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GAUSSIAN MIXTURE MODEL



Model 3: Gaussian Naive Bayw

Data: D= {™, ym N

Model: Product of prior and the event model

Gaussian Naive Bayes assumes that p(x|y) is given by
a Normal distribution.



Mixture-Model

Data: D = {xW}Y wherex(® ¢ RY
Generative Story: 2z ~ Multinomial(¢)

X ~ po(-|2)

Model: Joint:  Po,¢(X, 2) = po(X|2)pe(2)

K
Marginal: pg ¢ (X) = Zpg(x 2)pe(2)
z=1

(Marginal) Log-likelihood:
6(9) — log Hpg,qb(x(i))

1=1

N K |
— Z log Z pe (x| 2)pg (2)
i=1 =1



Learning a Mixture Model

Supervised Learning: The Unsupervised Learning: Parameters
parameters decouple! are coupled by marginalization.
D = {(X(i)» Z(i)) i D= {X(i) Al

N N K
0", " = ar%rgax Z log pe (x V]2 pg (2(V) 0", " = ar%n;ax Z log Zpg (x| 2)pg(2)
) =1 Z =1 z=1

N
0* = argmax > log pe(x? |z
g1 ; gpo(x*|z1")

N
¢" = argmax Z log pg (2\V)
o =1



Learning a Mixture Model

Supervised Learning: The Unsupervised Learning: Parameters
parameters decouple! are coupled by marginalization.
D = {( (Z)) i=1 D= {X(i)}fvzl

o\
Training certainly isn’t as simple
as the supervised case.

In many cases, we could still use
some black-box optimization
method (e.g. Newton-Raphson)

. ] to solve this coupled . e )
9°.9 optimization problem. 0%, ¢ argmaleogZpg 12)pg(2)

0,9 =1 z=1
This lecture is about an even @
simpler method: EM.

PN

CIN
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Mixture-Model

Data: D = {xW}Y wherex(® ¢ RY
Generative Story: 2z ~ Multinomial(¢)

X ~ po(-|2)

Model: Joint:  Po,¢(X, 2) = po(X|2)pe(2)

K
Marginal: pg ¢ (X) = Zpg(x 2)pe(2)
z=1

(Marginal) Log-likelihood:
6(9) — log Hpg,qb(x(i))

1=1

N K |
— Z log Z pe (x| 2)pg (2)
i=1 =1



Gaussian Mixture-Model
® ®

Data: D = {xW}Y wherex(® ¢ RY

Generative Story: 2 ~ Categorical(¢)

x ~ Gaussian(,,, 3,)

Model: Joint: (X 2 ¢7ﬂa ) — (X’Z7 22 ) ( 7¢)
Marginal: p X; qb,u, ZP X‘Z7 IJw )

(Marginal) Log-likelihood:
U, X long (x"; ¢, p, )

=1

N K
=) log ) p(x"|z; p, T)p(z; ¢)
i=1 Z—1l



ldentifiability

A mixture model induces a multi-modal likelihood.
Hence gradient ascent can only find a local maximum.

Mixture models are unidentifiable, since we can always
switch the hidden labels without affecting the likelihood.

Hence we should be careful in trying to interpret the
“meaning” of latent variables.

likelihood

/

parameter space




HARD EM



K-means as Hard EM
Loop:
— For each point n=1to N,
compute its cluster label:
z,) =argmax(x, - ) 21 (x, - 1)

— For each cluster k=1:K

(t)
M(t+1) _ zné(Zn ’k)x” Z(Hl) _
k - (1) ko
PRIEANS
F e ;§ >
X X OI: . ‘,: . ’(‘
X .:9‘ * ,: ‘::3 ' ’:::3 .
] ] ’3
> > &
(a) (b) (c) (d) (e)

Eric Xing © Eric Xing @ CMU, 2006-2011

(f)
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Whiteboard

* Background: Coordinate Descent algorithm



Hard Expectation-Maximization

* Initialize parameters randomly

* while not converged
1. E-Step:

) Hallucinate
Set the latent variables to the
o some data
the values that maximizes
Iike“hOOd, treating parameters as observed
2. M-Step: Standard
Set the paramet.er.s to the Bayes Net
values that maximizes training

IikenhOOd, treating latent variables as observed



Hard EM for Mixture Models

Algorithm 1 Hard EM for MMs

i: procedure HARDEM(D = {x(V} ¥
Randomly initialize parameters, 0, ¢
while not converged do

2:
3:
4:

E-Step:

Z(i) — argmax logp(X(i) |Z; 9) + logp(Z; ¢)

M-Step:

N
¢ < argmax Z log p(2¥); ¢)

N
0 < argmax Z log p(x?|z; 0)

return (¢, 0)

¢

(@]

