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Reminders

• Homework 1: DAgger for seq2seq 
– Out: Mon, Sep. 09 (+/- 2 days)
– Due: Mon, Sep. 23 at 11:59pm
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Learning to Search

Whiteboard:
– Problem Setting
– Ex: POS Tagging
– Other Solutions:

• Completely Independent Predictions
• Sharing Parameters / Multi-task Learning
• Graphical Models

– Today’s Solution: Structured Prediction to Search
• Search spaces
• Cost functions
• Policies
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FEATURES FOR POS TAGGING
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Features for tagging …

• Count of tag P as the tag for �like�

Time flies like an arrow
N V P D N

Weight of this feature is like 
log of an emission probability
in an HMM

Slide courtesy of 600.465 - Intro to NLP - J. Eisner
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Features for tagging …

• Count of tag P as the tag for �like�
• Count of tag P
• Count of tag P in the middle third of the sentence
• Count of tag bigram V P
• Count of tag bigram V P followed by �an�
• Count of tag bigram V P where P is the tag for �like�
• Count of tag bigram V P where both words are lowercase

Time flies like an arrow
N V P D N

Slide courtesy of 600.465 - Intro to NLP - J. Eisner



Features for tagging …

• Count of tag trigram N V P?
– A bigram tagger can only consider within-bigram features:

only look at 2 adjacent blue tags (plus arbitrary red context).
– So here we need a trigram tagger, which is slower. 
– The forward-backward states would remember two previous tags.

Time flies like an arrow
N V P D N

N V V P
P

We take this arc once per N V P triple,
so its weight is the total weight of 
the features that fire on that triple.

Slide courtesy of 600.465 - Intro to NLP - J. Eisner



Features for tagging …

• Count of tag trigram N V P?
– A bigram tagger can only consider within-bigram features:

only look at 2 adjacent blue tags (plus arbitrary red context).
– So here we need a trigram tagger, which is slower. 

• Count of �post-verbal� nouns? (�discontinuous bigram� V N)
– An n-gram tagger can only look at a narrow window.
– Here we need a fancier model (finite state machine) whose states 

remember whether there was a verb in the left context.

Time flies like an arrow
N V P D N

Post-verbal
P D bigram

Post-verbal
D N bigram

D NPN V V … D V … NV … P
NDPV
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How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

For position i in a tagging, these might include:

– Full name of tag i

– First letter of tag i (will be �N� for both �NN� and �NNS�)

– Full name of tag i-1 (possibly BOS); similarly tag i+1 (possibly EOS)

– Full name of word i

– Last 2 chars of word i (will be �ed� for most past-tense verbs)

– First 4 chars of word i (why would this help?)

– �Shape� of word i (lowercase/capitalized/all caps/numeric/…)

– Whether word i is part of a known city name listed in a 

�gazetteer�

– Whether word i appears in thesaurus entry e (one attribute per e)

– Whether i is in the middle third of the sentence

Slide courtesy of 600.465 - Intro to NLP - J. Eisner



Time flies like an arrow
N V P D N

How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).

At each position of (x,y), exactly one of the many 
template7 features will fire:

At i=1, we see an instance of �template7=(BOS,N,-es)�
so we add one copy of that feature�s weight to score(x,y)
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1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).
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How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).

At each position of (x,y), exactly one of the many 
template7 features will fire:

Time flies like an arrow
N V P D N

At i=3, we see an instance of �template7=(N,V,-an)�
so we add one copy of that feature�s weight to score(x,y)
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How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).

At each position of (x,y), exactly one of the many 
template7 features will fire:

Time flies like an arrow
N V P D N

At i=4, we see an instance of �template7=(P,D,-ow)�
so we add one copy of that feature�s weight to score(x,y)
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How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).

At each position of (x,y), exactly one of the many 
template7 features will fire:

Time flies like an arrow
N V P D N

At i=5, we see an instance of �template7=(D,N,-)�
so we add one copy of that feature�s weight to score(x,y)
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How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).
This template gives rise to many features, e.g.:

score(x,y) = … 
+ θ[�template7=(P,D,-ow)�] * count(�template7=(P,D,-ow)�)
+ θ[�template7=(D,D,-xx)�] * count(�template7=(D,D,-xx)�)
+ …

With a handful of feature templates and a large vocabulary, you 
can easily end up with millions of features.
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How might you come up with the features 
that you will use to score (x,y)?

1. Think of some attributes (�basic features�) that you can 
compute at each position in (x,y).

2. Now conjoin them into various �feature templates.�

E.g., template 7 might be (tag(i-1), tag(i), suffix2(i+1)).

Note: Every template should mention at least some blue. 
– Given an input x, a feature that only looks at red will contribute 

the same weight to score(x,y1) and score(x,y2).  
– So it can�t help you choose between outputs y1, y2.
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Learning to Search

Whiteboard:
– Scoring functions for “Learning to Search”
– Learning to Search: a meta-algorithm
– Algorithm #1: Traditional Supervised Imitation 

Learning
– Algorithm #2: DAgger
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DAgger Policy During Training

28

• DAgger assumes that we follow a stochastic 
policy that flips a weighted coin (with weight βi
at timestep i) to decide between the oracle 
policy and the model’s policy

     630

A Reduction of Imitation Learning and Structured Prediction to No-Regret Online Learning

Initialize D  ;.
Initialize ⇡̂

1

to any policy in ⇧.
for i = 1 to N do

Let ⇡i = �i⇡
⇤

+ (1� �i)⇡̂i.
Sample T -step trajectories using ⇡i.
Get dataset Di = {(s, ⇡⇤(s))} of visited states by ⇡i

and actions given by expert.
Aggregate datasets: D  D

S
Di.

Train classifier ⇡̂i+1

on D.
end for
Return best ⇡̂i on validation.

Algorithm 3.1: DAGGER Algorithm.

In other words, DAGGER proceeds by collecting a dataset
at each iteration under the current policy and trains the next
policy under the aggregate of all collected datasets. The in-
tuition behind this algorithm is that over the iterations, we
are building up the set of inputs that the learned policy is
likely to encounter during its execution based on previous
experience (training iterations). This algorithm can be in-
terpreted as a Follow-The-Leader algorithm in that at itera-
tion n we pick the best policy ⇡̂n+1

in hindsight, i.e. under
all trajectories seen so far over the iterations.

To better leverage the presence of the expert in our imita-
tion learning setting, we optionally allow the algorithm to
use a modified policy ⇡i = �i⇡

⇤
+ (1 � �i)⇡̂i at iteration

i that queries the expert to choose controls a fraction of the
time while collecting the next dataset. This is often desir-
able in practice as the first few policies, with relatively few
datapoints, may make many more mistakes and visit states
that are irrelevant as the policy improves.

We will typically use �
1

= 1 so that we do not have to spec-
ify an initial policy ⇡̂

1

before getting data from the expert’s
behavior. Then we could choose �i = pi�1 to have a prob-
ability of using the expert that decays exponentially as in
SMILe and SEARN. We show below the only requirement
is that {�i} be a sequence such that �N =

1

N

PN
i=1

�i ! 0

as N ! 1. The simple, parameter-free version of the al-
gorithm described above is the special case �i = I(i = 1)

for I the indicator function, which often performs best in
practice (see Section 5). The general DAGGER algorithm is
detailed in Algorithm 3.1. The main result of our analysis
in the next section is the following guarantee for DAGGER.
Let ⇡

1:N denote the sequence of policies ⇡
1

, ⇡
2

, . . . ,⇡N .
Assume ` is strongly convex and bounded over ⇧. Suppose
�i  (1� ↵)

i�1 for all i for some constant ↵ independent
of T . Let ✏N = min⇡2⇧

1

N

PN
i=1

Es⇠d⇡i
[`(s, ⇡)] be the

true loss of the best policy in hindsight. Then the following
holds in the infinite sample case (infinite number of sample
trajectories at each iteration):

Theorem 3.1. For DAGGER, if N is ˜O(T ) there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏N + O(1/T )

In particular, this holds for the policy ⇡̂ =

arg min⇡2⇡̂
1:N

Es⇠d⇡ [`(s, ⇡)]. 3 If the task cost
function C corresponds to (or is upper bounded by) the
surrogate loss ` then this bound tells us directly that
J(⇡̂)  T ✏N + O(1). For arbitrary task cost function C,
then if ` is an upper bound on the 0-1 loss with respect to
⇡⇤, combining this result with Theorem 2.2 yields that:

Theorem 3.2. For DAGGER, if N is ˜O(uT ) there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤) + uT ✏N + O(1).

