 rw log P = (rwP )/P and conversely,
2 rwP = Prw log P .

Each term uses this trick once, in each direction...
Marcus Frean (VUW) MLSS, ANU, 2010 16 / 75

Contrastive Divergence is a general tool for learning a 
generative distribution, where the derivative of the log partition 
function is intractable to compute.



gradient as a whole
@

@w log L /

1
N

X

v2D| {z }
data

X

h

P (h | v)

| {z }
av. over posterior

@

@w
log P ?(x) �

X

v,h

P (v,h)

| {z }
av. over joint

@

@w
log P ?(x)

Both terms involve averaging over @
@w log P ?(x).

Another way to write it:
⌧

@
@w log P ?(x)

�

v2D, h⇠P (h|v)

�
⌧

@
@w log P ?(x)

�

x⇠P (x)

clamped / wake phase unclamped / sleep / free phase
""" conditioned hypotheses ### random fantasies

Marcus Frean (VUW) MLSS, ANU, 2010 19 / 75

Contrastive Divergence 
Training

37

DBNs

Slide from Marcus Frean, MLSS Tutorial 2010

Contrastive 
Divergence estimates 
the second term with 
a Monte Carlo 
estimate from 1-step 
of a Gibbs sampler!



Contrastive Divergence 
Training

38

DBNs

Slide from Marcus Frean, MLSS Tutorial 2010

example: sigmoid belief nets
For a belief net the joint is automatically normalised: Z is a constant 1

2nd term is zero!

for the weight wij from j into i, the gradient
@log L

@wij
= (xi � pi)xj

stochastic gradient ascent:

�wij / (xi � pi)xj| {z }
the ”delta rule”

So this is a stochastic version of the EM algorithm, that you may have
heard of. We iterate the following two steps:

E step: get samples from the posterior
M step: apply the learning rule that makes them more likely

Marcus Frean (VUW) MLSS, ANU, 2010 20 / 75



what would a really interesting generative model for (say)
images look like?

stochastic
lots of units
several layers
easy to sample from

sigmoid belief net
an interesting generative model

Marcus Frean (VUW) MLSS, ANU, 2010 9 / 75

Sigmoid Belief Networks

• In practice, applying CD to 
a Deep Sigmoid Belief 
Nets fails

• Sampling from the 
posterior of many (deep) 
hidden layers doesn’t 
approach the equilibrium 
distribution quickly 
enough

39

DBNs

Figure from Marcus Frean, MLSS Tutorial 2010

Note: this is a GM 
diagram not a NN!



RESTRICTED BOLTZMAN MACHINE 
(RBM)
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Boltzman Machines

• Undirected graphical 
model of binary 
variables with 
pairwise potentials

• Parameterization of 
the potentials:

41

DBNs

�ij(xi, xj) =

exp(xiWijxj)

(In English: higher value of 
parameter Wij leads to higher 
correlation between Xi and Xj on 
value 1)

Xi X1 X1

Xj

X1 X1



trick # 1: restrict the connections
Assume visible units are one layer, and hidden units are another.
Throw out all the connections within each layer.

hj ?? hk | v
the posterior P (h | v) factors
c.f. in a belief net, the prior P (h) factors
no explaining away

Marcus Frean (VUW) MLSS, ANU, 2010 41 / 75

Restricted Boltzman
Machines

42

DBNs

Slide from Marcus Frean, MLSS Tutorial 2010



Alternating Gibbs sampling

Since none of the units within a layer are interconnected, we can do Gibbs
sampling by updating the whole layer at a time.

(with time running from left �! right)

Marcus Frean (VUW) MLSS, ANU, 2010 42 / 75

Restricted Boltzman
Machines

43

DBNs

Slide from Marcus Frean, MLSS Tutorial 2010



Restricted Boltzman
Machines

44

DBNs

Slide from Marcus Frean, MLSS Tutorial 2010

learning in an RBM

Repeat for all data:
1 start with a training vector on the visible units
2 then alternate between updating all the hidden units in parallel and

updating all the visible units in parallel

�wij = ⌘
⇥
hvi hji0 � hvi hji1

⇤

restricted connectivity is trick #1:
it saves waiting for equilibrium in the clamped phase.