1=1

1=1

Implementation:
For loop over
possible values of
latent variable

Implementation:
supervised
Bayesian
Network
learning




Gaussian Mixture-Model
® ®

Data: D = {xW}Y wherex(® ¢ RY

Generative Story: 2 ~ Categorical(¢)

x ~ Gaussian(,,, 3,)

Model: Joint: (X 2 ¢7ﬂa ) — (X’Z7 22 ) ( 7¢)
Marginal: p X; qb,u, ZP X‘Z7 IJw )

(Marginal) Log-likelihood:
U, X long (x"; ¢, p, )

=1

N K
=) log ) p(x"|z; p, T)p(z; ¢)
i=1 Z—1l



Gaussian Discriminant 2
Analysis ofc
Data: D= {x?,z")}¥, wherex¥ ¢ RMand z(¥ € {1,...,K}
Generative Story: 2 ~ Categorical(¢)

x ~ Gaussian(,,, 3,)

Model:  joint:  p(x, 2; 0, 1, 2) = p(x|2; 1, T)p(2; P)

Log-likelihood:

N
U, p,2) =log | [ p(x, 2 ¢, p, =)

=1

N
= "logp(x|z1); p, ) + log p(2V; @)
1=1



Gaussian Discriminant
Analysis

Data: D= {x?,z")}¥, wherex¥ ¢ RMand z(¥ € {1,...,K}

. . N
LoglTkelthood: g, 1, 5) = 3 logp(xV]=; 1, 3) + logn(="; 9)

1=1

Maximum Likelihood Estimates:
Take the derivative of the Lagrangian, set it equal to zero

and solve.

N
1 .
== 1(z9 = k). Vk Implementation:
Pk N ; (2 ) Just counting

Zf\; H(Z(i) _ )X(i)

M = N

>iny Iz = k)
s _ 2 169 = BEO - )9 - )"
k — N . )
Zi:l H(Z(z) = k)

Y




Hard EM for GMMs

Algorithm 1 Hard EM for GMMs

1: procedure HARDEM(D = {x(¥ 1V )
2 Randomly initialize parameters, ¢, u, 3

3 while not converged do
4: E-Step:

2V« argmaxlog p(xV|z; u, ) + log p(z; @)

z

5: M-Step:

N
1 ,
— E (1) —
Qr — N 2 Iz =k),Vk

N i i

e St (20 = k)x @)
Zi\le H(Z(i) = k)

ZN H(Z(i) = k)(X(i) - .U’k:)(x(i) - Hk)T Vi

=1
Zi\fﬂ I(=(") = k)

)

Zk<—

6: return (¢, p, 32)

Implementation:
For loop over
possible values of
latent variable

Implementation:
Just counting as
in supervised
setting



K-means as Hard EM
Loop:
— For each point n=1to N,
compute its cluster label:
z,) =argmax(x, - ) 21 (x, - 1)

— For each cluster k=1:K

(t)
M(t+1) _ zné(Zn ’k)x” Z(Hl) _
k - (1) ko
PRIEANS
F e ;§ >
X X OI: . ‘,: . ’(‘
X .:9‘ * ,: ‘::3 ' ’:::3 .
] ] ’3
> > &
(a) (b) (c) (d) (e)

Eric Xing © Eric Xing @ CMU, 2006-2011

(f)
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The standard EM algorithm

(SOFT) EM



(Soft) EM for GMM

* Start:
— "Guess" the centroid u, and coveriance 3 of each of the K clusters

* Loop:

Eric Xing © Eric Xing @ CMU, 2006-2011



(Soft) Expectation-Maximization

* [nitialize parameters randomly
* while not converged

1.

2.

E-Step:

Create one training example for

each possible value of the latent
variables

Weight each example according

to model’s confidence

Treat parameters as observed

M-Step:

Set the parameters to the values
that maximizes likelihood

Treat pseudo-counts from above as observed

Hallucinate
some data

Standard
Bayes Net
training



Posterior Inference
for Mixture Model




(Soft) EM for GMM

Algorithm 1 Soft EM for GMMs

1: procedure SOFTEM(D = {x(W}N )

2 Randomly initialize parameters, ¢, u, 2
3: while not converged do
4: E-Step:

A p(z9 = k|xD; ¢, pu, )

5: M-Step:

¢k — ch)a

N i
Zz 1C/(€)X()7\v/k

Ky < N i
Zz 1cl(€)
N i )
5 o S a0 =)D — )"
N )
D izt CEC)

6: return (¢, u, X)

Yk

* Initialize parameters
randomly

* while not converged

1.