Finite Sample Results In the finite sample case, sup-
pose we sample m trajectories with ⇡i at each it-
eration i, and denote this dataset Di. Let ✏̂N =

min⇡2⇧

1

N

PN
i=1

Es⇠Di [`(s, ⇡)] be the training loss of the
best policy on the sampled trajectories, then using Azuma-
Hoeffding’s inequality leads to the following guarantee:

Theorem 3.3. For DAGGER, if N is O(T 2

log(1/�)) and
m is O(1) then with probability at least 1� � there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏̂N + O(1/T )

A more refined analysis taking advantage of the strong con-
vexity of the loss function (Kakade and Tewari, 2009) may
lead to tighter generalization bounds that require N only of
order ˜O(T log(1/�)). Similarly:

Theorem 3.4. For DAGGER, if N is O(u2T 2

log(1/�))
and m is O(1) then with probability at least 1 � � there
exists a policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤)+uT ✏̂N +O(1).

4 THEORETICAL ANALYSIS

The theoretical analysis of DAGGER only relies on the no-
regret property of the underlying Follow-The-Leader algo-
rithm on strongly convex losses (Kakade and Tewari, 2009)
which picks the sequence of policies ⇡̂

1:N . Hence the pre-
sented results also hold for any other no regret online learn-
ing algorithm we would apply to our imitation learning set-
ting. In particular, we can consider the results here a re-
duction of imitation learning to no-regret online learning
where we treat mini-batches of trajectories under a single
policy as a single online-learning example. We first briefly
review concepts of online learning and no regret that will
be used for this analysis.

4.1 Online Learning

In online learning, an algorithm must provide a policy ⇡n at
iteration n which incurs a loss `n(⇡n). After observing this
loss, the algorithm can provide a different policy ⇡n+1

for
the next iteration which will incur loss `n+1

(⇡n+1

). The

3It is not necessary to find the best policy in the sequence
that minimizes the loss under its distribution; the same guarantee
holds for the policy which uniformly randomly picks one policy
in the sequence ⇡̂

1:N and executes that policy for T steps.

• We require that (β1, β2, β3, …) is chosen to be a 
sequence such that:
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Es⇠Di [`(s, ⇡)] be the training loss of the
best policy on the sampled trajectories, then using Azuma-
Hoeffding’s inequality leads to the following guarantee:

Theorem 3.3. For DAGGER, if N is O(T 2

log(1/�)) and
m is O(1) then with probability at least 1� � there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏̂N + O(1/T )

A more refined analysis taking advantage of the strong con-
vexity of the loss function (Kakade and Tewari, 2009) may
lead to tighter generalization bounds that require N only of
order ˜O(T log(1/�)). Similarly:

Theorem 3.4. For DAGGER, if N is O(u2T 2

log(1/�))
and m is O(1) then with probability at least 1 � � there
exists a policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤)+uT ✏̂N +O(1).

4 THEORETICAL ANALYSIS

The theoretical analysis of DAGGER only relies on the no-
regret property of the underlying Follow-The-Leader algo-
rithm on strongly convex losses (Kakade and Tewari, 2009)
which picks the sequence of policies ⇡̂

1:N . Hence the pre-
sented results also hold for any other no regret online learn-
ing algorithm we would apply to our imitation learning set-
ting. In particular, we can consider the results here a re-
duction of imitation learning to no-regret online learning
where we treat mini-batches of trajectories under a single
policy as a single online-learning example. We first briefly
review concepts of online learning and no regret that will
be used for this analysis.

4.1 Online Learning

In online learning, an algorithm must provide a policy ⇡n at
iteration n which incurs a loss `n(⇡n). After observing this
loss, the algorithm can provide a different policy ⇡n+1

for
the next iteration which will incur loss `n+1

(⇡n+1

). The

3It is not necessary to find the best policy in the sequence
that minimizes the loss under its distribution; the same guarantee
holds for the policy which uniformly randomly picks one policy
in the sequence ⇡̂

1:N and executes that policy for T steps.

as

Q: What are examples of such sequences?



DAgger Theoretical Results
• The theory mirrors the intuition that Exposure Bias is bad
• The Supervised Approach to Imitation performs not-so-well even on the oracle 

(training time) distribution over states (i.e. quadratically number of mistakes 
grows quadratically in task horizon T and classification cost ϵ) 

• DAgger yields an algorithm that performs well on the test-time distribution 
over states (i.e. number of mistakes grows linearly in task horizon T and 
classification cost ϵ)
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others and the learned controller may be unstable.

We propose a new meta-algorithm for imitation learning
which learns a stationary deterministic policy guaranteed
to perform well under its induced distribution of states
(number of mistakes/costs that grows linearly in T and
classification cost ✏). We take a reduction-based approach
(Beygelzimer et al., 2005) that enables reusing existing su-
pervised learning algorithms. Our approach is simple to
implement, has no free parameters except the supervised
learning algorithm sub-routine, and requires a number of
iterations that scales nearly linearly with the effective hori-
zon of the problem. It naturally handles continuous as well
as discrete predictions. Our approach is closely related to
no regret online learning algorithms (Cesa-Bianchi et al.,
2004; Hazan et al., 2006; Kakade and Shalev-Shwartz,
2008) (in particular Follow-The-Leader) but better lever-
ages the expert in our setting. Additionally, we show that
any no-regret learner can be used in a particular fashion to
learn a policy that achieves similar guarantees.

We begin by establishing our notation and setting, discuss
related work, and then present the DAGGER (Dataset Ag-
gregation) method. We analyze this approach using a no-
regret and a reduction approach (Beygelzimer et al., 2005).
Beyond the reduction analysis, we consider the sample
complexity of our approach using online-to-batch (Cesa-
Bianchi et al., 2004) techniques. We demonstrate DAGGER
is scalable and outperforms previous approaches in practice
on two challenging imitation learning problems: 1) learn-
ing to steer a car in a 3D racing game (Super Tux Kart) and
2) and learning to play Super Mario Bros., given input im-
age features and corresponding actions by a human expert
and near-optimal planner respectively. Following Daumé
III et al. (2009) in treating structured prediction as a de-
generate imitation learning problem, we apply DAGGER to
the OCR (Taskar et al., 2003) benchmark prediction prob-
lem achieving results competitive with the state-of-the-art
(Taskar et al., 2003; Ratliff et al., 2007; Daumé III et al.,
2009) using only single-pass, greedy prediction.

2 PRELIMINARIES

We begin by introducing notation relevant to our setting.
We denote by ⇧ the class of policies the learner is consid-
ering and T the task horizon. For any policy ⇡, we let dt

⇡

denote the distribution of states at time t if the learner exe-
cuted policy ⇡ from time step 1 to t � 1. Furthermore, we
denote d⇡ =

1

T

PT
t=1

dt
⇡ the average distribution of states

if we follow policy ⇡ for T steps. Given a state s, we de-
note C(s, a) the expected immediate cost of performing ac-
tion a in state s for the task we are considering and denote
C⇡(s) = Ea⇠⇡(s)[C(s, a)] the expected immediate cost of
⇡ in s. We assume C is bounded in [0, 1]. The total cost
of executing policy ⇡ for T -steps (i.e., the cost-to-go) is
denoted J(⇡) =

PT
t=1

Es⇠dt
⇡
[C⇡(s)] = TEs⇠d⇡ [C⇡(s)].

In imitation learning, we may not necessarily know or ob-
serve true costs C(s, a) for the particular task. Instead,
we observe expert demonstrations and seek to bound J(⇡)

for any cost function C based on how well ⇡ mimics the
expert’s policy ⇡⇤. Denote ` the observed surrogate loss
function we minimize instead of C. For instance `(s, ⇡)

may be the expected 0-1 loss of ⇡ with respect to ⇡⇤ in
state s, or a squared/hinge loss of ⇡ with respect to ⇡⇤ in s.
Importantly, in many instances, C and ` may be the same
function– for instance, if we are interested in optimizing the
learner’s ability to predict the actions chosen by an expert.

Our goal is to find a policy ⇡̂ which minimizes the observed
surrogate loss under its induced distribution of states, i.e.:

⇡̂ = arg min

⇡2⇧

Es⇠d⇡ [`(s, ⇡)] (1)

As system dynamics are assumed both unknown and com-
plex, we cannot compute d⇡ and can only sample it by exe-
cuting ⇡ in the system. Hence this is a non-i.i.d. supervised
learning problem due to the dependence of the input distri-
bution on the policy ⇡ itself. The interaction between pol-
icy and the resulting distribution makes optimization diffi-
cult as it results in a non-convex objective even if the loss
`(s, ·) is convex in ⇡ for all states s. We now briefly review
previous approaches and their guarantees.

