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/
f Hidden Markov Model:
from static to dynamic mixture models

Static mixture Dynamic mixture




; Example

o Speech recognition

LCoocepr: a xiogle word
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Fig. 1.2 Isolated Word Problem




% Applications of HMMs

a Some early applications of HMMs

0 finance, but we never saw them
0 speech recognition
Q modelling ion channels

o Inthe mid-late 1980s HMMs entered genetics and molecular biology,
and they are now firmly entrenched.

a Some current applications of HMMSs to biology
mapping chromosomes

aligning biological sequences
predicting sequence structure

inferring evolutionary relationships
finding genes in DNA sequence
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Definition (of HMM)

Q

Observation space

Alphabetic set:
Euclidean space:

Index set of hidden states

1={12,-- M}

Transition probabilities between any two states

or

plyi = 1 yia=D= a.;
py, v =D~ Multinomial(a,’l,a,-,l,...,a,-, M ), Viel.

Start probabilities

p(yy) ~ Multinomial(7r1 TToyeees Ty )

Emission probabilities associated with each state

or in general:

p(x, |y =1)~ Multinomial(8,,5.,.....5, , ) Vi 1.

px. |yl =1)~f(16,)Viel

]
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Probability of a parse

andaparsey =y, ......, Vi,
o To find how likely is the parse:
(given our HMM and the sequence)

o Given asequencex = Xx;...... Xt @ @ @
) () (x5) -

p(X,y) =p(xq...... XTy Vi evvee , V1) (Joint probability)
=p) pxi [ ) pO2 [ y) p(xa | 2) .. pOrr | yr1) pler | 1)
=p) POn [ y) .. pOrr | yr) X p(xy [ 1) plxa [ 32) - p(xr | yr)
=pOi, ...... , 1) p(xq...... XT| V1o vvennn , VT)

2
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% Variable Elimination on Hidden Markov Model

ONONORN®

p(X,y) =p(xy...... XTy Vs oeennns V1)
=p) pCxi [ y1) pO2 [ y1) pGa [ 32) <. pOr | y1r) pOer | 1) .
Conditional probability: v A @O’FA
plyilzy. ... ar) X Sjyjyjziu(u?yri,lrr) 1\?@)9“*\
— G -
T TT Zp )p(x1|yr) - - pyrlyr—Dp(erlyr)
_ Z el S e == __,%rw)f(x,m)l’w»lm)
Yo
- = --- -%75 ——————— M) | /7719,(\@ LY

v 3 (M Lh‘“
_ 2 T zmmmr(%lﬂ)?% Do g
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; Variable Elimination on Hidden Markov Model

—~0)— \@
Conditional probability:

plyiley,....op) = ZZZ ..Zp(yt ,,,,, YT Ty e e e rT) (»A.()‘gf[(
— ZZZ Z (i,-'l) J1|U1 ?;’Tlf;"T 1)?5' le‘UT / )(,t\"\t’l)
:i ST ’92-;,, """" - ZPUT‘%—()H&M(/
= 2 - <.
N ‘?M ML ) P _/P(KH y,
N\
J ” 91,,@5
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The Forward Algorithm ! ! @

a We want to calculate Ax), the likelihood of x, given the HMM
o Sum over all possible ways of generating x:

p@= pxy)=), > > . [la, ., []1rGi1»)
t=1

o To avoid summing over an exponential number of paths y, define
def

a(y' =)=a' = P(x,,..,x,,y" =1) (the forward probability)

o [Therecursion:

= p(x, | J’tk = l)z a;—lai,k
P(x)=> a;
k



}/ The Backward Algorithm @@' @

o We want to compute P(yf =1|x) |

the posterior probability distribution on the #™ position, given x
o We start by computing
P(yfk — 19 X) — P(Xla"'a Xf')}/f-k — 1, Xf.+1,...,X7-)

= P(xX;yes X, ¥ = DP(x, 1500y X | Xppeon X, ¥ =1)
:P(xl'“xt,ytk =DP(x, . |y =1)

Forward, o/ Backward, ,Btk = P(X, 150 X1 |ytk =1)

o [Ihe recursion: k - :
B = 4. |y =DB,
i



/" The junction tree algorithm: message passing for HMM

o A junction tree for the HMM

19 & O QI

v (Y1, %) v(Y1,Y>) v (Y2 Y3) v(Yr¥r)

c(yr)
= nghtward pPass vy, X))  w(ysXs) v(YrsXr)
:ut—n+1 (yz+1) = Z l//(yt ” yz+1 ):uz—l—>t (yz ):uﬁ (yt+1 )
Vi ﬂr—l»r(yr) l//(yf’yﬂl) ﬂrgml(}’nl)
:Zp(yt+1‘yt)/ut—lat(yz)p(xzﬂ|yz+1) o O—C = L1

