Chapter 18
Tail Bounds



Tails

Defn: The tail of random variable X is P{X > x}.

Examples of why we care about tails:

» Fraction of jobs that queue more than 24 hours

» Fraction of packets that find the router buffer full

» Fraction of hash buckets that have more than 10 items

Unfortunately, determining the tail of even simple r.v.s is often hard
— much harder than determining the mean or transform!
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Tails Example

Q: Suppose you're distributing n jobs among n servers at random.
What’s the probability that a particular server gets = k jobs?

X ~ Binomial(n,p)

No closed-form

known for this

P{X >k} = 2": (7:) p'(1—p)""
i=k



Tails Example

Q: Jobs arrive to a datacenter according to a Poisson process with rate A jobs/hour.
What's the probability that > k jobs arrive during the first hour?

X ~ Poisson(4)

No closed-form

known for this

P{X > k} =2e—ﬂ-.—,
= L.



Tails Bounds

Rather than directly compute tails, we will derive upper bounds on
the tails, called tail bounds!

P{X >k} =§: . P{X2k}=zn:( )p(l_p)nl

‘\?

We'll soon have tail bounds
for both of these!

Definition: An upper bound on P{X = k} is called a tail bound.
An upper bound on P{|X — u| = k} where u = E[X] is called a
concentration bound or concentration inequality.
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Running Example

‘!ﬂ! !;l!“ P- We will develop progressively better (tighter) tail bounds.

=

—

We will test each bound on the following running example:

Flip a fair coin n times: @S @B 56 -6 B I

Q: What’s a tail bound on the probability of getting at least zn heads?
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Markov’s inequality

Theorem: (Markov’s inequality) If r.v. X is non-negative, with finite mean
u = E|X], thenVa > 0,

P{X >a} <

Q=

Proof: o

0.0)

E[X] = zx'PX(x) > Zx-px(x)

x=0 x=a

0.0)

= Z a - px(x)

X=a

=aZpX(x) =a-P{X > a}




Markov’s Inequality on Running Example

. n
X = Number Heads ~ Binomial n u = E[X] = -
Clearly a terrible bound
PlX > 3 < U . % B 2 because doesn’t involve n
A" =3,73 .73
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Chebyshev’s inequality

Theorem: (Chebyshev’s inequality) Let X be any r.v. with finite mean, u, and
finite variance. Then Va > 0,

Proof: Q: Can you see how to apply

Markov’s inequality here?

P{|X — u| = a} = P{(X — w)?* = a?}




Chebyshev’s Bound on Running Example

X = Number Heads ~ Binomial n,z

At least
decreases
with n

"Introduction to Probability for Computing", Harchol-Balter '24



Chernoff Bound

In deriving the Chebyshev bound, we squared the r.v. and then applied Markowv.

In deriving the Chernoff bound, we exponentiate the r.v. and then apply Markowv.

vt > 0: Why are we

allowed to apply
P{X = a} = P{tX = ta} Markov to this?

But because this

eta bound holds Vt, it
also holds for the
minimizing t.




Chernoff Bound

In deriving the Chebyshev bound, we squared the r.v. and then applied Markov.

In deriving the Chernoff bound, we exponentiate the r.v. and then apply Markov.

vt > 0:
P{X = a} = P{tX > ta}

— P{etX > eta}

E[etX]
eta

<

Theorem 18.3: (Chernoff bound) Let X be any r.v. and a be a constant. Then

E[etX]}

etad

P{X > a} < min{
t>0



Chernoff Bound

In deriving the Chebyshev bound, we squared the r.v. and then applied Markowv.

In deriving the Chernoff bound, we exponentiate the r.v. and then apply Markowv.

vt > 0: Q: Why do we expect the

Chernoff bound to be stronger
P{X = a} = P{tX = ta} than the others?

Theorem: (Chernoff bound) Let X be any r.v. and a be a constant. Then

R }< . E[etX
¢ =4 =10 eta

A: Looks a lot
like an onion!