2.1 Supervised Approach to Imitation

The traditional approach to imitation learning ignores the
change in distribution and simply trains a policy ⇡ that per-
forms well under the distribution of states encountered by
the expert d⇡⇤ . This can be achieved using any standard
supervised learning algorithm. It finds the policy ⇡̂sup:

⇡̂sup = arg min

⇡2⇧

Es⇠d⇡⇤ [`(s, ⇡)] (2)

Assuming `(s, ⇡) is the 0-1 loss (or upper bound on the 0-
1 loss) implies the following performance guarantee with
respect to any task cost function C bounded in [0, 1]:

Theorem 2.1. (Ross and Bagnell, 2010) Let
Es⇠d⇡⇤ [`(s, ⇡)] = ✏, then J(⇡)  J(⇡⇤) + T 2✏.

Proof. Follows from result in Ross and Bagnell (2010)
since ✏ is an upper bound on the 0-1 loss of ⇡ in d⇡⇤ .

Note that this bound is tight, i.e. there exist problems
such that a policy ⇡ with ✏ 0-1 loss on d⇡⇤ can incur ex-
tra cost that grows quadratically in T . Kääriäinen (2006)
demonstrated this in a sequence prediction setting1 and

1In their example, an error rate of ✏ > 0 when trained to
predict the next output in sequence with the previous correct
output as input can lead to an expected number of mistakes of
T
2

� 1�(1�2✏)T+1

4✏ + 1

2

over sequences of length T at test time.
This is bounded by T 2✏ and behaves as ⇥(T 2✏) for small ✏.
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Initialize D  ;.
Initialize ⇡̂

1

to any policy in ⇧.
for i = 1 to N do

Let ⇡i = �i⇡
⇤

+ (1� �i)⇡̂i.
Sample T -step trajectories using ⇡i.
Get dataset Di = {(s, ⇡⇤(s))} of visited states by ⇡i

and actions given by expert.
Aggregate datasets: D  D

S
Di.

Train classifier ⇡̂i+1

on D.
end for
Return best ⇡̂i on validation.

Algorithm 3.1: DAGGER Algorithm.

In other words, DAGGER proceeds by collecting a dataset
at each iteration under the current policy and trains the next
policy under the aggregate of all collected datasets. The in-
tuition behind this algorithm is that over the iterations, we
are building up the set of inputs that the learned policy is
likely to encounter during its execution based on previous
experience (training iterations). This algorithm can be in-
terpreted as a Follow-The-Leader algorithm in that at itera-
tion n we pick the best policy ⇡̂n+1

in hindsight, i.e. under
all trajectories seen so far over the iterations.

To better leverage the presence of the expert in our imita-
tion learning setting, we optionally allow the algorithm to
use a modified policy ⇡i = �i⇡

⇤
+ (1 � �i)⇡̂i at iteration

i that queries the expert to choose controls a fraction of the
time while collecting the next dataset. This is often desir-
able in practice as the first few policies, with relatively few
datapoints, may make many more mistakes and visit states
that are irrelevant as the policy improves.

We will typically use �
1

= 1 so that we do not have to spec-
ify an initial policy ⇡̂

1

before getting data from the expert’s
behavior. Then we could choose �i = pi�1 to have a prob-
ability of using the expert that decays exponentially as in
SMILe and SEARN. We show below the only requirement
is that {�i} be a sequence such that �N =

1

N

PN
i=1

�i ! 0

as N ! 1. The simple, parameter-free version of the al-
gorithm described above is the special case �i = I(i = 1)

for I the indicator function, which often performs best in
practice (see Section 5). The general DAGGER algorithm is
detailed in Algorithm 3.1. The main result of our analysis
in the next section is the following guarantee for DAGGER.
Let ⇡

1:N denote the sequence of policies ⇡
1

, ⇡
2

, . . . ,⇡N .
Assume ` is strongly convex and bounded over ⇧. Suppose
�i  (1� ↵)

i�1 for all i for some constant ↵ independent
of T . Let ✏N = min⇡2⇧

1

N

PN
i=1

Es⇠d⇡i
[`(s, ⇡)] be the

true loss of the best policy in hindsight. Then the following
holds in the infinite sample case (infinite number of sample
trajectories at each iteration):

Theorem 3.1. For DAGGER, if N is ˜O(T ) there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏N + O(1/T )

In particular, this holds for the policy ⇡̂ =

arg min⇡2⇡̂
1:N

Es⇠d⇡ [`(s, ⇡)]. 3 If the task cost
function C corresponds to (or is upper bounded by) the
surrogate loss ` then this bound tells us directly that
J(⇡̂)  T ✏N + O(1). For arbitrary task cost function C,
then if ` is an upper bound on the 0-1 loss with respect to
⇡⇤, combining this result with Theorem 2.2 yields that:

Theorem 3.2. For DAGGER, if N is ˜O(uT ) there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤) + uT ✏N + O(1).

Finite Sample Results In the finite sample case, sup-
pose we sample m trajectories with ⇡i at each it-
eration i, and denote this dataset Di. Let ✏̂N =

min⇡2⇧

1

N

PN
i=1

Es⇠Di [`(s, ⇡)] be the training loss of the
best policy on the sampled trajectories, then using Azuma-
Hoeffding’s inequality leads to the following guarantee:

Theorem 3.3. For DAGGER, if N is O(T 2

log(1/�)) and
m is O(1) then with probability at least 1� � there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏̂N + O(1/T )

A more refined analysis taking advantage of the strong con-
vexity of the loss function (Kakade and Tewari, 2009) may
lead to tighter generalization bounds that require N only of
order ˜O(T log(1/�)). Similarly:

Theorem 3.4. For DAGGER, if N is O(u2T 2

log(1/�))
and m is O(1) then with probability at least 1 � � there
exists a policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤)+uT ✏̂N +O(1).

4 THEORETICAL ANALYSIS

The theoretical analysis of DAGGER only relies on the no-
regret property of the underlying Follow-The-Leader algo-
rithm on strongly convex losses (Kakade and Tewari, 2009)
which picks the sequence of policies ⇡̂

1:N . Hence the pre-
sented results also hold for any other no regret online learn-
ing algorithm we would apply to our imitation learning set-
ting. In particular, we can consider the results here a re-
duction of imitation learning to no-regret online learning
where we treat mini-batches of trajectories under a single
policy as a single online-learning example. We first briefly
review concepts of online learning and no regret that will
be used for this analysis.

4.1 Online Learning

In online learning, an algorithm must provide a policy ⇡n at
iteration n which incurs a loss `n(⇡n). After observing this
loss, the algorithm can provide a different policy ⇡n+1

for
the next iteration which will incur loss `n+1

(⇡n+1

). The

3It is not necessary to find the best policy in the sequence
that minimizes the loss under its distribution; the same guarantee
holds for the policy which uniformly randomly picks one policy
in the sequence ⇡̂

1:N and executes that policy for T steps.
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Initialize D  ;.
Initialize ⇡̂

1

to any policy in ⇧.
for i = 1 to N do

Let ⇡i = �i⇡
⇤

+ (1� �i)⇡̂i.
Sample T -step trajectories using ⇡i.
Get dataset Di = {(s, ⇡⇤(s))} of visited states by ⇡i

and actions given by expert.
Aggregate datasets: D  D

S
Di.

Train classifier ⇡̂i+1

on D.
end for
Return best ⇡̂i on validation.

Algorithm 3.1: DAGGER Algorithm.

In other words, DAGGER proceeds by collecting a dataset
at each iteration under the current policy and trains the next
policy under the aggregate of all collected datasets. The in-
tuition behind this algorithm is that over the iterations, we
are building up the set of inputs that the learned policy is
likely to encounter during its execution based on previous
experience (training iterations). This algorithm can be in-
terpreted as a Follow-The-Leader algorithm in that at itera-
tion n we pick the best policy ⇡̂n+1

in hindsight, i.e. under
all trajectories seen so far over the iterations.

To better leverage the presence of the expert in our imita-
tion learning setting, we optionally allow the algorithm to
use a modified policy ⇡i = �i⇡

⇤
+ (1 � �i)⇡̂i at iteration

i that queries the expert to choose controls a fraction of the
time while collecting the next dataset. This is often desir-
able in practice as the first few policies, with relatively few
datapoints, may make many more mistakes and visit states
that are irrelevant as the policy improves.