Vi

= p('xt+1 ‘ yt+1)z ayf WVirl lLllfl—ﬁ (yt)

Vi

o Thisis exactly the forward algorithm!
o Leftward pass ...

t
lufT (}’m)

W (Vi1 Xs1)

Hr1er (V) V(¥ V) My 10 (Vpi1)
Hi 1y (yt) - ZW(yt)yt+l)lth<—l+1 (yz+1)/um (yt+1) SR = =—1{] &% #
Vit
= z p(yﬂl ‘ yf)/uﬂ—ﬂl (yf+1)p(X7‘+1 | yf+1) Hn (yﬂl)

Y

o Thisis exactly the backward algorithm! Wy Xor)

© Eric Xing @ CMU, 2005-2020
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% Summary

* Forward algorithm

def

& =ty (K) = Pyt X1, X,y =1)

af = p(x; | yf = 1)2 Q10 B
- Backward algorithm Bi(i)= p(x; | yi =1)

The matrix-vector form:

def . )
I i A /., ) = ‘/+ :1 ! :1
’Bfk - Zak,ipde(fol ‘yt+1 - 1)IBI+1 ( ‘/) p(}q 1 |yf )
: ﬂfk :/uf—h—f(k):P(an ''''' Xr |}’,k =1)
a, = (ATa ) * B
f t-1)- f

 def : o - —
7, =p(y, =1l|x,)cap, =Z§;’f pr = A(/Bm ~*Br+1)
' T
T e ] 57‘ :(af(ﬁﬂl'*BHl) )*A
tl,J = p(yzl :17yl];|-1 =1,X1.T) =01 *ﬂ
- Ve =% " Py

ot (Vi =Dty o Y =D | ) P [ 1)

= Blaa; i p(X Vi =1



f Posterior decoding

a We can now calculate
Py,

o Then, we can ask
0 What s the most likely state at position z‘of seguence x:

k' =argmax, Py} =1]x)

1|X)_P(yf - X):afﬂfk
P(x) P(x)

o Note that this is an MPA of a single hidden state,
what if we want to a MPA of a whole hidden state sequence?

o Posterior Decoding: {y/‘f* =1:7=1.--T }
o . Plx,y) .
o This is different from MPA of a whole sequence ); ’:, )0(_;5|
hidden states o I 005
Example: 7T o O3
: ’ MPA of X ? -
o This can be understood as b/t error rate MPA of (X, Y) ? FiR, O3

VS . WOfOI effOf rafe © Eric Xing @ CMU, 2005-2020 13



/
(/ Viterbi decoding

o GIVENx = xy, ..., x5 we wantto findy = y;, ..., y4, such that Aylx) is
maximized:

y' = argmax, Ay|x) = argmax, Ay X)

k k
o Let V% =max,, P(Xis Xpgs Vi YVos X Yy =1)

= Probability of most likely sequence of states ending at state y; = &

Xq Xg X3 eeerensenrenrenrensansnnmeransanns XN
. ) k . k . / State 1 I
a The recursion: [/f — p(xr |Yr _1) max a/.,kl/f_1 ) ,
/ 1
o Underflows are a significant problem = 7

PXses Xs Viseos Yy ) = 7y 9.y, ”.ayf—layfb}/laxl "'byfaxf

o These numbers become extremely small — underflow
o Solution: Take the logs of all values: V¥ =log p(x, |y =1)+max,-(log(a,-k)+ Vfil) %

© Eric Xing @ CMU, 2005-2020 14



/
{/ The Viterbi Algorithm — derivation

o Define the viterbi probability:
Vi =max,,  P(Xo Xy, Yisos Yo Xp Vi = 1)
=max,, , P(X.1 Vi =1 X X, Vi YOP (Ko Xy Yoo V)
=max,, . P(X1 Vi =1 YOPKpeos Xy 12 Yiseoos Vo 12K V)
=max, P(X,. vy =11y, =Dmax,, ,  P(Xpss Xt Vi V1o Xps Yy = 1)

p .
- max, P(Xf+1, | yf+1 - l)a/',k[/fl

p .
= 'D(Xf+1, | Yf+1 = 1) maX/ a/',k[/f/

© Eric Xing @ CMU, 2005-2020 15 g
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% Computational Complexity and implementation details

o What is the running time, and space required, for Forward, and

Backward? i
ay = plx | yy =D al,a;,
Bl =2 aup(x | Vi =DB,
V¥ =p(x, |y =Dmax, g, 1,
Time: O(KEN); Space: O(KN).