Marcus Frean (VUW) MLSS, ANU, 2010 43 / 75
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Slide from Marcus Frean, MLSS Tutorial 2010

trick # 2: curtail the Markov chain during learning

Repeat for all data:
1 start with a training vector on the visible units
2 update all the hidden units in parallel
3 update all the visible units in parallel to get a “reconstruction”
4 update the hidden units again

�wij = ⌘
⇥
hvi hji0 � hvi hji1

⇤

This is not following the correct gradient, but works well in practice. Geoff
Hinton calls it learning by “contrastive divergence”.

Marcus Frean (VUW) MLSS, ANU, 2010 44 / 75



DEEP BELIEF NETWORKS (DBNS)

46



1: RBMs are infinitely deep belief nets

sampling from this is the same as sampling
from the network on the right.

Marcus Frean (VUW) MLSS, ANU, 2010 52 / 75
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Slide from Marcus Frean, MLSS Tutorial 2010

RBMs are equivalent to infinitely deep belief networks
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Slide from Marcus Frean, MLSS Tutorial 2010

RBMs are equivalent to infinitely deep belief networksin fact, all of these are the same animal...

So when we train an RBM, we’re really training an1ly deep sigmoid
belief net!
It’s just that the weights of all layers are tied.

Marcus Frean (VUW) MLSS, ANU, 2010 53 / 75



un-tie the weights from layer 2 to1

If we freeze the first RBM,
and then train another RBM
atop it, we are untying the
weights of layers 2+ in the1
net (which remain tied
together).

Marcus Frean (VUW) MLSS, ANU, 2010 54 / 75
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Slide from Marcus Frean, MLSS Tutorial 2010

Un-tie the weights from layers 2 to infinity



un-tie the weights from layer 3 to1

and ditto for the 3rd layer...
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Un-tie the weights from layers 3 to infinity
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fine-tuning with the wake-sleep algorithm
So far, the up and down weights have been symmetric, as required by the
Boltzmann machine learning algorithm. And we didn’t change the lower
levels after “freezing” them.

wake: do a bottom-up pass, starting with a pattern from the training
set. Use the delta rule to make this more likely under the generative
model.
sleep: do a top-down pass, starting from an equilibrium sample from
the top RBM. Use the delta rule to make this more likely under the
recognition model.

[CD version: start top RBM at the sample from the wake phase, and don’t
wait for equilibrium before doing the top-down pass].

wake-sleep learning algorithm
unties the recognition weights from the generative ones

Marcus Frean (VUW) MLSS, ANU, 2010 66 / 75
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Unsupervised Learning 
of DBNs
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Figure from (Hinton & Salakhutinov, 2006)

Setting A: DBN Autoencoder
I. Pre-train a stack of RBMs in 

greedy layerwise fashion 
II. Unroll the RBMs to create 

an autoencoder (i.e. 
bottom-up and top-down 
weights are untied)

III. Fine-tune the parameters 
using backpropagation
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Figure from (Hinton & Salakhutinov, 2006)

Setting A: DBN Autoencoder
I. Pre-train a stack of RBMs in 

greedy layerwise fashion 
II. Unroll the RBMs to create 

an autoencoder (i.e. 
bottom-up and top-down 
weights are untied)

III. Fine-tune the parameters 
using backpropagation

to transform the high-dimensional data into a
low-dimensional code and a similar Bdecoder[
network to recover the data from the code.

Starting with random weights in the two
networks, they can be trained together by
minimizing the discrepancy between the orig-
inal data and its reconstruction. The required
gradients are easily obtained by using the chain
rule to backpropagate error derivatives first
through the decoder network and then through
the encoder network (1). The whole system is

called an Bautoencoder[ and is depicted in
Fig. 1.