We will typically use �
1

= 1 so that we do not have to spec-
ify an initial policy ⇡̂

1

before getting data from the expert’s
behavior. Then we could choose �i = pi�1 to have a prob-
ability of using the expert that decays exponentially as in
SMILe and SEARN. We show below the only requirement
is that {�i} be a sequence such that �N =

1

N

PN
i=1

�i ! 0

as N ! 1. The simple, parameter-free version of the al-
gorithm described above is the special case �i = I(i = 1)

for I the indicator function, which often performs best in
practice (see Section 5). The general DAGGER algorithm is
detailed in Algorithm 3.1. The main result of our analysis
in the next section is the following guarantee for DAGGER.
Let ⇡

1:N denote the sequence of policies ⇡
1

, ⇡
2

, . . . ,⇡N .
Assume ` is strongly convex and bounded over ⇧. Suppose
�i  (1� ↵)

i�1 for all i for some constant ↵ independent
of T . Let ✏N = min⇡2⇧

1

N

PN
i=1

Es⇠d⇡i
[`(s, ⇡)] be the

true loss of the best policy in hindsight. Then the following
holds in the infinite sample case (infinite number of sample
trajectories at each iteration):

Theorem 3.1. For DAGGER, if N is ˜O(T ) there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏N + O(1/T )

In particular, this holds for the policy ⇡̂ =

arg min⇡2⇡̂
1:N

Es⇠d⇡ [`(s, ⇡)]. 3 If the task cost
function C corresponds to (or is upper bounded by) the
surrogate loss ` then this bound tells us directly that
J(⇡̂)  T ✏N + O(1). For arbitrary task cost function C,
then if ` is an upper bound on the 0-1 loss with respect to
⇡⇤, combining this result with Theorem 2.2 yields that:

Theorem 3.2. For DAGGER, if N is ˜O(uT ) there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤) + uT ✏N + O(1).

Finite Sample Results In the finite sample case, sup-
pose we sample m trajectories with ⇡i at each it-
eration i, and denote this dataset Di. Let ✏̂N =

min⇡2⇧

1

N

PN
i=1

Es⇠Di [`(s, ⇡)] be the training loss of the
best policy on the sampled trajectories, then using Azuma-
Hoeffding’s inequality leads to the following guarantee:

Theorem 3.3. For DAGGER, if N is O(T 2

log(1/�)) and
m is O(1) then with probability at least 1� � there exists a
policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏̂N + O(1/T )

A more refined analysis taking advantage of the strong con-
vexity of the loss function (Kakade and Tewari, 2009) may
lead to tighter generalization bounds that require N only of
order ˜O(T log(1/�)). Similarly:

Theorem 3.4. For DAGGER, if N is O(u2T 2

log(1/�))
and m is O(1) then with probability at least 1 � � there
exists a policy ⇡̂ 2 ⇡̂

1:N s.t. J(⇡̂)  J(⇡⇤)+uT ✏̂N +O(1).

4 THEORETICAL ANALYSIS

The theoretical analysis of DAGGER only relies on the no-
regret property of the underlying Follow-The-Leader algo-
rithm on strongly convex losses (Kakade and Tewari, 2009)
which picks the sequence of policies ⇡̂

1:N . Hence the pre-
sented results also hold for any other no regret online learn-
ing algorithm we would apply to our imitation learning set-
ting. In particular, we can consider the results here a re-
duction of imitation learning to no-regret online learning
where we treat mini-batches of trajectories under a single
policy as a single online-learning example. We first briefly
review concepts of online learning and no regret that will
be used for this analysis.

4.1 Online Learning

In online learning, an algorithm must provide a policy ⇡n at
iteration n which incurs a loss `n(⇡n). After observing this
loss, the algorithm can provide a different policy ⇡n+1

for
the next iteration which will incur loss `n+1

(⇡n+1

). The

3It is not necessary to find the best policy in the sequence
that minimizes the loss under its distribution; the same guarantee
holds for the policy which uniformly randomly picks one policy
in the sequence ⇡̂

1:N and executes that policy for T steps.
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others and the learned controller may be unstable.

We propose a new meta-algorithm for imitation learning
which learns a stationary deterministic policy guaranteed
to perform well under its induced distribution of states
(number of mistakes/costs that grows linearly in T and
classification cost ✏). We take a reduction-based approach
(Beygelzimer et al., 2005) that enables reusing existing su-
pervised learning algorithms. Our approach is simple to
implement, has no free parameters except the supervised
learning algorithm sub-routine, and requires a number of
iterations that scales nearly linearly with the effective hori-
zon of the problem. It naturally handles continuous as well
as discrete predictions. Our approach is closely related to
no regret online learning algorithms (Cesa-Bianchi et al.,
2004; Hazan et al., 2006; Kakade and Shalev-Shwartz,
2008) (in particular Follow-The-Leader) but better lever-
ages the expert in our setting. Additionally, we show that
any no-regret learner can be used in a particular fashion to
learn a policy that achieves similar guarantees.

We begin by establishing our notation and setting, discuss
related work, and then present the DAGGER (Dataset Ag-
gregation) method. We analyze this approach using a no-
regret and a reduction approach (Beygelzimer et al., 2005).
Beyond the reduction analysis, we consider the sample
complexity of our approach using online-to-batch (Cesa-
Bianchi et al., 2004) techniques. We demonstrate DAGGER
is scalable and outperforms previous approaches in practice
on two challenging imitation learning problems: 1) learn-
ing to steer a car in a 3D racing game (Super Tux Kart) and
2) and learning to play Super Mario Bros., given input im-
age features and corresponding actions by a human expert
and near-optimal planner respectively. Following Daumé
III et al. (2009) in treating structured prediction as a de-
generate imitation learning problem, we apply DAGGER to
the OCR (Taskar et al., 2003) benchmark prediction prob-
lem achieving results competitive with the state-of-the-art
(Taskar et al., 2003; Ratliff et al., 2007; Daumé III et al.,
2009) using only single-pass, greedy prediction.

2 PRELIMINARIES

We begin by introducing notation relevant to our setting.
We denote by ⇧ the class of policies the learner is consid-
ering and T the task horizon. For any policy ⇡, we let dt

⇡

denote the distribution of states at time t if the learner exe-
cuted policy ⇡ from time step 1 to t � 1. Furthermore, we
denote d⇡ =

1

T

PT
t=1

dt
⇡ the average distribution of states

if we follow policy ⇡ for T steps. Given a state s, we de-
note C(s, a) the expected immediate cost of performing ac-
tion a in state s for the task we are considering and denote
C⇡(s) = Ea⇠⇡(s)[C(s, a)] the expected immediate cost of
⇡ in s. We assume C is bounded in [0, 1]. The total cost
of executing policy ⇡ for T -steps (i.e., the cost-to-go) is
denoted J(⇡) =

PT
t=1

Es⇠dt
⇡
[C⇡(s)] = TEs⇠d⇡ [C⇡(s)].

In imitation learning, we may not necessarily know or ob-
serve true costs C(s, a) for the particular task. Instead,
we observe expert demonstrations and seek to bound J(⇡)

for any cost function C based on how well ⇡ mimics the
expert’s policy ⇡⇤. Denote ` the observed surrogate loss
function we minimize instead of C. For instance `(s, ⇡)

may be the expected 0-1 loss of ⇡ with respect to ⇡⇤ in
state s, or a squared/hinge loss of ⇡ with respect to ⇡⇤ in s.
Importantly, in many instances, C and ` may be the same
function– for instance, if we are interested in optimizing the
learner’s ability to predict the actions chosen by an expert.

Our goal is to find a policy ⇡̂ which minimizes the observed
surrogate loss under its induced distribution of states, i.e.:

⇡̂ = arg min

⇡2⇧

Es⇠d⇡ [`(s, ⇡)] (1)

As system dynamics are assumed both unknown and com-
plex, we cannot compute d⇡ and can only sample it by exe-
cuting ⇡ in the system. Hence this is a non-i.i.d. supervised
learning problem due to the dependence of the input distri-
bution on the policy ⇡ itself. The interaction between pol-
icy and the resulting distribution makes optimization diffi-
cult as it results in a non-convex objective even if the loss
`(s, ·) is convex in ⇡ for all states s. We now briefly review
previous approaches and their guarantees.