o Useful implementation technique to avoid underflows
o Viterbi: sum of logs
o Forward/Backward: rescaling at each position by multiplying by a constant



% Learning HMM: two scenarios

o Supervised learning: estimation when the “right answer” is known
o Examples:

GIVEN: a genomic region X = X...Xq gg0.090 Where we have good
(experimental) annotations of the CpG islands

GIVEN: the casino(g)layer allows us to observe him one evening, as he changes dice
and produces 10,000 rolls

o Unsupervised learning: estimation when the “right answer” is unknown

o Examples:

GIVEN: the porcupine genome; we don’t know how frequent are the CpG islands
there, neither do we know their composition
GIVEN: 10,000 rolls of the casino player, but we don’t see when he changes dice

o QUESTION: Update the parameters 6 of the model to maximize A X 6) ---
Maximal likelihood (ML) estimation




Parameter sharing

o Consider a time-invariant (stationary) 1jt;order Markov model
a Initial state probability vector: 7, = p(X{ =1)
. - . def ) .
o State transition probability matrix: A, = p(x! =1] X1, =1)
o The joint:

p(Xir 10)= p(x |7T)HHP(Xz | X 1)

t=2 =2 T
. ¢ (Q,D) = Zlogp(xn,l ‘ 7z)+2210gp(xn’[ | xn,t—laA)
o Again, we optimize each parameter geparately =

o xis a multinomial frequency vector, and we've seen it before
o What about A7

o The log-likelihood:

© Eric Xing @ CMU, 2005-2020
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% Learning a Markov chain transition matrix

o A is a stochastic matrix: 24 =1
a Each row of A is multinomial distribution.
o S0 MLE of 4 is the fraction of transitions from /7to j

T i )
o _HE> ) Y 3k axl,
lj #(l ~ .) Zn ZZT:Z x}i,t—l
o Application:

o if the states X;represent words, this is called a bigram language mode/

a Sparse data problem:
a If /= jdid not occur in data, we will have A;; =0, then any future sequence with word
pair /> J will have zero probability.
o A standard hack: backorf smoothing or deleted interpolation

A=A+ (1= 2D)AY,

7—e




Supervised ML estimation for “Hidden” MM

o Given x = x;...xyfor which the true state path y = y;...ynis known,
a Define:

A; = #times state transition /»joccurs iny
By = #times state 7/in y emits kin x

o We can show that the maximum likelihood parameters @ are:
T ;
aML _ #(l —> J) o Zn ZZ—Z yn,l‘—ly}il‘ o Az/

Lo#ioe) Zn ZtT—Z Vit ! ZJ'AU'

pML — #(i — k) _ Zn ZzT_l y'i,fx'f,f — Bik
toHEoe Y S 2B

a What if x is continuous? We can treat |x,,.,,):t=1:T,n=1:N| as N T observations of,
e.g., a Gaussian, and apply learning rules for Gaussian ...

s



% Supervised ML estimation, ctd.

o Intuition:

o When we know the underlying states, the best estimate of #is the average
frequency of transitions & emissions that occur in the training data

o Drawback:

a Given little data, there may be overfitting:
o P(x|0) is maximized, but 6 is unreasonable:0 probabilities — VERY BAD

o Example:
a Given 10 casino rolls, we observe
x=2,1, 5, 6, 1, 2, 3, 6, 2, 3
yv=F,6 F, F, ¥, F, F, F, F, F, F
a Then: arr=1;, af =0
Oy = D3 = .2;
OFo = .3; Bps = 0; Bps = Dpg = .1



% Pseudocounts

o Solution for small training sets:

o Add pseudocounts
A; = #times state transition /> joccursiny + R
B, = #times state /iny emits kin x+ S,

o R, S;are pseudocounts representing our prior belief
o Total pseudocounts: Ri=xR;, 5 = 2,5,

o - 'strength" of prior belief,

o --- total number of imaginary instances in the prior

o Larger total pseudocounts = strong prior belief

o Small total pseudocounts: just to avoid O probabilities --- smoothing

o This is equivalent to Bayesian est. under a uniform prior with "parameter
strength” equals to the pseudocounts