Chernoff Bound on c.d.f.

Consider
Vt < 0: t<0
W)

P{X < a} = P{tX > ta)

— P{etX > eta}

E[etX]

<
eta

Theorem: (Chernoff bound on c.d.f.) Let X be any r.v. and a be a constant. Then

E[etX]}

eta

P{X <a} < min{
t<O0



Chernoff Bound for Poisson Tail

Goal: Bound tail of X ~ Poisson(A)

Step 1: Derive E[e®®] where t > 0 Step 2: Leta > A. Bound P{X > a}
® Y E[etX]
e A :
E[etX] — Z etl . T P{X = Cl} < rggl{ ota
1=0 '
00 Alet-1
L (/’tet)l _ min {e (8 )}
=€ il t>0 eta
i=0 Suffices to
. minimize .
= e 1. gle exponent! = min {e’l(e _1)_“‘}
t>0




Chernoff Bound for Poisson Tail

Goal: Bound tail of X ~ Poisson(A)

Step 2: Leta > A. Bound P{X > a} > Exponent is minimized att = In (%)
E[e™] Thus:
P{X >a} < migl — t
t> e > P{X > a) < pe —1)—ta’at t = In (%)

= min

o) _ 5

ta
t>0 e 3 a
Suffices to = P <_>
. t_ _ . . .
— min {el(e 1) ta} minimize a
t>0 exponent!




Chernoff Bound for Binomial

Theorem 18.4: (Pretty Chernoff Bound for Binomial)

Let X ~ Binomial(n,p) where u = E|X| = np. Then, forany § > 0,

P{X —np > 8} < e 26°/n
P{X —np < -8} < e26°/n

We will prove this soon, but let’s try applying it first!

Bound is strongest when § = @(n)
Try to use it in this regime.



Chernoff Bound on Running Example

Decreases
exponentially
fastin n
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Comparing the bounds

Flip a fair coin n times:

Q: What's a tail bound on the probability of getting at least Zn heads?

Q: What is the exact answer?

n n—i n
plez2ul= S ()@ @) =22 ()
4- 2 l

i=%n i=%

19
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Central Limit Theorem

X ~ Binomial <

TL,E

n
~ P{Normal(0,1) > \/;
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CLT applies
because adding i.i.d.

V.S

Result is

approximation

not bound




Comparing the approximation and bounds

okay

P{X = %n} Even Chebyshev is We're not showing
A : Markov because
| ) | terrible
0.03 1] it’s too high
ool B |
: Chernoff looks

0 20 40 60 80 100"

Chebyshev Chernoff —

Exact — Normal




Comparing the approximation and bounds

Even Chernoff
doesn’t look
so great any

more

An up close view
at highern > 70

Chebyshev no
longer visible.
It’s too high

70 75 80 85 90 95 100 "

Chebyshev Chernoff —

Exact — Normal




Proof of Thm 18.4 — Pretty Chernoff Bound

Theorem 18.4: (Pretty Chernoff Bound for Binomial)

Let X ~ Binomial(n,p) where u = E|X]| = np. Then, forany § > 0,

P{X —np > 8} < e 26°/n
P{X —np < -8} < e26°/n

We will now prove Thm 18.4 (top half). The bottom half is an Exercise in your book.

Our proof requires using Lemma 18.5, which is proven in your book.

Lemma 18.5: Foranyt > 0and 0 <p <1 and g =1 — p, we have that:

petd 4+ getP < ot°/8




Proof of Thm 18.4 — Pretty Chernoff Bound

Theorem 18.4: Let X ~ Binomial(n,p) where u = E[X] = np. Then, forany § > 0,

P{X —np = 6} < e=25%/n

Proof: Foranyt > 0,

P{X —np =>6}= P{t(X —np) = td}

— P{et(X—np) > etS}

< e—t5E[et(X—np)] — e—t5E[et((X1—p)+(Xz—p)+°~+(Xn—p))]

We can break this up!

