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Ensembles of trees

BAGGING and
RANDOM FORESTS

* learn many big trees

* each tree aims to fit
the same target concept
— random training sets
— randomized tree growth

* voting = averaging:
DECREASE in VARIANCE
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Ensembles of trees

BAGGING and
RANDOM FORESTS

* learn many big trees

* each tree aims to fit
the same target concept
— random training sets
— randomized tree growth

* voting = averaging:
DECREASE in VARIANCE

BOOSTING

* learn many small trees
(weak classifiers)

* each tree ‘specializes’ to a
different part of target
concept

— reweight training examples
— higher weights where still errors

* voting increases expressivity:
DECREASE in BIAS

Boosting

* boosting = general method of converting
rough rules of thumb (e.g., decision stumps)
into highly accurate prediction rule
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Boosting

* boosting = general method of converting
rough rules of thumb (e.g., decision stumps)
into highly accurate prediction rule

* technically:

— assume given “weak” learning algorithm that can
consistently find classifiers (“rules of thumb”) at least
slightly better than random, say, accuracy = 55%

(in two-class setting)

— given sufficient data, a boosting algorithm can provably
construct single classifier with very high accuracy, say, 99%

A Formal Description of Boosting

e given training set  (x1,¥1)s ... (Xms ¥Ym)
e y; € {—1,+1} correct label of instance x; € X
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A Formal Description of Boosting

e given training set  (x1,¥1).-- .. (Xm,¥Ym)

e y; € {—1,+1} correct label of instance x; € X

A Formal Description of Boosting

e given training set  (x1,¥1).-- - (Xms ¥Ym)
o y; € {—1,+1} correct label of instance x; € X

construct distribution D¢ on {1,..., m}

find weak classifier (“rule of thumb")

he : X — {—1,+1}

with small error €; on Dy;: /
€t = Prl'NDr[hI‘(xi) # YI]

WEkHTED ER LOQ_
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A Formal Description of Boosting

e given training set  (x1,¥1), ..., (Xm,¥m)

e y; € {—1,+1} correct label of instance x; € X

find weak classifier (“rule of thumb")
het X — {—1,+1)
with small error ¢; on D;:

€t = Priwp,[h:(xi) # il
e output final classifier Hgya

AdaBoost [Freund-Schapire 1995]

e constructing D;:
Di(i)=1/m
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AdaBoost [Freund-Schapire 1995]
e constructing D;:
» Dl(l) = 1/m
given D; and hy: (ST Lt
N Dei) e_* if yi = he(xi)
o) = 225 { &) w7 b
T RO V(4
*4>0
AdaBoost [Freund-Schapire 1995]
e constructing D;:
» Di(i)=1/m
given D; and hy:
oty = B f 7 E ) el
DA() B LS
= tZt/ exp(—(lt@h‘%(x,‘\))

= z—\J«- &:S
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AdaBoost [Freund-Schapire 1995]

e constructing D;:

® Dl(l) = 1/m
« given D; and h;:

. - Dt(l‘) et |f yi = ht(X,')
Deia(i) = F { e if y; # he(x;)
D:(i)

= T exp(—a yi he(xi))

where Z; = normalization constant
]. — €¢

1
e =gl >0 o-ccondipny 0D
Lag e — €t s LR
& oy WEIGR TEd 200t
MORE @N\HT WEBMUAHAT G\ AT OF Lo,

WEGHT WRow(x

AdaBoost [Freund-Schapire 1995]

e constructing D;:
o Dl(l) = l/m
» given D; and h;:

Diya(i) = 20 X { g T gp=E)

Z e if y; # he(x)
Dt(l')

— Z, exp(—a yi he(xi))

where Z; = normalization constant

(1t:%|n <2) >0
Gt LaRLoER.

e final classifier: A>/ \C Ly Molls

* Hiinal(x) = sign (Z@hr(x) Qoo
t
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Toy example

.’)I

weak classifiers = decision stumps
(vertical or horizontal half-planes)

Round 1
."II 1)2
@® +
® @~ + 4 -
£1=0.30
(xl:().42
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£9=021
(12=0.(}5

£3=(.14
(13=().92
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Final classifier