% Bayesian language model

o Global and local parameter independence

o The posterior of 4; 5. and 4, . is factorized despite v-structure on X, because X;_;
acts like a multiplexer

o Assign a Dirichlet prior g, to each row of the transition matrix:

aesdef o] . #(l_)])—i_ﬁl
AP = p(jli,D, ) =— :
#Hi— o)+ /Bi

o We could consider more realistic priors, e.g., mixtures of Dirichlets to account for types of words
(adjectives, verbs, etc.)

p

B.lH#({A — o)

i

=0, +(1-21)4", where 4, =

1 9

© Eric Xing @ CMU, 2005-2020 23



% Example: HMM

o Supervised learning: estimation when the “right answer” is known

o Examples:
GIVEN: a genomic region x = Xi...X1 g00.000 Where we have good (experimental)
annotations of the CpG islands
GIVEN:  the casino player allows us to observe him one evening,  as he changes dice

and produces 10,000 rolls
o Unsupervised learning: estimation when the “right answer” is unknown

o Examples:
GIVEN:  the porcupine genome; we don’t know how frequent are the CpG islands there,
neither do we know their composition
GIVEN: 10,000 rolls of the casino player, but we don’t see when he changes dice

o QUESTION: Update the parameters 6 of the model to maximize A X 6) ---
Maximal likelihood (ML) estimation

© Eric Xing @ CMU, 2005-2020 24 Lg



% Learning HMM: two scenarios

o Supervised learning: if only we knew the true state path then ML

parameter estimation would be trivial
o E.g., recall that for complete observed tabular BN:

. ) T ; .
. T aMt — =) _ D Duro Vor i
e n TR Y S
’ ® '\ ',EB:ﬂ QML _ /Jk Z/] Zfzz yﬂaf_l
kTN . . Tk
HEQ ®—@ / Zﬂ/.'/" p pH - #(i—> k) _ 2 s Vot g
&Y il - ko ; N T
& @ T QTN 7

o What if y is continuous? We can treat {(x,,.y,,):#=1:T,n=1:N} as N' Tobservations of, e.g., a GLIM, and

apply learning rules for GLIM ... '

o Unsupervised learning: when the true state path is unknown, we can fill
in the missing values using inference recursions.
o The Baum Welch algorithm (i.e., EM)

o Guaranteed to increase the log likelihood of the model after each iteration
o Converges to local optimum, depending on initial conditions

© Eric Xing @ CMU, 2005-2020 25



% The Baum Welch algorithm

o The complete log likelihood
¢.(0;x,y) =log p(x, Y)_IOgHEP(ynl)HP(YM | Yoz 1)HP(X +1X r)j

o The expected complete log likelihood i
(¢ (0:%.y) = Z,,:(<y ”’1>p(yn, ,1oe7; )+ZZ(<}/ nr-1) ”’>p(yﬂ,m,yn,fxﬂ) loga,, j+2ﬂ:2(xn’f,<y ’;"">p(yn,fxﬂ> logh4 )

#=1

a EM
a The E step g _H ) DI AN
Vor =(Var)= Py =11X,) #i—>9) zzzz, i
' ; ' ML #(/—>k) 1}’,,,
égn,’r :<Yn,r—1erJ,f> = PYnra :lﬂyn‘/j =1]x,) b = #ioe) Y ST Iy”
o The M step ("symbolically" identical to I\/ILE)
”ML_ZnJ/;J ' Z Z;;_Zl ' bML Z Zr 17_7/;77"
T N J ZZH%/H‘ 227‘17/’/77



Conditional Random Fields




/
/ Shortcomings of Hidden Markov Model (1): locality of
features

o HMM models capture dependences between each state and only
Its corresponding observation

o NLP example: In a sentence segmentation task, each segmental state may
depend not just on a single word (and the adjacent segmental stages), but also
on the (non-local) features of the whole line such as line length, indentation,
amount of white space, etc.

o Mismatch between learning objective function and prediction
objective function

o  HMM learns a joint distribution of states and observations P(Y, X), but in a
prediction task, we need the conditional probability P(Y|X)

© Eric Xing @ CMU, 2005-2020 28 g
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4

