Chapter 16
Classical Statistical Inference



This chapter and the next ...

This chapter and the next are about creating many more estimators.

Keep in mind: estimation is an art, not a science.

*** There is no mathematical proof for the “best”
estimator.

** We pick our favorite estimator subjectively.
¢ Lots of room for you to create your own!




Estimating the number of pink jelly beans

Given: Jar has 1000 jelly beans.

Goal: Estimate ¢ =Number of pink jelly beans (unknown)

Experiment: Randomly sample n = 20 jelly beans
with replacement

Why is this a

random
variable? X = # pink jelly beans in sample

Why s this a 6(X) = estimator of 6
random

variable?




Estimating the number of pink jelly beans

Goal: Estimate 6 =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement

X = # pink jelly beans in sample

6(X) = estimator of 6

1000 jelly beans total
Q: What’s a
ble 8(X)? A X
reasonable §(X) 9(X=x)=(g)-1000, VO<x<n

Q: First suppose

X=x ~O(X) = ()—(> - 1000

n




s our estimator unbiased?

Goal: Estimate &/ =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement
R i

1000 jelly beans total

sR3

X = # pink jelly beans in sample

- X N
0(X) = (E) . 1000 X ~ Binomial (n,p = %)
0

=2 E[X]=n-—
1000

Q: 1s6(X)
) ~ X
S[E[6(D)] =E [;- 1000] e
n

6 1000

o]V

Hint: How is X —n - )
distributed? 1000 n




|s our estimator consistent?

X - _ 6
0(X) = (Z) - 1000, where X ~ Binomial (n,p = 1000)
Need to show ~ 10002
MSE (é(X)) -0 Var (H(X)) = — np(1l —p)
asn — oo "
10007 v, v
Suffices to show — n2 e 1000 S 1000
Var(é(X)) -0
_6(1000 - 6) [0 /




So far we’ve had no “method” for coming
up with estimators.

We now introduce a methodology, called
Maximum Likelihood Estimation (MLE),
for deriving estimators.

We frequentists
love Maximum
Likelihood

estimation

We Bayesians
hate it!
See Chpt 17 for a
better way!




Creating an ML estimator

Goal: Estimate an unknown value @, given sample data X

0y (X =x) = arg max

Our estimator is the value
of 6 that maximizes the

This is the

“likelihood
function”

Step 1: Define

likelihood function

Step 2: Convert 8,,; (X = x) to 0, (X)



Example of MLE

Goal: Estimate 6 =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement o ion,
1000 jelly beans total

X = # pink jelly beans in sample 3—\‘?
v

Q: Suppose we observe X = 3 pinks in our sample.
Whatis P{X =3 | 6}?

What value
of

3 maximizes
20 6 0 |
Pt X=3|6}= - 1] — —— this?
{ 105 (3 ) (1000) ( 1000)




Example of MLE

Goal: Estimate & =Number of pink jelly beans

Experiment: Randomly sample n = 20 beans w/ replacement o ion,
1000 jelly beans total

SR

X = # pink jelly beans in sample

Q: Suppose we observe X = 3 pinks in our sample. Whatis P{X =3 | 6}?

P{X=316}
What value of P ST VT T N ~
maximizes this? "~ Peakat: HML(X — 3)
020 | 6):150
005! -
0 “ “Hh. L= . p =150
0 200 400 600 800 1000
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Example of MLE

Q: What is the likelihood function P{X = x | 6}?

n o \* 0 e 1000 jelly beans total
=xl6)=1, (1000) ( 1000> X = # pinkjelly beans
in sample
Q: What is 0, (X = x) = arg max P{X = x| 6}? Ly e

d _dym\y( 6 Y H_n—x
0 = EP{X=X|H} a %(x) (1000) .<1_1000>

- . 0 X 0 n-x-—1 1 . (n).x 0 x—1. 1 (s 0 n—x
- (x) 1000) ™= {1~ 1000 1000 x 1000 1000 1000

n—x 6 X

_ 2nd derivative is
_ , + : Solving, we get: negative
1000 1000 ' 1000 1000 s ve
_ so this is a max d

n



Example of MLE

Q: What is the likelihood function P{X = x | 6}?

n o \* 0 e 1000 jelly beans total
=xl6)=1, (1000) ( 1000> X = # pinkjelly beans
in sample
Q: What is 0, (X = x) = arg max P{X = x| 6}? Ly e

@

1000x
n

0y (X = x) =argmax P{X = x| 0} =
0

Hey, this is

1000X

what we got S é‘ X) =
before! ML( )




PSC Example

#jobs submitted daily to Pittsburgh Supercomputing Center ~ Poisson(/1)

Goal: Estimate

Experiment: Sample #job submissions each day for a month: X, X5, ..., X3
(assume independent)

What do you think
j(Xl,Xz, ,X30) will be?