2.1 Supervised Approach to Imitation

The traditional approach to imitation learning ignores the
change in distribution and simply trains a policy ⇡ that per-
forms well under the distribution of states encountered by
the expert d⇡⇤ . This can be achieved using any standard
supervised learning algorithm. It finds the policy ⇡̂sup:

⇡̂sup = arg min

⇡2⇧

Es⇠d⇡⇤ [`(s, ⇡)] (2)

Assuming `(s, ⇡) is the 0-1 loss (or upper bound on the 0-
1 loss) implies the following performance guarantee with
respect to any task cost function C bounded in [0, 1]:

Theorem 2.1. (Ross and Bagnell, 2010) Let
Es⇠d⇡⇤ [`(s, ⇡)] = ✏, then J(⇡)  J(⇡⇤) + T 2✏.

Proof. Follows from result in Ross and Bagnell (2010)
since ✏ is an upper bound on the 0-1 loss of ⇡ in d⇡⇤ .

Note that this bound is tight, i.e. there exist problems
such that a policy ⇡ with ✏ 0-1 loss on d⇡⇤ can incur ex-
tra cost that grows quadratically in T . Kääriäinen (2006)
demonstrated this in a sequence prediction setting1 and

1In their example, an error rate of ✏ > 0 when trained to
predict the next output in sequence with the previous correct
output as input can lead to an expected number of mistakes of
T
2

� 1�(1�2✏)T+1

4✏ + 1

2

over sequences of length T at test time.
This is bounded by T 2✏ and behaves as ⇥(T 2✏) for small ✏.

Algo #1: Supervised Approach to Imitation

Algo #2: DAgger



DAgger Theoretical Results
• The proof of the results for DAgger relies on a reduction to no-regret 

online learning

30
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loss functions `n+1

may vary in an unknown or even adver-
sarial fashion over time. A no-regret algorithm is an algo-
rithm that produces a sequence of policies ⇡

1

, ⇡
2

, . . . ,⇡N

such that the average regret with respect to the best policy
in hindsight goes to 0 as N goes to1:

1

N

NX

i=1

`i(⇡i)�min

⇡2⇧

1

N

NX

i=1

`i(⇡)  �N (3)

for limN!1 �N = 0. Many no-regret algorithms guar-
antee that �N is ˜O(

1

N ) (e.g. when ` is strongly convex)
(Hazan et al., 2006; Kakade and Shalev-Shwartz, 2008;
Kakade and Tewari, 2009).

4.2 No Regret Algorithms Guarantees

Now we show that no-regret algorithms can be used to find
a policy which has good performance guarantees under its
own distribution of states in our imitation learning setting.
To do so, we must choose the loss functions to be the loss
under the distribution of states of the current policy chosen
by the online algorithm: `i(⇡) = Es⇠d⇡i

[`(s, ⇡)].

For our analysis of DAGGER, we need to bound the to-
tal variation distance between the distribution of states en-
countered by ⇡̂i and ⇡i, which continues to call the expert.
The following lemma is useful:

Lemma 4.1. ||d⇡i � d⇡̂i ||1  2T�i.

Proof. Let d the distribution of states over T steps condi-
tioned on ⇡i picking ⇡⇤ at least once over T steps. Since ⇡i

always executes ⇡̂i over T steps with probability (1��i)
T

we have d⇡i = (1� �i)
T d⇡̂i + (1� (1� �i)

T
)d. Thus

||d⇡i � d⇡̂i ||1
= (1� (1� �i)

T
)||d� d⇡̂i ||1

 2(1� (1� �i)
T
)

 2T�i

The last inequality follows from the fact that (1 � �)

T �
1� �T for any � 2 [0, 1].

This is only better than the trivial bound ||d⇡i � d⇡̂i ||1  2

for �i  1

T . Assume �i is non-increasing and define
n� the largest n  N such that �n > 1

T . Let ✏N =

min⇡2⇧

1

N

PN
i=1

Es⇠d⇡i
[`(s, ⇡)] the loss of the best pol-

icy in hindsight after N iterations and let `
max

be an upper
bound on the loss, i.e. `i(s, ⇡̂i)  `

max

for all policies ⇡̂i,
and state s such that d⇡̂i(s) > 0. We have the following:

Theorem 4.1. For DAGGER, there exists a policy ⇡̂ 2
⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏N + �N +

2`
max

N [n� +

T
PN

i=n�+1

�i], for �N the average regret of ⇡̂
1:N .

Proof. The last lemma implies Es⇠d⇡̂i
(`i(s, ⇡̂i)) 

Es⇠d⇡i
(`i(s, ⇡̂i)) + 2`

max

min(1, T�i). Then:

min⇡̂2⇡̂
1:N Es⇠d⇡̂ [`(s, ⇡̂)]

 1

N

PN
i=1

Es⇠d⇡̂i
(`(s, ⇡̂i))

 1

N

PN
i=1

[Es⇠d⇡i
(`(s, ⇡̂i)) + 2`

max

min(1, T�i)]

 �N +

2`
max

N [n� + T
PN

i=n�+1

�i] + min⇡2⇧

PN
i=1

`i(⇡)

= �N + ✏N +

2`
max

N [n� + T
PN

i=n�+1

�i]

Under an error reduction assumption that for any input dis-
tribution, there is some policy ⇡ 2 ⇧ that achieves sur-
rogate loss of ✏, this implies we are guaranteed to find a
policy ⇡̂ which achieves ✏ surrogate loss under its own
state distribution in the limit, provided �N ! 0. For in-
stance, if we choose �i to be of the form (1 � ↵)

i�1, then
1

N [n� + T
PN

i=n�+1

�i]  1

N↵ [log T + 1] and this extra
penalty becomes negligible for N as ˜O(T ). As we need
at least ˜O(T ) iterations to make �N negligible, the num-
ber of iterations required by DAGGER is similar to that re-
quired by any no-regret algorithm. Note that this is not
as strong as the general error or regret reductions consid-
ered in (Beygelzimer et al., 2005; Ross and Bagnell, 2010;
Daumé III et al., 2009) which require only classification:
we require a no-regret method or strongly convex surrogate
loss function, a stronger (albeit common) assumption.

Finite Sample Case: The previous results hold if the on-
line learning algorithm observes the infinite sample loss,
i.e. the loss on the true distribution of trajectories induced
by the current policy ⇡i. In practice however the algorithm
would only observe its loss on a small sample of trajecto-
ries at each iteration. We wish to bound the true loss under
its own distribution of the best policy in the sequence as a
function of the regret on the finite sample of trajectories.

At each iteration i, we assume the algorithm samples m
trajectories using ⇡i and then observes the loss `i(⇡) =

Es⇠Di(`(s, ⇡)), for Di the dataset of those m trajectories.
The online learner guarantees 1

N

PN
i=1

Es⇠Di(`(s, ⇡i)) �
min⇡2⇧

1

N

PN
i=1

Es⇠Di(`(s, ⇡))  �N . Let ✏̂N =

min⇡2⇧

1

N

PN
i=1

Es⇠Di [`(s, ⇡)] the training loss of the
best policy in hindsight. Following a similar analysis to
Cesa-Bianchi et al. (2004), we obtain:
Theorem 4.2. For DAGGER, with probability at least 1��,
there exists a policy ⇡̂ 2 ⇡̂

1:N s.t. Es⇠d⇡̂ [`(s, ⇡̂)]  ✏̂N +

�N +

2`
max

N [n� + T
PN

i=n�+1

�i] + `
max

q
2 log(1/�)

mN , for
�N the average regret of ⇡̂

1:N .

Proof. Let Yij be the difference between the expected per
step loss of ⇡̂i under state distribution d⇡i and the aver-
age per step loss of ⇡̂i under the jth sample trajectory
with ⇡i at iteration i. The random variables Yij over all
i 2 {1, 2, . . . , N} and j 2 {1, 2, . . . ,m} are all zero
mean, bounded in [�`

max

, `
max

] and form a martingale
(considering the order Y

11

, Y
12

, . . . , Y
1m, Y

21

, . . . , YNm).
By Azuma-Hoeffding’s inequality 1

mN

PN
i=1

Pm
j=1

Yij 

From Ross et al. (2011) “A Reduction of Imitation Learning and 
Structured Prediction to No-Regret Online Learning”...

• The key idea is to choose the loss function to be that of the loss on the 
distribution over states given by the current policy chosen by the online 
learner
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loss functions `n+1

may vary in an unknown or even adver-
sarial fashion over time. A no-regret algorithm is an algo-
rithm that produces a sequence of policies ⇡

1

, ⇡
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, . . . ,⇡N

such that the average regret with respect to the best policy
in hindsight goes to 0 as N goes to1:
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N ) (e.g. when ` is strongly convex)
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Now we show that no-regret algorithms can be used to find
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To do so, we must choose the loss functions to be the loss
under the distribution of states of the current policy chosen
by the online algorithm: `i(⇡) = Es⇠d⇡i
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For our analysis of DAGGER, we need to bound the to-
tal variation distance between the distribution of states en-
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The following lemma is useful:
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The last inequality follows from the fact that (1 � �)
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1� �T for any � 2 [0, 1].