Shortcomings of HMM (2): the Label bias problem

Observation 1  Observation 2 Observation 3 Observation 4

0.4 :/\ 0.45 :/\ 0.5

State 1 >
0.2 0.6 0.2 0.55 0.1 0.5
0.2 0.3 0.3
saez (OO0
0.2 0.1 0.2
sees O \N\ O N O N\ O
0.2 0.1 0.2
= @ \O \O0 \@
0.2 0.3 0.2
swes @ 'O O @

What the local transition probabilities say:
 State 1 almost always prefers to go to state 2

 State 2 almost always prefer to stay in state 2

© Eric Xing @ CMU, 2005-2020

29

s



4

HMM: the Label bias problem

Observation 1  Observation 2 Observation 3 Observation 4

04 ()

State 1 R 0.45 :/\ 0.5 R
0.2 0.6 0.2 0.55 0.1 0.5
0.2 0.3 0.3
saez (OO0
0.2 0.1 0.2
sees O \N\ O N O N\ O
0.2 0.1 0.2
= @ \O \O0 \@
0.2 0.3 0.2
swes @ 'O O @

Probability of path 1-> 1-> 1-> 1:
*« 0.4x0.45x0.5=0.09

© Eric Xing @ CMU, 2005-2020
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4

HMM: the Label bias problem

Observation 1  Observation 2 Observation 3

Observation 4

Store Y - WY T
0.2 0.6 0.2 0.55 0.1 0.5
State 2 ‘ 0.2 : ' 0.3 ' 0.3 Q
0.2 0.1 0.2
s @ N0 0O \ 0@
0.2 0.1 0.2
e @ \'@ 0
0.2 0.3 0.2
w: @ @ O @
Probability of path 2->2->2->2 : Oth th
er paths:
*«0.2X0.3X0.3=0.018 1->1->1->1:0.09

© Eric Xing @ CMU, 2005-2020
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HMM: the Label bias problem

Observation 1  Observation 2 Observation 3 Observation 4

)

State 1 24 . o4 (D05
0.2 0.6 0.2 0.55 01 0.5
s GESOCSOC O
0.2 0.1 0.2
sees - O\ O N\O N0
0.2 0.1 0.2
e @ \ O O
0.2 0.3 0.2
swes @ O O @
Probability of path 1->2->1->2;
yorp Other paths:

+ 0.6 X0.2X0.5=0.06 1->1->1->1: 0.09
2->2->2->2: 0.018 N g



HMM: the Label bias problem

Observation 1  Observation 2 Observation 3 Observation 4

State 1 0.4 :/\ 0.45 :/\ 0.5 .
0.2 0.6 0.2 0.55 01 0.5
0.2 0.1 0.2

sees - O\ O N\O N0
0.2 0.1 0.2

e @ \ O O
0.2 0.3 0.2

swes @ O O @

Probability of path 1->1->2->2;
Other paths:
* 0.4 X0.55 X 0.3 =0.066 1->1->1->1: 0.09

2->2->2->2: 0.018 N % )'
1_>2_>1_>2: 006 © Eric Xing @ CMU, 2005-2020 33 :
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HMM: the Label bias problem

Most Likely Path: 1->1->1->1

State 1

State 2

State 3

State 4

State 5

Observation 1

Observation 2 Observation 3

Observation 4

* Although locally it seems state 1 wants to go to state 2 and state 2 wants to remain in state 2.

- why?

© Eric Xing @ CMU, 2005-2020
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4

HMM: the Label bias problem

Observation 1  Observation 2 Observation 3 Observation 4

State 1

State 2

State 3

State 4

State 5

Most Likely Path: 1->1->1->1
« State 1 has only two transitions but state 2 has 5:

 Average transition probability from state 2 is lower © Eric Xing @ CMU, 20052020 35 g



4

HMM: the Label bias problem

Observation 1  Observation 2 Observation 3 Observation 4

State 1

State 2

State 3

State 4

0.2

State 5

©0 00

"
O
O
O

Label bias problem in HMM:

* Preference of states with lower number of transitions over others g

© Eric Xing @ CMU, 2005-2020 36



/
f Solution:
Do not normalize probabilities locally

Observation 1  Observation 2 Observation 3 Observation 4

State 1 0.4 :/\ 0.45 :/\ 0.5
0-2 0.6 0-2 0.55 0-1 0.5
0.2 0.3 0.3
swez (0 9 O
0.2 0.1 0.2
s @\ O N\ O \@
0.2 0.1 0.2
= @ \O \O0 \@
0.2 0.3 0.2
ws @ ‘@ O @

From local probabilities ....