PSC Example: MLE method

#jobs submitted daily to Pittsburgh Supercomputing Center ~ Poisson(A)

A (X1 = x1,X; = x5, ..., X309 = X30)
= arg max P{X; = x{,X, = x5, ..., X3¢0 = X30| 1}

M=t pAX2e=1 X304

—_ arg max : ' '
xl. .X'Z. X3O.
What should we do
Ax1+x2+---+x308—30/1 to find the
= arg max maximizing 1°?

x1!X2! "'x30!



PSC Example: MLE method

AX1+XZ +"‘+x308—30/1

A (X1 = x4, X5 = %3, ..., X30 = X39) = arg max

A \ xl!xz!“'xgo! |
|
d [AX1tx2 +---+x306—SOA set derivative
0= equalto 0
d)[ xl!xZ!'”X30!

(x]_ _I_ xz _I_ Ve _I_ x30)lx1+x2+.“+x30_1e_30/1 _I_ Axl+xZ+‘"+X30 . (_30) . e—BOA

x1!x2! “'x30!

2> (0 = (X1+x2+“'+X30)+A'(—30)
X1 +x2 +'°'+x30

> | =
30




PSC Example: MLE method

We have shown: This holds
VXxq,X9,..,X30

unsurprising




Log likelihood estimation

Goal: Estimate an unknown value @, given sample data X

] This is the This is the
Step 1. Define likelihood log likelihood
function function

| A

A~ [ ) | |
Oy (X =x) = argmax P{X = x| 0} = arg max log P{X = x| 6}
0 0

equivalent
Why??

Step 2: Convert B,,; (X = x) to 6, (X)



PSC example revisited with log likelihood

#jobs submitted daily to Pittsburgh Supercomputing Center ~ Poisson(A)

j’ML(Xl — xl,Xz = Xy, ...,X30 —_ XB()) @

= argmax In(P{X; = x{,Xy, = x5, ..., X30 = X30| 1})
A

= arg r/lnax In(P{X1 = x1 | A} P{X; = x5 | A} P{X30 = x30 | 1})

30
= arg max Z In(P{X; =x; | 1})

A i=1

30

e~ A )X
=arganax ZIn( ol )

=1




PSC example revisited with log likelihood

/TML(Xl = X1,X2 = X3, ..., X30 = X30)

30 -3,
= argr/lnax Zln( ol )
i=1
30 30
= arg max (—30/1 + Z x; In(A) — Z In(x;!)
A

=1 =1

50 Why can we
= argmax | —301 + z x; In(A) drop this?
A

=1



PSC example revisited with log likelihood

30

/:[ML(X]. — Xl,XZ = X9, ...,X30 — X30) — al‘g max _BOA + z Xi ln(;{)
A =1

What should we do \ |

to find the |
maximizing A? set derivative
equalto 0
] 30 30 1 R
x x s x
Ozﬁ —30&+leiln(/1) = —30+ in 5 > ) =2 230 30
l= =

X1 + X9 + .-+ X30
30

-> /:{ML(Xl — x1X2 — X2, "-;XBO — X30) —




MLE with data from continuous distribution

MLE single variable:
We wish to estimate an unknown value

* If the sample data is represented by discrete r.v. X, then we define:
0, (X = x) = argmax P{X = x| 6}

* |If the sample data is represented by continuous r.v. X, then we define:

By (X = x) = argmax fyo(x)



MLE with data from continuous distribution

MLE multiple variables:
We wish to estimate an unknown value

* |f the sample data is represented by discrete r.v.s X{, X5, ..., X,,, then we define:
@ML(Xl = x1,X, = X9, ., X, = X)) = argmax P{X; = x, X, = x5, ..., X,, = x,| 60}
* |f the sample data is represented by continuous r.v.s X4, X5, ..., X,;, then we define:

QML(Xl — xl,XZ = X», ""XTL — xn) — arg max le:XZJ-"»an (xl,xZ, ...,xn)



MLE Example: time spent on homework

How long can | expect to
work on homework?

The distribution is
Uniform(0,b)

Great, but what is b?