X =Y. X; where
X; ~ Bernoulli(p)




Proof of Thm 18.4 — Pretty Chernoff Bound

Theorem 18.4: Let X ~ Binomial(n,p) where u = E[X] = np. Then, forany § > 0,

P{X —np = 6} < e=25%/n

Proof, cont: So, foranyt > 0,

n
P{X—-np=68}<e® l_[E[et(Xi‘p)]

=1

n
o — —t
by Lemma 1=1 Q: What do we
18.5 n ) , do next?
_ ,—t8 t /8) _| p-to+nt?/s
€ 1_[(8 A: Find the
i=1 minimizing t




Proof of Thm 18.4 — Pretty Chernoff Bound

Theorem 18.4: Let X ~ Binomial(n,p) where u = E[X] = np. Then, forany § > 0,

P{X —np = 6} < e=25%/n

Proof, cont: So, foranyt > 0,

The exponent is

P{X—np =6} < e—t6+nt2/8 minimized at

= P{X —np =6} < e_(”




Stronger (?) Chernoff Bound for Binomial

Theorem 18.6 presents an alternative, sometime stronger, bound.

The bound holds for a more general definition of a Binomial.

Theorem 18.6: (Sometimes stronger Chernoff Bound)

Let X = ).'* X; where X; ~ Bernoulli(p;) and u = E[X] =

e€ 3
PIX>(1—-e)u} < <(1 n E)(1+e)>

l 1pl

Then, Ve > 0,




Stronger (?) Chernoff Bound for Binomial

Theorem 18.6: (Sometimes stronger Chernoff Bound)

Let X = Y., X; where X; ~ Bernoulli(p;) and u = E[X] = Y./, p;. Then, Ve > 0,

e€ 3
PX > (1-eu} < ((1 n E)(1+e)>

Plot of inner term: - Two observations:

€

(14 ¢)1+e)

1. f(e) <1, soboundis
exponentially decreasing.

f(e) =

_ 2. Bound in Thm 18.6 is
5 particularly strong when € is high.




Comparison of Chernoff Bounds

Theorem 18.4: (Pretty bound) Theorem 18.6: (Sometimes stronger bound)
Let X ~ Binomial(n,p) where Let X = )./*; X; where X; ~ Bernoulli(p;)
u = E[X] = np. Then, forany § > 0, and u = E[X] = Y-, p;- Then, Ve >0,
2 eE 3
— —26“/n
P{IX—np=>6}<e PiX=(1+e)y} < ((1 n E)(1+e))

Q: Which gives best bound on probability of getting > Zn heads, when flipping fair coin n times?

This is the

n/2
better e0> n
bound! S( - > ~| (154) '8




Comparison of Chernoff Bounds

Theorem 18.4: (Pretty bound) Theorem 18.6: (Sometimes stronger bound)
Let X ~ Binomial(n,p) where Let X = )./*; X; where X; ~ Bernoulli(p;)
u = E[X] = np. Then, forany § > 0, and u = E[X] = Y-, p;- Then, Ve >0,
2 eE 3
— —26“/n
P{IX—np=>6}<e PiX=(1+e)y} < ((1 n E)(1+e))

Q: Which is the better bound on P{X = 21} if p; =p = % ?

P{X>21} = P{X—1 > 20} P{X=21} = P{(X =(1+ 20)-1}
_2:(20)? . e”
e = — 217 Much

800
< e n =|1

83.10~20 better

bound!

2




More general bound: Hoeffding’s Inequality

Theorem 18.7: (Hoeffding’s Inequality)

Let X{, X5, ..., X;, be independent r.v.s, where q; < X; < b;, Vi.

n
Let: More general because
X = 2 X; X;’s don’t have to

i—1 be identically distributed

Then,
P{X — E[X] = 6} < ( 2165 )
— > < exp|—
i=1(b; — a;)?

2 5%
P{X — E[X] < —5} < exp (_ Zn (b- _ a-)2>
=1 l l
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