E-Step:

Create one training
example for each
possible value of
the latent variables
Weight each
example accordlng
to model’s
confidence

Treat parameters as observed
M-Step:

Set the parameters
to the values that

maximizes
likelihood

Treat pseudo-counts from above as
observed



Hard EM vs. Soft EM

Algorithm 1 Hard EM for GMMs Algorithm 1 Soft EM for GMMs

1: procedure SOFTEM(D = {x(}V |

1: procedure HARDEM(D = {x(W} X))
Randomly initialize parameters, ¢, p, 2

2 Randomly initialize parameters, ¢, i, 3 2
3: while not converged do 3 while not converged do
4: E-Step: 4: E-Step:
20 argmax log p(xV|2; p, B) + logp(z; d) ) p(z = kjxD; ¢, i, )
Ly L o0
¢k<—NZH(z(Z)—k) Vk ¢k<_ﬁzlck , vk
i=1 =
; ; N () (3)
VT2 = E)x @) i—1CL X
Mk « Z'L:]{] (2 . )X ,Vk lJ’k - Zj_ll\/'—k(z)’Vk
Zi:1 ]I(z(l) = k) Zi:l Ci
() — k) (x(® — @) _ gy, )T N @k @) — gy, )T
3, D e Uz i)(x . p) (X Hy) Yk ¥, D1 G (% - Nk(z)(x Hr) Yk
> e 1z = k) > ie1 Ck

6: return (¢, u, X 6: return (¢, u, 3
u




(Soft) EM for GMM

Start:
— "Guess" the centroid u, and coveriance 3 of each of the K clusters
Loop:
:.. - :.. L=1 . * L=4 . ®
"2 Q N A ﬁ @
oot . . % | % '
s O o e
(a) (c) (d) (e)
L=6 .@ L=8 .@ L=10 .@ L=12 @
g8 i
" S B §
() (9) (h) (i)
Eric Xing © Eric Xing @ CMU, 2006-2011 28



WHY DOES EM WORK?



Theory underlying EM

e \What are we doing?

e Recall that according to MLE, we intend to learn the model

parameter that would have maximize the likelihood of the
data.

e But we do not observe z, so computing
¢.(6;D)=log ¥ p(x,z]0)=log ¥ p(z|6,)p(x|z,06,)

is difficult!

e \What shall we do?

Eric Xing © Eric Xing @ CMU, 2006-2011 30



Complete & Incomplete Log
Likelihoods

e Complete log likelihood
Let X denote the observable variable(s), and Z denote the latent variable(s).
If Z could be observed, then o
(.(0;x,2)=log p(x,z|0)

e Usually, optimizing /() given both zand x is straightforward (c.f. MLE for fully
observed models).

e Recalled that in this case the objective for, e.g., MLE, decomposes into a sum of
factors, the parameter for each factor can be estimated separately.

e But given that Z is not observed, /() is a random quantity, cannot be
maximized directly.

e Incomplete log likelihood
With z unobserved, our objective becomes the log of a marginal probability:

¢.(0;x)=log p(x|6)=log Ep(x,z | 0)

e This objective won't decouple
Eric Xing © Eric Xing @ CMU, 2006-2011 31



Expected Complete Log
Likelihood

e For any distribution ¢g(z ) define expected complete log likelihood:

(¢.(6;x z) Eq(z\x 6)log p(x,z|6)

A deterministic functlon of 3]

Linear in /() --- inherit its factorizabiility
Does maximizing this surrogate yield a maximizer of the likelihood?

e Jensen's inequality

¢ (0;x)=1log p(x|0)
=log 3 p(x.Z10)

p(x,216) /
=log 3 9(z]x) 7210
= 3 gz log ;Z(z’ﬂ«? = ((Gx)=2(0:x2) +H

Eric Xing © Eric Xing @ CMU, 2006-2011 32



Lower Bounds and Free Energy

e For fixed data x, define a functional called the free energy:

F ,(9 dif 1 p(X,Z|6)
(¢,6) 2¢(z|x) 8

<((0;x)

e The EM algorithm is coordinate-ascent on F:
f+1

e E-step: q =argmaXF(q,@f)
g

o M-step: o'+ = argmgtx F(qf+1’(9r)

I\
FQ.e) ’j
S

Eric Xing © Eric Xing @ CMU, 2006-2011 Q 0{) 33




E-step: maximization of expect
I.w.rt. g

o Claim: g =argmax F(g,0") = p(z|x,07)
g

e This is the posterior distribution over the latent variables given the data and the
parameters. Often we need this at test time anyway (e.g. to perform
classification).

e Proof (easy): this setting attains the bound /(6;x)=F(q,6 )

F(p(z|x,0"),0") = EP(Zx,ﬁt)log p(x,z|6")

p(z‘x, 0")
=) p(zx,0")log p(x| ")

=log p(x[6") =¢ (6';x)
e Can also show this result using variational calculus or the fact
that ¢ (6,x)-F(g.0)=KL(g| p(z| x.6))