Sample some students and
estimate it!
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MLE Example: time spent on homework

Given: Time students spend on homework each week ~ Uniform(0, b)

Goal: Estimate the unknown

Experiment: Sample 3 students independently at random: X, X5, X5

Estimator: b (X1, X,, X3)

Start by deriving
b(X1 = x1, Xp = X, X3= X3)




MLE Example: time spent on homework

Given: Time students spend on homework each week ~ Uniform(0, b)

by (X1 = x1,X; = x5, X3 = x3) = arg max le,XZ,X3Ib(x1;x2»x3)

b
L o <b
_ )= 1MU< Xq{,X9,X3 < s (x4, X, X
le,Xz,X3|b(x1) x21x3) — b3 ’ ’ pOS(Sit)]ezh’erSe)?
0.W. '
What value
of
maximizes
this? if b = max(xq, xy,x3)

O0.W,




MLE Example: time spent on homework

Given: Time students spend on homework each week ~ Uniform(0, b)
Huh??
| asked 3 random
students:
A X; =10, X,=5, X3= 15
> by (X1, Xz, X3) = max(Xy, Xz, X3) ' 5h0u|d2 =153?

by (X1 = x1,X; = x5, X3 = x3) = max(xy, X2, X3)

What if | only
have 1
sample?!

The MLE is just
one possible
estimator, and not
always the best
one.

In Exercise 16.5, you’ll
show that BML is a
biased estimator, but can
be made into an
unbiased estimator
pretty eaSily- Boability for Computing", Harchol-Balter '24

- l.....'
e '|..|-??

o\~
N



VILE Example: estimating std of temperature

Given: The high temp in Pittsburgh in June ~ Normal(u = 79, %) g

Goal: Estimate the unknown ¢ via MLE

Experiment: Observe temperature on n randomly sampled
independent June days: X1, X5, ..., X,

é\-ML()(l — xl'XZ = X2, ---»Xn — xn) = darg max le,Xz ..... XnIG(xl'xZJ ---»xn)
o

= drg max ln(fxl,xz ..... Xn|a(x1»x2» ey X ))
o)

— arggmaX In (1_[ fxi|a(xi)>
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MLE Example: estimating std of temperature

Given: The high temp June ~ Normal(u = 79, 5%), where ¢ is unknown

n
oy (X1 = x4, X, = X9, ..., X;; = X;;) = arg max In (1_[ fxiw(xl-))
? i=1

— argUmaX z ln(fxiw(xi))
=1

n

WCS
arg max n e 20
ga 210

i=1
ik 2
x. —_—
= argmaxz (—( l éu) —lna—ln\/2n>
o — 20
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MLE Example: estimating std of temperature

Given: The high temp June ~ Normal(u = 79, 5%), where ¢ is unknown

n

x; — W)*
oy (X1 = x4, X, = X9, ..., X;; = X,;) = arg max 2 <—( lzgéu) —Ino — ln\/2n>
° =

n
1
= arg max _Tﬂz(xi —)? —nlno—nlnv2r
? i=1

\ }

|
Set the derivative to O

n n

d 1 1 n

0= —<—ﬁ2(xi —w)?—nlno —nanZn) = FE(}Q — u)* -
=1 =1

do
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MLE Example: estimating std of temperature

Given: The high temp June ~ Normal(u = 79, 5%), where ¢ is unknown

n
1
0= ;2(% — W —n (We multiplied both sides by n.)
=1

Lo G-
\ n
n e — )2
4 6-ML(X1 — xl,XZ —_ xz, ...,Xn — xn) —_ l_l( l 'u)
V n
no(X: —u)?
> | Gy (X1, Xpy o X)) = = (Xi — 1)
\ n

"Introduction to Probability for Computing", Harchol-Balter '24 30



VILE estimation of > 1 parameter

Given: The high temp in Pittsburgh in June ~ Normal(y, 02) &

Goal: Estimate both unknowns 1 and ¢ via MLE

Experiment: Observe temperature on n randomly sampled
independent June days: X4, X5, ..., X,

(ﬁML (X1 =2, X =%, ..., Xy = xn))

A — argmaX ln(fX Xo X |MO-(X1,Xz,...,xn))
O-ML(Xl — xl;Xz = X9, "'JXTL = Xn) Q 1,42 n 7

u,c
Y
Likelihood function
g, o)
d In N
9w _ | anp |ImIwD) _

ou do

"Introduction to Probability for Computing", Harchol-Balter '24 31




VILE estimation of > 1 parameter

= arg max ln(le Xy, X |0 (K15 X 25 wes Xy ))
wo v /

Likelihood function g(u, o)

OmL (X1 = x1, Xy = Xg, ., Xy = Xp)

(ﬁML (X1 =2, X =%, ..., Xy = xn))