© Eric Xing @ CMU, 2005-2020 37 g
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}/ Solution:

Do not normalize probabilities locally

Observation 1  Observation 2 Observation 3 Observation 4

State 1 - :/\ - :/\ -
10 30 20 20 10 5
20 30 30
saez (OO0
10 10 20
sees O \N\ O NO \N\JO
20 10 20
= @ \ O \O0 \@
20 30 20
swes @ 'O O @

From local probabilities to local potentials

* States with lower transitions do not have an unfair advantage! R



;
/" From HMM to CRF ® ©® ©® -6

1

1 n
P(ylznlxlzn) = 1 ) H¢(yi>yi—laxlzn) — Z(
=l

) H exp(W £(i, Yi—1,X1:n))

=1

Z(X X1:n, W
o CRF is a partially directed model
o Discriminative model, unlike HMM

o Usage of global normalizer Z(x) overcomes the label bias
problem of HMM

o Models the dependence between each state and the entire
observation sequence



ﬁ Conditional Random Fields

a General parametric form:

°“9§?g;}"”

P(y|x) (XIA oy X Z(Z NSk (Wis Yim1,%) + Y 1g1(yi, X))
l

1=1

n

- Z(x,lk,u) eXP(;(/\Tf(yz’, Yi-1,%) + 4 g(yi, %))

where Z(x, A, u) Zexp Z )\Tf (it isX )—l—,uTg(yi,x)))



; CRFs: Inference

o Given CRF parameters A and p, find the y* that maximizes P(y|x)

n

y* = argmaxexp(Y(ATE(yi yio1,x) + 1" (v %))
=1
o Canignore Z(x) because it is not a functio% ofy

o Run the max-product algorithm on the junction-tree of CRF:

Same as Viterbi decoding
used in HMMs!

m /_\Y_z /\Y_1




{/ CRF learning

a Given {(Xy4, Yg)lg=1", find A*, n* such that

N
A%, Ik = argma,xL()\ u)—argmaxHP YalXd, A, i)
Al
N 1 n
= argmax ex N (Vg Yaio1, Xa) + pt .
sex ]|z p(;( (Yais Ya,i—1,%a) + 1" 8(Yair Xa)))

= argmaxz Z (ATf(Yair Ya,i—1,%a) + 1" &(ya,i»Xa)) —log Z(xa, A, 1))
Al d=1. i=1

Gradient of the log-partition function in an
exponential family is the expectation of the
sufficient statistics.

o Computing the gradient w.r.t A:

N n n
VaLw) = Y O fWaiyai-1,%a) — Y _(P(ylxa) Y f(ya,i,Yai-1,%a)))
d=1 #=l y 2=1

© Eric Xing @ CMU, 2005-2020
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% CRF learning

N n

VaLp) = ) O fWairyai-1,%xa) 4 Y _(P(ylxa) > (i vi1,%a)))

d=1 1=l y p=1
o Computing the model expectations:

o Requires exponentially large number of summations: Is it intractable?

n n

S(Plyxa) Y fwivi-1,xa) = > OO £i yi1,x0) P(y|xa))

= Z Z f(yi, yi-1,%a) P(Yi, yi—1]%a)

=1 ¥Yi,Yi—1

Expectation of f over the corresponding marginal
o Iractable! probability of neighboring nodes!!

o Can compute marginals using the sum-product algorithm on the chain

© Eric Xing @ CMU, 2005-2020



% CRF learning

o Computing marginals using junction-tree calibration:

. o (i, yi-1) = exp(Nf(yi,vi-1,%a)
a Junction Tree Initialization: -
+u” 8(Yi, Xa))
E— E— E— E—
1,12 23 /e n-2> ' n-1
a After calibration: Also called

P(yi,yi—1|xq) o<  a(yi,yi—1) forward-backward algorithm

Qa\Yis Yi—1
= P(yi, yi-1]%a) = > ( Za(zy_ ?y » = o (yi, Yi—1)
YirYi—1 . _

© Eric Xing @ CMU, 2005-2020



% CRF learning

o Computing feature expectations using calibrated potentials:

> fWovi-1,%a)Pyisvi-1lxa) = Y £(yi,yi-1,%a)a (i, yio1)
Yi Yi—1 Yi¥Yi—1
o Now we know how to compute r, L(A,u):
N n n
VAL, p) = Z(Z £(Yd,ir Yd,i—1,%Xd) — Z(P(Y|Xd)Zf(yi’yi—laxd)))
d=1 i=1 y i=1
N n
= > O (FWairyai-1.%xa) = Y Wi, yi-1)F (s, yi-1,%a)))
d=1 i=1 YiYi—1

o Learning can now be done using gradient ascent:

AGED = A0 L v, LAWY, ()
M(tH) - ,u(t) s nvuL()\(t), ,U(t))



% CRF learning

a In practice, we use a Gaussian Regularizer for the parameter vector to
improve generalizability
N

1
Ak, pix = arg n;lebleog P(yalxa A ) = 55 (A" A+ ' p)
Tod=1

o In practice, gradient ascent has very slow convergence

o Alternatives:
o Conjugate Gradient method
o Limited Memory Quasi-Newton Methods



y CRFs: some empirical results

a Comparison of error rates on synthetic data

60

50

50
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/
(/ CRFs: some empirical results

o Parts of Speech tagging

model | error  oov error
HMM | 5.69%  45.99%
MEMM | 6.37%  54.61%
CRF | 5.55%  48.05%

MEMMT™ | 481%  26.99%
CRFT™ | 427%  23.76%

T Using spelling features

a Using same set of features: HMM >=< CRF > MEMM
o Using additional overlapping features: CRFt > MEMM™* >>
HMM



Supplementary




4 Other CRFs

o So far we have discussed only 1-
dimensional chain CRFs
o Inference and learning: exact

o We could also have CRFs for /X/é/é/ﬁ
arbitrary graph structure

o E.g: Grid CRFs ﬁﬁ,/;ﬁ O
/{

o Inference and learning no longer tractable P/z

o Approximate techniques used
o MCMC Sampling

o Variational Inference ﬂﬁ

o Loopy Belief Propagation z %

o We will discuss these techniques SOON

© Eric Xing @ CMU, 2005-2020 50 Lg



4 Applications of CRF in Vision

Stereo Matching Image Restoration
Wuou. ATRATIAM LINCOLN, President of United States. o - Y - ..
L e 'l(,, 7 et el &

© Eric Xing @ CMU, 2005-2020




/
4 Application: Image Segmentation

di(y;i, x) € R¥V99: |ocal image features, e.g. bag-of-words
—  (wj, ®i(y;, x)): local classifier (like logistic-regression)
bii(vi,y;i) = [yi = y;] € RL: test for same label
— (wij, ®ij(vi.y;)): penalizer for label changes (if w;; > 0)

combined: argmax, p(y|z) is smoothed version of local cues

original local classification local + smoothness

© Eric Xing @ CMU, 2005-2020



/
{/ Application: Handwriting Recognition

bi(yi, x) € R¥O0: image representation (pixels, gradients)
— (w4, ¢i(yi, x)): local classifier if z; is letter y;

di.i (Ui, yj) = ey, @ ey, € R¥20: |etter/letter indicator
—  (wij, ®ij(vi.y;)): encourage/suppress letter combinations

combined: argmax, p(y|x) is " corrected” version of local cues

0 Output (s)—(T) Output

0)—U)—F)
& W o o e

local classification local + "correction”




% Application: Pose Estimation

di(yi, x) € R¥0: |ocal image representation, e.g. HoG
—  (w;, di(yi, x)): local confidence map

bi.i(yi, y;) = good_fit(y;,y;) € R}: test for geometric fit
— (wij, ¢ij(vi.y;)): penalizer for unrealistic poses

together: argmax, p(y|z) is sanitized version of local cues

original local classification  local + geometry g



/
{/ Feature Functions for CRF in Vision
®i(y;, x): local representation, high-dimensional
—  (wj, ¢i(y;. x)): local classifier

¢i i(yi,y;): prior knowledge, low-dimensional
(wij, ®ii(yi,yj)): penalize outliers

l%

learning adjusts parameters:

» unary w;: learn local classifiers and their importance
» binary w;;: learn importance of smoothing/penalization

argmax, p(y|x) is cleaned up version of local prediction



/
{/ Case Study: Image Segmentation

o Image segmentation (FG/BG) by modeling of interactions btw RVs

o Images are noisy.
o Objects occupy continuous regions in an image. |
[Nowozin,Lampert 2012]

Input image Pixel-wise separate Locally-consistent
optimal labeling joint optimal labeling

Unary Term Pairwise Term
' A V| A \ Y: labels
X: data (features)
Y* = argmax EVi(yl-,X)+E E V. uyp)| S: pixels

ye{0.3" | ies i€S JEN; N;: neighbors of pixel i

© Eric Xing @ CMU, 2005-2020




% Discriminative Random Fields

o A special type of CRF
o The unary and pairwise potentials are designed using local
discriminative classifiers. o _
o Posterior Association Interaction

l_l_\ r 1
PIIX) = —exp(T A0 0+ 3 1,77, X0)

i€S i€S JEN;

o Association Potential
o Local discriminative model for site i: using logistic link with
GLM.