[ ) ( . .
H =sign | 042 +0.65 +092
final

A typical run of AdaBoost

20- deuision
oe
/ MELEnETATIOY

C4.5 test error

e

o -

510 (boostlnon

N test “letter” dataset)

o train _

10 100 (1000 TEST padol oS T
# of rounds (1) R S<edT L
Com e Vv
ComPLE x 1% LM wsd< Vbh&

* training error rapidly drops
(combining weak learners increases expressivity)

e test error does not increase with number of trees T
(robustness to overfitting)
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Bounding training error

Training error of final classifier is bounded by: codant
o0 prrol VR GTH
1 m £ 1 m ﬂ{ Vot
erftrain(H) = - > 6(H(xi) # yi) < o > exp(—y;f(;))
=1 i=1
T
where f(x) = Z arhy(x); H(x) = sign(f(x)).
t=1

Bounding training error

Training error of final classifier is bounded by:

m m T

ertirain(H) =~ 3 6(H () # ) < - exp(-uif @) = [[ %
i=1 =1 Pt

T
where f(x) = Z arhe(x); H(z) = sign(f(x)).

t=1
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Bounding training error

Training error of final classifier is bounded by:

L1 1 !
errtan(H) = — Y 6(H() #y) < - > exp(—uifa) = ][ %
— i t=1

mi=1 =1 =

-
where f(z) = Z athe(x); H(xz) = sign(f(x)).

t=1

Last step can be proved by unraveling the definition of D;(i):

Dy (i)exp(—y;och(x;))

Dyyq(i) = Z
o lexp(—yif(x))
UT+1(1) — 7%
mo =1 Zi

Optimizing o,

By minimizing T[; Z;, we minimize the training error.

11/9/2009
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Optimizing o,
By minimizing T[; Z;, we minimize the training error.

We can tighten this bound greedily, by choosing
a; on each round to minimize 7;:

m

Zy = Di(i)exp(—yjathi(z;))
e

= F <
O™
Dt

OE T 0POXNE

Optimizing o,
By minimizing [[; Z;, we minimize the training error.
We can tighten this bound greedily, by choosing
«; on each round to minimize 7;:
m

Zy =3 Di(i)exp(—yothi(x;))

Since h(z;) € {—1,1}, we can find this explicitly:

2= WD D)

A

11/9/2009
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Optimizing o,

By minimizing [[;, Z;, we minimize the training error.

We can tighten this bound greedily, by choosing
«; on each round to minimize Z;:

m

Zy =Y Di(i)exp(—yjathi(z;))
i=1

Since hy(xz;) € {—1,1}, we can find this explicitly:
2 Q?MELT

1 (1—6,')
o = In
2 €t

Lo L

Optimizing o,

By minimizing []; Z;, we minimize the training error.

We can tighten this bound greedily, by choosing
«¢ on each round to minimize Z;:

m

Zy =" Dy(i)exp(—yathi(x;))
i=1

Since hy(z;) € {—1,1}, we can find this explicitly:

il 1—-(f
Q :—In( >
2 €

Intuition: In each round, we adjust example
weights, so that the accuracy of the last rule
of thumb h; drops to 50%.

~+

11/9/2009
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Weak learners
to Strong learners

Plugging the optimal a4 in the error bound:

m

lZMmm#w<HZ

=1

Weak learners
to Strong learners

Plugging the optimal a4 in the error bound:

1 m /
*EIMHUJ#M)<IIZ<GW(2§:m57@>
t=1 c——u_J

\/\\, vetiow Tovwd

/M\«\

A" ERK
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Weak learners
to Strong learners

Plugging the optimal «; in the error bound:

1 rri T '7;
S 6(H(z) # i) < ] 2 < exp(—z 3 (0.5 - eo?)
=1 t=1

m i—1

Now, if each rule of thumb (at least slightly)
better than random:
€ <05—~for~>0
then training error drops exponentially fast:
1 m T T o
D O(H (@) # i) < fHI Zy < exp(zlzlm.s - @2) <e 2
1 (= L=

=

Bounding true error  [Freund-Schapire 1997]

PaorLTY

Ty Foo cond o
LQTT e o LE:(\T\

errirue(H) < erripain(H) + (“)(\ G )

m

L

Tonmdl | fenr | oMol
T b | —p 0O AMCAz o S0
N3N Waewnes

* T = number of rounds
* d = VCdimension of weak learner
°* m = number of training examples

11/9/2009
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Bounding true error (a first guess)

20 40 60 80 100
# of rounds (7)

expect:
e training error to continue to drop (or reach zero)

e test error to increase when Hj,, becomes "too complex”

A typical run
“contradicts” a naive bound

/<\

WetT =1y
(sivce owLYy
T verER

TR (boosting C4.5 on

“letter" dataset)

train

10 100 1000
# of rounds (7)

e test error does not increase, even after 1000 rounds
* (total size > 2,000,000 nodes)
e test error continues to drop even after training error is zero!