This is only better than the trivial bound ||d⇡i � d⇡̂i ||1  2
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be an upper
bound on the loss, i.e. `i(s, ⇡̂i)  `
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for all policies ⇡̂i,
and state s such that d⇡̂i(s) > 0. We have the following:

Theorem 4.1. For DAGGER, there exists a policy ⇡̂ 2
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Under an error reduction assumption that for any input dis-
tribution, there is some policy ⇡ 2 ⇧ that achieves sur-
rogate loss of ✏, this implies we are guaranteed to find a
policy ⇡̂ which achieves ✏ surrogate loss under its own
state distribution in the limit, provided �N ! 0. For in-
stance, if we choose �i to be of the form (1 � ↵)

i�1, then
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at least ˜O(T ) iterations to make �N negligible, the num-
ber of iterations required by DAGGER is similar to that re-
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we require a no-regret method or strongly convex surrogate
loss function, a stronger (albeit common) assumption.

Finite Sample Case: The previous results hold if the on-
line learning algorithm observes the infinite sample loss,
i.e. the loss on the true distribution of trajectories induced
by the current policy ⇡i. In practice however the algorithm
would only observe its loss on a small sample of trajecto-
ries at each iteration. We wish to bound the true loss under
its own distribution of the best policy in the sequence as a
function of the regret on the finite sample of trajectories.

At each iteration i, we assume the algorithm samples m
trajectories using ⇡i and then observes the loss `i(⇡) =

Es⇠Di(`(s, ⇡)), for Di the dataset of those m trajectories.
The online learner guarantees 1
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Es⇠Di [`(s, ⇡)] the training loss of the
best policy in hindsight. Following a similar analysis to
Cesa-Bianchi et al. (2004), we obtain:
Theorem 4.2. For DAGGER, with probability at least 1��,
there exists a policy ⇡̂ 2 ⇡̂
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Proof. Let Yij be the difference between the expected per
step loss of ⇡̂i under state distribution d⇡i and the aver-
age per step loss of ⇡̂i under the jth sample trajectory
with ⇡i at iteration i. The random variables Yij over all
i 2 {1, 2, . . . , N} and j 2 {1, 2, . . . ,m} are all zero
mean, bounded in [�`

max

, `
max

] and form a martingale
(considering the order Y
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LEARNING TO SEARCH: 
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Dagger for Mario Tux Cart

32
Video from Stéphane Ross (https://www.youtube.com/watch?v=V00npNnWzSU)

https://www.youtube.com/watch?v=V00npNnWzSU


Experiments: Vowpal Wabbit L2S

33
Figure from Langford & Daume III (ICML tutorial, 2015)



Experiments: Vowpal Wabbit L2S
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Figure from Langford & Daume III (ICML tutorial, 2015)



Experiments: Vowpal Wabbit L2S
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Figure from Langford & Daume III (ICML tutorial, 2015)
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Learning 2 Search

Some key challenges:
– performance depends heavily on search order, 

but have to pick this by hand
– reference policy is critical, but what if it’s too 

difficult to design one
– not always easy to make efficient on a GPU

36
Adapted from Langford & Daume III (ICML tutorial, 2015)



Learning Objectives
Structured Prediction as Search

You should be able to…
1. Reduce a structured prediction problem to a 

search problem
2. Implement Dagger, a learning to search 

algorithm
3. (If you already know RL…) Contrast imitation 

learning with reinforcement learning
4. Explain the reduction of structured prediction 

to no-regret online learning
5. Contrast various learning2search algorithms 

based on their properties
37



SEQ2SEQ: OVERVIEW
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Why seq2seq?

• ~10 years ago: state-of-the-art machine translation or speech recognition 
systems were complex pipelines
– MT

• unsupervised word-level alignment of sentence-parallel corpora (e.g. via GIZA++)
• build phrase tables based on (noisily) aligned data (use prefix trees and on demand loading to 

reduce memory demands)
• use factored representation of each token (word, POS tag, lemma, morphology)

• learn a separate language model (e.g. SRILM) for target

• combine language model with phrase-based decoder
• tuning via minimum error rate training (MERT)

– ASR
• MFCC and PLP feature extraction

• acoustic model based on Gaussian Mixture Models (GMMs)

• model phones via Hidden Markov Models (HMMs)
• learn a separate n-gram language model 

• learn a phonetic model (i.e. mapping words to phones)

• combine language model, acoustic model, and phonetic model in a weighted finite-state 
transducer (WFST) framework (e.g. OpenFST)

• decode from a confusion network (lattice)

• Today: just use a seq2seq model
– encoder: reads the input one token at a time to build up its vector representation
– decoder: starts with encoder vector as context, then decodes one token at a time –

feeding its own outputs back in to maintain a vector representation of what was produced 
so far

39



Outline
• Recurrent Neural Networks

– Elman network
– Backpropagation through 

time (BPTT)
– Parameter tying
– bidirectional RNN
– Vanishing gradients
– LSTM cell
– Deep RNNs
– Training tricks: mini-batching 

with masking, sorting into 
buckets of similar-length 
sequences, truncated BPTT

• RNN Language Models
– Definition: language modeling
– n-gram language model
– RNNLM

• Sequence-to-sequence 
(seq2seq) models
– encoder-decoder 

architectures
– Example: biLSTM + RNNLM
– Example: machine translation
– Example: speech recognition
– Example: image captioning

• Learning to Search for seq2seq
– DAgger for seq2seq
– Scheduled Sampling (a special 

case of DAgger)
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RECURRENT NEURAL NETWORKS
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n n v d n
Sample 2:

time likeflies an arrow

Dataset for Supervised 
Part-of-Speech (POS) Tagging

42

n v p d n
Sample 1:

time likeflies an arrow

p n n v v
Sample 4:

with youtime will see

n v p n n
Sample 3:

flies withfly their wings

D = {x(n),y(n)}Nn=1Data:

y(1)

x(1)

y(2)

x(2)

y(3)

x(3)

y(4)

x(4)



Dataset for Supervised 
Handwriting Recognition

43

D = {x(n),y(n)}Nn=1Data:

values. The obtained results are depicted in Table 4; we
provide means, standard deviations, and the p-metric value
of the Student’s-t test run on the pairs of performances of
the models (CRF, CRF1), (moderate order CRF, CRF1),
and (HMM, CRF1).

As we observe, the proposed approach offers a sig-
nificant improvement over first-order linear-chain CRFs, as
well as the rest of the considered alternatives. Therefore, we
once again notice the practical significance of coming up

with computationally efficient ways of relaxing the Marko-
vian assumption in linear-chain CRF models applied to
sequential data modeling. Note also that, in this experi-
ment, the moderate order CRF models of [41] seem to yield
a rather competitive result. This was expectable since the
average modeled sequence in this experiment is less than
10 time points long. Finally, regarding the HMM method,
with the number of mixture components M selected so as to
optimize model performance, we observe that the CRF1

model yields a clear improvement, irrespective of the
employed likelihood optimization approach.

4.3 Part-of-Speech Tagging

Finally, here we consider an experiment with the Penn
Treebank corpus [25], containing 74,029 sentences with a
total of 1,637,267 words. It is comprised of 49,115 unique
words, and each word in the corpus is labeled according to
its part of speech; there are a total of 43 different part-of-
speech labels. We use four types of features:

1. First-order word-presence features.
2. Four-character prefix presence features.
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Videos: Error Rates Obtained by the Evaluated Methods

Fig. 4. Skateboard: push and turn: A few example frames from a sequence considered in our experiments.

Fig. 5. Handwriting recognition: Example words from the dataset used.
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Dataset for Supervised 
Phoneme (Speech) Recognition
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D = {x(n),y(n)}Nn=1Data:

Figures from (Jansen & Niyogi, 2013)

h# ih w z iy
Sample 1:

y(1)

x(1)

dh s uh iyz1704 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 61, NO. 7, APRIL 1, 2013

Fig. 5. Extrinsic (top) and intrinsic (bottom) spectral representations for the utterance “This was easy for us.” Note that a nonlinear mel-scale frequency warping
was used.

where are the input unlabeled data and is the

new parametrization of the function we need to estimate. To

proceed, we plug the functional form of (9) into the optimization

problem of (8). Taking the gradient with respect to the parameter

vector and setting it to zero sets up the following generalized

eigenvalue problem:

(10)

Here, is the Grammatrix defined on the input unlabeled
data by . This eigenvalue decomposition will

produce a full spectrum of eigenvectors, each defining its own
intrinsic projection map defined by the th eigenvector .