Eric Xing © Eric Xing @ CMU, 2006-2011 34



E-step = plug in posterior
expectation of latent variables

e Without loss of generality: assume that p(x,z|6) is a
generalized exponential family distribution:

1
= %h(X,Z) CXP{Z glf(X,Z)}

e Special cases: if p(X|Z) are GLIMs, then £(x,2) =1 (2)&(x)

e The expected complete log likelihood under g = p(z|x,6")
IS

((0"5x.2)) ., = q(z|x.6")log p(x.2|6") - A6)

= E o <ﬁ(X, Z)>q(z|x,9") - A0)

p~GLIM

= DO D) &) - AC)

Eric Xing © Eric Xing @ CMU, 2006-2011 35



M-step: maximization of expects
I.w.r.t. 6

e Note that the free energy breaks into two terms:
p(x,z|06)

g(z|x)
=¥ 9(z|X)log p(x,2|0)- Y g(z | x)logg(z | X)

F(g.0)= Y g(z|x)log

= (¢.(6; x, z)>q +H,

e The first term is the expected complete log likelihood (energy) and the second
term, which does not depend on 6, is the entropy.

e Thus, in the M-step, maximizing with respect to 6 for fixed ¢
we only need to consider the first term:

0 =arg m§1X<ZC (6;x, Z)>q,+1 = argmax E g(z|x)logp(x,z|0)

e Under optimal ¢g’, this is equivalent to solvingza standard MLE of fully observed
model p(x,z|6), with the sufficient statistics involving z replaced by their
expectations w.r.t. p(z| x,6).

Eric Xing © Eric Xing @ CMU, 2006-2011 36



Summary: EM Algorithm

e A way of maximizing likelihood function for latent variable
models. Finds MLE of parameters when the original (hard)
problem can be broken up into two (easy) pieces:

1. Estimate some “missing” or “unobserved” data from observed data and current
parameters.

2. Using this “complete” data, find the maximum likelihood parameter estimates.

e Alternate between filling in the latent variables using the best
guess (posterior) and updating the parameters based on this

guess:
e E-step: q”l = argmax F (¢, g")
PY M_Step: 97‘+1 = arg mzax F(qf+1’6f)

e In the M-step we optimize a lower bound on the likelihood. In
the E-step we close the gap, making bound=likelihood.

Eric Xing © Eric Xing @ CMU, 2006-2011 37



PROPERTIES OF EM



Properties of EM

* EM s trying to optimize a
nonconvex function

* But EMis alocal
optimization algorithm

* Typical solution: Random
Restarts

— Just like K-Means, we run the ¢
algorithm many times

— Each time initialize
parameters randomly

— Pick the parameters that give |\
highest likelihood , A
: \ / “‘\l 9%

s
iy

Ao

=

NS




Example: Grammar Induction

Grammar Induction is an
unsupervised learning problem

We try to recover the syntactic
parse for each sentence
without any supervision



Example: Grammar Induction

e~

time flies like an  arrow

NICE ARRow .
yue N
%'s

time flies like an arrow

LA~ N

time flies like an  arrow

No semantic
interpretation

time flies like an  arrow




Example: Grammar Induction

Training Data: Sentences only, without parses

e © ® @

X

® @ O

x@

®
®

Test Data: Sentences with parses, so we can evaluate accuracy



Example: Grammar Induction

Q: Does Iike."hOOd Dependency Model with Valence (Klein & Manning, 2004)
correlate with

accuracyonatask  ®
we care about? N .
o 50- Pearson’s r = 0.63 . .
> (strong correlation) e
A: Yes, but thereis £ | * e
stillawiderange & e, Lt
of accuracies for a g Ol e
particular £ U -
likelihood value 3 Ta b
2 200 * ' I
< : .
10— ‘ ‘ ‘ ‘ ‘ ‘
-20.2 -20 -19.8 -19.6 -19.4 -19.2 -19

Log-Likelihood (per sentence)

Figure from Gimpel & Smith (NAACL 2012) - slides



Variants of EM

Generalized EM: Replace the M-Step by a single
gradient-step that improves the likelihood

Monte Carlo EM: Approximate the E-Step by
sampling
Sparse EM: Keep an “active list” of points

(updated occasionally) from which we estimate
the expected counts in the E-Step

Incremental EM |/ Stepwise EM: If standard EM
is described as a batch algorithm, these are the
online equivalent

etc.



A Report Card for EM

* Some good things about EM:
— no learning rate (step-size) parameter
— automatically enforces parameter constraints
— very fast for low dimensions
— each iteration guaranteed to improve likelihood

* Some bad things about EM:
— can get stuck in local minima

— can be slower than conjugate gradient (especially
near convergence)

— requires expensive inference step
— is a maximum likelihood/ MAP method