It is difficult to optimize the weights in
nonlinear autoencoders that have multiple
hidden layers (2–4). With large initial weights,
autoencoders typically find poor local minima;
with small initial weights, the gradients in the
early layers are tiny, making it infeasible to
train autoencoders with many hidden layers. If
the initial weights are close to a good solution,
gradient descent works well, but finding such
initial weights requires a very different type of
algorithm that learns one layer of features at a
time. We introduce this Bpretraining[ procedure
for binary data, generalize it to real-valued data,
and show that it works well for a variety of
data sets.

An ensemble of binary vectors (e.g., im-
ages) can be modeled using a two-layer net-
work called a Brestricted Boltzmann machine[
(RBM) (5, 6) in which stochastic, binary pixels
are connected to stochastic, binary feature
detectors using symmetrically weighted con-
nections. The pixels correspond to Bvisible[
units of the RBM because their states are
observed; the feature detectors correspond to
Bhidden[ units. A joint configuration (v, h) of
the visible and hidden units has an energy (7)
given by

Eðv, hÞ 0 j
X

iZpixels

bivi j
X

jZfeatures

bjhj

j
X

i, j

vihjwij

ð1Þ

where vi and hj are the binary states of pixel i
and feature j, bi and bj are their biases, and wij

is the weight between them. The network as-
signs a probability to every possible image via
this energy function, as explained in (8). The
probability of a training image can be raised by
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King’s College Road, Toronto, Ontario M5S 3G4, Canada.

*To whom correspondence should be addressed; E-mail:
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Fig. 1. Pretraining consists of learning a stack of restricted Boltzmann machines (RBMs), each
having only one layer of feature detectors. The learned feature activations of one RBM are used
as the ‘‘data’’ for training the next RBM in the stack. After the pretraining, the RBMs are
‘‘unrolled’’ to create a deep autoencoder, which is then fine-tuned using backpropagation of
error derivatives.

Fig. 2. (A) Top to bottom:
Random samples of curves from
the test data set; reconstructions
produced by the six-dimensional
deep autoencoder; reconstruc-
tions by ‘‘logistic PCA’’ (8) using
six components; reconstructions
by logistic PCA and standard
PCA using 18 components. The
average squared error per im-
age for the last four rows is
1.44, 7.64, 2.45, 5.90. (B) Top
to bottom: A random test image
from each class; reconstructions
by the 30-dimensional autoen-
coder; reconstructions by 30-
dimensional logistic PCA and
standard PCA. The average
squared errors for the last three
rows are 3.00, 8.01, and 13.87.
(C) Top to bottom: Random
samples from the test data set;
reconstructions by the 30-
dimensional autoencoder; reconstructions by 30-dimensional PCA. The average squared errors are 126 and 135.
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Figure from (Hinton & Salakhutinov, 2006)

Setting A: DBN Autoencoder

I. Pre-train a stack of RBMs in 

greedy layerwise fashion 

II. Unroll the RBMs to create 

an autoencoder (i.e. 

bottom-up and top-down 

weights are untied)

III. Fine-tune the parameters 

using backpropagation

to transform the high-dimensional data into a
low-dimensional code and a similar Bdecoder[
network to recover the data from the code.

Starting with random weights in the two
networks, they can be trained together by
minimizing the discrepancy between the orig-
inal data and its reconstruction. The required
gradients are easily obtained by using the chain
rule to backpropagate error derivatives first
through the decoder network and then through
the encoder network (1). The whole system is

called an Bautoencoder[ and is depicted in
Fig. 1.

It is difficult to optimize the weights in
nonlinear autoencoders that have multiple
hidden layers (2–4). With large initial weights,
autoencoders typically find poor local minima;
with small initial weights, the gradients in the
early layers are tiny, making it infeasible to
train autoencoders with many hidden layers. If
the initial weights are close to a good solution,
gradient descent works well, but finding such
initial weights requires a very different type of
algorithm that learns one layer of features at a
time. We introduce this Bpretraining[ procedure
for binary data, generalize it to real-valued data,
and show that it works well for a variety of
data sets.