Unlike the unsupervised learning algorithm of [5], we are now

interested in several of the , not just one for binary clas-

sification or clustering. Recall that the intrinsic basis functions
produced by the Laplacian eigenmaps algorithm were defined
only on the points used to construct the graph Laplacian. Our

new set of projection maps is now defined out-of-sample, i.e.,
may be computed for arbitrary points on the manifold and

may also be used more generally for any point in .

B. Intrinsic Spectrogram Algorithm

Given the nomenclature define above, the algorithm for com-
puting the intrinsic spectrogram is comprised of three steps:

1) Given a set of unlabeled data sampled from

the manifold, construct a nearest neighbor graph and

compute the graph Laplacian (either normalized or un-

normalized).

2) Given a kernel , solve the generalized eigenvalue

problem of (10) for the weights .

3) Project amplitude spectrum at each time point of the ex-

trinsic spectrogram onto the first intrinsic basis functions

(sorted by increasing eigenvalue) according to (9).

Note that steps 1 and 2 are computed offline using the standard
training set . Thus, converting the extrinsic spectrogram of a

novel utterance into this intrinsic representation requires only

the computation of Equation (9) across the utterance.

Fig. 5 shows an example extrinsic and intrinsic

spectrograms for the TIMIT utterance “This was easy

for us” (TIMIT sentence sx3). Here, we constructed the dataset

with 200 examples of each of the 48 phonetic categories spec-

ified in [26].2 Each example was extrinsically represented by
a 40-dimensional, homomorphically smoothed, auditory (log)

spectrum (40 mel scale bands, from 0–8 kHz) computed from

a 25 ms signal window centered in each phonetic segment. The

adjacency graph was constructed using nearest Euclidean

neighbors and binary-valued edge weights. For the optimiza-

tion problem of (8), we take as the intrinsic smoothness param-

eter . Finally, to accommodate nonlinear intrinsic projec-

tions maps, we employ the radial basis function (RBF) kernel,

, where is taken to be 1/3 of the mean

Euclidean distance between the graph vertices. Note that op-

timal settings of , and depend on the intended application

and manifold sampling density; we investigate the role this pa-

rameter in the experiments described below. Given the low-di-

mensional curved manifold structure motivated in previous sec-

tions, one might expect phonetic content to be more transpar-

ently differentiated in the intrinsic basis than in a traditional

spectrogram. It is clear from Fig. 5 that the intrinsic represen-

tation redistributes much of the spectral variation to the lower

eigenvalued components. It is also clear that these initial com-

ponents do not each covary with the presence of a single speech

sound. In the next section, we examine whether this alternative

organization may have a natural linguistic interpretation.

V. INTRINSIC SPECTRAL ANALYSIS INTERPRETATION

The intrinsic representation is a projection of spectral infor-

mation onto a set of basis functions ordered by their smooth-

2Note that while we use a class balanced sample here, balancing was not
required to obtain good performance in the experiments in Section VII in which
we randomly selected examples from the entire corpus (ignoring class).
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Fig. 5. Extrinsic (top) and intrinsic (bottom) spectral representations for the utterance “This was easy for us.” Note that a nonlinear mel-scale frequency warping
was used.

where are the input unlabeled data and is the

new parametrization of the function we need to estimate. To

proceed, we plug the functional form of (9) into the optimization

problem of (8). Taking the gradient with respect to the parameter

vector and setting it to zero sets up the following generalized

eigenvalue problem:

(10)

Here, is the Grammatrix defined on the input unlabeled
data by . This eigenvalue decomposition will

produce a full spectrum of eigenvectors, each defining its own
intrinsic projection map defined by the th eigenvector .

Unlike the unsupervised learning algorithm of [5], we are now

interested in several of the , not just one for binary clas-

sification or clustering. Recall that the intrinsic basis functions
produced by the Laplacian eigenmaps algorithm were defined
only on the points used to construct the graph Laplacian. Our

new set of projection maps is now defined out-of-sample, i.e.,
may be computed for arbitrary points on the manifold and

may also be used more generally for any point in .

B. Intrinsic Spectrogram Algorithm

Given the nomenclature define above, the algorithm for com-
puting the intrinsic spectrogram is comprised of three steps:

1) Given a set of unlabeled data sampled from

the manifold, construct a nearest neighbor graph and

compute the graph Laplacian (either normalized or un-

normalized).

2) Given a kernel , solve the generalized eigenvalue

problem of (10) for the weights .

3) Project amplitude spectrum at each time point of the ex-

trinsic spectrogram onto the first intrinsic basis functions

(sorted by increasing eigenvalue) according to (9).

Note that steps 1 and 2 are computed offline using the standard
training set . Thus, converting the extrinsic spectrogram of a

novel utterance into this intrinsic representation requires only

the computation of Equation (9) across the utterance.

Fig. 5 shows an example extrinsic and intrinsic

spectrograms for the TIMIT utterance “This was easy

for us” (TIMIT sentence sx3). Here, we constructed the dataset

with 200 examples of each of the 48 phonetic categories spec-

ified in [26].2 Each example was extrinsically represented by
a 40-dimensional, homomorphically smoothed, auditory (log)

spectrum (40 mel scale bands, from 0–8 kHz) computed from

a 25 ms signal window centered in each phonetic segment. The

adjacency graph was constructed using nearest Euclidean

neighbors and binary-valued edge weights. For the optimiza-

tion problem of (8), we take as the intrinsic smoothness param-

eter . Finally, to accommodate nonlinear intrinsic projec-

tions maps, we employ the radial basis function (RBF) kernel,

, where is taken to be 1/3 of the mean

Euclidean distance between the graph vertices. Note that op-

timal settings of , and depend on the intended application

and manifold sampling density; we investigate the role this pa-

rameter in the experiments described below. Given the low-di-

mensional curved manifold structure motivated in previous sec-

tions, one might expect phonetic content to be more transpar-

ently differentiated in the intrinsic basis than in a traditional

spectrogram. It is clear from Fig. 5 that the intrinsic represen-

tation redistributes much of the spectral variation to the lower

eigenvalued components. It is also clear that these initial com-

ponents do not each covary with the presence of a single speech

sound. In the next section, we examine whether this alternative

organization may have a natural linguistic interpretation.

V. INTRINSIC SPECTRAL ANALYSIS INTERPRETATION

The intrinsic representation is a projection of spectral infor-

mation onto a set of basis functions ordered by their smooth-

2Note that while we use a class balanced sample here, balancing was not
required to obtain good performance in the experiments in Section VII in which
we randomly selected examples from the entire corpus (ignoring class).
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Time Series Data
Question 2: How could we incorporate context (e.g. 
words to the left/right, or tags to the left/right) into our 
solution?
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Working left-
to-right, use 
features of…

y1 y3y2 y4 y5

xi-1 xi xi+1 yi-1 yi yi+1
A ✓
B ✓
C ✓ ✓
D ✓ ✓ ✓ ✓
E ✓ ✓ ✓ ✓ ✓
F ✓ ✓ ✓ ✓
G ✓ ✓ ✓ ✓ ✓
H ✓ ✓ ✓ ✓ ✓ ✓
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2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:

i

t

= � (W

xi

x

t

+W

hi

h

t�1 +W

ci

c

t�1 + b

i

) (3)
f

t

= � (W

xf

x

t

+W

hf

h

t�1 +W

cf

c

t�1 + b

f

) (4)
c

t

= f

t

c

t�1 + i

t

tanh (W

xc

x

t

+W

hc

h

t�1 + b

c

) (5)
o

t

= � (W

xo

x

t

+W

ho

h

t�1 +W

co

c

t

+ b

o

) (6)
h

t

= o

t

tanh(c

t

) (7)

where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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where we define h

0
= x. The network outputs y

t

are

y
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t
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y
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

Definition of the RNN:inputs: x = (x1, x2, . . . , xT ), xi � RI

hidden units: h = (h1, h2, . . . , hT ), hi � RJ

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H
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2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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where we define h
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= x. The network outputs y

t
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

Definition of the RNN:inputs: x = (x1, x2, . . . , xT ), xi � RI

hidden units: h = (h1, h2, . . . , hT ), hi � RJ

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H
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• If T=1, then we have a standard 
feed-forward neural net with 
one hidden layer

• All of the deep nets from last 
lecture required fixed size 
inputs/outputs
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2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:

i

t

= � (W

xi

x

t

+W

hi

h

t�1 +W

ci

c

t�1 + b

i

) (3)
f

t

= � (W

xf

x

t

+W

hf

h

t�1 +W

cf

c

t�1 + b

f

) (4)
c

t

= f

t

c

t�1 + i

t

tanh (W

xc

x

t

+W

hc

h

t�1 + b

c

) (5)
o

t

= � (W

xo

x

t

+W

ho

h

t�1 +W

co

c

t

+ b

o

) (6)
h

t

= o

t

tanh(c

t

) (7)

where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

Definition of the RNN:inputs: x = (x1, x2, . . . , xT ), xi � RI

hidden units: h = (h1, h2, . . . , hT ), hi � RJ

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H
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1. Given training data: 3. Define goal:
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Background

2. Choose each of these:

– Decision function

– Loss function

4. Train with SGD:

(take small steps 
opposite the gradient)

• We’ll just need a method of 
computing the gradient efficiently

• Let’s use Backpropagation Through 
Time...