In(g(u,0) = ——E(xl W2 —nlne —nlnv2r

alng(u,a) Z(xl ) AND 0= alng(u,a) 032(% #)z__

> =x1 +x2 +...+xn b = li(x L )2
U n -> — n . i — U
N

“Introduction to Probability for Computing", Harchol-Balter '24 32




VILE estimation of > 1 parameter

(

Ayp (X1 = x1, X5 = %3, 0, X = xn))
OmL (X1 = x1, X = X2, o, Xy = Xp)

l/l:

= arg max In ( fx, %, xnlwo (X1, X2, oor, Xpy ))
u,o

n
X1+XZ+"'+xn g = 12()('1-—@2
n
=1

n

\ V J
need to

substitute in u

12( x1+x2+---+xn>
n < n

\

“Introduction to Probability for Computing", Harchol-Balter '24 33
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VILE estimation of > 1 parameter

A x1-|-x2_|_..._|_xn
Ao (X1 = x1, X5 = X9, 0, Xy = Xp) =

n

A 1 xl—l—xz—l—..._l_xnz
oy (X1 =x1, X5 = X9, .., Xy, = X)) = —2 (xl- — )

Xt Xt et Xy
n

> | Ay X, X, X))

— 2
~ 1 X{+X,++X
> | (X, Xp e X)) = —2 (Xi _ n)

- n
1=
\

“Introduction to Probability for Computing", Harchol-Balter '24
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Linear Regression: a new kind of optimization

Experiment: Obtain n data points generated through some experiment,
represented by random variables: (X1,Y;), (X5, Y5), ..., (X,,, Yy,)

Goal: Given specific instance, (x4, V1), (X2, V2), ..., (X3, V),
find the line that best this.

A o Best fit
line

This will NOT be
Maximum
Likelihood

Seeking
y =ax+

. . I . .
Estimation! : . line
: LI,

"Introduction to Probability for Computing", Harchol-Balter '24 35



Linear Regression

Defn: (Linear Regression) Let (X{,Y;), (X5, Y5), ..., (X;,, Yy)
be a set of data sample points.

Define @ and b to be estimators for line parameters.
Define:

A ~ Y. is an estimated A Best fit
Yi — aXi + b l line

dependent r.v.

The point-wise error is defined as:
Err; = Y, — Y,

The sample average squared error (SASE) is then:

1., 1x .
SASE(T;, T, ..., V) = ;2 Err,? — zZ(yi )
=1 i=1

The goal of linear regression is to find estimates @ and b
that minimize SASE(Y}, 17;, o 17,:).



Linear Regression

Goal: Derive estimators

a((XLYl)' nery (XTU Yn)) and B((Xl'yl); nery (Xn’ Yn))

which minimize SASE(Y;, Y5, ...,17,:), where ¥; = aX; + b.

Why can’t we define @ and b to be ML estimators, where we find
a and b which maximize

P{X: =x,Y1=y1), e, Xn =xp, Yn = y)l a, b} ?

There’s no probability in this
problem. Once you specify the
X;s and a and b, then the Y}'s are
also fully specified.

We’re not doing MLE, just
trying to minimize the SASE.
But the methodology will
feel like MLE.




Linear Regression

Goal: Derive estimators

a((Xy,Y), ... X Y)) and  b((Xy,Yy),...,(X,, Y))

which minimize SASE(Y}, Y5, ...,17,:), where ¥; = aX; + b.

Given: set of specific points: (x1, V1), ..., (%, V1)
Given: specific choice of a and b

n

= 1

Define: g(a,b) = SASE = ﬁz(” — (ax; + b))?
i=1

(a((Xl — X1, Yl — yl)r e (Xn — xTU Yn — yn))
b((X1 =x1,Y1 =Y1), oo, Xnn = x0, Yo = W)

"Introduction to Probability for Computing", Harchol-Balter '24

) = arg min g(a,b)
a,b
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Linear Regression

= arg min g(a,b)

(a((Xl = X1 Yl - )’1), ) (Xn = Xn, Yn - :Vn))>
a,b

B((X1 =x1,Y1 =y1), o, X = X0, Y = ¥))

arg mm —E(yl — (ax; + b))?