A, X)=logP(y.| f(X)) P(y, =11 f£(X))= 1

Trexpew £y~ T )

o Interaction Potential

o Measure of how likely site 7and jhave the same label given

003,230 =k, + (=20 (3,1, (X))~ D)

(1) Data-independent smoothing term  (2) Data-dependent pairwise logistic function
S. Kumar and M. Hebert. Discriminative Random Fields. [JCV, 2006. ©Eric Xing @ MU, 2005:2020 57 g




DRF Results

o Task: Detecting man-made structure in natural scenes.
o Each image is divided in non-overlapping 16x16 tile blocks.

o An example

Input image Logistic MRF

o Logistic: No smoothness in the labels

o MRF: Smoothed False positive. Lack of neighborhood
interaction of the data

S. Kumar and M. Hebert. Discriminative Random Fields. [JCV, 2006. © Eric Xing @ CMU, 2005-2020
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Multiscale Conditional Random Fields

o Considering features in different
scales

a Local Features (site)

o Regional Label Features (small
patch)

o Global Label Features (big patch
or the whole image)

o The conditional probability A(L/X)is

. . . Global
formulateclll by features in different Regional Features
. I I R QO = O
ﬂal%) _ E Pg (L | X) an:l ILQ__Q_...-_- --Q:E_Ej___z_j-_-'_-'_:_-_-_-(_—)_‘:
s Classifier \
— I I 000000000000 1000000000000
Z_Z PS(L|X) 000 0lc00000C00 :ooogooooooooi
L s 0i000i Q0000000 o) 000010 0 0 0 O Hidden
0i000/00000TTU ¥ [[00 0000000000 Variables
000000000000 /0 0 0}0 0!0!0 0:0 0 O O!
000000000000 !0 0000000000 0!
000000000000 I0000000000O0O0!
000000000000 1000000000000 e
Input Image Label Field RBM

He, X. et. al.: Multiscale conditional random fields for image labeling. CVPR 2004  cercxig @ cm, 200s.2020
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Multiscale Conditional Random Fields

Local Features ot
br
w
Xi S
(color, edges. i
texture...) g;d
sk
Label [;

Regional Label Features

sEE Regional feature  Global Label Features

L Global EEEEEEE

feature
A —_—
e

He, X. et. al.: Multiscale conditional random fields for image labeling. CVPR 2004  cercxig @ cm, 200s.2020

ﬁ
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mC
]

Hand-labeling Classiﬁer MRF mCRF mCRF conﬁdence

rhino/hippo

polar bear : e
water
SNOW
vegetation

ground
sky

sky
vegetation
road marking
road surface
building
street object

car

He, X. et. al.: Multiscale conditional random fields for image labeling. CVPR 2004  cercxig @ cm, 200s.2020
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Topic Random Fields

o Spatial MRF over topic assignments
p(2916%,0) = gz exp [X, Sy 28 log b + 3, ol (28 = 2

(a) Spatial LDA (b) TRF
Zhao, B. et. al.: Topic random fields for image segmentation. ECCV 2010
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(/ TRF Results

ISPEFarEr4d

axlx|Nx];
B EEXEE

IEWEFE
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S EAEEEE
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gmentation. ECCV 2010
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Summary

a
a
a

Q

Q

a

a
a

a
a

Conditional Random Fields are partially directed discriminative models

They overcome the label bias problem of HMM by using a global normalizer
Inference for 1-D chain CRFs is exact

Same as Max-product or Viterbi decoding

Learning also is exact

CRFs involving arbitrary graph structure are intractable in general

d
d
d

globally optimum parameters can be learned
Requires using sum-product or forward-backward algorithm

E.g.: Grid CRFs

Inference and learning require approximation techniques
MCMC sampling
Variational methods
Loopy BP

© Eric Xing @ CMU, 2005-2020
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