• Recurrent Neural Networks (RNNs) provide 
another form of decision function

• An RNN is just another differential function
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2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

Definition of the RNN:inputs: x = (x1, x2, . . . , xT ), xi � RI

hidden units: h = (h1, h2, . . . , hT ), hi � RJ

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H
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are given in Section 7.

2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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where we define h
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= x. The network outputs y

t

are

y

t

= W

h

N
y

h

N

t

+ b

y

(12)

Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

Definition of the RNN:inputs: x = (x1, x2, . . . , xT ), xi � RI

hidden units: h = (h1, h2, . . . , hT ), hi � RJ

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H
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are given in Section 7.

2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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where we define h
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= x. The network outputs y

t

are

y

t

= W

h

N
y

h

N

t

+ b

y

(12)

Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

inputs: x = (x1, x2, . . . , xT ), xi � RI

hidden units:
��
h and

��
h

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H

h
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are given in Section 7.

2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :

h

t

= H (W

xh

x

t

+W

hh

h

t�1 + b

h

) (1)
y

t

= W

hy

h

t

+ b

y

(2)

where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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where we define h
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= x. The network outputs y
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

inputs: x = (x1, x2, . . . , xT ), xi � RI
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2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.
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are given in Section 7.

2. NETWORK ARCHITECTURE

Given an input sequence x = (x1, . . . , xT

), a standard recur-
rent neural network (RNN) computes the hidden vector se-
quence h = (h1, . . . , hT

) and output vector sequence y =

(y1, . . . , yT ) by iterating the following equations from t = 1

to T :
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b

h

is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence

�!
h ,

the backward hidden sequence
 �
h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences

�!
h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.
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Recursive Definition:

Fig. 3. Deep Recurrent Neural Network

Fig. 4. Deep Bidirectional Long Short-Term Memory Net-
work (DBLSTM)

3. NETWORK TRAINING

Network training follows the standard approach used in hy-
brid systems [4]. Frame-level state targets are provided on the
training set by a forced alignment given by a GMM-HMM
system. The network is then trained to minimise the cross-
entropy error of the targets using a softmax output layer with
as many units as the total number of possible HMM states. At
decoding time, the state probabilities yielded by the network
are combined with a dictionary and language model to deter-
mine the most probable transcription. For a length T acoustic
sequence x the network produces a length T output sequence
y, where each y

t

defines a probability distribution over the
K possible states: that is, yk

t

(the k

th element of y
t

) is the
network’s estimate for the probability of observing state k at
time t given x. Given a length T state target sequence z the

network is trained to minimise the negative log-probability of
the target sequence given the input sequence:

� log Pr(z|x) = �
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Which leads to the following error derivatives at the output
layer
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where ŷ

t

is the vector of output activations before they have
been normalised with the softmax function. These derivatives
are then fed back through the network using backpropagation
through time to determine the weight gradient.

When training deep networks in hybrid systems with
stochastic gradient descent it has been found advantageous to
select minibatches of frames randomly from the whole train-
ing set, rather than using whole utterances as batches. This
is impossible with RNN-HMM hybrids because the weight
gradients are a function of the entire utterance.

Another difference is that hybrid deep networks are
trained with an acoustic context window of frames to ei-
ther side of the one being classified. This is not necessary for
DBLSTM, since it is as able to store past and future context
internally, and the data was therefore presented a single frame
at a time.

For some of the experiments Gaussian noise was added
to the network weights during training [15]. The noise
was added once per training sequence, rather than at every
timestep. Weight noise tends to ‘simplify’ neural networks,
in the sense of reducing the amount of information required
to transmit the parameters [16, 17], which improves generali-
sation.

4. TIMIT EXPERIMENTS

The first set of experiments were carried out on the TIMIT [18]
speech corpus. Their purpose was to see how hybrid training
for deep bidirectional LSTM compared with the end-to-end
training methods described in [1]. To this end, we ensured
that the data preparation, network architecture and training
parameters were consistent with those in the previous work.
To allow us to test for significance, we also carried out re-
peated runs of the previous experiments (which were only
run once in the original paper). In addition, we ran hybrid ex-
periments using a deep bidirectional RNN with tanh hidden
units instead of LSTM.

The standard 462 speaker set with all SA records removed
was used for training, and a separate development set of 50
speakers was used for early stopping. Results are reported
for the 24-speaker core test set. The audio data was prepro-
cessed using a Fourier-transform-based filterbank with 40 co-
efficients (plus energy) distributed on a mel-scale, together
with their first and second temporal derivatives. Each input
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where the W terms denote weight matrices (e.g. W
xh

is the
input-hidden weight matrix), the b terms denote bias vectors
(e.g. b
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is hidden bias vector) and H is the hidden layer func-
tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence
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h ,

the backward hidden sequence
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h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences
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h

n and
 �
h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.
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outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H
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is the
input-hidden weight matrix), the b terms denote bias vectors
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tion.

H is usually an elementwise application of a sigmoid
function. However we have found that the Long Short-Term
Memory (LSTM) architecture [11], which uses purpose-built
memory cells to store information, is better at finding and ex-
ploiting long range context. Fig. 1 illustrates a single LSTM
memory cell. For the version of LSTM used in this paper [12]
H is implemented by the following composite function:
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where � is the logistic sigmoid function, and i, f , o and c

are respectively the input gate, forget gate, output gate and
cell activation vectors, all of which are the same size as the
hidden vector h. The weight matrices from the cell to gate
vectors (e.g. W

si

) are diagonal, so element m in each gate
vector only receives input from element m of the cell vector.

One shortcoming of conventional RNNs is that they are
only able to make use of previous context. In speech recog-
nition, where whole utterances are transcribed at once, there
is no reason not to exploit future context as well. Bidirec-
tional RNNs (BRNNs) [13] do this by processing the data in
both directions with two separate hidden layers, which are
then fed forwards to the same output layer. As illustrated in
Fig. 2, a BRNN computes the forward hidden sequence
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h ,

the backward hidden sequence
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h and the output sequence y

by iterating the backward layer from t = T to 1, the forward
layer from t = 1 to T and then updating the output layer:
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Fig. 1. Long Short-term Memory Cell

Fig. 2. Bidirectional Recurrent Neural Network

Combing BRNNs with LSTM gives bidirectional LSTM [14],
which can access long-range context in both input directions.

A crucial element of the recent success of hybrid systems
is the use of deep architectures, which are able to build up pro-
gressively higher level representations of acoustic data. Deep
RNNs can be created by stacking multiple RNN hidden layers
on top of each other, with the output sequence of one layer
forming the input sequence for the next, as shown in Fig. 3.
Assuming the same hidden layer function is used for all N
layers in the stack, the hidden vector sequences hn are itera-
tively computed from n = 1 to N and t = 1 to T :
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Deep bidirectional RNNs can be implemented by replac-
ing each hidden sequence h

n with the forward and backward
sequences
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h

n and
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h

n, and ensuring that every hidden layer
receives input from both the forward and backward layers at
the level below. If LSTM is used for the hidden layers we get
deep bidirectional LSTM, as illustrated in Fig. 4.

Figure from (Graves et al., 2013)
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inputs: x = (x1, x2, . . . , xT ), xi � RI

outputs: y = (y1, y2, . . . , yT ), yi � RK

nonlinearity: H

Figure from (Graves et al., 2013)
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• Notice that the upper 
level hidden units have 
input from two previous 
layers (i.e. wider input)

• Likewise for the output 
layer

• What analogy can we 
draw to DNNs, DBNs, 
DBMs?