11/9/2009
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Finer analysis: margins
[Schapire et al. 1998]

e key idea:
e training error only measures whether classifications are
right or wrong
« should also consider confidence of classifications

Finer analysis: margins
[Schapire et al. 1998]

e key idea:
o training error only measures whether classifications are
right or wrong
» should also consider confidence of classifications

e recall: Hgpa is weighted majority vote of weak classifiers

11/9/2009
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Finer analysis: margins
[Schapire et al. 1998]

e key idea:
» training error only measures whether classifications are
right or wrong
« should also consider confidence of classifications

e recall: Hg,al is weighted majority vote of weak classifiers

e measure confidence by margin = strength of the vote
= (fraction voting correctly) — (fraction voting incorrectly)

Finer analysis: margins
[Schapire et al. 1998]

e key idea:
» training error only measures whether classifications are
right or wrong
» should also consider confidence of classifications

e recall: Hpy,a is weighted majority vote of weak classifiers

e measure confidence by margin = strength of the vote
= (fraction voting correctly) — (fraction voting incorrectly)

high conf, ‘ high conf.
m(forrect low conf. corlrect
|
= - H |
final final
-1 incorrect 0 correct +1

11/9/2009
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Empirical evidence: margin distribution

e margin distribution

= cumulative distribution of margins of training examples

=
[=]
=10
u
5 test
o frain
100 1000

10
# of rounds (/
Clrone ©

Nensoes

1.0-

0.5

j 5§
margin

ocoppecy
A) AN DI G

cumulative distribution

LAt (K

Cothent
ey =

Mo9 eoqe
c=T\0(E

Empirical evidence: margin distribution

e margin distribution
= cumulative distribution of margins of training examples

50 5 1.0-
3
=)
15 =
%10 'n"; 05
5 test _‘E
train E
10 100 1000 -1 -0.5 .
# of rounds (7) margin
# rounds
5 100 | 1000
train error 0.0 0.0 0.0
test error 8.4 3.3 3.1

% margins <05 | 7.7 0.0| 0.0
minimum margin | 0.14 | 0.52 | 0.55

11/9/2009
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Theoretical evidence:
large margins = simple classifiers

e Theorem: large margins = better bound on generalization
error (independent of number of rounds)

Theoretical evidence:
large margins = simple classifiers

e Theorem: large margins = better bound on generalization
error (independent of number of rounds)
« proof idea: if all margins are large, then can approximate
final classifier by a much smaller classifier (just as polls
can predict not-too-close election)

11/9/2009
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Theoretical evidence:
large margins = simple classifiers

e Theorem: large margins = better bound on generalization
error (independent of number of rounds)
« proof idea: if all margins are large, then can approximate
final classifier by a much smaller classifier (just as polls
can predict not-too-close election)

e Theorem: boosting tends to increase margins of training
examples (given weak learning assumption)

Theoretical evidence:
large margins = simple classifiers

e Theorem: large margins = better bound on generalization
error (independent of number of rounds)
» proof idea: if all margins are large, then can approximate
final classifier by a much smaller classifier (just as polls
can predict not-too-close election)

e Theorem: boosting tends to increase margins of training
examples (given weak learning assumption)

e so:
although final classifier is getting larger,
margins are likely to be increasing,
so final classifier actually getting close to a simpler classifier,
driving down the test error

11/9/2009
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Bound depends on

More technically... |

d = VC dim of weak learner
m = #training examples

New generalization bound:
With high probability, for all & > 0
1l ~[\/d/m
errtrue(H) < (m 2‘ O(Qif(’fi) < 9)) + O( 0 )
=1
“\—