An ensemble of binary vectors (e.g., im-
ages) can be modeled using a two-layer net-
work called a Brestricted Boltzmann machine[
(RBM) (5, 6) in which stochastic, binary pixels
are connected to stochastic, binary feature
detectors using symmetrically weighted con-
nections. The pixels correspond to Bvisible[
units of the RBM because their states are
observed; the feature detectors correspond to
Bhidden[ units. A joint configuration (v, h) of
the visible and hidden units has an energy (7)
given by

Eðv, hÞ 0 j
X

iZpixels

bivi j
X

jZfeatures

bjhj

j
X

i, j

vihjwij

ð1Þ

where vi and hj are the binary states of pixel i
and feature j, bi and bj are their biases, and wij

is the weight between them. The network as-
signs a probability to every possible image via
this energy function, as explained in (8). The
probability of a training image can be raised by
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Fig. 1. Pretraining consists of learning a stack of restricted Boltzmann machines (RBMs), each
having only one layer of feature detectors. The learned feature activations of one RBM are used
as the ‘‘data’’ for training the next RBM in the stack. After the pretraining, the RBMs are
‘‘unrolled’’ to create a deep autoencoder, which is then fine-tuned using backpropagation of
error derivatives.

Fig. 2. (A) Top to bottom:
Random samples of curves from
the test data set; reconstructions
produced by the six-dimensional
deep autoencoder; reconstruc-
tions by ‘‘logistic PCA’’ (8) using
six components; reconstructions
by logistic PCA and standard
PCA using 18 components. The
average squared error per im-
age for the last four rows is
1.44, 7.64, 2.45, 5.90. (B) Top
to bottom: A random test image
from each class; reconstructions
by the 30-dimensional autoen-
coder; reconstructions by 30-
dimensional logistic PCA and
standard PCA. The average
squared errors for the last three
rows are 3.00, 8.01, and 13.87.
(C) Top to bottom: Random
samples from the test data set;
reconstructions by the 30-
dimensional autoencoder; reconstructions by 30-dimensional PCA. The average squared errors are 126 and 135.
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Figure from (Hinton & Salakhutinov, 2006)

Setting A: DBN Autoencoder

I. Pre-train a stack of RBMs in 

greedy layerwise fashion 

II. Unroll the RBMs to create 

an autoencoder (i.e. 

bottom-up and top-down 

weights are untied)

III. Fine-tune the parameters 

using backpropagation

to transform the high-dimensional data into a
low-dimensional code and a similar Bdecoder[
network to recover the data from the code.

Starting with random weights in the two
networks, they can be trained together by
minimizing the discrepancy between the orig-
inal data and its reconstruction. The required
gradients are easily obtained by using the chain
rule to backpropagate error derivatives first
through the decoder network and then through
the encoder network (1). The whole system is

called an Bautoencoder[ and is depicted in
Fig. 1.

It is difficult to optimize the weights in
nonlinear autoencoders that have multiple
hidden layers (2–4). With large initial weights,
autoencoders typically find poor local minima;
with small initial weights, the gradients in the
early layers are tiny, making it infeasible to
train autoencoders with many hidden layers. If
the initial weights are close to a good solution,
gradient descent works well, but finding such
initial weights requires a very different type of
algorithm that learns one layer of features at a
time. We introduce this Bpretraining[ procedure
for binary data, generalize it to real-valued data,
and show that it works well for a variety of
data sets.