— 2

dg(a, b) ) = arg mln Z(yl — (ax; + b))

oa Y ’

AND Set both
partial
0 b derivatives
g(ab) =0 to 0
db

"Introduction to Probability for Computing", Harchol-Balter '24 39



Linear Regression

99 g;’ g g(a,b) = ;(Yi — (ax; + b))*
- Zai - (ax; + b))’

n

2> O — (ax; + b))
=1

n n n
0= Z(}’i —(ax; + b)) = Z}’i—ale‘—nb
=1 =1 =1

n n
i=1Yi i=1 Xi

n n

"Introduction to Probability for Computing", Harchol-Balter '24
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Linear Regression

n
dg(a,b
9@ ol g@b) = Y i~ (ax; + b)Y
db =
i=1
b= 7i1:13’i B ?:1xi
n n
b=1%y —ax
where:
_ X1+x2+"'+xn :)_]_ :V1+:V2++yn
X = =
n n

"Introduction to Probability for Computing", Harchol-Balter '24 41



Linear Regression

aggc;, b) _, 0,5 = ;(yi — (ax; + b))?

0 = Zai( — (ax; + b))?

Q

n
o= S s ) et
=1

let’s first
substitute in:

=y —ax




Linear Regression

I =1 =1
n n n
0 =2y1xl —(y —ax) Exi _a2x12
=1 =1 =1
n n n
0 =le (y; —y) + inaf —alez
=1 =1 =1
n n n o —
zxi(yl'—Y):a(zxiz—Exif) ) | o= i:1XL(yl _y)
i=1 i=1 i=1 =1 % (X — %)

"Introduction to Probability for Computing", Harchol-Balter '24 43



~ LinearRegression

i=1% vi =)
i=1 X (X — X) b=y —ax

?=1xi (y; _3_’)—Z?=19E (vi —¥)
axi(g—x) =X, x (g —x)

i=1(xi—=%) (i —¥)
i=1(x; —X)*

substitute in @

B((Xl = X1, Y1 — yl)' ey (XTL = Xn, YTL — yn)) — :)_/ - af

These hold

V(xi,¥i)

a Yic (i) (i —¥)
a((X1 = xl,Y1 — Y1)» e (Xn = X, Yn — yn)) — 1(xi=x)(yi =y

Z?:l(xi_f)z




Linear Regression: Interpretation

A o Best fit
line

b((Xy, Y1), .., Xp, Yy)) = ¥V —akX

i (X =X)(Y; -Y)
Z?:l(xi_)?)z

(X1, YD), ey (X, V) = 2

y=adx+b
has minimal
SASE

O Makes perfect sense: ¥ = aX + b

Positive slope

O Also has interpretation: if Xand Y are
1 _ _ positively
d((X1 Y1) (X, Y, )) — EZ?=1(X1'_X)(Y1' —Y) . Cov(X,Y) correlated
) VIRLLD ) - 1 —
v — Yie,(Xi—X)? Var(X)

Unbiased

sample
variance of X;s

"Introduction to Probability for Computing", Harchol-Balter '24




R4 Goodness of Fit

To evaluate our linear regression, we use the R* measure. 3 . Best fit

line

Defn: (R% goodness of fit) Given a set of data sample points

X: =x,Yy =y1), ..., X, = x,,, Yy, = y,,) with estimated linear fit: . = i ;
~ ~ : our estimated
y = ax + b linear fit
Define
)//\i — dxl- —+ b
to be the estimated dependent value for the i*? point. 7= X1t Xyttt Xy

Then we define the goodness of fit of the line by

R2=1 _ %1(371'_5/_\1')2 y = "
(i —y)?




R4 Goodness of Fit

. . y
To evaluate our linear regression, we use the R* measure. " . Best fit

line

Defn: (R% goodness of fit) Given a set of data sample points
X: =x,Yy =y1), ..., X, = x,,, Yy, = y,,) with estimated linear fit:

y=ax+b
our estimated

y — ax + b linear fit

Define

y; =ax; + b

to be the estimated dependent value for the it" point.

X =
n
) 2
R2 —1 — i=1(yi = 71
=) ittty
Goal is n

that this 1yn . _77)2 sample avge. sqrd error
chould be — 1 _nzl=1(:Vl Vi) _ 1 p 8- Sq

1 on _ '
near 1. ~ Y (i-7)? sample variance




How do we know 0 < R? < 17

1 A o Be'st fit
— Y (i — 9)? e
_ n 1= l l

1 _
i1 (i —¥)?

R? =1

y=ax+b
our estimated
linear fit

Suffices to show that:

This is SASE
where the estimator is 1
Yi 7’; <1 y; =ax; +b
o n 5) 2
This is SASE =2 (i —y)

n

where the estimator is

But, by definition, V; y =
is the estimator that minimizes n
SASE! So the numerator is smaller

than the denominator!
"Introduction to ProDair s I

-Balter '24
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