" N\—

11/9/2009
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More technically... |~ " (/)
m
New generalization bound:
With high probability, for all & > 0
1 m = /d/m
errerye(H) < (m > 5(yif($i) < 9)) +0 (T)
i=1
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Practical advantages of AdaBoost

e fast OV = (T1()y
e simple and easy to program Lelanss

e no parameters to tune (except T)

e flexible — can combine with any learning algorithm
e no prior knowledge needed about weak learner

e provably effective, provided can consistently find rough rules
of thumb
shift in mind set — goal now is merely to find classifiers
barely better than random guessing
e versatile
 can use with data that is textual, numeric, discrete, etc.
« has been extended to learning problems well beyond
binary classification

Application: detecting faces
[Viola-Jones 2001]

e problem: find faces in photograph or movie
e weak classifiers: detect light/dark rectangles in image

Dac. spurpes
/O\lefL

“O\BE Lo
SOQ“\R%ES

k=
I
i
e (many clever trickg to make extremely fast and accurate

11/9/2009
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Caveats

e performance of AdaBoost depends on data and weak learner

e consistent with theory, AdaBoost can fail if
» weak classifiers too complex

— overfitting
» weak classifiers too weak (v — 0 too quickly)

— underfitting
» low margins — overfitting

e empirically, AdaBoost seems especially susceptibl

- +
+ 4+ o+ "
+
N oy + +
+
I + +
+ - +
+ - +
— + + -
+ - - + _+
A S
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e ideally, want weak classifier that says:

B o i if x above L
=7 g o
on't know" else
+ - +
+ 4 N
+ + + + +
+ +
L _+ +
+ — _+
+ - —
—_ + + -
+ - = T+ 4+
B

ideally, want weak classifier that says:

h(x) = +1 if x above L
o “don't know" else

problem: cannot express using “hard” predictions
if must predict +1 below L, will introduce many “bad”
predictions
« need to “clean up” on later rounds
dramatically increases time to convergence

11/9/2009
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“Hard” predictions

+ oo 7
canslow down +— © =
) + +

learning! _ +* + ';

Lt + T+

— + +_ +-7-7-;+

R

ideally, want weak classifier that says:

h(x) = +1 if x above L
o “don't know" else

problem: cannot express using “hard" predictions
if must predict +1 below L, will introduce many “bad”
predictions
» need to “clean up" on later rounds
dramatically increases time to convergence

Confidence-rated Predictions
[Schapire-Singer 1999]
e useful to allow weak classifiers to assign confidences to
predictions

e formally, allow h; : X — R

sign(hs(x)) = prediction
|

|he(x)| = “confidence”

11/9/2009
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Confidence-rated Predictions
[Schapire-Singer 1999]

e useful to allow weak classifiers to assign confidences to
predictions

e formally, allow h; : X — R

sign(hs(x)) = prediction
|

|he(x)

= ‘“confidence”

betol e .

() e 30
D(i) / Y {\“&

Duia(i) = 5= - exp(—ar yi he(x)

e use identical update:

and identical rule for combining weak classifiers

Confidence-rated Predictions
[Schapire-Singer 1999]

useful to allow weak classifiers to assign confidences to
predictions

formally, allow h; : X — R

sign(h:(x)) = prediction
| = ‘“confidence”

|he(x)

use identical update:

D (i)
Z

t

Diya(i) = -exp(—a yi he(xi))

and identical rule for combining weak classifiers

e question: how to choose «; and hy on each round

11/9/2009
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Confidence-rated Predictions

e saw earlier:

training error(Hgpal) H Zexp (—y,- errhf(x;))

Confidence-rated Predictions

e saw earlier:

training error(Hgpal) H Zexp (—y,-zmht(x;))
i t

t

e therefore, on each round t, should choose o h; to minimize:

Zy = Z Dy (i) exp(—avt yi he(xi))

i

11/9/2009
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Confidence-rated Predictions
[ScnafRE -SloGa.

e saw earlier:

1Aaa)

1
training error(Hgpal) < H Zy = = Zexp (—y; Zatht(x,-)>
E i t

e therefore, on each round t, should choose a;hy to minimize:

Z; = Z Dy(i) exp(—av yi he(x;))

{f

e in many cases (e.g., decision stumps), best confidence-rated
weak classifier has simple form that can be found efficiently

Confidence-rated

predictions
help a lot!