An ensemble of binary vectors (e.g., im-
ages) can be modeled using a two-layer net-
work called a Brestricted Boltzmann machine[
(RBM) (5, 6) in which stochastic, binary pixels
are connected to stochastic, binary feature
detectors using symmetrically weighted con-
nections. The pixels correspond to Bvisible[
units of the RBM because their states are
observed; the feature detectors correspond to
Bhidden[ units. A joint configuration (v, h) of
the visible and hidden units has an energy (7)
given by

Eðv, hÞ 0 j
X

iZpixels

bivi j
X

jZfeatures

bjhj

j
X

i, j

vihjwij

ð1Þ

where vi and hj are the binary states of pixel i
and feature j, bi and bj are their biases, and wij

is the weight between them. The network as-
signs a probability to every possible image via
this energy function, as explained in (8). The
probability of a training image can be raised by
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Fig. 1. Pretraining consists of learning a stack of restricted Boltzmann machines (RBMs), each
having only one layer of feature detectors. The learned feature activations of one RBM are used
as the ‘‘data’’ for training the next RBM in the stack. After the pretraining, the RBMs are
‘‘unrolled’’ to create a deep autoencoder, which is then fine-tuned using backpropagation of
error derivatives.

Fig. 2. (A) Top to bottom:
Random samples of curves from
the test data set; reconstructions
produced by the six-dimensional
deep autoencoder; reconstruc-
tions by ‘‘logistic PCA’’ (8) using
six components; reconstructions
by logistic PCA and standard
PCA using 18 components. The
average squared error per im-
age for the last four rows is
1.44, 7.64, 2.45, 5.90. (B) Top
to bottom: A random test image
from each class; reconstructions
by the 30-dimensional autoen-
coder; reconstructions by 30-
dimensional logistic PCA and
standard PCA. The average
squared errors for the last three
rows are 3.00, 8.01, and 13.87.
(C) Top to bottom: Random
samples from the test data set;
reconstructions by the 30-
dimensional autoencoder; reconstructions by 30-dimensional PCA. The average squared errors are 126 and 135.

REPORTS

www.sciencemag.org SCIENCE VOL 313 28 JULY 2006 505



Supervised Learning 
of DBNs

57

DBNs

Figure from (Hinton & Salakhutinov, 2006)

Setting B: DBN classifier

I. Pre-train a stack of RBMs 
in greedy layerwise
fashion (unsupervised) 

II. Fine-tune the parameters 
using backpropagation by 
minimizing classification 
error on the training data



MNIST Digit Generation

58

DBNs

• Comparison of deep autoencoder, logistic PCA, and PCA
• Each method projects the real data down to a vector of 

30 real numbers
• Then reconstructs the data from the low-dimensional 

projection

Figure from Hinton, NIPS Tutorial 2007

A comparison of methods for compressing

digit images to 30 real numbers.

real

data

30-D

deep auto

30-D logistic

PCA

30-D

PCA



MNIST Digit Generation

• This section: Suppose you 
want to build a 
generative model 
capable of explaining 
handwritten digits

• Goal: 
– To have a model p(x) 

from which we can 
sample digits that look 
realistic

– Learn unsupervised
hidden representation of 
an image
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A Fast Learning Algorithm for Deep Belief Nets 1545

Figure 8: Each row shows 10 samples from the generative model with a particu-
lar label clamped on. The top-level associative memory is run for 1000 iterations
of alternating Gibbs sampling between samples.

stochastic binary states. The second is to repeat the stochastic up-pass
20 times and average either the label probabilities or the label log prob-
abilities over the 20 repetitions before picking the best one. The two types
of average give almost identical results, and these results are also very sim-
ilar to using a single deterministic up-pass, which was the method used for
the reported results.

7 Looking into the Mind of a Neural Network

To generate samples from the model, we perform alternating Gibbs sam-
pling in the top-level associative memory until the Markov chain converges
to the equilibrium distribution. Then we use a sample from this distribution
as input to the layers below and generate an image by a single down-pass
through the generative connections. If we clamp the label units to a partic-
ular class during the Gibbs sampling, we can see images from the model’s
class-conditional distributions. Figure 8 shows a sequence of images for
each class that were generated by allowing 1000 iterations of Gibbs sam-
pling between samples.