N

- Faster
CowWNEREXE

* LSO
FASTER P

ONELT\T
(F D&TN *-’dST

% Error

70

60

50

40

30

20

T
test no conf
train no conf «seeeeee 1

1 10 100 1000
Number of rounds

round first reached

10000

% error | conf. | no conf. | speedup
40 268 | 16,938 | (&32¥
35 598 | 65,202 | <109.2»
30 1,888 | >80,000 -
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Loss in logistic regression

o . Cobrd\ LT \C_
Logistic regression assumes: ‘UT\E"—?MN\\ON

1
P(Y =1|X =z) =

1 +eXD(71'(’)) g§f-\=0°+€xswa”

Loss in logistic regression

Logistic regression assumes:

1
1 4 exp(—f(z))

P(Y =1|X =2) =

And tries to maximize conditional likelihood:

m 1
P(yl ..... Ym | L1y ey Cime H) =
,1:_[1 1+ exp(—y;f(x;))

11/9/2009
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Loss in logistic regression

Logistic regression assumes:

1
1+ exp(—f(=x))

And tries to maximize conditional likelihood:

P(Y =1|X =2) =

m
1
P(yq,..., Ym | T1,y. .. tm, H) =
| ’ ,1:_[1 1+ exp(—yif(xi))

Equivalent to minimizing log loss

m

El In(l + exo(fy;f(-r;)))

Loss in AdaBoost

Logistic regression equivalent to minimizing log loss

m

3 01+ exp(-uif (@)

11/9/2009
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Loss in AdaBoost

Logistic regression equivalent to minimizing log loss

m

3 In<1 + exo(fy;f(:r;r)))

i=1

Boosting minimizes similar loss function!

1 m
S G-Il
=1 t

Lotx Lo<S
4
A 'S

P Ex® Los 2 Lo fr Lot = e CASS
Eeoe

TRy

Logistic regression vs AdaBoost

Logistic regression: AdaBoost:
Broonu
e Minimize log loss e Minimize exponential loss
m m
Sn(1+en-uf@)) Y exn(-uf()
i=1 i=1

11/9/2009
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Logistic regression vs AdaBoost

Logistic regression: AdaBoost:

e Minimize log loss e Minimize exponential loss
m m
Son(14em-uf@)) 3 exn(-us()
i=1 =1

e Define e Define
flx) = Z wjT; flz) = Z ahy(x)

J ¢
where x;'s predefined where h;'s defined

dynamically to fit the data

Logistic regression vs AdaBoost

Logistic regression: AdaBoost:
ekl Sov Lo PaleL (0 K ulxt Mo
e Minimize log loss e Minimize exponential Toss—
m m
> n(1+en(-uf@)) Y exe(-uif()
i=1 i=1
e Define e Define
K= W Ha) =3 oauh:(s)
J t
where z;'s predefined where h;'s defined

J
dynamically to fit the data

° u'j's optimized jointly e «o;'s optimized one at a time

Fod
CooRD. Dk LLEpT

11/9/2009
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Benefits of model-fitting view

e immediate generalization to other loss functions
 e.g. squared error for regression
» e.g. logistic regression (by only changing one line of
AdaBoost)

Benefits of model-fitting view

e immediate generalization to other loss functions

e.g. squared error for regression
e.g. logistic regression (by only changing one line of
AdaBoost)

e sensible approach for converting output of boosting into
conditional probability estimates
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Benefits of model-fitting view

e immediate generalization to other loss functions

+ e.g. squared error for regression
» e.g. logistic regression (by only changing one line of
AdaBoost)
e sensible approach for converting output of boosting into
conditional probability estimates

e caveat: wrong to view AdaBoost as just an algorithm for
minimizing exponential loss
» other algorithms for minimizing same loss will (provably)
give very poor performance
¢ thus, this loss function cannot explain why AdaBoost
“works"”

What you should know about boosting

* weak classifiers = strong classifiers
— weak: slightly better than random on training data
— strong: eventually zero error on training data

* AdaBoost prevents overfitting by increasing margins

* regimes when AdaBoost overfits

— weak learner too strong: use smaller trees or stop early

— data noisy: stop early or regularize o,

AdaBoost vs Logistic Regression
— exponential loss vs log loss
— single-coordinate updates vs full optimization

11/9/2009
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