We can also initialize the state of the top two layers by providing a
random binary image as input. Figure 9 shows how the class-conditional
state of the associative memory then evolves when it is allowed to run freely,
but with the label clamped. This internal state is “observed” by performing
a down-pass every 20 iterations to see what the associative memory has

Figure from (Hinton et al., 2006)

Samples from a DBN trained on MNIST

A Fast Learning Algorithm for Deep Belief Nets 1545

Figure 8: Each row shows 10 samples from the generative model with a particu-
lar label clamped on. The top-level associative memory is run for 1000 iterations
of alternating Gibbs sampling between samples.

stochastic binary states. The second is to repeat the stochastic up-pass
20 times and average either the label probabilities or the label log prob-
abilities over the 20 repetitions before picking the best one. The two types
of average give almost identical results, and these results are also very sim-
ilar to using a single deterministic up-pass, which was the method used for
the reported results.

7 Looking into the Mind of a Neural Network

To generate samples from the model, we perform alternating Gibbs sam-
pling in the top-level associative memory until the Markov chain converges
to the equilibrium distribution. Then we use a sample from this distribution
as input to the layers below and generate an image by a single down-pass
through the generative connections. If we clamp the label units to a partic-
ular class during the Gibbs sampling, we can see images from the model’s
class-conditional distributions. Figure 8 shows a sequence of images for
each class that were generated by allowing 1000 iterations of Gibbs sam-
pling between samples.

We can also initialize the state of the top two layers by providing a
random binary image as input. Figure 9 shows how the class-conditional
state of the associative memory then evolves when it is allowed to run freely,
but with the label clamped. This internal state is “observed” by performing
a down-pass every 20 iterations to see what the associative memory has
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Slide from Hinton, NIPS Tutorial 2007

Examples of correctly recognized handwritten digits

that the neural network had never seen before

Its very

good

Experimental 
evaluation of 
DBN with 
greedy layer-
wise pre-
training and 
fine-tuning 
via the wake-
sleep 
algorithm 
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Slide from Hinton, NIPS Tutorial 2007

How well does it discriminate on MNIST test set with

no extra information about geometric distortions?

• Generative model based on RBM’s                   1.25%

• Support Vector Machine  (Decoste et. al.)    1.4%

• Backprop with 1000 hiddens (Platt)                 ~1.6%

• Backprop with 500 -->300 hiddens                  ~1.6%

• K-Nearest Neighbor                                        ~ 3.3%

• See Le Cun et. al. 1998 for more results

• Its better than backprop and much more neurally plausible

because the neurons only need to send one kind of signal,

and the teacher can be another sensory input.

Experimental 
evaluation of 
DBN with 
greedy layer-
wise pre-
training and 
fine-tuning 
via the wake-
sleep 
algorithm 
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Slide from Hinton, NIPS Tutorial 2007

How to compress the count vector

• We train the neural

network to reproduce its

input vector as its output

• This forces it to

compress as much

information as possible

into the 10 numbers in

the central bottleneck.

• These 10 numbers are

then a good way to

compare documents.

 2000  reconstructed counts

500 neurons

     2000  word counts

500 neurons

250 neurons

250 neurons

10

input

vector

output

vector
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Slide from Hinton, NIPS Tutorial 2007

Performance of the autoencoder at

document retrieval

• Train on bags of 2000 words for 400,000 training cases
of business documents.

– First train a stack of RBM’s. Then fine-tune with
backprop.

• Test on a separate 400,000 documents.

– Pick one test document as a query. Rank order all the
other test documents by using the cosine of the angle
between codes.

– Repeat this using each of the 400,000 test documents
as the query (requires 0.16 trillion comparisons).

• Plot the number of retrieved documents against the
proportion that are in the same hand-labeled class as the
query document.



Document Clustering 
and Retrieval

Retrieval Results
• Goal: given a 

query 
document, 
retrieve the 
relevant test 
documents

• Figure shows 
accuracy for 
varying 
numbers of 
retrieved test 
docs
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Fig. S5: Accuracy curves when a query document from the test set is used to retrieve other test set
documents, averaged over all 7,531 possible queries.
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